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EXISTENCE AND CONCENTRATION OF POSITIVE
SOLUTIONS FOR A QUASILINEAR ELLIPTIC EQUATION IN R

ELISANDRA GLOSS

ABSTRACT. We study the existence and concentration of positive solutions for
the quasilinear elliptic equation
—&2u” — e2(u?)"u+ V(x)u = h(u)

in R as € — 0, where the potential V : R — R has a positive infimum and
infgo V > infq V for some bounded domain 2 in R, and h is a nonlinearity
without having growth conditions such as Ambrosetti-Rabinowitz.

1. INTRODUCTION
In this article, we consider the quasilinear elliptic equation
—2 — 2 (u?)"u+V(z)u = h(u) inR (1.1)

where € > 0 is a small real parameter. Here our goal is to prove, by a variational
approach, the existence and concentration of positive weak solutions. We say that
u € HY(R) is a (weak) solution of (1.1)) if

62/ (1+2u2)u'g0'dz+2€2/ |u’|2u<pdx+/ V(z)upde
RN RN RN

= / h(u)pdx for all p € C°(R).
RN

Solutions of equations like (|1.1]) are related with existence of standing wave solutions
for quasilinear equations of the form

i%zf = —2" + W (2)e — (1?0 — 2 wlp([0[)])" ' ([¥*)e (1.2)

where ) : R x R — C, & is a positive constant, W : R — R is a given potential
and 7, p : R™ — R are suitable functions. Quasilinear equations of the form
arise in several areas of physics in correspondence to different type of functions p.
For physical motivations and developing of the physical aspects we refer to [20] and
references therein.
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Here we consider the case where p(s) = s. Looking for standing wave solutions
of we set ¥(t, x) = e~ %tu(x), where £ € R and u > 0 is a real function. So one
obtains a corresponding equation of elliptic type which has the formal variational
structure given by , where without loss of generality we set k = 1.

Motivated by the physical aspects, equation has recently attracted a lot of
attention and existence results have been obtained in the case of a bounded potential
V(z) or in the coercive case. Direct variational methods by using constrained
minimization arguments were used in [20] to provide existence of positive solutions
up to an unknown Lagrange multiplier. The authors study the following problem

—u +V(2)u — (u?)"u = OuP " u, xR (1.3)

Ambrosetti and Wang in [I], by using variational methods, proved the existence of
positive solutions for the following class of quasilinear elliptic equations

—u" + (1 +ea(x))u — (14 eb(x))(u?)"u = (1 + ec(z))uf, uec HY(R)

for p > 1 and e > 0 sufficiently small, where a(z), b(z) and ¢(z) are real functions
satisfying certain hypotheses. Subsequently a general existence result for was
derived in [I9]. In this paper, which deals also with higher dimensions, to overcome
the undefiniteness of natural functional associated to the equation the idea is to
introduce a change of variable and to rewrite the functional with this new variable
which turns the problem into finding solutions of an auxiliary semilinear equation.
Then critical points are search in an associated Orlicz space and existence results are
given in the case of bounded, coercive or radial potentials. Following the strategy
developed in [I0] on a related problem the authors in [I1] also make use of a change
of unknown and define an associated equation that they call dual. A simple and
shorter proof of the results in [19] is presented for bounded potentials, which does
not use Orlicz spaces and permit to cover a different class of nonlinearities. We
observe that this change of variables is not necessary in dimension one because in
this case the functional associated is well defined. We mention some works that
study problem without make this change of variables [2], [3] and [2I]. In
[2] and [2I] the authors study for p-laplacian or more general operator and
6 = 1. In [3] the authors study existence and concentration of positive solutions for
equation with h(t) = t?, p > 3. There the potential V : R — R is a continuous
function satisfying the following conditions:

(V1) V is bounded from below by a positive constant; that is,

inf V(z) = Vo > 0;

(V2) there exists a bounded domain  in R such that

m = inf V(z) < inf V(z).
ze z€eON
We should also mention that equation has been also considered in RY for
N > 2, we refer the reader to the works of [0, [10, 11, 16l [9] among others and
references therein.
Here we also assume that V € C(R,R) satisfies the assumptions (V1)-(V2).
Hereafter we use the following notation:

M={ze€Q:V(x)=m}
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and without loss of generality we may assume that 0 € M. We emphasize that
besides the local condition (V2), introduced in [I2] and so far well known for semi-
linear elliptic problems, we do not require any global condition other than (V1). We
also suppose that h : Ry — R is a locally Lipschitz continuous function satisfying:

(Hl) limtﬂm h(t)/t = O,

(H2) there exists T > 0 such that

m 2 m.o
MT)>mT, H(T)= ET , H(t)< Et for all t € (0,T)
where H(t) = fg h(s)ds.

Similar hypothesis on the nonlinearity were used in [7] for the semilinear case. Fol-
lowing the strategy developed there, using variational methods, we shall prove exis-
tence and concentration of positive solutions for without assuming Ambrosetti-
Rabinowitz and monotonicity conditions on h. In particular we improve the results
in [3] where h is a pure power.

Next we state our main result.

Theorem 1.1. Suppose that (V1)—(V), (H1)-(H2) hold. Then there exists eg > 0
such that has a positive solution u. € C’ll.f (R) for all 0 < € < €9, satisfying
the following:
(i) ue admits a mazimum point x. such that lim._,q dist(z., M) = 0 and for
any sequence e, — 0 there exist xo € M and a solution ug of

—u” — (u?)"u+mu=h(u), u>0, uecH(R) (1.4)
such that, up to subsequences,
x., —xo and ue, (e, +xc,) —uy in H'(R) as n — oo.

(ii) There exist positive constants C and ¢ such that
us(z) < Cexp (— g(\x —ac])) forallx € R.

The proof of this theorem relies on the study of a semilinear equation obtained
after making the chance of variables introduced in [19]. In order to prove existence
of solutions for this equation we study some properties of the least energy solutions
for a limit equation obtained from by the same change of variables. Using
these properties, after some technical lemmata, we can find a bounded Palais-Smale
sequence in a suitable space for the associated functional. Thus we obtain a solution
for the semilinear equation which gives us a solution for the original problem .

This paper is organized as follows: In Section 2 we a change of variables and study
some properties of the functional, J., associated to the new semilinear equation
obtained from 7 and of the space where it is defined. Section 3 is devoted to
prove that the mountain pass level of J. is well defined and converges to the least
energy level of the functional associated to the limit problem. In Section 4 we prove
the existence of a nontrivial critical point for J. and finally Section 5 brings the
results that complete the proof of Theorem [1.1

2. PRELIMINARIES RESULTS

Since we are looking for positive solutions we define h(t) = 0 for ¢t < 0. Observe
that defining v(z) = u(ez) equation (|1.1)) becomes equivalent to

" — (1)2)//,0 +V(ex)v="h(v), v>0inR. (2.1)
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The natural energy functional associated with (2.1]), namely

1
I.(v) = 3 / [(14 203/ |? + V(ex)v?] da — / H(v)dz
R R
is well defined on
H.:={ve H'(R): / V(ex)v?dz < oo}
R

due the imbedding H*(R) — L>°(R) and (V1). Despite this, following the strategy
developed in [9], [11], [I4] and [I9] on a related problem for higher dimensions, we
introduce a change of variables u = f~!(v) where f is a C™ function defined by

£ty =1 +2/20) % ift>0, f0)=0, and f(t)=—f(-t) ift<0.
This change of variables allows us to consider more general nonlinearities. To make
easier the reference we list here some properties of f(¢) whose proofs can be found
n [I4, Lemma 2.1] (see also [I1] and [19]). The proof of the last item is found in
[16].

Lemma 2.1. The function f(t) satisfies:

(1) f is C°, invertible and uniquely defined;
(2) |f'(t)] <1 forallt € R;

(3) |£(1)] < |t] for all t € R;

(4) f&)/t—=1ast—0;

(5) f(t)/Vt — 2% ast — 4o0;

(6) f(t)/2<tf'(t) < f(t) for allt =0;

(7) [f@)] < 2V4¢[Y2 for all t € R;

(8) The function f2(t) is strictly convex;

(9) There exists a positive constant C' such that

clel, =1
t)| >

(10) £ ()] < 1/VE for all t € R;
(11) For each A > 1 we have f2(\t) < N2f2%(t) for all t € R.

After this change of variable from I. we obtain a new functional
Pu(w) = L7 (0) = 5 [ WP+ Vo) e — [ H(fw)aa.
which is well defined on
E.:={ue H(R): / V(ex) f?(u)dz < oo}
Using the properties of f(¢) we can see tﬂilat FE. is a normed space with norm
lulle = llu/ll> + inf A{1+ /R Vien) PO u) da} o= [[w/ll2 + [[lulle- - (22)
The following proposition is crucial to prove convergence results.

Proposition 2.2. There exists C > 0 independent of € > 0 such that

/V (ex) f%(u)dz < C||u|e { (/RV(Ex)fQ(u) d;v)l/Q} (2.3)
for allu € E..
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The proof of the above proposition is the same as in [I4], Proposition 2.1], since
the constant C' that appearing there depends only on f.

From this result we obtain that E. is a Banach space and the embedding F. —
H'(R) is continuous. Also can be proved that the space C2°(R) is dense in E. (see
[9], [13], [14] and [19] for details). Moreover due to the imbedding H*(R) — L°°(R)
we can see that the functional P. is of class C! on E.. This does not occurs in general
for higher dimensions. For N > 2 some regularity results can be found in [9] [13], [14]
where the authors prove that P. is continuous in E. and Gateaux differentiable
with derivative given by

<ﬂwwﬁ=MVWWM+RMNWW@WW%WU@HWM

They also prove that P! is continuous from the norm topology of E. to the weak-*
topology of EZ; i.e., if u,, — u strongly in E. then

(Pl(un), @) — (Pl(u),) for each ¢ € E..

In our case, for N = 1, we have P. of class C! and for each ¢ € E. it holds

(Pl = [ o' ot [ £Vt~ h(F)] e de.
We observe that nontrivial critical points for P. are weak solutions for

—u" = f'(u) [h(f(u)) = V(ex)f(u)] inR. (2.4)

In Proposition below we relate the solutions of (2.4]) to the solutions of (2.1J).
From now on, for any set A C R and € > 0, we define A, = {x € R:ex € A}. We

define
() = 0 if v e Q.
X = e ife g,

and
2

Q- (u) = (/]Rxg(x)u2 do — 1)

The functional Q. : H'(R) — R is of class C* with Frechet derivative given by

+

(QL(u),p) = 4(/Rxe(gg)uQ dz — 1)+/Rxg(x)u<pdx.

It will act as a penalization to force the concentration phenomena to occur inside
Q. This type of penalization was first introduced in [8] for the semilinear case in
RY with N > 2. Finally let J. : E. — R be given by

Je(u) = Pe(u) + Qe (u).
The next proposition relates solutions of (2.1]) and (2.4)).

Proposition 2.3. (i) If u € E. is a critical point of P. then v = f(u) € E: is
a weak solution of (2.1));
(ii) If u is a classical solution of (2.4)) then v = f(u) is a classical solution of

&1).
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Proof. The second claim was proved in [I1] and to prove (i) we follow the same
idea. If v = f(u) by Lemma 2.1 we have |v| < |u| and [v/| = f'(u)|v/| < |o/| which
imply v € E.. Since u is a critical point for P., u is a weak solution for (2.4]). So

/ u' de = / I(u —V(ex)f(u)]p dz for all ¢ € E.. (2.5)
Since (f~1)(t) = ~“1(t))]7L, it follows that
()0 = [1 + 2f2<f-1<t>>J”2 = (1+22)'2 () () =

which yields

2t
(1+ 2¢2)1/2

u = (7 (v = (14 20%)Y%.
For each 1 € C2°(R) we have ¢ := (f'(u)) "' = (f~1) (v)y € E. with
’r_ 27”/} / 2\1/2, 1
Hence by (2.5 we obtain
/ [2\1}’|2vw + (1 +20H)Y% ’1/}} dz = / [h(v) = V(ex)v] v dz
R R
and concludes the proof of (7). O

Following this result, to prove existence of solutions for (L.1)), we shall look for
critical points to J. for which ones . is zero. Initially we will study the limiting

problem ([1.4]).

2.1. The limiting problem. In this subsection we shall study some properties of
the solutions of (1.4]), namely

—v" — (v*)"v +mv =h(v), v>0 inR.

Using the same change of variables f, we will do it dealing with classical solutions
for the problem
—u" = g(u), | llim w(x) =0, wu(xg) >0 for some zy € R, (2.6)
xr|—0o0
where g(t) = f/(t)[h(f(t)) — mf(t)] for t > 0 and g(t) = —g(—t) for t < 0. Like
in Proposition we see that if u € H'(R) is a classical solution of (2.6) then
v = f(u) is a classical solution for (1.4). From assumptions on h and Lemma
we can see that the function g(t) is locally Lipschitz continuous and satisfies:
(G1) limyog(t)/t =—m < 0
(G2) for T = f~YT) and G(t fo s)ds it holds T > 0 and

G(T) =0, g(T) >0, G(t)<0 forallte (0,T). (2.7)

In [4, Theorem 5], the authors prove that is a necessary and sufficient condition
for the existence of a solution of . They also show some properties of this
solutions when they there exist. Thus from [4, Theorem 5 and Remark 6.3] we
have the following result.

Theorem 2.4. Assume (H1), (H2). Then (2.6) has a solution U € C?(R), which
is unique up to translation, positive and satisfies:

(i) U(0) =T, U is radially symmetric and decreases with respect to |x|;
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(ii) U together with its derivatives up to order 2 have exponential decay at
mfinity
0<U(z) +|U'(x)|+ |U"(x)| < Cexp(—clz]) forallz € R;
(iii) —[U'(x)]? =2G(U(x)) for all x € R.
Now we consider L,, : H*(R) — R, the functional associated to equation ,
Ly (u) = ; / (IVul* + mf?(u)) dz — / H(f

which is well defined and of class C!. Let
E,, =L, (U).

Since U is unique up to translation we have L,,(w) = E,, for each solution w of
(2.6). By a result of Jeanjean and Tanaka [I7] we know that these solutions have
a mountain pass characterization, that is

Lin(w) = e 1= inf max Ly, (1(2) (2.8)

where I' = {y € C([0,1], H(R)) : v(0) = 0 and L,,(y(1)) < 0}. Using the same
arguments as in [7, Proposition 2] we prove the next result.
Proposition 2.5. There exist to > 1 and a continuous path 0 : [0,tg] — H'(R)
satisfying:
(1) 0(0) = 07 Lm(e(tO)) < -1 and ma‘XtE[O,to] Lm(e(t)) = E’H’L;
(ii) (1) = U and Ly, (0(t)) < Ep, for all t # 1;
(iii) there exist C,c > 0 such that for any t € [0,1o] it holds

0(t) (@) + [[0(t)]'(2)| < Cexp(—c|z]) z€R.

3. THE MOUNTAIN PASS LEVEL

For the rest of this article, we fix 8 = dist(M,RV\Q)/10 and choose a cut-off
function ¢ € C(R) such that 0 < ¢ < 1, p(z) =1 for |z] < 8 and ¢(x) = 0 for
|z| > 28. We define ¢, (z) = ¢(ex) and for z € M

UZ(z) = pe(x — 2z/e)U(x — 2/e), x€R.
For sufficiently small £ we will find a solution near the set
X, :={U?: ze MP}.

Remark 3.1. For ¢ € (0,10) we have X, uniformly bounded and moreover for
each ¢ it is compact in FE.. Indeed, let U? € X, for some z € M”. So

102 < / ety Paz] 4 1+ / View +2)/2(peU) da

1/2
< [Q/R (52\<p’(€x)|2U2+<pg\U’\2} dx} +1—|—supV(m)/R(g05U)2dx

e
<dU|+e|U|P+1<C

independently of z € MP? and € € (0,10). This proves the uniform boundedness
of X.. Now let {U?"} be a sequence in X.. The compactness of M” implies the
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existence of zg € M? such that z, — 2o in R, up to subsequences. Hence U € X,
and due to the exponential decay of U + |U’| and the boundedness of {z,} we get

/ V(ex) f2 (U — U) da < sup V() / Uz — U2 dg — 0,
R Q R

/ | (U —U>) |dz — 0 asn — oo.
R
Now for A € (0,1) it follows from (ii) in Lemma [2.1] that
M1+ / V(ex) fP(NHU —UZ))dz} < A+ A1 / V(ex)f* (U —U) da.
R R

Thus ||UZ — UZ°|||c < 2\ for large n which proves that UZ» — UZ° in E. as
n — oo.

Lemma 3.2. We have

sup |Je(0e0(t)) — Lin(0(t))] = 0 ase — 0.
te[0,to]

Proof. Since supp(p:0(t)) C Qe and supp(xe) C R\Qe we have Q(p:0(t)) = 0 and
Jo(p0(t)) = P (@59( )). Then for ¢ € (0, t9] we get

P (p.0(0)) - Lm<6<t>>|
<4 / (p0(0)) P~ 10(6)'[? + V () P2(pe0(1) — m(61)] d
+ [ 1H(£00) = H600) do
At first, using a change of variables and the exponential decay of 8(t), 8()’, we get
[ 1e0) =00 P < € [ [+ 1 = 00)?] exp(—clal) da
for all t € (0,t0]. Now since f(t)f'(t) < 271/2 for all ¢ € [0,t¢] we obtain

/‘V ex) f2(-0(t)) — mf2(6( ‘dx
SA|V(E$)—m|f (@aH(t))d$+m/R\fQ(%H(t))—fQ(e(t))! dz

< 21/20/ [V (ex) — m|x{u1<25/e} + m(1 — ¢c)] exp(—c|a]) dz
R
Recalling that
H(f(a+b))— H(f(a)) = b/o f'(a+ sb)h(f(a+ sb))ds (3.1)

due to the imbedding H!(R) < L*°(R) and the boundedness of {#(¢)} in L>°(R)
it follows from (H1) that

/R H(f(0(1)) — H(F(0(1)))] dz < C / 0e0(t) — 0(8)| [6(t) + :6(1)]

<c [ (1=p)exp(cla) o

for t € (0,tp]. Therefore, J.(p:0(t)) — Ly, (0(t)) as e — 0, uniformly in ¢ € [0, o).
This is the end of the proof. [
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For Lemma [3.2] there exists ¢ sufficiently small such that

|Je(00(t0)) = Lin (0(t0))| < —Lm (6(t0)) — 1

and so J.(p:0(tp)) < —1 for all € € (0,g0). From now on we consider ¢ € (0,&p).
We define the minimax level

e = | f € ;
. R

where
I'e = {y € C([0,1], E¢) : 7(0) = 0, ¥(1) = ¢:0(to)}.
Proposition 3.3. C. converges to E,, as € goes to zero.
Proof. At first we will prove that
limsupC: < E,,.

e—0
Since 6 : [0,t9] — H'(R) is a continuous function using arguments as in Remark
we prove that 7. : [0,1] — E. given by
Ye(s) := peb(sty) for s €[0,1] (3.2)
is continuous. So 7. € I'c and by Lemma [3.2] and Proposition 2.5 we obtain

limsup C. < limsup max_J.(7(s))
e—0 e—0 s€[0,1]

= limsup max J.(p:0(t))
e—0 tG[O,to]

< max L, (0(t)) = En,

te[0,to]
which concludes the first part of the proof. Next we are going to prove that

liminf C. > E,,. (3.3)

e—0

Let us assume liminf._,qC. < E,, instead. Then there exist « > 0, ¢, — 0 and
Yn € e, satisfying maxejo,1) Je, (1 (8)) < By — a. Take e, such that

%En 1+(1+ Em)l/ﬂ < min{e, 1}.
Denoting e, by € and 7, by 7, since P-(v(0)) = 0 and P.(v(1)) = J-(p:0(tp)) < —1
we can find so € (0, 1) such that

P.(y(s0)) = =1 and P.(y(s)) > -1 for se€]0,so.
Then

Q:(v(s)) < Je(v(s))+ 1< Ep,—a+1< E,+1
which implies
[ raeds [ peRde<e L0 B

R\ Qe R\Q.

for all s € [0, sg]. So it follows that

PO@) 2 L) =7 [ L 0()ds
> Ln(y(s)) — %s [1 (14 Em)1/2] for all s € [0, s0].
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In particular for sg, we have

Lon((50)) < %5[1 +(1+En)Y?—1<0.
Recalling that the mountain pass level for equation (2.6)) corresponds to the least
energy level (see [I7]) we have maxge(o 5o Lim (7(8)) = Ep,. Since

E,, — Je > P, )
a > max (v(s)) Jhax (v(s))

by the estimates above we obtain
Ep—a> Ep — %5[1 +(1+EnYY > By - a.
This contradiction completes the proof. ([l

At this point, denoting

D. = J,
e = max =(7:(5))

where v. was defined in (3.2)), we see that C. < D, and also lim._,g D = E,,.

4. EXISTENCE OF A CRITICAL POINT FOR J.
We define
JE={ueE.:J.(u) <a}, A*={ucE.: in1f4||ufv||s < a}
ve
for any A C E. and « > 0. Moreover in the next propositions, for any ¢ > 0
and R > 0, we consider the functional J. restricted to the space HJ((—R/e, R/c))
endowed with the norm

R/e

i 2(y—1
Jolle = 1 en ey + it M1+ [ Vi) ) da).

—R/e

We will denote this space by EX. We can see that E is a Banach space and J. is
of class C* on EE.

Proposition 4.1. There exist d > 0 sufficiently small such that ife,, — 0, R,, — o0
and u, € Xgn n Eéi” satisfy

lim J., (un) < Er,  lim [[J7 (un)ll gray =0
n—oo n—oo €n
then, up to subsequences, there exist {y,} C R and zy € M satisfying
lim |epyn — 20| =0, lim |lun — e, (- = y)U(- = yn)lle, = 0.
n— oo n—oo
Proof. From now on we suppose d € (0,10). Since u,, € Xgn by definition of Xgn
there exists v, € X., such that
un —valle, <d. (4.1)

We have v, () = e, (¥ — 2/en)U(x — 20/en), = € R, for {2,} € MP. From
Remark [3.9] we have

lunlle, < C forallneN, de(0,10).

By compactness of M?, up to subsequences, we may assume that z, — zy in R for
some zy € MP?. We divide the proof of this proposition in five steps.
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Step 1: For small d > 0, defining A(y;r1,r2) = {zx € R:r < |y — x| < ro} for
0 <ry <rgand y € R, we obtain

z+R
lim sup / lun|?dz =0 for any R > 0.
n—o00 EA( B Bﬁ) R
€n’2en’en

Indeed, suppose that there exist R > 0 and a sequence {Z,} satisfying

Zn+R
Zn € A(— A %> lim / |u,|* dz > 0.

en 26n’ €n n—oo - _p

Since Remark implies that X¢ is uniformly bounded on £ € (0,£0) and d €
(0,10), due to Proposition and the imbedding H'(R) — L*(R) we get {u}},
bounded in L?(R) and

/|un| dx<C/ (un) + f(un)] da
<c / V(e2) f2(un) do + C| fun) |0

/2 2 2
< C{lunlle, + [ [ (i + Viee) ) aa] }
R
< C (unlle, + ual?, + Juall?,) < C.

Consequently {u,} is bounded in H!(R). Hence we may assume that €, Z, — Zo and
that @y, := u, (- + Z,) = @ in H*(R) for some Zy € A (20;3/2,30) and w € H'(R).
By the compactness of the imbedding H'((—R, R)) — C([-R, R]) we get

R R E )
/ @] dz = lim |, |* dz = lim lu,|* dz > 0

— —
_R n—oo | p n—oo Jz _

and so w # 0. Now given ¢ € C°(R) let ¢, (x) = ¢(x — Z,), n € N. We have
EnZn € M and so we obtain ¢, € Ef» for large n. Since ||J. (un)ll (prny — 0
and ||¢nlle,, < C we have

lim (J. (un), dn) = 0.

n—00

Consequently the boundedness of supp(¢) implies that
/ (' + V(30) f (%) f(5)@]) d = / F@)h(F(0)) da.
R
Since ¢ is arbitrary it follows that w satisfies

0" = f(w)[h(f (@) = V(Z0)f(@)] = go(w), @ =0 inR. (4.2)

By assumptions on h we get go locally Lipschitz continuous, go(0) = 0 and so
due to ([4], Theorem 5) we know that the function gy must satisfy for some
T > 0. Thus Theorem hods for problem and w(x) = wo(x + ¢) where
wo is radial. Then for Ly (z)) defined as L,, with V(%) instead of m we denote
By (zy) = Ly (zy) (). By ([5], Theorem 2.1) we obtain @y, (z) — @'(x) a.e. in A for
any set A C R. So using the Fatou’s Lemma for R > 0 sufficiently large we get

1 ~72 f /|2 CN f ~1 |2 SN ntht ’ 2
= [ Jo'|*dz < |@'|* dz < lim inf |w;,|* dz = lim inf lur,|* d.
2 Jr -R n—oo J_p n—oo Jz

n
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Since V(%) > m and the least energy levels for equations (2.6) and (4.2) are equal
to the mountain pass levels (see [I7]) we have Ey (z) > E,,. Using item (iii) in
Theorem 2.4l we see that

/R [@'|? dz = Ly (z,) ().

Thus we obtain

AR 1 1
im i > S Ly (D) > = .
I%Hilo%f /gn_ lu, |* dz > 2LV(Z0)(U)) > 2Em >0

On the other hand, from (4.1)) we have

Z.+R
/ lul,|? dz < 4d?
for large n (n > no(d)). Then

5 Em < lim inf lul |2 d < 4d?

n—oo z
Zn—

which is impossible for d € (0, +/E,,/8). This proves Step 1.
Step 2: Defining u, 1 = @e, (- — 2n/En)Un and Uy, 2 = Uy, — Up,1 we have
e, (upn) > Je, (un 1) + Je, (un2) + o(1) (4.3)

where o(1) indicates the quantity that vanishes as n — oc.
Indeed, we can see that Q. (un1) = 0 and Q¢, (un) = Qe, (upn,2). Then the
boundedness of {u,} and the convexity of f? imply that

an (un,l) + an (’U’TL’Q)

= Je, (un) + % /]R {s@?n(x — za/en) + [1 = 0o, (& = 2n/ea)]” = 1} july |? dz
+ 3 [ VEns) [Plun) + 1 una) - ()] d
[ U (0) = H((n2)) = H(F 2] ds + o(1)

< esln) 4 [ O 0a) = H (7)) = H(Fm ) o +of0).

R
To conclude Step 2 we need to estimate this last integral. We have

4mwmm—ﬂuwm»—Mﬂ%wmm

)

= [ HG @)~ H(f () - H( (n2)] de.
Az 22)

Choose 1 € C°(R) such that 0 < ¢ < 1, ¢ = 1 on A(0;3,20) and ¢ = 0 on
R\A(0; 8/2,30). Setting 1, (z) = ¥ (epx — zn)un(x), for large n we get

y+R y+R
sup / |ty |? da > sup / | |? dz
yeA(zn 2 38)Jy-R yeA(zn 2 32) Jy-R

en’2en’en en’2enlen

y+R
= sup/ ¥ |2 da.
y

yeR -R
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Using Step 1 and a result of Lions [I8, Lemma 1.1], we see that ¢, — 0 in LP(R)
as n — oo for all p € (2,00). Since 1, = uy, in A(z,/en; B/en,20/en) we obtain

lim |t |P dz = 0.
n— o0 zn. B 28
Az 2

Thus for p > 2 fixed using the fact that |up 1|, |un2| < |un| and (H1) we see that
given ¢ > 0 there exists ¢ = ¢(o, p) > 0 such that

/ B (00) = H(F ) = H(F(2)) do
Az 2 20

en’en’eEn

< ollun|lzz + ¢ |up|P dz < Co
A, L2

for large n. So (4.3) is proved.

Step 3: Given d > 0 sufficiently small there exists ng = no(d) such that
1 /2 2
Je, (U 2) > 3 (Jur, o* + V(ena) f?(tn,2)) dzz|  for all n > ne.
R

In fact, using (4.1) we can see that there exists ng = ng(d) such that

[un2llze < L =@, (- = 2n/en)]unllz + llug = vpllzz + (1 = e, ) (92, U) || 2
<o(l)+d<2d foralln>ng

where v, = @. (- — 2,/en)U(- — zn/en). Moreover by Proposition we get

/ V(en®) f2(tun2)dz < cod  for all n > ng
R

for large ng. Since {uy, 2} is bounded in H!(R) it is also bounded in L**(R). So by
(H1) we get

H(f(unz2)) < (Vo/4)f* (un2) + Cf* (un,2).
Due to the imbedding H*(R) < L*(R) and (V1) we see that

[ ) < § [ Vien) Pluna)do s €[ [ (o + Vo) P luna) da]

Hence we obtain

1 1
Terltn2) = ol + [ Viewa) 2 (un2) do = Cl )l
1 1
Z (5 — O(2d)2) ||'U;;L,2||i2 + (E — C(C()d)) /RV(&‘naj)fQ(ung) dx

for n > ng. This proves Step 3 for small d > 0.

Step 4: We have lim,,_. J, (un,1) = Ep, and 29 € M.
Indeed, let wy, = un1(- + 2zn/en). After extracting a subsequence, we may
assume w, — w in H'(R), w,(z) — w(x) for almost every x € R and w,, — w in
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L2((0,1)). As we see in Step 3 using (8) and (11) of Lemma [2.1]and (2-3) it follows

from
1 1
E/f%aW@—%/Fwwm
0
< vo/ 2 (w JU)dx
< /RV(enx)fz(uml —vp)dz

< 2/RV(5nx) (2 (un — vn) + [P (tn2)] dz < cod

for large n. Since ., U = U in [0, 1] for large n, we obtain

1
/f )dz = lim 2 (wy) dx>c/ fA(U)dx —cd >0

n—o0 Jo
for small d. Consequently w # 0. Moreover for any r > 0 it follows that
Un1 (T + 2n/en) = un(z + 2n/e,) in (—r,7)
for large n. Then as in Step 1, we can see that w satisfies
—w = f(w) () — V() f(w)], w>0 iR

Now we shall consider two cases
Case 1: lim,, oo SUP,cp f " w, — w2 dz = 0.

Case 2: lim,, 0 SUD,cp f%l lwy, — w|*dz > 0.
If Case 1 occurs we have that w, — w in LP(R) for all p € (2,00). By (H1),
(3.1) and the boundedness of ||wy] o, given o > 0 there exists C' = C(o) such that

/R H(f (wn)) — H(f (w))|de
< / f — 0] [ (0] + [wnl) + C (jeof® + o — w]*)] de

< co+C ([l —wllzs + w, — wis) < (c+ o

for large n. Thus

/H (wn)) dx—>/H ))dx asn — oo. (4.4)
Now if Case 2 occurs there exists {2,,} C R such that
Zn+1
lim lw, —w|*dz > 0.
T J s -1

Since w,, — w in H!(R) we have
12,] — oo. (4.5)
Therefore,
Znt1 Zn+1

lim |lw*dz =0 andso lim lw,|? dz > 0.
n—oo Js 4 n—oo fo
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Since wy, () = @, (T)un(x + 25 /en), it is easily seen that |2,| < 36/e, for large n.
If |2, > B/2¢e, for a subsequence from Step 1, we would have

Znt+1 z+1
0 < lim lw,|? dz < lim sup / [, |? dz = 0
n—oo [5 n— 00 zEA(Z”'QL 3/3) =1

which is impossible. So |Z,| < §/2¢, for large n. We may assume that
Enin — 20 and  Up (-4 2y + 2p/en) = W,
and we see that |Z9| < 8/2 and @ € H'(R)\{0}. Then, given any r > 0 we have
Un,1 (- + Zn + 2n/en) = un (- + 20 + 2n/en) in [—7,7]
for large n. Consequently as in Step 1 it follows that w satisfies
i = (@) (@) ~ V(o + 20)f(@)], ©>0 inR.

Analogous to Step 1, leads us to a contradiction with if d > 0 is suffi-
ciently small. At this point we have proved that Case 2 does not hold and so Case
1 takes place. Now from ([5], Theorem 2.1) we see that w),(z) — w'(x) a.e. in R.
Then by and Fatou’s Lemma we have

liminf J., (un1)

:nmmf{é/R[\w;|2+V(enx+zn)f2(wn)] dx—/RH(f(wn))dx}

n—oo

> 5 [ B+ Vo) )] de - [ H(fw) da

> LV(Z())(w) > EV(ZO) > B,
On the other hand, since lim,, .o J;, (un) < Ep, and J, (uy,2) > 0 because of (4.3)

we get
limsup Je, (un1) < Ep,.

n—oo
Hence Evy(.,) = Ey, and lim, .o Je, (Un,1) = Ey,. Moreover from the mountain
pass characterization to the least energy solution and Proposition 2.5 we can see
that a > b implies E, > Ej. So V(z9) = m and this concludes the proof of Step 4.

Step 5: Conclusion. From Step 4, we have

n—oo

lim [ [Jw),|® + V(enz + 2,) 2 (wp)] dz = / (Jw'[* + mf?(w)) da.
R R

Since w is a solution for (2.6]) there exists ¢ € R such that w = U(- — ). We have
wp(z) = w(z) and w), () — w'(z) a.e. in R which imply the following convergence
results

[wifae = [ wPae [ View -tz ) do— / mf2(w) de,
[ Vet 2o a=Ouyde = [ mp

for any A C R. Then given o > 0 there exist R > 0 and ng € N such that

/ V(e + 2n) [f2(wn) + f2(0e, (& — Ow)] da <
{|z|>R}

=19
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for all n > ng. On the other hand, due the convergence w,, — w in L?((—R, R))
we obtain

| Q

R
/ V(en® + 20) f2(wn — e, (x — Ow) dz < for all n > ng
-R
for large ng . This implies
/ V(ent + 20) f2(wy — e, (x — Qw)dz < o for all n > ny.
R

By the definition of ||| - |||, (see also Remark [3.1)), we obtain

[[un1 — @e, (- = C = 2n/en)w(- — zn/en)llle, — 0.

Now let y, := zn /e, + (. Since w),(z) — w'(z) a.e. in R and ||wl,||2 — [|w'] Lz
from Brezis-Lieb Lemma (see [6]) it follows that w/, — w’ in L?(R). Consequently
[tn1 — e, (- — yn)U(- — yp)) — 0 in L?(R). Hence

l|tn,1 — Pe, (- = yn)Uo (- = yn)lle, — 0 asn — oo.

On the other hand, using Steps 2, 3, and 4, we obtain

1
E., > lim J. (u,) > En + 3 lim sup/[|u%’2|2 + V(anx)f2(un’2)] dz,
R

n—0o0 n— o0

which implies that ||uy, 2]le, — 0. This completes the proof. O

We observe that the result of Proposition holds for d € (0,dy), with dy > 0
sufficiently small, independently of the sequences satisfying the assumptions.

Corollary 4.2. For any d € (0,dy) there exist constants wq, R4, €4 > 0 such that
1)l (gry = wa

for anyu € ER N JP- N (XP\XZ), R > Ry and ¢ € (0,¢4).

Proof. By contradiction we suppose that for some d € (0,dg) there exist sequences

{en}, {R,} and {u,} such that

1
Ry >n, e,<1/n, wu,€ B NI 0 (XP\XL), |JL. (un) (g < —

En

By Proposition there exist {y,} C R and zp € M such that

lim_fenyn — 20/ =0, 1 [lun — @, (- = 4)U( ~ ), = 0.

n—oo

So for sufficiently large n, we have €, y, € M? and then, by the definition of X,
and X¢ | we obtain ¢., (- — y»)U(- — yn) € X., and u,, € X¢ . This contradicts

En’

u, € X2\X2 and completes the proof. O

The next lemmas are necessary to obtain a suitable bounded Palais-Smale se-
quence in EE.

Lemma 4.3. Given X\ > 0 there exist eg and dy > 0 small enough such that

Jo(u) > E, — X forallue X% ¢ € (0,e).
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Proof. For u € X, we have u(z) = ¢ (v —2/e)U(x—z/¢), x € R, for some z € MP.
Since L, (U) = E,, by (V2) we obtain

Je(u) = Em = 1/ [([(eeU)' [P = [U'F) +m (f*(¢eU) = £2(U))] da

>3/
- / H(f (D)) — H(F(U))] de

independently of z € M#A. Tt is easily seen that .U — U in H'(R) as ¢ — 0.
Hence using (3.1)) we can see that there exists g > 0 such that

A
Je(u) — B, > —3 for all w € X, € € (0,¢0).

Now, if v € X¢ there exists u € X, such that ||u — v|. < d. We have v = u + w
with |lw||s < d. Since Q.(u) = 0 we see that

J(v) = J(w) > 3 /R [(u 4 w)'? = |* + V(e2) (f*(u+w) = f*(u))] do

>3
- / H(f(u+ w)) — H(f(u))] dr.

From ({2.3)) and Lemmawe obtain
/ V(Ex)|f2(u +w) — f2(u)| dzx
R
<[ Vit w) - @]l w) + f(w)] do
{lw|<1}

+/ V(ex) |f2(u+w) - f2(u)| dz
{lw[>1}
< C(lllwll|2* + [[Jwll])
A
<cd<?2
<0d< 5

provided d is small enough. With the same arguments as used before we see that
there exists small dy > 0 such that

A
Jo(v) > Jo(u) — 5> Em— X forallve X% ¢ €(0,e0).
This completes the proof. (I

Following Corollary and Lemma we fix dg > 0, d1 € (0,dp/3) and
corresponding w > 0, Ry > 0 and gy > 0 satisfying
[JL(w)ll(gry >w forallue EFNJP-n(XP\XD),

p (4.6)
Je(u) > B /2 for all u € XZ°
for any R > Ry and € € (0,&0). Thus we obtain the following result.

Lemma 4.4. There exists a > 0 such that |s — 1/ty| < a implies v.(s) € X for
all e € (0,e0), where v is given by (3.2)).
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Proof. At first we observe that

lecoll < Ntpo) s + ola{1+ [ Vien) £ (ol hoeo) o
< e (e)v + @t |22 + ||v] 22 (1 + Slgllp V(:v))

< Coljv||gr for all e € (0,e0), v € H(R).
Since the function @ : [0,ty] — H'(R) given by Proposition is continuous and
0(1) = U there exists o > 0 such that
&
Co’
So if |stg — 1] < o, which means |s — 1/tg| < 0/tg =: «, this inequality yields
172 (s) = eUlle = llp:[0(sto) — Ulll- < Collf(sto) —Ull < dr for e € (0,20).
Since .U € X. we have 7.(s) € X2. O

t—1 <o = |0@t)—Ulm <

Lemma 4.5. For o given in Lemma[{.4] there exist p > 0 and g9 > 0 such that
Je(7e(s)) < Em —p  for any e € (0,e0), [s — 1/to| = o

Proof. By Proposition we have L,,,(0(t)) < E,, for all t # 1. So there exists
p > 0 satisfying

L, (8(t)) < E,, —2p for all t € [0,%0] such that |t — 1| > tpa.
From Lemma [3.2] we know that there exists eg > 0 such that

sup |Je(pe0(t)) — Ly (0(t))| < p for e € (0,¢0).
t€(0,to]

So for |t — 1] > tpa and € € (0,£¢) we obtain
Jo(0(8)) < Lin(0(8)) + [J(6(8)) — Lun(6(®)] < Ewa —2p+ p = Ey — p.
The proof is complete. O

Proposition 4.6. For sufficiently small ¢ > 0 and large R > 0 there exists a
sequence {ul} C EFfn Xdon JP= such that J.(ull) — 0 in (Ef)/ as n — oo.

Proof. We take Ry > 0 such that Q C B(0,Rg). Then ~.([0,1]) C EF for all
R > Ry. Suppose that the statement of Proposition does not hold. Then for
small € > 0 and large R > Ry there exists a(e, R) > 0 such that

||J;(u)|\(E§)/ >a(e,R) on Efn X% N jPe.
From that there exists w independent of € € (0,¢¢) and R > Ry satisfying
T2 (w)llgry > w on EFN(XP\XI)NJPe
So there exists a pseudo-gradient vector field, T, for J. on a neighborhood ZF C
EE of EFn Xdo N JPe. We refer to [22] for details. Let ZF C ZE for which one

[ J2(u)ll(gry > ale, R)/2 and take a Lipschitz continuous function on EZ, nf, such
that

0<nf<1, nff=1on EEnXPnJgPe and nf=0on ER\ZE
Letting £ : R — RT be a Lipschitz continuous function such that
§<l &a)=1 ifla— Bl <En/2, and &a)=0 if|a— Byl > By,
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and defining

Ry = {nf(U)é(JE(U))Tf(U) if ue Zf
0 if u e ER\ZE,

there exists a global solution WX : Ef x R — EZ which is unique, of the initial
value problem

d
7V (1) = el (WE (u,1)) (4.7)

T (u,0) = u.

Since lim._,g D. = E,,, we have D, < E,, + (1/2) min {Em,w2d1} for small € > 0.
Hence, by the choice of dy and d;, U has the following properties:
(i) VE(u,t) =wuift =0o0r u e EF\ZE or J.(u) ¢ (0,2E,,).
(i) [|[ L WE(u,t)|| <2 for all (u,t).
(i) & (J. (VE(u,t))) <0 for all (u,t).
(iv) 4 (J.(PE(u,t)) < —w? if VE(u,t) € EE N (Xd\XI) N JP=.

(v) & (J(WE(u, 1)) < —(a(e, R))? if OE(u,t) € BENXE N JP=.
Due to Lemmas 4] and there exist o and p > 0 such that

SR

|s — 1/to] < a=7:(s) € X and |s—1/to] > a = J.(7:(5)) < Emp — p

for all € € (0,0). Defining 77 (s) = WE(q.(s),tE) we shall prove that

J-(vE(s)) < Ep, — min {p, %} for all s € [0,1], (4.8)
for I sufficiently large. Note that by (iii) above if |s — 1/tg| > «a it follows that
J-(WR(3.(5),1)) < Jo(32(5)) < Ewn — pfor amy £ > 0.
So holds for any t&. Now, if s € I := [1/tg — o, 1/to + a, we get 7-(s) € X&

and two distinct cases are considered:

(a) WE(q.(s),t) € Xdo for all t € [0,00).
(b) UE(v.(s),ts) & X0 for some tg > 0.

If s € I satisfies (a), then (i), (iv) and (v) yield

T (9.0) = T + [ (). 7) dr

< D. —min {w?, (a(e,R))*} ¢

and so J.(UE(v.(s),t)) — —oo as t — oo which is in contradiction with (4.6]). Thus
any s € I satisfies (b). We fix sg and a neighborhood I°® = I*0(¢, R) C I such that
UE(y.(s),ts,) ¢ X for all s € I°0. Since 7.(s) € X& for any s € I°°, we can
observe from (i) — (v) that there exists an interval [t,t2] C [0, ,,] for which one

R

Ul (s5),t) € XI\XD for te[th 2] and [t} —t3] > d;.

R}
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So (i), (iii) and (iv) lead to
t2
T (W 0u(5). 1) < 2 el + [ (¥ 5). 7)) dr
<D —u (1))
<E,, — %del for all s € I°°.
By compactness there exist sq,---,s;, | = l(¢, R), such that I = Ui:1 Isi. Let
tf = maxi<;< ts;- Then for any s € I we have s € I°* for some 4 and so

Te(WE (7e(s),t8) < J(WE(1e(8), t,)) < B — %W2d1~

Therefore, (4.8 holds. Since v* € ', we obtain

2
R . wdy
C. < Srél[%?i] JE(’YE (5)) < E; — min {,07 T}v
which is in contradiction with Proposition [3.3] This completes the proof. O

Proposition 4.7. There ezists a critical point u. € X3 N JP= of J. if e > 0 is
sufficiently small.

Proof. From Proposition there exist g > 0 and Ry > 0 for which ones we can
find {u,}, C EF N X N JP- such that J.(u,) — 0 in (EER), as n — oo, for
each R > Ry and € € (0,¢0). Since {u,}, is bounded in EF it is also bounded
in H}((—R/e,R/¢)) with the usual norm. So we may assume that u, — u in
HY((—R/e,R/¢)), up, — u in L"((—R/e,R/¢)) for 7 = 2 and 4 and u, (z) — u(z)
a.e. in R where u = u. . Because ||J.(u,)||(gr) — 0 we see that u is a nonnegative
solution for

—u" = f'(u) [0(f(u)) = V(e2) f(u)] = ge.r(u)xeu in (—R/e, R/e) (4.9)

where
R/e

ge.r(1) :4</R/ Xs\uFdac—l)Jr
—R/e

Then we can see that u,, — u in H}((—R/e, R/€)) which implies
/ [|u), —u'|* + V(ex) f*(un —u)] dz — 0 asn — oo
B(0,R/e)

and 80 u, — uin E.. Thus u € X% NJP=. Due to boundedness of {u. g} in H!(R)
we get [|ue |l < Cp for all R > Ry and € € (0,0). So from (H1) and Lemma [2.1]
there exists C' > 0 depending on Cj such that

—u” < Cf'(u)f(u)* < Cu in (~R/e, R/¢).
Hence by [I5, Theorem 9.26], there exists Cy = Cy(N, C) such that

sup u < Co [lullp2(p(y2)) forally €R. (4.10)
B(y,1)

Due to the boundedness of {||uc g||c} and {Je(uec r)} we get {Qe(ue,r)} uniformly
bounded on R > Ry and ¢ € (0,&q). So there is C; > 0 such that

/ |uE}R\2dx < 5/ Xs|u573|2 dz < eCy (4.11)
{lz|>Ro/e} R
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for any R > Ry and € € (0,&¢0). Hence for sufficiently small ey and ¢ € (0, &¢) fixed,

it follows from (4.10)), (4.11) and by (H1)
\% R,
h(f (ue,r(2)) < 5 f(ue p(x) forany |z > =2 +2, R > Ry.
Then after some calculations we obtain
lim [|ul g|* + V(ex) f* (ue,r)] dz =0 (4.12)
A—oo JRN\B(0,4) '

uniformly on R > Ry. We take R, — oo and denote up = uc g,. We may assume

u, — ue in H'(R) as k — oo. Since uy, is a solution for (4.9)), using (4.12)) and ([5],
Theorem 2.1) we see that
|

u;c|2dm—>/\u;\2d:c and /V(ea:)fZ(uk—ug)da:HO
R R R

as k — oo, up to subsequences. From this result we get up — wu. in E. which
implies that u. € Xd N JP= and J.(u.) = 0 in E.. This completes the proof. [

5. PROOF OF THEOREM [L.1]

Until now we have proved the existence of a critical point for J., u. € X gﬁ NJPe,
for £ € (0,e0) with €9 > 0 and dyp > 0 sufficiently small. We also have u. > 0 and
Jo(ue) > (B, /2) which imply ue # 0. The function u. satisfies

—ul = '(u) [h(f(u:)) = V(e2)f(ue)] = 4( / Yelu?dr —1) xews iR (5.1)

Since u. € C*(R) by the Maximum Principle we get u. > 0. Moreover from (5.1)

loc

we can see that there exists p > 0 such that |juc||L~ > p for small e > 0. We
observe that by Proposition there exists {y.} C R such that ey. € M?? and for
any sequence &, — 0 there exists zg € M satisfying
enle, — 20 and |jue, — e, (- =y )U(C =¥z, )|, — 0,
and so
l[ue, (- + ye,) = Ullgr — 0.

Consequently given o > 0 there exist A > 0 and ¢y > 0 such that

sup / u?(z +y.)dz < o. (5.2)

€€(0,e0) /{|z|=A}

Denoting w. = uc (- + ye ), the equation (5.1)) and the uniform boundedness of {u.}
in L= (RY) give us

—w! < Cw, inR.
Hence from [15, Theorem 8.17], there exists Cy = Cy(C) such that

sup  we(x) < Co lwell p2((y-2,412)) foralyeR.
(y—1y+1)

From this inequality and by (5.2) we have lim|;|— we(2) = 0 uniformly on €. So
we can prove the exponential decay of w,

we(z) < Cexp(—c|z|) forallxz € R, € € (0,e0)
for some C, ¢ > 0. Now we consider (. € R a maximum point of w,. Since

we(x) >0 as |z] — o0 and |we|leo >p forall e € (0,e0)
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we conclude that {{.} is bounded. Hence z. := (. + y. is a maximum point for u,
and the following exponential decay holds

Ue(x) = we(x —ye) < Cexp (—clr —x.|) forall z € R. (5.3)

So Q:(u.) = 0 for small € and wu. is a critical point for P.. From Proposition
we have v, = f(u.) a positive solution for . Since f is increasing, x. is also a
maximum point for v.. Moreover by the choice of {y.} for any sequence ¢, — 0
there are zg € M and (y € R such that

Ce,, — Coy  EnZe, — 20 and  ue, (- +xe,) — U+ Co)llgr — 0, (5.4)

up to subsequences. We observe that U(- + (p) is also a solution of (2.6) and so
vo = f(U(-+ o)) is a solution of (1.4). We have

e, (- + 22,) = vollin < 2llue, (- + 2e,) = U+ Go) 7
+2/R|f' (ue, (2 +2e,)) = £/ (U(x + )PV (z + o)|* do

and by (5.4) and properties of f we get

ve, (- +xe,) —vo in H'(R) asn — ooc.

At this point we have proved that, for small €, 4. (z) := v.(z/€) is a solution for
the quasilinear equation (|1.1)) and satisfies (i)-(ii) in Theorem with maximum
point . = ex..
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