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GROWTH OF SOLUTIONS TO LINEAR DIFFERENTIAL
EQUATIONS WITH ANALYTIC COEFFICIENTS OF
[P,Q]-ORDER IN THE UNIT DISC

BENHARRAT BELAIDI

ABSTRACT. In this article, we study the growth of solutions to complex higher-
order linear differential equations in which the coefficients are analytic func-
tions of [p, g]-order in the unit disc.

1. INTRODUCTION AND STATEMENT OF RESULTS
For k > 2 we consider the linear differential equations
FO 4 A () f D 4+ A(2) f + Ao(2)f =0, (1.1)
FO + Aa () -+ M@+ Aol2)f = F(2), (1.2)

where Ag(z),...,Ak—1(2), F(z) #Z 0 are analytic functions in the unit disc A =
{z € C: |z| < 1}. Tt is well-known that all solutions of and are analytic
functions in A and that there are exactly k linearly independent solutions of
(see [11). Juneja, Kapoor and Bajpai [14} [15] have investigated properties of entire
functions of [p, g]-order and obtained some results. Liu, Tu and Shi [20], by using the
concept of [p, g]-order have considered equations , with entire coefficients
and obtained different results concerning the growth of its solutions. Recently,
there has been an increasing interest in studying the growth of analytic solutions
of linear differential equations in the unit disc by making use of Nevanlinna theory
(see |21, 13, BL 6], 7, 9], 1T, 12, 19]). In this article, we continue to consider this subject
and investigate the complex linear differential equations and when the
coefficients Ao, A1, ..., Ag_1, F are analytic functions of [p, ¢]-order in A.

In this article, we assume that the reader is familiar with the fundamental results
and the standard notation of the Nevanlinna’s theory in the unit disc A = {z € C:
|z| < 1} (see [10| 111 18] 21]).

Before, we state our results we need to give some definitions and discussions.
Firstly, let us give definition about the degree of small growth order of functions
in A as polynomials on the complex plane C. There are many definitions of small
growth order of functions in A; see [7, [§].
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Definition 1.1. For a meromorphic function f in A let

T

D(f) := limsup (r {) ,
r—1— 108 1—r

where T'(r, f) is the Nevanlinna characteristic function of f. If D(f) < oo, we say
that f is of finite degree D(f) (or is non-admissible); if D(f) = oo, we say that f
is of infinite degree (or is admissible). If f is an analytic function in A, and

log™ M

Dy (f) :=limsup o8 2T ET’ /)

r—1- IOg 1-r

in which M (r, f) = max;|—, |f(2)] is the maximum modulus function, then we say
that f is a function of finite degree Dy (f) if Dps(f) < oo; otherwise, f is of infinite
degree.

Now, we give the definitions of iterated order and growth index to classify gen-
erally the functions of fast growth in A as those in C ; see [4], 16l [I7]. Let us define
inductively, for 7 € [0, 1), exp; r := " and exp,,; 7 := exp(exp, ), p € N. We also
define for all r sufficiently large in (0, 1), log; r := logr and log,, ; r := log(log, ),
p € N. Moreover, we denote by expyr := r, logyr := r, log_;r := exp; r and
exp_jr:=log; .

Definition 1.2 ([5, [6, 18]). Let f be a meromorphic function in A. Then the
iterated p-order of f is defined by
log™ T'(r,
pp(f) = limsup glpi(lf) (p is an integer, p > 1),

r—1- 1—r

where log] 2 = log™ 2z = max{logz, 0}, 1og;+1x = log*t log];|r x. For p = 1, this
notation is called order and for p = 2 hyper-order [I1} [19]. If f is analytic in A,
then the iterated p-order of f is defined by
log | M(r,
pum,p(f) = limsup gp+1—1(f) (p is an integer, p > 1).

r—1- log =
Remark 1.3. Tt follows by Tsuji [2I, p. 205] that if f is an analytic function in
A, then we have the inequalities

p1(f) < pma(f) < pu(f) +1

which are the best possible in the sense that there are analytic functions g and h
such that par1(g9) = p1(g) and par1(h) = p1(h) + 1, see [§]. However, it follows by
[17, Proposition 2.2.2] that par,,(f) = pp(f) for p > 2.

Definition 1.4 ([5]). The growth index of the iterated order of a meromorphic
function f(z) in A is defined by

0, if f is non-admissible,
i(f) = qmin{j € N: p;(f) < oo} if f is admissible,
00, if p;(f) = oo for all j € N.

For an analytic function f in A, we also define
0, if f is non-admissible,
iv(f) = {min{j € N: pps;(f) < oo} if fis admissible,
0, if par,j(f) = oo for all j € N.
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Remark 1.5. If p,(f) < oo or i(f) < p, then we say that f is of finite iterated
p-order; if p,(f) = oo or i(f) > p, then we say that f is of infinite iterated p-order.
In particular, we say that f is of finite order if p1(f) < oo or i(f) < 1; f is of
infinite order if p1(f) = oo or i(f) > 1.

Now, we introduce the concept of [p, g]-order for meromorphic and analytic func-
tions in the unit disc.

Definition 1.6. Let p > ¢ > 1 be integers. Let f be meromorphic function in A,
the [p, gl-order of f(z) is defined by

log, T(r, f)
Pip.al (f) = limsup —2—-"-~.
(p.q) () 1 log, lir

For an analytic function f in A, we also define
. 10g+ 1 M(’I’, f)
PM,[p,q) (f) = limsup Zf+ i :
r—1- 08¢ 1=+

Remark 1.7. It is easy to see that 0 < pp, 4(f) < oo. If f(2) is non-admissible,
then pp, 4 (f) = 0 for any p > ¢ > 1. By Definition we have that pp1)(f) =

pi(f) = p(f), P[2,1](f) = p2(f) and P[p+1,1](f) = Pp+1(f)-

Proposition 1.8. Let p > q > 1 be integers, and let f be analytic function in A
of [p, q]-order. The following two statements hold:

(i) If p=gq, then
Plp.a)(f) < Patfp,g) () < plp,q (f) + 1.
(ii) If p > q, then ppp,q(f) = par,p,q (f)-
Proof. By the standard inequalities [I7) p. 26]

1+3r_  1+r
T
1_r ( 2 7f)7

we easily deduce that (i) and (ii) hold. O

T(r, f) <log" M(r, f) <

The present article may be understood as an extension and improvement of the
recent article of the author [3]. We obtain the following results.

Theorem 1.9. Let p > g > 1 be integers, and let Ag(z),..., Ax—1(2) be analytic
functions in the unit disc A. Suppose that there exists a sequence of complex num-
bers (zn)nen with |z,| = r, — 17, n — oo such that for real constants o, B where
0 < 0 < a, we have

1

T(rp, Ag) > eXPp{alogq(ﬁ

)} (1.3)

as n — 0o, and

T(r, A7) < exp{Blog, (1)} (=1, k—1) (1.4)

holds for all v € [0,1). Then every solution f # 0 of (L.1)) satisfies pp, q(f) =
pM,[p,q](f) =00 and p[p-‘rl,q](f) = PM,[p+1,q] (f) = a
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Theorem 1.10. Let p > q > 1 be integers, and let Ao(z),...,Ax—1(2) be ana-
lytic functions in the unit disc A satisfying max{pp, q(4;) : j =1,...,k =1} <
Plp.q)(Ao) = p. Suppose that there exist a sequence of complex numbers (z,)nen
with |z,| = r, — 17, n — 00 and a real number p satisfying 0 < p < p such that
for any given € (0 < e < p — ) sufficiently small, we have

1

=) (1.5

T(rp, Ao) > exp,{(p — €) log,(

asn — 00, and
1 .
T(T7AJ) Sexpp{/”’logq(ﬁ)} (] = lavk_l) (16)

holds for all r € [0,1). Then every solution f # 0 of (L.1)) satisfies pp, q(f) =
PM,[p,q(f) = o0 and

Plp,a)(A0) < plp+1,q)(f) = Purfpr1,q (f) < max{pas p,q(4;) : 5 =0,1,... .k —1}.
Furthermore, if p > q, then

p[p+1,q](f) = pM,[p+1,q](f) = Plp,q] (Ao).

Theorem 1.11. Let p > g > 1 be integers. Let Ag(z),..., Ax—1(2) and F(z) Z0
be analytic functions in the unit disc A such that for some integer s, 1 < s <k—1
satisfying max{pp,.q(A;5) (J # 5), Pp.q(F)} < ppp,q(As). Then every admissible
solution f of with pp.q(f) < 0o satisfies pp g (f) > ppp,q (As)-

Theorem 1.12. Let p > g > 1 be integers. Let Ao(z),..., Akr—1(2) and F(z) #0
be analytic functions in the unit disc A such that for some integer s, 0 < s < k—1,
we have ppp, g(As) = 0o and max{py, q(A;) (J # 5), pip,q(F)} < oo. Then every

solution f of (L.2)) satisfies ppp q(f) = oc.

2. PRELIMINARIES
In this section we give some lemmas which are used in the proofs of our theorems.

Lemma 2.1 ([I1]). Let f be a meromorphic function in the unit disc A, and let
k >1 be an integer. Then

(k)
m(r, 1) =

)= S(r, ), (2.1)

where S(r, f) = O(log" T(r, f) + log(1X=)), possibly outside a set Ey C [0,1) with

fEl ld—r'r' < o0.

Next we give the generalized logarithmic derivative lemma.

Lemma 2.2. Let p > q > 1 be integers. Let f be a meromorphic function in the
unit disc A such that pp, q(f) = p < 00, and let k > 1 be an integer. Then for any
e >0,

f(k))

m(r, ——

) = O(exp, 1 {(p+) o, (7)) (22)

holds for all r outside a set E5 C [0,1) with fEQ r < oo.

1—r
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Proof. First for k = 1. Since pp, (f) = p < oo, for all » — 17 we have

1
T(r, f) < exppi(p + ) log,(:— )} (2.3)
By Lemma we have
!
m(r,f7) :O(ln+ T(r,f)Jrln(l_r)) (2.4)
holds for all r outside a set Fy C [0,1) with fE2 1‘& < o0. Hence, we obtain
! 1
m(r, 7) = O(expp_1{(p +€)log,(;—)}), & Ea. (2.5)
Next, we assume that we have
f®) 1
m(r, T) = O(eXPp_1{(P+5) logq(ﬁ)})a r¢ By (2.6)

for some an integer k > 1. Since N(r, f*)) < (k4 1)N(r, f), it holds that
T(r, fN) = m(r, f*) + N, f*)

)
<m(r, 7) +m(r, )+ (k+1)N(r, f)
F) 1 (2.7)
< m(r ) 4 (ko DT ) = Oexpy -+ 2) ogy (7))
+ (k4 1T 1) = O(exp,{(p + 2) o, (7))):
By and , we obtain
f(k+1) 1
m(ﬁw) :O(GXPp—l{(P‘H?)lqu(m)})a r¢ By (2.8)
and hence,
f(k+1) f(k+1) f(lc)
m(r, 7 §mr,W +mT,T 2.9
= O(expi{(p+2)log, (=))), ¢ Ba

Lemma 2.3 ([I]). Let g : (0,1) — R and h : (0,1) — R be monotone increasing
functions such that g(r) < h(r) holds outside of an exceptional set Es C [0,1) for
which fE3 AT < 0o. Then there exists a constant d € (0,1) such that if s(r) =

r

1—d(1—r), then g(r) < h(s(r)) for all r € [0,1).

Lemma 2.4 ([I3]). Let f be a solution of equation , where the coefficients
Aj(z) (j=0,...,k—1) are analytic functions in the disc Ap = {z € C:|z| < R},
0 < R < oo. Letn. € {1,...,k} be the number of nonzero coefficients A;(z)
(j=0,....k—1), and let € [0,27] and € > 0. If zg = ve'® € AR is such that
Aj(z9) # 0 for some j =0,...,k—1, then for allv <r < R,

e < Coxp (e |

max |Aj(tei9)\1/(k_j)dt), (2.10)

PR,
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where C' > 0 is a constant satisfying

/D (z0)]
< . .
Cc< (1 + 5) j:g’r‘li}]{cil <(nc)j 7(1)113:}2 } |An(20)|j/(kfn)) (2 11)

geeey

Lemma 2.5. Let p > q > 1 be integers. If Ao(z),...,Ar—1(2) are analytic func-
tions of [p, q]-order in the unit disc A, then every solution f #£ 0 of (1.1) satisfies

Pipt1.q)(f) = Parjpr1,q (f) S max{pnrpg (A7) 15 =0,1,....k =1} (2.12)

Proof. Set 0 = max{pyspq(4;):J=0,1,...,k—1}. Let f # 0 be a solution of
(T.1). Let 6y € [0,27) be such that |f(re?)| = M(r, f). By Lemma we have

' (tei®)[1/ (k=)
M(r, f) < Cexp (nc/y j=5?7(.1.€?47)1(€_1|143(t€ )| dt)
< Cexp (nc/ _nax 1(M(T,Aj))1/(k_j)dt) (2.13)
v 3=0,....k—

< Cexp(ne(r —v) _7ma)]i_l{M(r, AD).

yeeey

By Definition

1 .
M(r,A45) < expyi{(o 4 2)log, (7)) (=0, k1) (2.14)
holds for any € > 0. Hence from (2.13]) and (2.14)) we obtain
P, p+1,q (f) Lo +e (2.15)

Since € > 0 is arbitrary, we have by Proposition (i)

Plp+1,q] (f)= PM,[p+1,q] (f)<o= max{pM,[p,q] (4;):5=0,1,.... k= 1}.

|
3. ProOF OF THEOREM [L.9]
Suppose that f # 0 is a solution of . By , we can write
B f(k) =1 /
Ao(z)_—( 7 A (2) —|—---—|—A1(z)f). (3.1)
From the condition (1.4)), by using (3.1) and Lemma we obtain
k-1 k £
m(r, Ag) <> m(r, Aj) + m(r,T) +0(1)
j=1 j=1 (3.2)

< (k— 1) exp, (B0, (=)} + S /)

holds for all r outside a set E; C [0,1) with fEl 1d_TT < oco. By Lemma and
(3.2), we have

m(r, Aog) < (k — 1) exp,{Blog,( )}

_ 1
1—s(r)

(3.3)
+ O(log+ T(s(r), f) + log(

1 —15(7") ))
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holds for all r € [0,1). The assumption (1.3)) gives us

d

m(rn, Ao) = T(rpn, Ao) > exp,{alog, (m)}

(3.4)
)},

1
> expp{’y log, (71 50

where « is an arbitrary number satisfying 0 < v < a and n is sufficiently large. By
combining (3.3)) and (3.4) for r = r,,, for n sufficiently large we obtain

1 1

epr{W’lqu (m)} <(k-1) eXPp{ﬁlogq (m)} 35)
+O(log™ T(s(ry), f) + log(+———=))-
1—5s(ry)
Noting that v > 8 > 0, it follows from that
1 1
(1~ 0(1)) exp, {y1og, (5= 5)} < O(log™ T(s(ru). 1) + loB(—5)) (3:6)

holds as r, — 17. Hence, by (3.6) we obtain pp, 4(f) = pas,[p,q(f) = 0o and

logf1 T(s(ra). ) _

Pip+1,q)(f) = parp+1,q(f) = limsup 3 -
s(rp)—1— qu =)

Since « is an arbitrary number less than «, we obtain pj,41,4(f) = pas,jp+1,q(f) =

(e

4. PROOF OF THEOREM [L. 10

Suppose that f # 0 is a solution of (1.1)). Then for any given £ > 0, by the
results of Theorem [1.9) we have pp, (f) = par,[p,q (f) = 00 and

Pip+1,q)(f) = Prrpr1,q(f) = p — €. (4.1)

Since ¢ > 0 is arbitrary, from (4.1) we obtain py,11,4(f) = P pr1,q(f) = p =
Plp,q)(Ao). On the other hand, by Lemma we have

Pip+1,0)(f) = Parfpt1,q (f) < max{parp,q(4;) 17 =0,1,....k —1}. (4.2)
It yields
Plp,a)(A0) < Plp+1,q)(f) = par,fp1,q (f) < max{parfp,q(4;) : 7 =0,1,... .k —1}.
If p > ¢, then
max{par,[p,q(A4j) 17 =0,1,....k =1} = pp g (Ao).
Therefore,

p[P-Q—Lq](f) = pM,[IH-Lq](f) = Plp,q] (AO)
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5. PROOF OoF THEOREM [L. 11

Set max{p(p,q(A;)(J # 8); Plp,q) (F)} = B < plp,q/(As) = a. Suppose that f is an
admissible solution of (1.2) with p = pp, 4(f) < oo. It follows from (1.2) that

k k—1 s+1
fs-) r ; (5.1)
A& - A — A
Applying Lemma [2.2] we have
fa+D 1 .
m(r, =) = O exp, i {(p+e)logy(7=)}) (G=00ik=1)  (52)

holds for all 7 outside a set Ey C [0,1) with [ 19~ < co. Since N(r, fUT1)) =0,
it holds for 5 =0,...,k — 1 that

, , FU+D
T(r, fO0) = m(r, fUH) <m(r, =———) +m(r f)
fU+D (5:3)
ST ) +m(r
By (5.3), from (5.1)) and (5.2]) we obtain
T(r,As) <T(r, F) +cT(r, )+ Y T(r, A;)
i . (5.4)
+0((expyo{(p+)logy(7=)})  (r ¢ Ba),
-
where ¢ > 0 is a constant. Since pp,q(As) = «, there exists a sequence {r;,}
(r!, — 17) such that
logt T(r!, A,
i 2B L) (5.5)
r—1- log, =

1—7!

1-1="n
Set sz A = logy < oco. Since fril 7T dr = log(y + 1), there exists a point

rn €1, 1— 17_T;L] — E, C[0,1). From

no 1
log;,|r T(ry, As) - log; T(ry, As) 109;;0|r T(rl, As) (5.6)
lo L = log (2HLy logg_1 (7))’ ’
gq L gq(lir") logq l—lr,{L + 1Og( logqfll 11 : )
it follows that N
log" T'(rp, A
T EAGIE N, (5.7)
rn—1= log, T
So, for any given € (0 < 2e < a — 3), we have
1
T(rp, As) > exp,{(a —¢) 1qu(ﬁ)} (5.8)
and for j # s,
T(rp, Aj) < exp,{(B + ¢)log,( )}, (5.9)

1—r,
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1
T(rn, F) < exp,{(8+¢) logq(ﬁ)} (5.10)
hold as r,, — 17. By (5.4)), (5.8)), (5.9) and (5.10)), for r,, — 1~ we can obtain

exp,{(a — ) log, (=)} < kexp, {(8+ &) log,(——)} + T, )

~ 1 =7 . (5.11)
+0((expyo1{(p+2)log,(7=-)})).
Noting that o — e > 3 + ¢, it follows from (5.11)) that for r, — 17,
(1~ o(1)) exp, (@ — &) log, (=)}
" (5.12)

< T(rn )+ O exp, 1 {(p+ ) logy (=) ).

Therefore, by (5.12)) we obtain

. log; T(rn, f)
limsup ————

o —&
T 17 lqu 1—r,

and since ¢ > 0 is arbitrary, we obtain pp, o(f) > pip,q(As) = a. This completes
the proof.

6. PROOF OF THEOREM [[.12]

Setting max{pp, q(A;)(J # 8), ppp,q (F)} = B, for a given € > 0, we have

1 )
T(r,Aj) < exp,{(B+¢) logq(ﬁ)} (4 #s), (6.1)
1
T(r, F) < expp{(5 + ) log,(1— )} (6.2)
as r — 17. Now from (1.2]) we can write
_ F(z) f) =1 flstD)
S O DR O O
f(s—l) f/ f ( . )
- Asfl(Z)W — = Al(Z)W — AO(Z)W
Hence by (5.3)) and (6.3]) we obtain
kol FU+D
T(r,As) ST( F) + T ) + 3 m(r——) +3_T(r4),  (64)
=0 J#s
where ¢ > 0 is a constant. If p = pp, 4(f) < 0o, then by Lemma
fU+D 1 .
m(r, =) = O(exp,a{(p+e)log, (;=,)}) (=0 k=1)  (65)
holds for all r outside a set Fy C [0,1) with fE2 1d_rr < o0o. For r — 17, we have
1
T(r, f) < expp{(p+e)log,(—)}- (6.6)

1—r
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Thus, by (6.1), (6.2), (6.4), and (6.6), we obtain

T(r, A2) < kexp, (3 +<)log, (=)} + cexp, {(p-+ ) log, (7))

1—7r . 1 (6.7)
+0(exp, 1 {(p+ ) log, ()
for r ¢ E5 and r — 17. By Lemma for any d € [0,1), we have
1
T(r,As) < kexp,{(8+¢) logq(m)}
1
+ cexp,{(p + ¢) log, (m)} (6.8)

+0((exp, 1 {0+ 2) ot (G7=)})

as r — 17. Therefore,

Plp,q)(As) < max{f +¢,p+e} < oco.

This contradicts that pp, 4(As) = oo. This completes the proof
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