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GLOBAL CLASSICAL SOLUTIONS FOR REACTION-DIFFUSION
SYSTEMS WITH A TRIANGULAR MATRIX OF DIFFUSION
COEFFICIENTS

BELGACEM REBIAI

ABSTRACT. The goal of this article is to study the existence of classical solu-
tions global in time for reaction-diffusion systems with strong coupling in the
diffusion and with exponential growth (or without any growth) conditions on
the nonlinear reactive terms. This extends some similar results in the case
of a diagonal diffusion-operator associated with nonlinearities preserving the
positivity and the total mass of the solutions or for which the total mass is a
priori bounded.

1. INTRODUCTION

In this study, we are interested in the existence of classical global solutions to
the reaction-diffusion system

% —alAu=\— f(u,v) — pu in (0, +00) x €, (1.1)
% — cAu — dAv = f(uﬂ)) —po in (0,+oo) x £, (1'2)

where  is an open bounded domain of class C' in R™ with boundary 052, the
constants a, ¢, d, A\, u are such that
(Al) a>0,¢>0,d>a, 2vad > ¢, A >0 and p > 0,
and the function f is a nonnegative and continuously differentiable on [0, +00) such
that
(A2) £(0,n) = 0 and f(€,n) = 0, with f(€, 7% (2 — ) = 0 when a+ ¢ > d,
(A3) f(&,n) < Cp(&)nme™ for some constants C' > 0 and « > 0 when a + ¢ < d,

where r is a positive constant such that » > 1 and ¢ is any nonnegative
continuously differentiable function on [0, +00) such that ¢(0) = 0.

We assume that the solutions of ([L.1)—(1.2)) also satisfy: the boundary conditions
Ou  0Ov
ov  Ov

=0 on (0,400) x 09, (1.3)
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where a% is the outward normal derivative to 0€2; and the initial conditions

u(0,2) = up(z), v(0,2) =vo(x) in Q, (1.4)

where ug, vyp are nonnegative and bounded functions satisfying the following re-
strictions:

A d
luolloe < = < L, when a + ¢ < d,
g an(a—d)?
A (1.5)
[uolloo < =, whena+c>d,
L
c
= — —up). 1.6
vo_d—a(,u uo) (1.6)

Problem 7 may be viewed as a diffusive epidemic model where u and v
represent the nondimensional population densities of susceptibles and infectives,
respectively. This problem can be represent a model describing the spread of an
infection disease (such as AIDS for instance) within a population assumed to be
divided into the susceptible and infective classes as precised (for further motivation
see for instance [0 [7, [10] and the references therein).

When A = p = 0, Kouachi and Youkana [I8] generalized the method of Haraux
and Youkana [12] with the reaction term f(&,n) requiring the condition

In(1
fim ROHSEM) e v e >0,
n—-+o0 n

with
of = _ 2ed min{1, a;d}’
n(a — d)?[|uo|l ¢
where a, ¢ and d satisfy a > 0, ¢ > 0, d > 0 and a > d. This condition reflects the
weak exponential growth of the function f.
Kanel and Kirane [I5] proved the existence of a classical global solutions for a cou-
pled reaction-diffusion system without any conditions on the growth of the function

f under the following conditions:
eag>dandc>d—a>0,
o f(&n) = F(E)GH).
Later they improved their results in [I6] where they extended the result of Herrero
et al [14] to the case of a bounded domain under the following assumptions:
ea<dand0<c<d-—a,
o f(&,1n) < Cp(&)e™", for some C > 0, @ > 0 and any nonnegative continuous
and locally Lipschitzian function ¢ on R such that ¢(0) = 0.

In the case, where A > 0 and p > 0, Abdelmalek and Youkana [I] proved the
global existence of nonnegative classical solutions for the nonlinearities of weakly
exponential growth under the following assumptions:

e a>0,¢>0d—a>c and 2Vad > ¢,
o [luollec < A/p

We note that solving problem f is quite difficult. As a consequence
of the blow-up examples found in [23], we can prove that there is blow-up of the
solutions in finite time for such triangular systems even though the initial data are
regular, the solutions are positive and the nonlinear terms are negative, a structure
that ensured the global existence in the diagonal case.
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The aim of this article is to prove the existence of global classical solutions to
f without any restrictions on the growth of the function f when a+4c¢ > d
and with possibility of exponential growth for this function when a+c¢ < d. For this
purpose, we demonstrate that for any initial conditions satisfying and ,
the problem f is equivalent to a problem for which the global existence
follows from a similar Lyapunov functionals appeared in [12] 4] [I8, 24] under the
assumptions (A1)—(A3).

2. EXISTENCE OF LOCAL AND POSITIVE SOLUTIONS

The study of existence and uniqueness of local solutions (u,v) of (1.1)—(1.4)
follows from the basic existence theory for parabolic semilinear equations (see, e.g.,
[3L 0, 13, 22]). As a consequence, for any initial data in C'(Q2) or L>(Q) there exists
a T* € (0,400] such that (1.I)~(1.4) has a unique classical solution on [0,7*) x €.
Furthermore, if T* < 400, then

Iim (Jle®)lloo + llo(®)lloc) = +oo.

Therefore, if there exists a positive constant C' such that
[u(®)loc + l[v®)lloc <C VE€10,T7),

then T* = 4-o0.

Since the initial conditions (1.5)) and (1.6) are satisfied under assumptions (A1)
and (A3), the next lemma says that the classical solution of (L.1)—(1.4]) on [0, T*)x
remains nonnegative on [0, 77*) x .

Lemma 2.1. Assume (A1), (A3). Then for any initial conditions ug and vy satisfy-

ing (1.5) and (1.6), the classical solution (u,v) of problem (L1.1)—(1.4) on [0,T*)xQ

satisfies

A c A
<u<Z > 2 ).
0<u< 0 v > d—a(ﬂ w)
Proof. In system — the change of variables
A
w=uv-— dfa(p —u),
Fluw) = flww+ -~ )
= w E—
) ) d —a M
leads to the system
ou .
i aAu =\ — F(u,w) — pu in (0,4+00) x €, (2.1)
d—a—
%—;U —dAw = ﬁF(u,w) —paw in (0, +00) X £, (2.2)
with boundary conditions
ou Ow
— == Q 2.
% = 90 0, on (0,+00) x 09, (2.3)

and initial conditions

u(0,2) = uo(z), w(0,z)=wo(z) in L, (2.4)
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If we assume (A1) and (A3), then a simple application of comparison theorem
[26], Theorem 10.1] to system (2.1)-(2.2)) implies that for any initial conditions ug
and vy satisfying (1.5) and (1.6, we have

A *
d—a(ﬁ —u(t,x)) V(t,2)€[0,T%) x Q.

A
0<u(t,z) <=, o(t,z)>
i

3. EXISTENCE OF GLOBAL SOLUTIONS

It is clear that to prove the existence of global solutions for problem (1.1)—(L.4)
we need to prove it for problem —.

At first, when a + ¢ > d, the local classical solutions of f may be
extended as a classical and uniformly bounded solutions on [0, +00) x Q2 for any
nonnegative initial data ug and vy satisfying and without any restrictions
on the growth of the function f under the assumptions (A1) and (A2). Indeed, since
u, w and f are nonnegative, then from (Al) and (A2), we have by the comparison
theorem that

0<u(t,z) < 2, 0 <w(t,z)<|wllew Yt z)€[0,T")x Q.

Now, the main result for the case a + ¢ < d is stated in the following theorem.

Theorem 3.1. Under assumptions (A1)-(A8) and restrictions (L.5) and (1.6]), the
solutions of problem (L.1)—(1.4) are global and uniformly bounded on [0,400) x Q.

Since 0 < u < %, then the problem of global existence reduces to establish
the uniform boundedness of w on [0,7%). By LP-regularity theory for parabolic
operator (see, e.g., [19,25]) it follows that it is sufficient to derive a uniform estimate

n d—a—c

of ||pF (u, w) — pwl|, on [0,7*) for some p > § where p = “Z2=¢. The proof of

Theorem [3.1] is based on the following key proposition.

Proposition 3.1. Suppose (A1)-(A3), (1.5) and (1.6). For every classical solution
(u,w) of (2.1)-(2.4) on [0,T*) x Q, consider the function

L(t) = /Q B+ (M — u)~" (w + 1)) (¢, 2)de,

where o, B, v, §, p and M are positive constants such that
A 2 dad F(1+7)

- <M< —, y<y=-—-=, p[=max{r, —— . 3.1
p an (a —d)? e (3
Then, there exists 6 >0, 0 >0 and p > 5 such that

d

—L(t) < —pL(t)+ 0 Vte[0,T7). (3.2)

dt
Before proving this proposition we need the following lemmas.

Lemma 3.1. Let (u,w) be a solution of (2.1)-(2.4) on [0,T*) x , then under
assumption (A3), we have

d
/Q F(u(t, ), w(t, o) < Ne| - & /Q u(t, 2)dz. (3.3)

Proof. Since wu is a nonnegative function, it suffices to integrate both sides of (2.1)
on €2, to obtain (3.3]), which competes the proof. O
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Lemma 3.2. Let ¢ and ¢ be two nonnegative continuous functions on [0, 400)
with ¢(n) goes to +00 as 1 — +oo. Then there exists a positive constant A such
that

(1—=o(m)vmn <A ¥n>o0. (3.4)

Proof. Since ¢(n) goes to +0o as 7 — 400, there exists 79 > 0 such that for all
1 > 19, we obtain

(1= ¢(n))(n) <0.

On the other hand, if n is in the compact interval [0,70], then the continuous
function

e (1= ¢(n))v(n)

is bounded. So that (3.4) immediately follows. O
Proof of Proposition[3.d} Differentiating L with respect to ¢, one obtains

d d

—L(t)=6— t,x)de + 1+ J, 3.5

GL0 =05 [ utayie+ 1+ (35)
where

I :/ (a'y(M —u) Y (w +1)PPePP Ay
Q
+dp(M — u) ™ [e(w + 1)PP + B(w + 1)6p—1]eap“’Aw) dx,

and

7= [ n(50 =07 =) = sl + B+ 1) )

w
X (M — )™ (w + 1)PPeP? dy

+ [ (w0 = wla+ 5w+ 1)) - 7)
Q
X F(u,w)(M —u) ™7 Y w + 1)PPe?P? g
Using Green’s formula in the first integral and taking into account ({2.3)), we obtain
I< —/ Q(Vu, Vw)(M —u) ™72 (w + 1)PPe?dz,
Q
where
Q(Vu, Vw) = ay(1 +7)|Vul* + vp(a + b) (M — u)[a + Blw + 1) VuVw
+dp(M —u)*[a®p + 2afp(w + 1)1 + B(Bp — 1) (w + 1) 2]V,

is a quadratic form with respect to Vu and Vw.
The discriminant of @ is given by

D =vp(d—a)*(M — u)? (ﬂ[ﬁp(v —7) +F(1+ )] (w +1)72

+a?p(y = 7)o+ 28(w+1)71]).

From conditions (3.1)), we have D < 0, then we obtain Q(Vu, Vv) > 0 and conse-
quently
I1<0. (3.6)
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Concerning the term J, since 0 < u < % < M, we observe that

7% [l =pla+ 8w+ 1)) (O =) (w4 1P

+u4—5r*4/(Mﬂa+Mw+w-w—ﬂFWme+n@wWMa
H Q

J < —pL(t) + A|Q|

=277 [ (4 1= pla+ Bw+ 1) )+ )P da

=277 [ (30 — (3 = ap)(w -+ )] () + )P eV,
H Q

From (3.1), we obtain § < . Then we can choose p such that § < p < 7.

Using Lemma [3.2] we get ; > 0 and d2 > 0 such that

J < —pL(t) + (A6 + pdy (M — %)—mm +65(M — %)—v—l/QF(u,w)dx.

Let § = 02(M — %)_7_1 and using Lemmaw7 we obtain

A d
J < —pL(t) + (2A6 + po1 (M — p)*7)|Q| - 5%/ u(t, z)dz. (3.7
Q
From (3.6) and (3.7), we conclude that
d

%L(t) < —pL(t) + o,

where o = (26 + pudy (M — %)"Y)\m This concludes the proof. O

Proof of Theorem[3. Let p be the same as in Proposition Since M7 <
(M —u)~7, from (3.1) and (A3) it follows that

Jully = [ JwlPds < L),
Q

| F () 2 :/ |F(u, w)[Pdz < MYKPL(?),
Q

where

K = max ¢(¢).
0<g<a

By , it is seen that there exists a positive constant B such that
L(t)<B Vtel0,T7),
and consequently
[wllf; < BM?,
[ F'(u, w)||) < BM7KP.
Hence pF(u(t,.),w(t,.)) — pw(t,.) is uniformly bounded in LP(Q2) for all ¢ € [0,T*)

with p > &. Using the regularity results for solutions of parabolic equations in

[19, 25], we conclude that the solutions of the problem (1.1)—(1.4) are uniformly
bounded on [0, +00) X . O
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