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FRACTIONAL-POWER APPROACH FOR SOLVING COMPLETE
ELLIPTIC ABSTRACT DIFFERENTIAL EQUATIONS WITH
VARIABLE-OPERATOR COEFFICIENTS

FATIHA BOUTAOUS, RABAH LABBAS, BOUBAKER-KHALED SADALLAH

ABSTRACT. This work is devoted to the study of a complete abstract second-
order differential equation of elliptic type with variable operators as coeffi-
cients. A similar equation was studied by Favini et al [6] using Green’s kernels
and Dunford functional calculus. Our approach is based on the semigroup
theory, the fractional powers of linear operators, and the Dunford’s functional
calculus. We will prove the main result on the existence and uniqueness of a
strict solutions using combining assumptions from Yagi [16], Da Prato-Grisvard
[3], and Acquistapace-Terreni [I].

1. INTRODUCTION

In a complex Banach space X, we consider the complete abstract second-order
differential equation with variable operators as coefficients

u’(z) + B(z)u'(z) + A(z)u(z) — Mu(z) = f(z), =€ (0,1) (1.1)
under the Dirichlet boundary conditions
u(0) =, u(l)=1. (1.2)

Here X is a positive real number, f € C?([0,1];X), 0 < @ < 1, ¢ and ¢ are
given elements in X, (B(¥))zc(o,1) is a family of bounded linear operators, and
(A(2))ze[o,1) is a family of closed linear operators whose domains D(A(x)) are not
necessarily dense in X. Set

Q(z) = A(z) = A, A >0,

and consider Problem (1.1)-(L.2) in an elliptic setting. We assume that the family of
closed linear operators (Q())ze(o,1) With domains D(Q(x)) satisfies the condition:
There exists C' > 0 such that for all z € [0,1] and all z > 0, exists (Q(z) — 2)~*
in L(X) and

1(Q(x) — 21 )M rx) < C/(1 +2), (1.3)
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which holds in the sector (where 8y and rg are small positive numbers)
Iy, ro = {7z € C\{0} : |arg(z)| < O} U{z € C:|z] <ro}.

We assume that for the coefficients B(x), there exists C' > 0 such that for all
z € [0,1],

1B()]lx) < C. (1.4)
The term B(z)u'(x) in this work is considered as a ”perturbation” in some sense.

Recently, Favini et al [6] studied this equation under some differentiability as-
sumptions on the resolvents of operators @(x), and used Dunford’s operational
calculus to obtain some results concerning the solution.

In this article, we give an alternative approach: for each x € [0, 1], Assump-
tion leads us to consider the square roots y/—Q(z). It is well known that
—+/—Q(z) generates an analytic semigroup not necessarily strongly continuous at
0 (see Balakrishnan [2] for dense domains and Martinez-Sanz [I3] for nondense
domains). Therefore, we use this important property to analyze and improve the
resutls cited above under some natural differentiability assumptions on the square
roots \/—Q(x), extending the study of Acquistapace-Terreni [1] in the parabolic
case. We also use real interpolation theory and Dunford’s functional calculus. Here,
we obtain necessary and sufficient conditions for the existence of the strict solution,
by using the square roots —y/—Q(z), while in [6], the authors give only a sufficient
conditions, by using the operators Q(z). This equation was also studied by means
of operator sums theory in Da Prato-Grisvard [3], while we opt for the technique
of the fractional powers of linear operators.

This article is organized as follows: In Section 2, we specify the assumptions
and we give the representation of the solution. Section 3 is devoted to the analysis
of operators e?X (@) L (K@) ) and %(eﬂ((z)g&). In Section 4, we study the
regularity of the functions written in the representation of the solution. In section
5, we will present an equation satisfied by the solution and then we will solve it.
In Section 6, we will prove the main result on the existence and uniqueness of the
strict solution of — (see Theorem . Finally, we will present an example
of a partial differential equation where our abstract results apply.

2. ASSUMPTIONS AND REPRESENTATION OF THE SOLUTION

Assumptions. By (1.3)), it is possible to define fractional powers of (—Q(z)). In
particular, for every € [0,1] and A > 0, the square roots —(—Q(x))*/? are well
defined and generate analytic semigroups

—(—O(x))Y/2 (—A(x 1/2
(e (=Q(x)) y)y>O: (e( (—A(z)+X) )y)y>0’

not necessarily strongly continuous at 0. It is well known that there exists a second
sector

Uy, 4r/2.,, =12 € C\{0} : |arg(2)| < 01 +7/2} U{z € C: |2| <}

with small §; > 0 and r; > 0 such that p(—(—Q(z))"/?) D g, 472, for every
x € [0,1]. Set

To={z=pet . p>rs} U{z€C:|z| =7 and |arg(z)| > o}
oriented from coe~0 to coei?o and

[y = {z = petOF7/2) . > pVU{z € C:|z| =, |arg(z)| > 01 + 7/2},
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Dy = {z = petOF7/2) . ) >V U{z € C: |z| = r, |arg(2)] < 61 + 7/2}

oriented from ocoe~H#1+7/2) to o0ei(®1+7/2)  Therefore, for all z € [0,1], ¥ > 0 and
all positive integer k, one has

1 1 -
e (QENh = [ (— (—Q() 2 — ),
27 r, (2 1)

2

[ (—Q(x)) /2]Fem (-QED 2y = —i/F e (= (—Q(x)"/? - 21) " dz.

The above equality has an analytic continuation (in z) in the sector Ilg, 1 /2, and
for all z > 0, z € [0,1] (see Tanabe [15, p. 36, Formula (2.29)])

-1 1 (Q(x) —sI)™!
_(— 172 _ - A\ 2R
( (—Q(x)) zl) — /F e (2.2)
The following formula also holds (see [15], p. 37, Relation (2.32))
s 1/2 Vs(Q(x) —sI)~t
( (—Q(2)) / SHQ ds. (2.3)
Remark 2.1. Also we have the representation of the semigroup
@@y — _ Y [ v (o2 — )
e % /1“1 2 ( (—Q(x)) ZI) dz, (2.4)

on I's and all the calculus with respect it can be done on I'y or I's.

Set
K(z) = —(=Q(z))"/?.

Lemma 2.2. Under Hypothesis (1.3)), there exists a constant C > 0 such that for
all z € Mg, 47 /2.0, 5

(K (2) — 21) Y x) < |C| (2.5)

In addition to Assumptions and , we will assume that:

For all z € Iy, yr/2,r,, the mapping = — (K(z) — 2I)~1, defined on [0, 1], is in
C?([0,1], L(X)) and there exist C' > 0, v €]1/2,1] and 5 €]0, 1] such that for all
z €Iy, 4nj2,my, and all z,s € [0, 1],

I (@) = =D) ey < 1o (2.
BO)(X) < DIK(@),  BO)(X) € DIK(). (2.7

(K (@)L (DU (0)) € DIK()),
Z’; (2.8)

(K@)}, (D(K(1) € IR,
I (K@) = 207! = (K = D) Mo < ST v -0, (20)
s (K (@) — 2D M laxy < O, (210)

d? d?

Iz (K@) ™" = 25 (K(s) " lrx) < Cla — /™. (2.11)
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Remark 2.3. Observe that all the constants given above are independent of z and
always, we have n +v — 1 < v and n+ v — 1 < 7n. Moreover, we can replace z by

VA+zin (2.6), 9) and @10).
Comments on the Hypotheses. (1) We can also solve our problem using the following
assumption of Yagi’s type [17]:

1K@ @) = 2D (K@) e < o (212)

It is clear that (2.6)) is slightly weaker in comparison with inequality (2.12)). In fact
(2.12) leads to ((2.6) by using the formula

%(K(m) — )7 = K(2)(K(x) — z])*%(K(x))*lK(x)(K(x) —2I)7t (2.13)
(2) It is easy to check that the inequality
I ) () — =0) A (K () = () (K (5) = 1) (K )
_ Clo—sf"
implies ‘;nd since
K@) (K () — 1) (K ()™~ K(s)(K () — 21) (K (s)
= K@)(K (@) =)~ (- (K@)~ (K (s))
(K@) (R ()~ 21)7" — K() (K () — 21) ™) S (K(5) ™
= K@)(K (@) =)~ (L (K@)~ (K (s))

o( DK - a7 ar) ),

it follows that
SR ()™ (K ()

= (K () — 2D)(K (@) K @) (K () — 2D (K ()
KK (s) — 20) " (K ()™
e

For z = 1, one obtains

d _ d _
(K@) = (K (s)

= (K () ~ DK @) K@) (K@) ~ 1) (K (@)
~ K()(K(s) ~ 1) (K ()
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which leads to

I (B @)~ (K () o) < Ol — sl + [z = sl) < Cla s
(3) From (2.13), we also derive the formula
82
s (K () — 21)"

P (K ()"
dx?

+ 22K (2)(K(z) — 21)~" (%K(@(K(x) SR

= K(z)(K(z) — 2I)~ K(z)(K(z) — 2I)~" (2.14)

(4) Observe that, for a large enough |z|, Formula (2.14)) leads to (2.10]), since

0? _ v —v
152 K@) = 2D re = 0(1) + O(|™) = O(|=' ™)
Also, one deduces from that (see [10 p.113])

I (K @) - =) -

< Ol — 8"+ (Jo = s| + o — s|") 2" + |z — s]|2/*7").

(K(s) —2) M) (2.15)

Representation of the solution. Let us recall briefly the case when B(z) = 0
and Q(z) = @ is a constant operator satisfying the natural ellipticity hypothesis
mentioned above (we will take K = —(—Q)'/?). In this case, the representation of
the solution u is given by the formula (see Krein [9] or Favini et al [5])

1 [® 1/t
u(a:) — emK&-O 4 e(l—I)K&-l + 5/ e(f—S)KK—lf(s)ds + 5/ e(s—x)KK—lf(S)dS
0 T

where
o= (1= ) - LD [ osae
+ (1—22)—1/01 PR f(s)ds
G=0I-2)"(p—efp) - % /01 e IK K1 f(5)ds
+ (1_22)_1/01 eMTIREK1f(s)ds
and N
Z=eX, (I-2)'= % liieh(K — D) ldz + 1.

(see Lunardi [I2, p 6() for the invertibility of I— 7). In our situation, we will seek

a solution of . in the form
1 xr
u(x) _ emK(m)gg(x) + e(l_z)K(m)ff(l‘) + 5/ e(z—s)K(z)(K(x))—lf*(s)ds
0

o (2.16)
+§/w K@) (K ()7L f* (s)ds
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where

& (@) = (I - Z(x) (" —e@yp*) —

_ €T -1 !
U / G (¢ (1)) £ (5)ds,

(I — Z2(.’L‘))_ /0 esK(z)(K(x))—lf*(S)ds

1(2)
= (I = Z(z)) M (v* — " Wp") —

UL [ sk ) s
and

1 622

Z(z) =K@ (I1-Z@x) ' = 5t | W(K(l«) — 27tz + 1.
1

Here ¢*, ¢* and f* are unknown elements to be determined in an adequate space
(f* € CP([0,1]; X), (0 < B < 1)), to obtain a strict solution u of (L.1))-(T.2)). Recall
that a strict solution is a function u such that

u € C*([0,1], X), u(x) € D(Q(x)) for every = € [0, 1],
z— Q(z)u(z) € C([0,1], X),
and u satisfies —. Formal calculus gives
u(0) =¢" =¢, u(l)=¢* =1
Therefore, it suffices to seek f* in an appropriate space with the representation

u(z) = Y(l,)((ea:K(:r) — @K @), 4 (12K (@) e(1+z)K(a:))q/))

. Y(Qx)/o e(x-&-S)K(x)(K(x))_lf*(s)ds

T 1
+Y(2)/0 A=) K@) (K (1)) 71 f*(5)ds

- Y;x)/o eCmEm KD (K (2)) 71 f(s)ds (2.17)
+Y(296)/0 e HIK@) ([ (1)) f*(s)ds

1 (/1 =K@ (¢ (1)1 £ (s)ds

2\ J,

/ 1 =) (K ()7 (s)ds)

x

_|_
= do(x)p + di ()¢ +m(z, f*) + v(z, ),

where Y (z) = (I — Z(x))~! and v(z, f*) is defined by the last two integrals, gives
a strict solution to Problem (1.1})-(1.2).

+
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3. SOME BASIC RESULTS

To study existence, uniqueness and regularity of the strict solution

we need

to show some basic results. To this end, we will study the behavior of operators
2
e K@ A (evK@)p) and L (2K (@) near 0, knowing that similar results can be
. —x xT —x x 2 —T x
obtained, near 1, for operators e~ K@y A (c1-0)K@)y)) and L (e-0)K@)y),

where ¢ € D((K(1))* = D(A(1))).

3.1. Analysis of operators ¢*%(*)y and %(eﬂ{(z)go). Let £ > 0 and z € [0, 1].

From the representation

1
K@) — 7f/ e (K (x) — 2) " tdz,
2im Jp,
the operators

0 1 0

G K@) — & (K(x) —2I)~!d

ar° 2im /Fle (936( () = 20)" dz,

0? 1 0?

T EK(x) .~ &2 2 (K — "4

82° 2im /pl ¢ 8x2( (#) = 2)"d,

are well defined. Moreover

HEGEK(r)H < ¢

Ox -
02 - C
||$65K( )|| < =

In the sequel, we need to use the following formula, as in [0, p. 126]
¢ € D(K(0)), one has

(K(@)~2) "¢
_K@E@ -2 ¢
= L((RO) ™~ (K@) + e (K@) ) KO)p - £
() — ) ((KO) "~ (K@) ™ + o (K@) ) K(0)
B 0y 2 () (0
(K () — =) (R () K O)p,
which leads to
(K@) -2
= (K@)~ ) (K O) ™~ (K@) + i (K() ™)K (0)
(K@) =) (R @) KO + L (K (@)~ 2) KO
L K@) KO0~ (@)~ 2) (K (@) K (),

(3.1)

(3.2)

: for all

(3.3)
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and
(K@) -2
= K@) ) (KO~ (K@) + 2 (1 ) K (O
— (1)~ 2 D g0y 22 (k@) - 21 LEED ),
LI (@)~ 9 K0 — - (K@) - 2) L (K () K O).

(3.4)

Lemma 3.1. There exists C' > 0 such that

(1) for allz >0, p € D(K(0)), [lp —e"*Oy|lx < Cz||K(0)p]x,
(2) for allz >0, ¢ € D((K(0))*), llp — e"*Oy|lx < C2?||(K(0))*¢x.

Proof. Let x > 0. Given some € > 0 with € < z, one has

1 K(0)(K(0) — zI)~!
esK(O)SD_ewK(O)(p (—e% + %) (0)(K(0) — =I) odz.

= 2ir z
(1) If ¢ € D(K(0)), then
1
eK(0),, _ ,xK(0),, _ . &2(K(0) — 21 K
KOOy = [ (o [ KO - 2 K (Opde) s
:—/ KO K (0)pde

and
e @ — KO x < Clz — )| K (0)pllx-
(2) If ¢ € D((K(0))?), then
e @ — e KOy x < C(® — 2)II(K(0)?l|x.

We obtain the two estimates when e approaches 0. ]

Lemma 3.2. Under Hypotheses (1.3), (L.4), (2.6)—(2.9), there exists a constant
C > 0 such that

(1) Forallp € X, x>0, [[e"5@p||x < Ol x-
(2) Forallp € X, x>0, s >0, [K(s)e" | x < (Ofz)llelx.
(3) In particular, if ¢ € D(K(0)), z > 0, s € [0, z], then

1K ()™ || x < CK(0)p]lx-
(4) The map = — e* K@ belongs to the space C([0,1]; X) if and only if p €
D(K(0)) = D(A(0)), in this case lim, o e 5@ g = .
(5) The map = +— e*5Op belongs to the space C?([0,1];X) if and only if
(RS DK(O)(G; +OO)

Proof. We recall that Dy g)(6; +00) is the known real interpolation space defined,
for instance, in [7]. The first two statements are well known. Let ¢ € D(K(0)),
x>0, s €[0,z], then

K (s)e™ g = K ()e™ ) (K(0)) 7! = (K(s) ! ) K(0)p + K K(0)
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= K(5)e O (R (0)) 7 (K(3) ™ + s (K ()| ) K (0)¢

ds
K () (LR ()] — (K (5) ) K (0)¢

K (8)eF O L (K (5) K O)p + KO K (0)g

=a1+az+asz+ay.

Writing the first term as

o= =K () [ (L) = LK) deK ).
Using the fact that
d 1
|| / KO~ GO

2

| 5 JSup ||d§2( (D)= llx) €

< Cs? SC’x,

we obtain
laallx < Cx|[KO)ellx, lazlx < Cxl|K(0)e]x.
Concerning the two terms above, it is easy to see that

xT S d —
|sE (s)e™ X )%(K(S)) 'K(0)pllx < C( ME0)¢lx,
e H K (0)pllx < CHK(O)<P||X-
The fourth statement can be treated as follows: we write
exK(w)@ — exK(O)Lp + (eacK(;c) _ €xK(O))§0

According to Sinestrari [I4] and Haase [§], we know that
z— Oy e 0(0,1]; X) if and only if ¢ € D(K(0)) = D(A(0)).
Moreover, we have (by (3.1)))

(e — KOl = [ e O el < Calplx.
The last statement can be proved similarly. [

Corollary 3.3. Under Hypotheses (1.3), and (2.6)—(2.9), there exists a con-
stant C' > 0 such that
(1) Forally € X,0< 2 <1, [[e0=2K@p| v < Oy x.
(2) Forall € X,0<z<1,s>0,||K(s)e2EE)y|| x < C/(1 —z)|[¢]x.
(3) In particular, if v € D(K(1)), 0 <x <1, s € [z,1], then

1K (s)e' = KO x < O K (1)¢] x.
(4) The map = — 1=Ky belongs to the space C([ ]; X) if and only if
Y € D(K(1)) = D(A(1)), in this case lim,_; e =) K @)q) = 4.
(5) The map =+ =KWy belongs to the space CY([0, ]; ) if and only if
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Remark 3.4. Observe that, by the well known reiteration property, one has
D (0)(0;+00) = Do) (0/2; +00); D1y (85 +00) = D (1)(0/2; +00).

Lemma 3.5. Let ¢ € D((K(0))?) = D(A(0)). Then, under Hypotheses | and
2:6)-29), the function z — L (e*K@ ) belongs to the space C™n(Y) ([0 1] X)
and d‘i( K@) ) — K(0)p, as © — 0.

Proof. Tt is sufficient to prove the result near 0. Let x > 0, ¢ € D((K(0))?), one
has
1
emK(w)ga =g~ g e"* (K (z) — 2I) tpdz,

and

1 0
_ Tz o 1 dz — —— xrz Y o 1 d

= —Uz)p = V(z)p.
For U(z)p, we use remark and the following decomposition (as in [II, p. 25])

U()e = U)o - O] + UE)(KO) ™ = (K@) K0 O
b [ g ) D) K ) K0 g

Computing

L :L’zﬁ _ -1 -1 =K (0)
Sim er 8x(K(x) 2I)7H(K(z))” K(0)e pdz

1 e*® 0

(K — ] —lK K (0)
i | ) = 2 R0 O

we obtain
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_ _li(K(x))—l —(K(z) — 2I)~ %(K(x))_l,

z dx
SO

i 5 ew%(z{(@ D) Y (K (2) " K (0)e" K @ pdz
L[99 (a) — 2D K (0)e"E O
~ 2ir r, z Or
d
Cdo

This yields
Ux)p = Ula)(p — e Vy)
+U(2)(K(0) ™" = (K (I))*I)K(O)em(o)w
1 er? 8

2171' r, 2 89:

(K<x))—1K<0)exK(0)<p + K () %(K(x))_lK(O)e“’K(O)@.

— 2K (0)e" KO pdz

+ (oK@ 1)%(;{(@)*11((0)6“«0)@
= Uy (x)p + Uz(x)p + Us(x)p + Us(x) .

Consequently,
101 (2)¢llx < Ca" (K (0)*¢llx,  Uz(2)¢lx < Ca H[(K(0))%0]x,
1Us(@)pllx < Ca¥*H|(K(0))%0] x-
To prove that Uy(x)p — 0, as & — 0, we write, for all z > 0,

4K () K (0)e KO

Us(a)e = () — 1)
(K@) - (K@)

T dr

(O - ) (K@), LK O K 0 — K(0)4

O DL (@)L K 0)

= Un ()¢ + Usa(2)p + Uss () p;
then
[Un(z)ellx < Cz"[[K(0)¢llx —0, asxz—0,
Vs ()¢l x < Cll[e”™ VK (0)p — K(0)¢]|x — 0, asz—0,
since K(0)p € D(K(0)) ¢ D(K(0)). Finally, in virtue of Lemma state-
ment 4 and Assumption (2.8), one obtains Uss(z)¢ — 0, as @ — 0 if and only
if L(K(z))|;2,K(0)¢ € D(K(0)). Thus U(z)p — 0, as @ — 0. For V(z)ep, one

writes
Viz)p = — 2e"*((K(x) — 2zI)™' — (K(0) — 2I) ') pdz

o [ e B D o)y
i Jr, z

= Vi(x)p + Va(a)ep.
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It is clear that Vg( Yo — —K(0)p, as x — 0. Concerning V;(x)p, one has

_ 0 _
Vi(z)p = ﬂ ze” / — 2Dt — %(K(O’) . ZI)|51:0dJ) wdz

2im r e 80
= (b1) + (b2).
Since ¢ = (I — e*%(0)p 4 ¢7K0), and from Lemma it follows that

[(01)l1x < Ca™||(K(0)*¢llx,  [I(b2)llx < Ca” ™ (K(0))*¢]x-
Hence Va(x)p — 0, asz — 0. O

3.2. Analysis of operator %(e“’mz)(p). One writes

d? 1 _
@(e“{(w)@) = —f/ 22 (K (z) — 21) " todz
1 0
- — 2" (K (x) — zI) " pdz
o R ORI o

1 Tz 82 —1
_'/rle ﬁ(K(x)—zI) pdz

2im
= 51(@)p + Sa(x)p + Ss3(x) ¢

Next, we study the behavior of operators S7, Se and Ss.

Lemma 3.6. Let ¢ € D((K(0))?) = D(A(0)) and assume and (2:6)-2.9).
Then, for all 2 € ]0,1], one has Sy (z)p = 5O (K(0))? np—l—fl( )(p, where the func-
tion x — F1(x)p belongs to the space C¥([0,1]; X). Moreover Si(x)p — (K (0))%p,
as x — 0, if and only if (K(0))?p € D(K(0)) = D(A(0)).

Proof. 1t is sufficient to prove the behavior of S; near 0. Set

1

Si(x) = “%i ). 22" (K (x) — 2I)™' — (K(0) — 21)"')dz
1 2 xz -1
_ﬂ/ z°e"*(K(0) — zI)""dz

= Sn(x) + 512(1‘).
For = > 0, we have ||S11(z)|| < C2z¥~2. Now, write

S (z)p = Si1(z) (¢ — e K Op) + Sy (2)e™ K Do,
Due to Lemma [3.1] we obtain

151 (2)(p — e D) | x < C”[|(K(0))?ellx,

which implies that Si;(x)(p — e*X (@) — 0, as 2 — 0. From the estimate

le* "Dl x < Ca?||(K(0)*¢]|x,
it follows that Si1(z)e* (@ — 0, as z — 0. For the term Sia(z)¢p, we write
Sia(2)p = KO (K(0))%p,

and we know that e*X(©) (K (0))2p — (K (0))?p, as z — 0, if and only if (K (0))%p €
D(K(0)) = D(A(0)) :
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Lemma 3.7. Let ¢ € D((K(0))?) = D(A(0)) and assume (1.3) and ([2.6)-(2.9).
Then, the function x +— So(x)@ belongs to the space C™™¥)([0,1]; X) and
Sa(x)p — 0, as x — 0.

Proof. 1t is sufficient to prove the Holderianity near 0. For = > 0, ¢ € X, it is not
difficult to see that [|Sa2(z)¢|x < Ca¥~?||p||x. So, we can write
() = Sa(@)(p — "M V) + Sa(2)((K(0)) " = (K (2))" 1)K (0)e"
1 0

2z ~ (K _ I—lKO K (0) d
[ ) D) RO O

i Tz o 71i -1 =K (0)
+ i ) z2e"*(K(z) — 2I) Ta (K(z))" " K(0)e pdz
= 521(z)p + S22(2)p + Sa3(x)p + Saa(z)p.

In fact, it suffices to prove that

1 zzg _ -1 -1
~ . ze ax(K(x) 27 (K(x)) dz
1 122 _ —1
. Lo (K(z) —2I)""dz
1 2e"* (K (z) — zI)_li(K(m))_ldz =0
i Jr, dx -

From the calculus done in the proof of Lemma [3.5] one obtains

0 -1 -, 0 —1 1 d -1
e L (K () 2D) K@) (K (@) — 2™ 2(K () — 20) 7 (K (@)
= (K@),

. d
and by integrating at the left of I'y, we obtain -- / e“d—(K(x))_ldz = 0. Now,
I x
in virtue of Lemma[3.1] for all ¢ € D((K(0))?),

1921 (2)¢llx < Ca”[[(K(0))¢llx,  [[S22(z)ellx < Ca”||(K(0))*l|x,
1923 ()¢l x < Ca”[|(K(0))*¢llx.

Finally,
Saa(x)p
= [ e (K@) - 2D = (K) - 207 ) 2 (K () K0 O g
2im Jp, T
+ % 5 zexz<K(0) _ ZI)_l (d(KC(;;))_ _ d(K((izD_ |ZZO)K(O>exK(O)(de
+ QL ze**(K(0) — 21)71%\&0[{(0)&1{(0@(12
im Jr,
= (a) +(b) + (¢),
and thus

I(@)llx < Ca”[(E0)*¢llx, ®)llx < C2"||(K(0))*¢l|x,
Ie)llx < Ca”||(K(0)*¢lx.
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Summarizing, we obtain Sy(z)¢ — 0, as  — 0. O
Lemma 3.8. Let p € D((K(0))?) = D(A(0)) and assume (1.3) and (2.6)-(2.11)).
Then, for all z €]0,1]

d? 1

@(K(x)) a=0(K(0)p)) + Fs(z)¢

where the function x — F(x)p belongs to the space C™™M¥)([0,1]; X). Moreover

2
Sa(0)p — —g (K@) (K(0)g, as =0

S(@)p = KO (—

if and only if

K @)2(K ()¢ € DIK()) = DIAD).
Proof. Using Formula (3.4)), one writes
Sa(o)p =g | s K@) -9
< ((K(O) ™ — (K@) + i (K () K (0)pdz
2
g L e @) =) 5 (K ) T K0z
1 0 d

X I 8x

1 T 82
- — | — = (K(z) —2)"'K(0)pd

iz | S )~ KO

1 S d -1

= S31(x)p + S32(x)p + S33(w) @ + Sza(x) 0 + S35(x) .

We need the behavior of operators Ss1, S32, 533,534 and S35 near 0. To this end,
we use the formula

(K(z) —2)7"!

(I = KOV K (0)pllx < Cal|(K(0))*¢] x- (3.6)
For the terms Sz1(x)p, Ss3(x)¢, Ss4(x)p and Sss5(x)p, write
K(0)¢ = (K(0)p — "MV K(0)p) + eV K (0)¢,
and use ; then one obtains, as x — 0,
1S31(2)¢llx < Cx™[[(K(0))*¢llx — 0, [[Ss3(x)ellx < Ca”[|[(K(0))*¢]x — 0,
[Ss4(@)pllx < Ca|[(K(0))*¢llx — 0, 1S5 (2)pllx < Ca”||(K(0))*¢]x — 0.

For the term Sza(x)y, we have

Sa(x)p
9 2
= i [ K@) = 27 (@) = TS U@L K O)pds
) d? -1

2in | e (K (@) = 2)7" = (K(0) = 2) 7 ) T (K (@) ;L K (0)pd
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57 [ 0~ K@) K 00

= (a1) + (a2) + (ag),
and clearly, as x — 0,
l(a1)lx < Cx"[|K(0)llx — 0,[[(az)llx < Ca[|K(0)ellx — 0,

and

(@) = KO (= L k@) 20K O0)) = (- S K@K O))

if and only if

2
(= L (K@) K(0)¢) € DIRWO) - DIAD).

4. STUDY OF REGULARITY OF THE SOLUTION

Taking into account representation (2.17)), we compute the term

Op(u)(z) = u"(z) + B(x)u'(z) + Q(z)u(z), (4.1)

for all z € ]0,1[ and we will analyze its behavior near 0 and 1.

Regularity of Op(dy) and Op(d;). Recall that 2 — Y (z) = (I — e2K@)~1 ¢
C?([0,1], L(X)) and let

do(z)p = (I — 6(2_2$)K(I))Y(x)ewk(w)tp — UO(-T)Y(LL‘)GwK(I)(p,

Proposition 4.1. Let ¢ € D((K(0))?). Assume (1.3), (L.4] , { .11 . Then,
the function x — Op(do(-)¢)(x) belongs to the space Cmm )

Proof. For all z €]0, 1], one has
Q(a)do(z)p = —(K(2))*Up(2)Y ()X @ep,
Q@) = [Dola)¥(2) + Ug(e)Y (@) g+ Uy(2)Y (2) 76" g

dx
So

B(x)dy(x)e

— B(@)[Us @)Y (@) + Up(@)Y (0)]e"8 Do + Bla)Up(@)Y () =™

dx (4.2)
3 .
= Gi(x)e
i=1
Also, one obtains
dg () = [Uo(2)Y" (x) + 2Ug ()Y (x) + Uy (2)Y ()" D

+ [2U(2)Y(z) + 2U(’)(x)Y(x)]%emK(I)g0 + Uo(x)Y(x)d—Q(ezK(x)

dx?
= [Uo@)Y"(2) + 204(x)¥"(2) + U ()Y (2}
+ UM@Y) + 204 ()Y ()] e
FU@)Y () [S1(x)p + So(a)e + Ss(a)e)

®)
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which leads to

Op(do(-)p)(z) = Fa(x)p + Ga(2)e, (4.3)
where
Fy(x)p = [Uo(2)Y" (x) + 2U5(2)Y" () + Ug ()Y (2)]e"* P
+ [2Ug(2)Y'(z) + 2U6(x)Y(z)]%ezK(m)<p
+ Up(2)Y (#)[S2(2) ¢ + S3(x)¢] (4.4)
3
=Y Fi(x)p.
i=1
Since
Uj(x) = —% g 2?7203 (K () — 2I) "'z + i/r 6(2_2"’)26%([((@ —2I)7dz,
and
Uy (z) = %/F 22722 (K (1) — 21) " tdz — %/F ze(z_zx)z%(K(x) —2I) 7 tdz

+ 1 6(2*21)Za—2(K(x) —2I) 7z
2im Jp, Ox? ’

it is easy to see that
[0,1[> z — Ug(z) € C([0,1; L(X));  [0,1[> = — Uy (x) € C([0,1[; L(X)).
Let us compute the limit of the following term, as x — 0,
[Uo(@)Y" () + 2U5 ()Y () + Ug ()Y ()" @ep,
which will be important in the sequel. Recall that (5@ ),_q = ¢. For all
x € [0, 1], one has

V() = ¥ (2) (e O)Y (a),

neos d oK) d oK) A7 ok(a)
Y(2) = 2¥ (@) KON () KON () 4 Y (1) (o 2Ky (),
Using Lemmas [3.2] and one obtains
[Uo(0)Y"(0) + 2U5(0)Y"(0) + Ug (0)Y (0)]p
d
+ [200(0)Y"(0) + 205(0)Y (0)] (™) |,
= KOOV () (KO v (0)
x v=
4 2z a -1
T . e %(K(;v) - zI)’I:OY(O)cde
— 4((a) + ().
It is clear that (a) is in D((K(0))™) for any n € N*. For (b), one has
-1 ZZQ . -1
%im . ze o (K(x) — 2I)|,20Y (0)pdz

-1

= 5 2622%(K($)> 20K (0)(K(0) — 21) 'Y (0)pdz
Iy

r=
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- g | PO = 2D L K@) K OK ) ~ =) Y (0)pds
= (b1) + (b2),
where, clearly (b2) € D(K(0)). For (b1), write
) = g (KDL (55 [ 2o KOU) 1)y O)d:)
= L@ (5 [ == (00 D) Y K 0)pd)
d

- dx(K(x))|;io(K(U)ezK(O)Y(O)K(O)SD)a

obviously K (0)e2X(©Y (0)K (0)¢ € D(K(0)). Due to Assumption (2.8), one obtains
(b1) € D(K(0)). On the other hand, by Lemmas and since Up(0)Y'(0) = I,
it follows that

2
Uo()Y () (Sa(w) + S5(2)) — (s (K () 72 K (0))
if and only if (— 5 (K (2))|;2, K (0)p) € D(K(0)) = D(A(0)). Therefore F3(0) =

Uo(p) — L (K (z));20K(0)p, where Uy(p) € D(K(0)). Thanks to ([@2), one
obtains

GA(0)p = B(0)(2e*F Y (0) K (0)¢ + (K(0))0) = U5 (),
with W5(p) € D(K(0)) (due to (2.7). Summarizing, one obtains
Ex(0)¢ + GA(0)p = B5(p) — %(K(ﬂﬁ)) 2o (E(0) T (K (0)*e  (4.5)

where ®G(¢) = Wo(p) + ¥5(p) € D(K(0)).
Concerning the operator dy, for all z € [0, 1], one has
dy (2)Y = (I — 2 K@Y (2)et=2 K@)y .= U (2)Y (2)e D E @)y,

Let ¢ € D((K(1))?). We will treat its regularity near 1. By using similar arguments
as those done for dy, one has

Q(@)di (x)y) = —(K (2))*U1(2)Y (a)el! =KDy,

and

dy (2) = [U1(2)Y'(2) + U ()Y ()]t =K@y m(@ﬂﬁ%e(wmm)w.

Hence
B(z)dy (2) = B(@)[Ur(2)Y' (z) + Uj ()Y ()] =K@y
B@)Uy (@)Y (z) aeel 1=Kl
= T(x)v,
and
df (z)

= [U1(2)Y" () + 2U. (2)Y"(z) + U} (2)Y ()] et = E @)y,
2

FRUL@Y (1) + 20} @)Y ()] ey 4 U @)Y () g

IRy
i
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= U1 (2)Y () (K (2))?! K0y 4 55 (2)0),
with
d2
Sy (1w = W1 () — - (K (@)L K (1),

where ¥;(¢) € D(K(1)). Also, Th(1)y = ¥i(v), with ¥i(¢) € D(K(1)) C
D(K(1)) (due to (2.7)). Summarizing, one obtains

d? 1

S\ WY+ Ta1)y = €1(¥) = Q)¢ — 5 (K ()= K1)y (4.6)

where @ (1)) = U1 (1) + Wi (1) € D(K(1)). Here
Op(d (1) (x) = S (2)e6 + T () (4.7)

Then, as in the previous proposition, we obtain the following result.

Proposition 4.2. Let ¢ € D((K(1))?) and assume (1.3), (1.4) and (2.6)-(2.11).
Then, the function x — Op(di(-)¥)(z) belongs to the space Cm‘“ 72)([0,1]; X).

Regularity of Op(m). Recall that, for all « €]0, 1], one has

1
m(x,f*) — 7Yg1:) /0 G(CDJrS)K(I)(K(I))flf*(s)ds
w2 [ ) (5

_Y=) /1 e =K@ (K ()71 f*(s)ds
0

2
/1 e(2fz+s)K(fﬁ) (K(x))*lf*(s)ds
0

Y(z)
2

4
= Zmi(a:,f*)
i=1
Since, for z, s €]0, 1[, one has

e(a:—i—s)K(x) _ e(2—ac+s)K(ac) — (I _ e(2—2x)K(:c))e(:c+s)K(ac) — Uo(x)e(ac—&-s)K(w)’

p(2—2—9)K(2) _ ,(242—s)K(z) _ (I . 6293K(z))e(l—w)K(m)e(l—s)K(w)
= Uy (z)e@~ (@) K@)

then, one can write

m(z, f*) = (ma(z, ) + ma(z, f7) + (ma(z, f7) + ms(z, )

1
- 1o e e K ) s
+ 5 /01<e<2+r—s>f<<m> — K (R (2)) 7 (s)ds
DY ()

1
g [ e g ) (5
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_Ul(a:;Y(:c)/O =@+ DK@ (K (1))~ f*(s)ds

Proposition 4.3. Assume (L.3)), (1.4) and (2.6)—(2.11)). Then the function
x +— Op(m(., f*))(x) belongs to the space C™™:)([0,1]; X).
Proof. By using Dunford calculus and the formula
_ _ 1 _ _
(K(z) —2) " (K(2)™" = SI(E(z) - 2) P (K ()7,
we obtain, for all z €]0,1[ and f* € C4([0,1]; X),

m'(z, f*) = [U (@)Y (z) + Uo(2)Y (w)]/O I (K ()71 f* (s)ds

x)Y / /F1 e(af-f-s)z% K(z) — 21)"1 f*(s) d= ds

z

1

— 5 Ui@)Y (@) + Ui (@)Y (I)]/O BT NE (K (2)) 7 f*(s)ds

N U1(x;Y(x)/ 2@ H)K@) £ (5)ds
=

(@)Y / i (K(x)le)’lf*(s)dzds.
Iy

Also,
B(x)m/(z, f*)

B ) 7 ek )

2

2)Y e(z 5)z
L B@)Uo(@)Y (x) Uo( //F T D K — 21U (s) de ds
—B(zx)m) V() + U@V (@) / eI K () £ (5)ds

B(x)Uy ()Y (x) /1 (@)K @) p*(5)ds

)Y 6(2 (z+s))z
+ Ul( / /F (K(x)le)*lf*(s)dzds

r) = ZNM(f*)(ﬂ?)-

Thanks to Hypotheses (1.4) and (2.6), all the previous integrals are absolutely
convergent. For instance, concerning the term Ny;(f*)(z), by (2.1]), we obtain

[N () @)l x < Czl[f* e
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The other terms are regular near 0 and they will be treated similarly near 1. On
the other hand, let us calculate Q(z)m(x, f*) for x €]0,1[. One has

Qi 1) = (K@) [k g~ 2 (5)ds)
e )0 . (4.8)
()PP [ e ¢ () o 5,

These two integrals are absolutely convergent by semigroup properties and the
Holderianity of f*. For x €]0, 1[, one has

ml/(x7 f*) = (m/ll(x> f*) + mill(xa f*>) + (mg(xa f*> + mg(x7 f*))v
where
(@, £7) + ml(, £7)
= 500 @)Y (@) + 2Wh(a)Y (@) + T @Y @) [ e 1) 7 (5)ds
1
~ SRV (@) + 2Wal@)Y (@) [ SR E ) (5)ds
~ 5t (@) [ e O () ) s
(4.9)
and
(. ) + ml )
= 3@V (@) + 21 (@)Y (@) + T @Y @) [ e 1) 7 (5)ds
L pul@y @) + 201 @)Y (@) / O {e-e=IK@ (¢ (1))} £ (s5)d
51201 1(x T r T s)ds
1
5l

! 82 2—x—s T —1 *
D) [ e O @) ) "

We will treat the regularity of m” (z, f*) near 0 and 1. To this end, near 0, it suffices
to study the regularity of mf (z, f*) + mj(z, f*) because mj(x, f )+ mf(x, f*) is
continuous near 0. Similarly, we treat the term mj (z, f*) + m¥4(x, f*) near 1. We
have to study the regularity, near 0, of the terms

My(r, f7) = / eI (@)~ f*(s)ds
1
Mafa ) = [ G IR (K (@) (5)ds

Moo ) = [ R ) ) 0

The term M (z, f*) can be treated similarly to Nx;(f*)(z) and the term Ms(x, f*)
as (Nx;(f*)(x))i=2,3. For M3(z) one obtains

(;c+s)z )L
217r/ /Flze () —2I)7" f*(s)dzds
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I 9
—.*/ / e(“'"’s)z— K(z) —2I)7 f*(s) dz ds
Ty
6(9:+s)z 62 e
2z7r/ / p, 81‘2 () —2zI)7 f*(s)dzds

= Z Mgi(l’)

Therefore,

_M Ms(x) + Q(z)(my(z, f*) + ma(z, f*))

2
/ /F 1 <"f+*>z z) — 21" f*(s) dz ds

—1 px
/ /1“1 . (‘3302 () — zI)" f*(s)dzds
and from the formula (2.14), it follows that

_ w%(w +Q(x)(ma(a, f*) + ma(z, 7))

_Uo(x)Y(m)/l/ e(m+s)z£([(($)_ZI)—lf*(s)dzds
Iy

/ / (z+s) z ) — ZI)il d2(K(.’E))71
r z dx?
x K(x )(K( ) —2I) " f*(s) dzds

- OT/O /F e K (2) (K (z) — 20)7 "

-1 2
————K(x)(K(z) — zI)_1> f*(s)dzds

= _w[h(x) + I(z) + Iz(x)].

(s

Concerning the term I (x) (the term I5(z) will be treated similarly), one has

/ / (”S)Z z) = 21) 71 f*(s) dz ds
IS}
0
- / /F1 e(x+s)z[%(K(x) — D)7t - %(K(x) D22 (s) dz ds
/ / (”s)z —2D)|; 201" (s) dz ds
IS}
= (I11) + (I12).

Hence, as x — 0,

(1)l x < C2"|f*lexy — 0, [(112)llx < C2”|[f*|lex) — 0.
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Concerning the term Iz(x ) one writes

//Fl etz ) )‘1d2(f;(xﬂ;))‘1

z)(K(x) — zI) K(O)(K(O) — 207 f*(s)dzds
/ / (wts)2 K (@) (K (2) — 2)~} [dQ(K(Js))‘1 ~P(K(2)), ]
Fl

z dxz? dz2 =0
K(0) — 2I)"' f*(s) dz ds
/ / (T+€)z Z‘ K(J}) ) _K(O)(K(O) _ZI)_l]

Iy

z

o T KO (0) — 1) () dds
= (I21) + (I22) + (123).

Then, as x — 0, one obtains
[(I21)lx < Cz[[f*llex)y = 0, [[(T22)llx < C2"|[f*[[ex) — 0,
[(I23)[[x < Cz[ f*lex) — 0.
We apply a similar treatment for the term near 1. Summing up, one obtains
my (z, f7) +my(z, f*) + Q(@)(ma(z, f*) + ma(x, f*))
1

= 5[Uo(@)Y"(x) +2Up(2)Y" (z) + Ué’(flf)Y(Jv)}/0 IR (K ()71 f*(s)ds

3[2Us<m>y<x> + 20 (@)Y (@) / g{eww<K<x>>—1}f*<s>ds

ers z _ *
2277 / /1“1 (‘330 217 f*(s)dzds

e(@+s)z 82 e
//p z 8x2 (z) — zI) " f*(s) dz ds.

Similarly, one obtains

my (x, [7) +mg (@, f7) + Q@) (ma(x, ) + ms(z, 7))
1

= —5[1(@)Y"(z) + 2U1(2)Y(2) + U (2)Y ()]

% /1 6(279073)K(:E)(K(x))flf*(s)ds

0

(4.11)

—%[2U{(x)Y(w)+2U1(x)Y’(x)] ;x{ Emem KO (K (2)) 7 (s)ds
0

W/1A e(Z—w—S)zg K x)_z[)_lf*(s)dzds

6(2 r— s)z 82 ~ .
/ /p 2 5$2 K(z) — 2I)7' f*(s) dz ds.

Op(m(., 7)) (@) = Mx(f*)(z) + Na(f7)(2), (4.12)

Therefore,
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where
M)\(f*)(l‘) = mlll('ra f*) + mﬁl/(x’ f*) + Q(x)(ml(‘r7 f*) + m4(x, f*))

]

Regularity of Op(v).

Proposition 4.4. Assume (1.3)), (L.4)), (2.6)—(2.11)). Then, the function
x+— Op(v(., f*))(x) belongs to the space C™En+v=1)([0,1]; X).

Proof. Recall that, for « €]0, 1], one has
1 [" 1t
oo ) =5 [ IO ) s+ 5 [ el (@) (s)s,
0 x
where f* € CP([0,1]; X) (3 will be specified, 0 < 8 < 1). So

Qajole £ =~ [ K@@ 72 (5) = ()
[ K@) — s (1.14)
2 x

+ f*(gj) — %exK(z)f*(l‘) _ %e(l_z)K(m)f*(.’L‘).

Due to the properties of analytic semigroups and the Holderianity of f*, the first
two integrals are absolutely convergent. On the other hand,

T 1
(l‘ f ) / e(ac—s)K(x)f*(S)ds _ %/ e(s—x)K(m)f*(S)dS

N} \

; .
by [ e L) sy
w3 [ e e s
. /O z<a@ixenf<<r>>|,,:<wfs><K<x>>*1f*<s>ds
o1/ (LK) (K@) (s

i
M-
g
N
~

@
Il
-

Let us simplify the terms ws(x, f*) +ws(z, f*) and wy(z, f*) 4+ we(z, f*). By using
Dunford calculus, one writes

ws(x, f*) +ws(z, )

— (:vs)z —Z li x71 *(s) dz ds
- [ DL (K (@) () dzd

4m/ /F e “ ax ()—zI)*l(K(x))*l)f*(s)dzds
= Pi(z) + Ba(a
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From the formula (see the proof of Lemma

9 1 1 0

%(K(x)—zf) (K(x)) _gax(K( z) = 20)
1d 1 -1 d -1

= - (K@) = (K () = o)™ (K (@) 7

we deduce

T e(mfs)z
52(@:%// p; %(K(x))flf*(s)dzds

(w s)z e
4z7r/ /Fl P % K(z) = 2I)7" f*(s) dz ds

(z— s)z —Z 711 a5 (s) dz ds
v [ X DL (K@) () dz
= f21(x) + B22(x) + Pas(z),

hence (1 (z) + Ba3(x) = 0 and by integrating at the left hand side of I'y, it results
that f1(z) = 0. Then

(x—s)z
wala 1) usle f) = g [ [ S @) ) (s des.

z

Similarly, one obtains

(s—z)z
wy(z, f*) + we(z, ) 4z7r/ /F € %(K(m)—zl)_lf*(s)dzds.

z

Thus

ws(x, f*) +walz, f*) +ws(z, [*) + we(z, f7)
e(zfs)z o o
= 4z7r/ /F1 — (K (x) — zI)7" f*(s)dz ds

z Oz

i R e e

Consequently,
v'(z, )
e(z s)z i
= wi(x, f*) +wa(z, f*) 4177/ /r 8x K(z) —2I)" f*(s)dz ds

z

(s— a:)z
4@77/ /F P 31‘ K(z) — zI)7' f*(s) dz ds.
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Due to ([2.6) and the semigroups properties, all these terms are well defined and it
is the same for B(x)v'(z, f*), where

B(x)v'(z, f*) = ( )w1 z, f*) + B(x)ws(z, f*)
(x SZ a —1 px
_ 4z7r / /F1 P %(K( )—ZI) f (S)dzdg
e(S—w)z
//F E(K(x)—zj)—lf*(s)dzds (4.15)

z Oz

4
= Wi(f)(z) = Z Wi () (),

from which we have B(0)v’'(0, f*) € D(K(0)). Now, to differentiate wy (., f*) +
wa(., f*), one uses the method presented, for instance, in Tanabe [I5] Theorem
3.3.4, p. 70.], For 0 < e < x < 1, let us put

1 T—€ 1 1
o[ I s = 5 [ I () i i, ) + i )
0 x+e

Hence

(W) (=, f7) + (w3)" (2, f7)

4z'7r

= %eEK(I)(f*((E —e)+ f(x+e))— esK(w)f*(l,) + %exK(x)f*(x)
1 2)K(z (K (e )
#3015 [ K@ IR (0 - 1 o)
T+e

1 r—e 8 1 1 8
2 9 aK(z) N 1 K@)
- 2/0 (5‘xe )'"Zﬁ*s)f (s)ds 2 /x-s-s (ax )"7 (s—a) " (8)ds

and as € — 0, we obtain
;ign[(wi)’(x, )+ (ws) (z, f*)]
/ K (z)e* S)K(“")(f (s) = /" (a))ds

v / K(2)e= DK@ (5% (5) — f*(2))ds

1 ("0 1 (/0
il 7 onK(=) * _Z L onK(=) *
+ 2 /0 (6.136 )|n=(x—s)f (s)ds 2 /w (6376 >|n=(s—x)f (s)ds

All these integrals are absolutely convergent. To calculate v/ (z, f*) 4+ Q(x)v(z, f*),
we need to compute wh(z, f*) + wj(x, f*) + wi(x, f*) + wg(z, f*). One has

w(, f*) + wy(x, f* )+w5(1‘ f*) + wg(x, f7)

4m/ /F o s)z K(x) —2I)7 f*(s)dzds
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(z—s)z 92

4177/ /r : 5 (K@) =207 " (s) dzds
0

47/71'/ /1; G(Sfx)Z%(K(x) _ZI)*lf*(s) dZdS

T O K(w) - 21) U (5) ded
@m/ﬂlz:aﬁ(@*z)f“)z&
Due to (2.6) and - the previous integrals are convergent. For instance,

(x—s)z 82 1 . .
i [ S @) =) (9 dsds] < o e
17T ry
The other integrals are similarly convergent. Therefore,

V@, f7) + Qa)(x, f1) = 7 (z) + VA(f) (@),

where
Va(f*)()
v, 15
- /O ( nK(I)) |7]:(:c—s)f*(5)d8 B / (81;6771( w)) |7] (s— oc)f*(s)ds
erm2)z &2 —1 px (4.16)
 dim / /Fl P @(K(I) —2I)7 f*(s)dzds

(s—z)z o2
4z7r/ / eT@(K(m)—,zI)_lj“‘(s)dzds.

On the other hand, by a simple computation and due to (2.8)), we find VA(f*)(0) €
D(K(0)), Va(f*)(1) € D(K(1)). Summarizing the above calculatlons one gets

Op(v(., f*))(@) = f*(2) + Va(f*) () + Wa(f*)(2). (4.17)
Since Vi (f*)+Wa(f*) € C"=1([0,1]; X) and f* € C?([0, 1]; X), then the function
x +— Op(v(., f*))(x) belongs to C™nBn+v=1)([0, 1]; X). O

Remark 4.5. Observe that all the Holderianities studied above were done near 0
or 1 and from this study we deduce the Holderianity in [0, 1].

5. EQUATION SATISFIED BY THE SOLUTION AND ITS RESOLUTION

The previous computations prove that the representation given in (2.17)) satisfies
the abstract equation

u’(z) + Ba)u'(z) + Q(z)u(z)
= (Fx(@)¢ + Ga(2)9) + (Sx(2)¢ + T (z))

+ (MA(f) (@) + NA(f*) (@) + (Va(f*) () + Wa(f*)(@) + f*(2))
= f(x), forz €]0,1],

(5.1)

To determine the unknown function f*, we need to use the following result.

Lemma 5.1. Under hypothesis (1.3)), there exists a constant C > 0 such that

(K (x) = 2I) " Hx) < (5.2)

<
\/Xv
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for all A\ >0, z € Iy, 420, © € [0,1] and
[(=A@) + A5V AP ) < Cemen (5.3)
for somew >0 and allk € R, y >0, A > 0.
Proof. For the first estimate, by (2.3] ., using the change of variable s « As and
s F

the well known formula / ds = — T , k> 0, we obtain, for z > 0 (for
o (s+1) sin(km)

instance)

||(K(x)—zI)_1||L( C/ /\+s)(8+z2 C/ /\+s 8\?‘

For the second estimate, the complete proof is given in [4, Lemma 2.6, statement
b, p. 103]. |

Now, we prove the following result.

Proposition 5.2. Let ¢ 6 D((K(O))Q), z/J € D((K(1))?) and f € C%([0,1]; X),

0<60<1. Assume 1.' , , and that u given in (2.17) is a strict
solution of (L1))-(1.2] Then the functzon f*, in the space C(]0,1]; X), satisfies the

equation

(L 4+ RA)(f)) = f() = Fal)e = Ga()e = Sa()y = Ta() v, (5.4)
where

RA(f)() = MA(f5) () + NA(fF) ) + VAl ) ) + Wa(f ) (). (5.5)
Moreover, there exists \* > 0 such that for all A > \*, operator I + Ry is invertible
in C(]0,1]; X) and

() =T+ R)TC) = Fa()e — Gal)e — Sa(-)yp — Ta (). (5.6)

Proof. To solve ([5.4) in the space C([0, 1]; X), we have to estimate || Rx||z(c([0,1];x))
(see (5.5), for a large A > 0. Let us, for instance, estimate some terms contained
in V) (f*)(x); that is, (see (4.16))

VA(f")(@)
0 0
:A (6.%' et @))|£ (z— sf*(s)ds_/z (8$ EK )|€ (s— a:)f ()

e(x_S)Z 82 —1 rx
4w/ /1“ gz K (@) —=D)7 f7(s) d=ds

e(s )z 2 .
4”‘_/ /1“1 p, @(K(z)fzf) f*(s)dzds
= (R1) + (R2) + (R3) + (Ra).
Due to Remark [2.3] we have the following estimate with respect to parameter \,

c
9 K@)
I5ze "l = Sa=mma—ar -

(5.7)

Then, for the term (R;) ((Rz) will be treated similarly), one obtains

¢ [ (n+v—1)-1 c
[(Ra)llx < 72 | (x—s) ds < - n/sz llox
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For the term (R3) (the term (R4) will be treated similarly), from (2.14) and using

K(x)(K(j) —zI)7! C (K(z) — D) + {7
it follows that
(R3)
= 427‘_/ /Fl (93 s) z — 21)71%[((%)(}((.@) _ ZI)ilf*(s) dz ds

o [ e B o) < ey s

-a | [ ”) £(s) dz ds

r—s)z _1d(K<.’E))_1 e
2m/ /n( (K () = 21) T S P K (@) (K (2) = 21) 7 (5) dzds

= (R31) + (R32) + (R33) (Rs34).

One observes that (Rs3) = 0. Concerning the term (R3z1) (similarly for (Rs2)), by
the use of the estimates (see [11])

3C>0:YA>0,Vz €Ty, |24+ VA >Clz]and |z + VA| > CVA,
and Remark [2:3] one obtains

(z— 5)z|

R <(C d
I(Ran)lx < CllFlloc) / /m +f\1/2|z+xﬂ1/2| de|ds

d|o
<C|f* ||c(x)/ / )\1/4 lol 1/2(| |5)d8

< W||f*HC(X)~

Similarly for the term (Rs4), it results that

v le®=2)%||dz|ds
N
IRl < oo [ A s

Re(a)d|o-|
<C|f ||C<X// (V+77 D72 (lelyI=n(, s)ds

C *
= m”f lecx)-

A similar analysis for the other terms prove the existence of some A* such that
for all A > \*, one has ||Rx||L(c(jo,1:x)) < 1. Therefore, (I + Ry) is invertible for
A > X*in C([0,1]; X) and we obtain (5.6)) O

In the sequel, we need the following result concerning f*(0) and f*(1).

Proposition 5.3. Let ¢ 6 D((K(O))Q), Y € D((K(1))?) and f € C%([0,1]; X),

0<60<1. Assume 1.' , (2.6)—(2.11), and that u given in (2.17) is a strict
solution of - Then

2
f7(0) = f(0)+%(K( Nlazo K (0)¢ + ®5(¢) +ro(f*, ),
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2

P = 1)+ LR @)K W+ 2i(w) + (),

where ®§(p),ro(f*, 1) € D(K(0)) and ®5(¢),r1(f*,9) € D(K(1)). Moreover
f* e C?(0,1]; X), where B = min(n +v — 1,0).
Proof. We have
J7(0) = f(0) — Fx(0)p — GA(0)p — Sx(0)1) — Tx(0)2
= M (f*)(0) = NA(f*)(0) — Va(f*)(0) = Wi(£*)(0).

The term

=52 (0)¢ = Tx(0) = Mx(f7)(0) = NA(F)(0) = Va(f*)(0) = WA(f)(0) := ro(f*, %)

is in D(K(0)), and

—Fx(Dp = GA(L)p = My (f7) (1) = Na(f*) (1) = VA(S") (1) = WA (f) (1) = r1(f7, )

is in D(K(1)). From , we have seen that
d2

- @(K(x))lliof((ﬂ)@

Fx(0)p + GA(0)p = D5(e)

where ®§(¢) € D(K(0)). Therefore,

2
f7(0) = f(0) + %(K(x))llioff(o)w + ®5(p) + 7o (7, 9),

where ®§(¢) € D(K(0)) and ro(f*,4) € D(K(0)).
Similarly, from (4.6]), we obtain

P = 1)+ SR @)K W+ 2i() + (),

where ®5(¢v) € D(K(1)) and r1(f*,¢) € D(K(1)). We know that, under our
Hypotheses and the fact that ¢ € D((K(0))?) and v € D((K(1))?), the function
z = Fx(2)p 4+ Ga(z)p + Sa (@)Y + Ta(x)Y + MA(f*)(2)
+ Na(f*) (@) + Va(f) () + Wa(f*)(z)

belongs to C"**~1([0,1]; X). Then we deduce that if f* exists, it belongs necessarily
to Cmin(+r=1.9)([0,1]; X); therefore § = min(n + v — 1, 6). O

6. MAIN RESULT

Now, we present our main result which is concerns the existence and uniqueness

of the strict solution of Problem (1.1})-(1.2).

Theorem 6.1. Let ¢ € D((K(0))?), ¢» € D((K(1))?) and f € C?([0,1]; X), 0 <
0 < 1. Then, under Hypotheses , , 7, there exists A* > 0 such
that for all A > \*, the function u given in the representation is the unique
strict solution of Problem — if and only if

2

1)+ (K ()% + o (K @), K (0)p € DIK()) = DIQ(),

FQ) + (KL)* + %(K(ﬁ)) 21K (1)y € D(K (1)) = D(Q(1))-

This theorem, can be stated as follows.
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Theorem 6.2. Let o € D(A(0)), ¥ € D(A(1)) and f € C?([0,1]; X), 0 < 0 < 1.
Then, under Hypotheses (1.3)), (L.4), (2.6))—(2.11)), there exists \* > 0 such that for

all X > X*, the function u given in the representation (2.16|) is the unique strict
solution of Problem (1.1)-(1.2) if and only if

7(0) — AO)p + 5 (\ — A0~ A(0) % € DIAD)),

FU) = AQ + (0= A@) 20— A1) € DIAD).
Proof. Tt is sufficient to consider the case ¥ = 0 and prove that
z— Q(z)u(r) = —((K(z))?)u(z) € C([0,1]; X). One has
(K (2))*u(z) = Y (2)(I = 2RO (K (2))2e K g 4 (K (2))*m(, )

43 | K@K )~ o (aas

+ %/x K (2)e*=DRE (f*(s) — f*(2))ds

1 * 1 - T) fx *
n 5ea;K(z)f (z) + 56(1 VK@) f*(2) — £* ().

On the other hand, for m(z, f*), we will consider only the first term (which may

exhibit a singularity near 0; the other terms are regular when we apply (K (z))?).
We have

(K@) Pt 1) = G [ st R, 1)
_ _Y(x)z'[((x) A e(z-i-s)K(x)(f*(S) o f*(O))dS
Y(x)

— (@ 1)t K@ £2(0) + Ryn(x, 7).
Summing up, we obtain

(K (z))?u(x)

= Y (2) (I — @ 2IE@) (K ()2 K@

+ %ezK(z)f*(x) _ @(EK(:&) _ I)exK(z)f*(O) + %e(lfz)K(z)f*(x) _ f*(x)

- VIR [ e (5) — @) + R, 1)
2 0
o [ RO ) -

1
+3 [ K@l (o) (e

It is well known that the last four terms are continuous on [0,1]. The term
%e(lfI)K(‘”)f*(x) is easy to treat. Let us handle the first three terms

Y(Z‘)(I _ 6(2—21)K(w))(K(x))2emK(a:)<p + %ewl{(w)f*(x)

- Yéx) (eK(m) . [)erK(a:)f* (0)
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= [Y(2)(I = ®72K@) —I)(K (2))%e™M @+ (K (2))%e Dy

— 1 (K6 _ 1)e"K@ p*(0) - }6(1+I)K(m)f*(0)

2
3 EE (@) — £1(0) + K £ (0),
It remains to study (K (z))2e* @) + K@) £(0). As previously seen, write
(K(I))z mK(z)SDJrexK(z)f*( )
(€))% = (K(0)))e™ @ + (K (0))?e™ D 4 K@ f(0)
(€))% = (K(0)))e" P + (K(0))* (") — " K 0)
+ [ K — e KO £2(0) + (K(0))%e™ @ KO 1(0)
= (a)+ (b) + (¢) + (d) + (e).

One obtains (a), (b) tend to 0, as z — 0; () € C([0,1]; X) and due to Lemma [3.5]
the term

(d) + (e)

(K
(K

2
= KO((K(0)0 + 1(0) + 5 (K@) K (0)9) + O (@5 (0) + rolf*, )

is in C([0,1]; X) if and only if
F0) + (E(0)*¢ + dd 5 (K (2))I52K (0)p € D(K(0)) = D(Q(0)) = D(A(0)).

Similar arguments give us the compatibility condition in 1. (Il

Remark 6.3. Note that our main result improves the results concerning the study
of done in [6]. Indeed, it gives necessarily and sufficient conditions for the
existence of strict solution by using the square roots —y/—Q(z), while in [6], the
authors give, only, a sufficient conditions for the existence of strict solution, using
the operators Q(x).

7. EXAMPLE

Consider the complex Banach space X = C([0, 1]) with its usual sup-norm and
define the family of closed linear operators (—A(z))/? for all z € [0,1] by

D(—(=A(2))"?) = {¢ € C*([0,1]) : a(2)(0) — b(z)¢'(0) = 0; (1) = 0}
(—(=A@)) ) (y) = " (y), y € [0,1].

We are inspired by an analogous example in [I, p. 52] from which it is easy to
deduce that

D(A(z)) = {¢ € C*([0,1]) : a(x)p(0) — b(ﬂ?)@'(o) =0,0(1) =0;
a(z)e"(0) = b(x)¢" (0) = 0, ¢"(1) = 0}
(A@))(y) = =™ (y), yel

We assume that a,b € C*[0,1], a(z) > 0 and min,e[,1)b(z) > 0. Let us define
the family of bounded linear operators (B(z))e(o,1] by
)

D(B(z)) = X5 (B(z)p)(y) = c(z)o(y)-
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where ¢ is an arbitrary function in C*([0,1]). Then, all our results apply to the
following concrete quasi-elliptic boundary value problem for a large A > 0,

St ) + e 5 w) — S w) ~ Naley) = S, wy € 01)
a(z)u(z,0) — b(x)g—Z(x, 0)=0, ze€(0,1),
a(x)?;yq;(x,ﬂ) - b(x)g?;(x,o) =0, z€/(0,1),
w(z,1) =0 = g?;(x, 1), z€(0,1),

u(0,y) = (), u(l,y)=v(y), ye(0,1),

provided that f € C?([0,1]; X).
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