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HOMOGENIZATION AND CORRECTORS FOR COMPOSITE
MEDIA WITH COATED AND HIGHLY ANISOTROPIC FIBERS

AHMED BOUGHAMMOURA

ABSTRACT. This article presents the homogenization of a quasilinear elliptic-
parabolic problem in an e-periodic medium consisting of a set of highly aniso-
tropic fibers surrounded by coating layers, the whole being embedded in a
third material having an order 1 conductivity. The conductivity along the
fibers is of order 1 but the conductivities in the transverse directions and in
the coatings are scaled by u = o(e) and eP, as ¢ — 0, respectively. The
heat flux are quasilinear, monotone functions of the temperature gradient.
The heat capacities of the medium components are bounded but may vanish
on certain subdomains, so the problem may become degenerate. By using
the two-scale convergence method, we can derive the two-scale homogenized
systems and prove some corrector-type results depending on the critical value
v = limes o €P/pe.

1. INTRODUCTION AND STATEMENT OF THE PROBLEM

Homogenization of problems, in composite media with fibers, has been consid-
ered in [2 B [, [13] and further references therein. Most of the previous works dealt
with the case of the fiber-reinforced composite materials without coatings. Moti-
vated by the study of the effects of the combination of the insulating coatings and
the high anisotropy of fibers in the overall behavior of composite media, we propose
here, a special class of fibrous structure exhibiting non-standard effective models.
Especially, in the present work, we consider the homogenization of a quasilinear
elliptic-parabolic problem in a three-phase conducting composite. One of the con-
stituent materials corresponds to a set of fibers surrounded by a second material
which works as an insulating or coated layers, and the whole is being embedded in
a third material termed matrix. The fibers are considered to be highly anisotropic,
with a longitudinal order 1 conductivity and a very low conductivity in the trans-
verse directions. The conductivity of the matrix is of order 1 but becomes very
small in the coatings. We shall refer to such material as a composite medium with
coated and highly anisotropic fibers.

In [3], the author has dealt with the linear case. Here, we continue this inves-
tigation by studying the case where the heat flux are non-linear functions of the
temperature gradient. One common peculiarity of [3] and the present work is that
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the heat capacities c;,7 = 1,2,3 are assumed to degenerate at some subdomains
and even to vanish in the whole domain. Thus, our problem covers the quasilinear
elliptic equation as well as the quasilinear parabolic one in a composite medium
with coated and highly anisotropic fibers.

The geometry of the medium is the same as in [3]. We shall recall it and keep
globally the same notations. We denote by Y and Y the cubes ] - 3,3[% and
|- %, 5[ respectlvely7 thus Y = Y x 1, I =]— 5, 5[ We assume that Yis partitioned
as Y = Y1 U Y13 U Y3 U Ygg U Yg where Yl, Yg, Y3 are three connected open subsets
such that Y, NYs = 0, 8YﬂY3 = () and where Yag, a = 1,2 is the interface between
Y and Yg, thus Y3 separates Y1 and Yg (see Figure 1). For i = 1,2,3 we denote x;
the characteristic function of Y; := Yi x I and 04,65, 03 their respective | Lebesgue
measures which are supposed to be of the same magnitude order. Let E the Z2
translates of Y; (i.e. Ez = Y + ZZ) and Fag, a = 1,2 the surface separating E
and E3 We shall assume that only E, is connected. We introduce the contracted
sets }N/E = EK, E = EEl, 1=1,2,3 and I‘Eg = 5I‘a3, a = 1,2, where ¢ is a small
positive parameter. Now let Q be a regular bounded domain in R2. We denote by
QE =Qn EE and SaS =Qan Fag Finally, let Q := Q x I be the cylinder having a
base € and a height 1 and Qf := Qf xI,i=1,2,3.

Henceforth, » = (Z,z3) and y = (7, y3) denote points of R® and Y respectively
and by y and T we denote the transverse vectors (y1,y2) and (x1,x2) respectively.
We use the notation J,, for the partial derivative with respect to x;. Let T' > 0 be
given, we define, then, the corresponding space-time domains Q = (0,7) x  and
Qs =(0,T) x Q,i=1,23.

7/

FIGURE 1. A typical basic cell Y

Let p > 1 be a real number and let p’ its conjugate: p = p’(p—1). For k = 1,2, 3,
let ¢ € L>=(R3) be the heat capacity of the k-th component. These functions are
Y -periodic with respect to y with a period Y and satisfy the following assumption:

(A1) 0 <ci(y) ae. yeY, k=1,23.

The corresponding e-periodic coefficients are defined by

& (z) = ck(g), reQ, k=123 (1.1)



EJDE-2012/06 HOMOGENIZATION AND CORRECTORS 3

Concerning the heat flux, we shall suppose that they are given by three non-linear
Y -periodic vectorial functions

Ap(y, &) R*xR* = R® k=1,2,3, (1.2)
satisfying the following assumptions

(A2) for all £ € R3, the function y — Ay (y, &) is measurable and Y -periodic,
(A3) for a.e. y €Y, the function & — Ag(y, &) is continuous,
(A4) there exist a constant ¢y > 0 and p > 2 such that, for all £ € R3,

0 < colél” < Ap(y,6)-£
(A5) there exist a constant ¢ > 0 and p > 2 such that for all £ € R?,
[Ak(y, O] < c(1+ €7,
(A6) the operators Ay are strictly monotone; i.e., for a.e. y €Y,
(Ak(y,€) = Ar(y,m)-(E—m) >0, VE#n R
To prove the corrector results, we need to assume stronger hypotheses of mono-
tonicity:
(A5’) there exist a constant K > 0 such that, for £, € R and a.e. y €Y,
[Ak(y, &) — Ax(y,m)| < Ki([€] + )P ~2€ = nl,
(A6’) there exist a constant Ko > 0 such that, for £, € R? and a.e. y €Y,
(Ak(y,©) — Arl(y. m)-(€ —n) = Ka(I€| + )P ~2[¢ —nl*.
(A7) The function A; is independent of the vertical coordinate and has the fol-

lowing form
Ay, €)== A1 (y,§) = <1§;% 2)) '

Obviously, the functions
A1(7,€) : R? x R? > R?,
A13(7,&) : R xR—R

satisfy assumptions (A4)—(A6) by choosing & = (£,0) and (0, &) respectively.
An example of Ay, satisfy the assumptions (A2)—(A7) is
S oar
w9 = (JE158) Aang =l e a=23
|€3[P7"Es
i.e., the corresponding p-Laplacian operators.

Then, the diffusion through the material filling the sets Ef, ES and Ef is, re-
spectively,

e (HOE@DY e s T e atfae) e an(®
Al( 36) <A13< ’ 3) ) AQ( 75) AQ(Eag)’ AB( 7§) A3(57§)7

where

~ ~ ~ l‘ ~
Af(z, &) = Al(;f% Af(z,&3) = A13( ,&€3).
The global diffusion and the heat capacity of the medlum is respectively

ZXk JAL(, §) + ePx;5 () A5 (, §),
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3
¢(2) = Y xi (@) ().
k=1

Let us assume that the lateral and bottom boundaries of ) are maintained at a
fixed temperature (homogeneous Dirichlet condition), while the top boundary is
insulated (homogeneous Neumann condition), and that the initial distribution of
the temperature on 2 is given for every ¢ as

3
ug(x) =Y Xi(@)uge ().
k=1

Then, the evolution of the temperature u®(t, x) is governed by the following initial
boundary value problem, being in fact, a sequence of problems (P.) indexed by e:

0

&(ce(x)us(t,x)) = div(A®(z, Vu(t,z))) + fe(t,z), z€Q, t>0,

1 1
ut(t,z) =0, xe@Qﬂ{—§§x3< 5} =Trp, t>0, (1.3)
A (z, Vus(t,x))m =0, z€dQ\Trp, t>0,
u®(0,2) = ui(x), x €,

where n denotes the outward normal to the boundary of €2, the subscript L (resp.
B) stands for lateral (resp. bottom) boundary and f¢ € L¥ (0, T; L” (2)) represents
a given time-dependent heat source. The precise meaning of the initial condition
will be done in the following section.

In the linear context, models of particular interest are developed by Mabrouk-
Samadi [9], Mabrouk-Boughammoura [8] and Showalter-Visarraga [I0] for the so-
called highly heteregeneous medium which consits of two connected “hard” com-
ponents having comparable conductivities, separated by a third “soft” material
having a much lower conductivity. The common point of these works is that the
three phases have only highly contrasting isotropic conductivities. These models
do not display a directional dependence of the effective fields in the resulting limit
problems. However, in the present model and in [3], one of the phases (the fibers)
have also highly anisotropic conductivity. This “partially” highly anisotropy in
the fibers leads to some kind of directional dependence on the macro and micro
variables.

Mathematically, the combination of the “partially” highly anisotropy and the
insulating coatings poses an interesting challenge in the homogenization process. In
particular, we will see, in the case v € R, that the resulting two-scale homogenized
systems is “strongly” influenced by this combination : the effective temperature
field is obtained by solving a homogenized problem in the domain €2 and an auxiliary
problem in the coated fiber Y; UY3 with a non-standard boundary conditions across
the interface between the fiber and the coating (see and Remark [5.2)). Hence,
the main feature of the present work is to provide “rigorous” models for quasilinear
heat transfer problem in fibrous composite materials taking in account the influence
of the physical properties, at the micro-scale, of the coating and the fiber. In
particular, we derive some new effective interface conditions which describe the
interaction between the heat transfer processes of conduction in the fibers and the
coatings (see and (5.4)). Furthermore, we improve these models by some
corrector-type results.
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Finally, the closest work, as far as we know, to ours was done by Mabrouk [6],
in which the author studied the homogenization of a nonlinear degenerate heat
transfer problem in a highly heterogeneous medium. Although the mathematical
framework used in [6] is closely similar, the two situations are clearly distinct in
the geometry of the microstructure. Moreover, the homogenized results of [6] are
recovered, here, when v := lim._qe?/u = 0 by replacing, formally, the operator
0z, by V. However, our results in the case 0 < v < oo can not be obtained by the
physical setting considered in [6]. The corrector results are not addressed in [6],
that is only weakly convergent results are proved. Yet, here we shall prove strong
convergence of the gradients of temperature as well as the heat flux by adding some
correctors (see Section 5). Thus, the present study is actually quite different and
can be considered as an improvement of [6] and a generalization of [3] to quasilinear
(monotone operators in the gradient) heat transfer problem in composite materials
with coated and highly anisotropic fibers.

2. MATHEMATICAL FRAMEWORK

Hereafter, various spaces of functions on §2 will be used. For each p > 1, LP(Q)
and W1P(Q) are the usual Lebesgue space and Sobolev space respectively. If R is
a Banach space, we denote R’ its dual ; the value of '’ € R’ at x € R is denoted
x'(z) or sometimes (2’ x)r g. If H is a Hilbert space, we denote its scalar product
(., .)m, the dot denotes the usual scalar product in R®. If R is a Banach space and
X is a topological one, C(X;R) is the space of continuous R-valued functions on X
with the sup-norm. For any measure space Q, LP(Q;R) is the space of p-th power
norm-summable functions on 2 with values in R. If Q = (0,7) is the time space,
we shall often write LP(0,T;R). In particular, spaces of Y-periodic functions will
be denoted by a subscript §. For example, C4(Y') is the Banach space of functions
which are defined on R, continuous and Y-periodic. Similarly, Léj (Y) is the Banach
space of functions in LP},.(R?) which are Y-periodic. We endow this space with the
norm of LP(Y') and remark that it can be identified with the space of Y-periodic
extensions to R? of the functions in LP(Y’). Similarly, we define the Banach space
Wﬁl’p(Y) with the usual norm of WP (Y).

As in [3], to have a weak formulation of the above problem we shall use the con-
venient mathematical model built in [6], using the functional framework, developed
by Showalter for degenerate parabolic equations (see [I2], Section II1.6). Let us
recall the precise meaning of the weak formulation of the problem we investigate.
For more details see [7, [6] [3].

Let p > 2 and p’ its conjugate. We define the following Banach spaces

V=WrP (Q) :={ueW"(Q):u=00nTrp}, V=L0,T;V),
V'V =LP0,T; V')

be their dual spaces. For ¢ > 0, let C¢,A° : V — V' be continuous operators,
which are defined by the continuous bilinear forms on V' x V:

(Cou,v)yr v = (u,v) = /ch(z)u(a:)v(x)dx,

(A%u,v)vr v = a(u,v) = /QAE(:U,Vu(z))VU(:L')dm.
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Let V¢ be the completion of V' with the semi-scalar product, defined by the form
¢ and let V¢ be its dual. Then, we have VE = {u : (¢*)"/?u € L?(Q)} and
Ve = {(¢*)?u, u € L*(Q)}. The operator C* admits a continuous extension from
Ve into V' denoted also by C¢. Given f¢ € LP (0,T; L (Q)) or more generally
f¢in V' and w§ in V&', we are now able to give a weak formulation of the above
initial-boundary value problem as the following abstract Cauchy problem

d
Findu € V: %c% +Au=fecV, Cu0)=uw;ecV. (2.1)

Here, A° and C¢ are the realization of A° and C¢ as operators from V to V', that
is precisely (A%u(t),Cu(t)) = (A% (u(t)), C®(u(t))) for a.e. t € (0,T).

Let us underline that, in the abstract formulation above, we implicitly require
that %Cau belongs to V’. This allows us to give a precise meaning to the initial
condition C5u(0). Thus, given u§ in VF and w§ in V' related by w§ = c*uf, we
can express the initial condition by one of the two equivalent equalities

(C5uf)(0) = Cuf(0) = w§ € V' = (¢5)V2uf(0) = ()25 € L2(Q).  (2.2)
We define the Banach space W;(0,T) = {u € V : 4cey € V'Y, then, the
abstract Cauchy problem can, thereby, be written more explicitly as: Find u in
W5 (0,T) such that
d
%Cfu(t) + A%u(t) = f5(t) e V' for ae. t € (0,T),
C°u(0) = w§ in V'

(2.3)

The initial condition is meaningful since w is in W (0,T) then C*u € C(0,T;VE')
by [12, Proposition 6.3].

For the present study, we need to recall some equivalent variational formulations
of the problem from [6, Proposition 1.2].

Proposition 2.1. The following statements are equivalent:

(1) u is the solution of (2.3)).
(2) we W;(0,T) and for all v e W;(0,T) with v(T) = 0, we have

- /0 (u(t), o (6)) vedt + /0 o (u(t), v(t))dt = /0 FE O (0(8))dt + wi(v(0)), (2.4)

this, by density, holds for all v € LP(0,T;V) such that v’ € L”,(O,T; VE).
(3) uwe LP(0,T;V) and for allv € WHP(0,T;V), we have

—/ ceuv'dasdt—i—u(s)/ AS(Z, Vzu). Vzvda dt
Q QS

+ / A5 (7, Opyu).0p,vda dt
Q

i (2.5)
“Jo

A5 (z, Vyu).Vyvde dt—l—zsp/ A§(z, Vu).Vyode dt

Q5
:/ fvdxdt—/ch(T,x)v(T,J:)daz—i—/csugv(O,x)dx.
Q Q Q
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Remark 2.2. For each € > 0, the operator A° : V — V' is continuous, monotone,
coercive and bounded, and the operator C* : V — V' is continuous, linear, sym-
metric and monotone. Hence, the Cauchy problem admits, for each € > 0, a
unique solution u € W (0,T) by [12, Corollary 6.3].

Throughout this work, we shall assume that
ug(x) = up(x) € LP(Q).

Hereafter, let f € L¥'(0,T; L? (2)) be fixed.

Our objective is to study the behavior of the sequence {u®} as € — 0 moreover,
we prove a corrector results for the gradients and flux under the strong monotonicity
conditions (A5’) and (A6’). This will be achieved below, in particular, we will show
that the limit depends on the critical value v = lim. g %

Our further analysis will be, as in [3], based on the method of the two-scale
convergence [I, [IT]. For the sake of clarity, we recall its definition.

Definition 2.3. A function ¢(t,z,y) € LP(Q x Y,C4(Y")) satisfying

lim/ (b(t,m,f)pdtdx:/ / o(t, z,y)P dt de dy. (2.6)
=0Jq € QJy

is called admissible test function.

Definition 2.4. A sequence u® in LP(Q) two-scale converges to a function u° €
LP(Q x Y), and we denote this u® BP0 (u® 22 40 if p=2 ), if, for any ¢(t, z,y) €
D(Q,C4(Y)),

lim us(t,a:)qb(t,a:,f)dtda::/ / u®(t, 2, 9)o(t, z,y) dt dz dy. (2.7)
e—0 Q g QJy

Throughout the paper, we denote by C a constant not depending on ¢ and
whose value may vary from one line to the next. From a bounded sequence in a
Lebesgue space, we can take a subsequence that converges weakly, but virtually
all the subsequences converge to the same limit as the limiting equations have a
unique solution, so we normally ignore to mention the term “subsequence”.

3. A PRIORI ESTIMATES

First, we recall the fundamental lemma which generalizes to the case p > 2
lemma 2.1. of [3], proved for p = 2. We shall not give the proof since it involves
only minor modifications of the case p = 2.

Lemma 3.1. There exists a constant C' such that, for every v € V, we have
1@y < CUO Iy + V0l g + IV ). ()
The above lemma is used for proving the following a priori estimates.

Lemma 3.2. Let f¢ = f, then, here exists a constant C' such that

vl zr (@) < C, (3.2)
(1P| V3u || o @2y 10250 | o 02)) < C, (3.3)
(IVeloag), 21V i) ) < C (3.4)

(177 185 2, V) o ) I1ASa (0 Bos i)l ) ) S €, (35)
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13 g L/ g g
(A (2, Vi)l Lo gy €7 143 (2, Vi)l o (g)) < C- (3.6)

Moreover, if 0 < co < c3(y), then ||[u|| L0, 1;22(0))-
Proof. First, let us assume that u® is a solution of (L.3). Since u® € W;(0,T), we

can choose v = u®(¢) in (2.4) and using the following identity from [12], Proposition
3.1], or [6l, Proposition 1.1],
1d

€ _ d €
5&“ u(t), ut))v: v = (@C u(t), ut))v: v

after integration over (0,7), we deduce

1/c()( (T, )) dac+/0 /AezVu(sx))Vu(sm)dxds

/ /f (s, ) a:))dwds—k%/ﬁca(x)(uo)Qda:.

l/c()( (T, ) dx+/ /AExVu(sx))Vu(sx)d:z:ds

/ /|fsx|| (s,2))| dxds + C.

By Young’s inequality, for all n > 0,

/ LIl sopldeds < 2117, g+l I,

Thus, using assumption (Ab),

Thus,

u/ |V5u5|pdxdt+/ |Opgu|P da dt
i Qi
+/ Vot | der dit + sp/ V)P dx dt
3 5
1 €
||f||Lp (Q) p oh—1 ||’LL ||LP(Q) + O
Since u®(t,.) € V, using lemma in the right hand side, we obtain

u/ \V5u8|pdxdt—|—/ |8z3u8|pdxdt+/ \Vmu5|pdxdt+sp/ |Vu®)|P dx dt
Qf Q1 Q3

£
3

n
< O; + (Hamg,uallm (Q2) + HVUEHLP(Qg) + EPHVUEHZ(QE)) +C,

we can absorb the right-hand side by choosing 77~ > 1. Thus
||| L (@) < C.
(IVEUE (1] sy 100l Lo(s)s VU ([ Lo (g)- ll VUfllLo(qs) < C.

The bounds of &i, Aj; and A%, o = 2,3 are obtained using Holder’s inequality
and assumption (A6). O

As a consequence of the a priori estimates mentioned above, we have the following
result.
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Lemma 3.3. Let v := hme_,o . Assume that v < 400 and f€ = f. There exists
uz € LP(0,T3V), vy € LP(Q:W,P(V1)/R), z€LP(Q xY),

3
(v2,03) € [[ LP(@ W) P(YVi)/R), gx € LP(Q xY), uj € LX(Q X Y), k=1,2,3,
i=2
such that we have the following two-scale convergence holds:

us(t’ ZL’) Qi)p Xl(y)vl (t’ xz, g) + X?(y)UQ(ta .T) + Xg(];)’l)g(t, x, y)a

X5 (@) (t,2), eVzus (2) = xa () (vn(t 2, 9), Vgor (t,2, ),

X1 ( )6£3u ('T) = 7p Xl(y)Z(t,x,y), such that 5'373111@,17,@ = /Z(tvxvy)dy]\/v
I

X(@) (W (t, ), Vau (8, 7)) 8 xa(y) (ua(t, 2), [Vaua(t, ) + Vyva(t, 2,9)]),
X5(@) (W (¢, 2), eV (1, 7)) =F (y)(vs(tvﬂc,y),Vyvs(t,x,y)),
PP @) RS (2, Vil (1 0) 22 i ()7 (8 2. ),

X5 (@) AT (@, ugu® (£,2)) 22 X1 (9)gua(t, 2, ),
X3(@)As (2, Vous (t, 7)) 2 m(y) 2(t, z,y),

PG (@) A (2, Vous (8,2)) 22 X (y)ga(t, ),

Xi (@) () V2w (T, 2) B x(wup(z,y), k=1,2,3,
3
()" 2uf (T, ) 2w’ (2, ) Zxk y)uj ().

ﬂ
P’

Moreover, there exists a unique function ws € LP(Q; Wﬁl’p(Y},)) such that
v3(t, x,y) = uz(t, ) + ws(t, z,y) in Y3
ws(t, z,y) = vi(t, 2, 7) — ua(t,z) on Yiz = Y13 x I (3.8)
ws(t,x,y) =0 on Yoz := }723 x 1
and u® converges weakly in LP(Q) to the function

Ul(t7m7g)dg+ / wg(t,m,y)dy

Y3

U(t,r) = (1 —01)us(t, ) "‘/N

Y1

The proof of the above lemma is the same as that of [3| Lemma 2.3], we omit it.

Remark 3.4. If v = oo, the sequence
XiVau' = /p —— M PNS Vgt

/
is not bounded in LP(Q,R?) in general. The scaled sequence %)ﬁue converges
strongly to zero in LP(Q) as ¢ — 0 since |[xju®||z»(@) < C. Thus, hereafter, we

shall consider only the most interesting cases v =0 and 0 < v < co.
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4. HOMOGENIZATION IN THE CASE v =10

Since v = 0 and sup, <u||Vu€||p ‘i) < C, the function

X X
6X1(E)Vgu€(t, z) = 1/pxl(g)VguE(t,x)

€
lul/P H
converges strongly to zero in LP(Q;R?). Thus x1(y)Vgvi (¢, z,7) = 0, then
X1 (y)Ul (tv €z, g) = U1 (tv .’,E)

and especially

U(t,z) = 01us(t,z) + (1 — 01)ua(t, z) + / ws(t, x,y)dy. (4.1)

Y3
Moreover, the sequence
xS AL (2, Vau®) = /Pt P\ A (@, Vau®) — 0

strongly in LPI(Q).

Now, for every datum Z € R3, let

Alem(7) = /? Aws(F, 2)d, (4.2)

and let we z be the unique solution (v3) of the following cellular problem

—divy (Aa(y, Z + Vywa ) =0 in Yo
AQ(y, Z+ vyw2,Z)~n(y) =0 on Yas (43)
y— w2 z(y), Ay, Z+ Vywz,z)-n(y)byzmay Y — periodic,

we define the function

Agom(Z) ::/Y As(y, Z + Vyws z(t, z,y))dy. (4.4)

Theorem 4.1. The functions (uq,ws) € LP(0,T;V) x LP(Q;Wﬁl’p(Yg)), a=1,2
are the unique solutions of the homogenized coupled problems

0

Cl%(t’ ) = Oy (ATS™ Oy ur (8, 7))

+ As(y, Vyws(t,z,y))ns(y)dS(y) =61 f inQ
YlS

~ 8u2

CQE(L x) — div, (Agom(vm(t, x)))

(4.5)
+ /Y sy, Vyws(t,z,y))ns(y)dS(y) = 02f in Q

Catia(0,2) = cuup(z) in £, E,;:/ ca(y)dy,

e

uo(t,) =0 onTrp
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and

) (G2 1) + S5 1,,9) = div, (A (y, V(b)) = £ in ¥

ws(t,z,y) =ui(t,z) —uz(t,z) onYis
ws(t,z,y) =0 on Ya3 (4.6)
c3(y)ws (0,2, y) = cs(y)(uo(x) —u2(0, 7)), y Y3
y — As(y, Vyws(t, z, y)).n(y)’c,”,m,)y3 Y — periodic

Remark 4.2. Let us comment on these results. These problems involve, roughly
speaking, three coupled fields : two macroscopic functions (u1,us) and a micro-
scopic one ws. Notice that, only the longitudinal heat flux in the fiber is shown to
be the unique factor contributing on the effective behavior of the composite (see
second term of the first equation in ) Moreover, the auxiliary problem
is defined on the surrounding coating (V3) of the coated fiber (Y; U Y3). Besides,
there is no heat flux exchange across the fiber-coating interface.

Proof of Theorem Let Ci5(Q) ={veC'(Q):v=00nT,g}. We shall
consider test functions 14,1, ¢ defined as follows:

Yalt,z) € WHP(0, T C1p(Q))
Y(t,x,y) € WHP(0,T;CL 5 (S Ce(Y)), vt z,y) =va(t,r) inY, ae.
¢a(t, z,y) € D(Q;C°(Y))

We define the function v°(t,z) = ¥(t, z, £) +e¢a(t,z, 2). Then v° € WHP(0,T;V),
hence v° is an allowable test function. By putting it in the formulation (2.5)), using
the fact that p = ,ul/p/,ul/p and letting € — 0, we obtain

B ;/Q/Y Ca(y)ua(t, )0, (¢, x) dt do dy
;/Q/Ya Co(Y)uo ()1 (0, x) dr dy

2
+;/Q/Ya e (y)us (@, 9)va (T, ) do dy
_// cS(y)[M(t’x)+w?’(t’x’y)}iﬁ'(t,%y)dtdxdy

QJv;s
_/Q/Y c3(y)uo(w)Y(0, 2, y) dr dy )
' /Q /Y3 ATt ded /Q /y 913(t,2,)-0uy 1 (t, ) dt d dy
+/Q/Y2 gz(t,x,y).[vzwz(t,x)+Vy¢2(t,x,y)] dt dz dy
+/Q/Y3 93(ta$,y)-vy1/)(t,x7y) dt dx dy

Z/Q/Y f(t,x)1/)a(t,x)dtdxdy+/Q Yf(t,x)d)(t,x,y)dtdzdy.
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(1) Take d)l =0= wg and ¢2 = 0. Then

_// c3(y) u2(t,m)+wg(t,x,y)}z//(t,x,y)dtdwdy
Y3

- [ | awuw@eo.emddy+ [ [ & nee.) ddy
Y3 Y3

+// g3(t,z,y).Vyo(t,z,y) dt dx dy
QJY3

- / F(ta)b(t, . y) dt da dy
Qpr JYs3

for all » € WP(0,T; CL 5(Q; Co(Y))) with ¢(¢,2,.) = 0 in Y3 UY5. This remains
true, by density, for all ¢» € W, A(Q; Wul’p(Y)), 1 =0on Y, UYs5. For ae. z€Q,
we have, thus, a cellular problem on Y3: Find wz = ws(., z,.) € LP((0,T); Wﬁl’p(Y))
such that

/ [ catonustt.) + wat )] () dry
Y3

- / 3o (2)%(0, y)dy
& (4.8)

T
4 /Y i )Ty + /0 /Y 0s(t,0) V() de dy
T
- / F(t, )t y) dt dy,
0 Y3

for all 1(t,y) € WHP((0,T); W;vp(y)), with ¢ = 0 on Y; U Ya.
Integrating by parts in ¢ and in y successively, we obtain

/ / cs(y uz (t,z) + ws(t,x y)}i//(t,y) dt dy
Y3

)(uo(x) = (u2(0,2) + w3 (0, 7,9)))¥ (0, y)dy
) (uz(

us(T,z) + ws(T, 2, 4)) (T, y)dy + /Y &2 ()i, y)9(T, )y

/Y3 cs(y
- /YS cs(y
_ /T /YS div, (93(t,$,y))1/)(t,y) dt dy

+/0T /Bmay (gg(t,x,y)).n(y)w(t,y)dtds(y)

T
- / F(t, )t y) dt dy.
0 Ys

This is the variational form of an evolution problem on Y3 which we write in a more
explicit form (x is a parameter): Find w3 € LP(Q; Wﬂl’p(Yg,)) such that c3(y)w} €

L2(Q; (W, (¥a)) and

est) (22 (t.0) + 2251, ) — vy (0s(t2)) = i Vs
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13
ws(t,x,y) = uy (¢, ) —ua(t,z) on Yi3
ws(t,z,y) =0 on Yog (4.9)
c3(y)ws(0,2,y) = c3(y)(uo(w) —u2(0,2)) y€eYs

y— gs(t,z, y)'n(y)|aYmaY3 Y — periodic
and the final condition

ey (y)ui (e, y) = es(y) (ua (T, 2) + wy(T, 2, y))

which is however not a part of the problem. It will be only used below to identify
the functions ¢13, g2, g3.

(ii) Taking now ¢2 = 0 and ¢ = 0 in Y5 U Y7, and using an integration by parts
and the initial and final conditions satisfied by ws, we have

—//cmmwM%wmmmwi//@@www@mmw
QJY; QJYs

[ [ st na(r.a) dedy
+/Q/Yg2(t,$,y)[vz¢2(t,£)—&-qui)g(t,m,y)} dt dx dy
ﬁéLQWJMﬂ@%ﬁMM@

- / Fibo dt daz dy.
QJY>

(4.10)

Taking ¢ = 0 and 5 arbitrary in W1P(0,T; V), we obtain the variational form of
the following initial-boundary value problem in @:

~ 8’[1,2

gﬁ(t,x) — div, (/1/2 gg(tx,y)dy) /Y g3(t,x,y).n(y)dS(y) = 02f inQ

23

inQ, &= / ca(y)dy (4.11)
Yo
us(t,z) =0 on 9

Cauz (0, z) = caup(z)

and the final condition

@mﬂ@=/cw@@@w@.
Y2

Now, taking 15 = 0 and ¢9 arbitrary in D(Q; Wul’p(YQ)), we have

// go(t,,y)Vyha(t, x,y) dt dedy = 0,
QJY:

by integration by parts in y, we obtain

/Y2 divy<gg(t,x,y))dy+/Q/8Y2 g2(t, z,y).n(y)d2(t, x,y) dt de dS(y) = 0
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for a.e. (t,2z) € Q. This remains true, by density, for all ¢ € LP(Q; W1 P(Y3)) and
gives for each (¢,2) € Q the variational formulation of a cellular problem on Yo,

—div, (gg(t,x, y)) =0 inYs
(92(t>x7y))‘n(y)|ay203y3 =0 (4.12)

Yy ga(t, @, y).n(y)’{ﬂ,mf}y3 Y — periodic

Similarly, for all ¢, € WP(0,T; W, 5(S2)), we obtain

_/Q/chl(y)ul(t,x)w@ x)dt dz dy — //chl Juo(x)p1 (0, 7) daz dy
w [ [ i) deay

QJY:

N /Q /Y gt ) n()dSw)

:/ Ji dtdzx dy,
QJIY1

which is the variational formulation of the following initial-boundary value problem
in Q.
~ 8u1

G (2) = Oy (nalta)) + [ galtinp)n(u)dS(w) = 02 n

Yis

ciuy(0,z) = ciup(r) inQ, ¢ :/ c1(y)dy (4.14)
Y1

ui(t,z) =0 on 0N

and the final condition
Gun(T,0) = | )i )y,
Y1

From this, we obtain the homogenized problem (4.5). It remains to identify gy in
terms of v, us. Before proceeding, we prove the following useful identity.

Lemma 4. 3

Z ca/ lue (T, z)|*dx + = // y)|vs(T, z,y)|*dz dy
1 ~
—Ech/ |u0(z)|2dx+// 913(t, T, y)Osur (¢, x) dt dz dy
k=1 Q QJIY1

—|—// gg(t,x,y)(vzw(t,x)—|—Vyvg(t,m,y))dtdmdy
QJYs
—|—// g3(t, z,y).Vyus(t, x,y) dt de dy

QJY3

_ / £t 2)U (1, 2)dt da.
Q
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Proof. We start from the two-scale homogenized problem (4.7) and we consider the
sequences

Ve, K =1,2,3, ¢2n, P3n
such that
(1) Yan — Uq in LP(0,T;V), 241, — Sual in LF (0,T5V'), a = 1,2,
(2) W30 — vs in LP(0, T; W, P(Y3)), St — Zrus in L' (0,T; W, P (Ys)'),
(3) Vyoo,, — Vyva in LP(Q x Y3), Vs, — Vyvs in LP(Q x Y3).

Note that the smoothness of the above sequences ¥, ,, k = 1,2, 3, ¢2.,,, ¢3,, implies
their two-scale convergence in strong sense to the corresponding limits [I, Theorem
1.8]. Therefore, passing to the limit with respect to n and taking in account of the
final conditions, we obtain

72// Y)ua (b, 2)ul, (¢, x) dt do dy — Z//m )? dz dy

+Z// Ca(Y)ua (T, z)? dz dy
Yo
/ / cs(y)vs(t, z, y)vs(t, ,y) dtdmdy+// (y)v3(T, z,y)* dz dy
Y3
b [ [ attm ) dnn (o) de e dy
QY
+/ / 92(t7$7y){ku2(t7$) —I—Vyvg(t,x,y)} dtd.’l?dy
QJYs
+\// 93(t7x7y)vyv3(tax7y) dtdl‘dy
QY3

= / ft,2)U(t,x) dt dx.
Q

Integrating the above equality with respect to the ¢ variable, we obtained the states
result. (]

We are now equipped to identify ¢13, g2 and gs.

Identification of g13,9> and g3. Let ¢ and ® be in CSO(Q;C?(Y))N and
C5°(Q; €32 (Y)) respectively. For € > 0 and h > 0 we define the test function

n°(t, ) = xi(z) (ai) ur(t, ) + X5(2)Veua(t, )

+eVao(t, )+h<I>( ”5”).

(4.15)

Note that ° and (by the continuity assumption) Af(x,7°) := AL (Z,7°(t,x)), k =
1,2, 3 are admissible test functions (in LP(Q)) for the two-scale convergence and

i) 2 ate0) =) () ) () +xa()Voalt o)
£V, 0(t2.9) + h(t,2.3).
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The monotonicity condition (A6) yields
/ (AE(:E, Vaul(t,x)) — A%(z, nE(t,x))) (qua(t,x) - nE(t,x)) dtdz > 0. (4.16)
Q

Expanding this expression and employing (3.7)) yields

/()T/Qf(m)ua(w) dxdt_%/Qca(x)uf(T,x)deJr%/ch(w)(ué)zdw

- /Q(AE(:U, Vo uf(t,x))n®(t, x) + A% (x,n° (¢, z))(Vut (¢, x) — ns(t,x))) dtdz > 0.

Letting ¢ — 0, the two-scale convergence of u® and xjAj and the continuity of Ay
give in the limit

/f(t,x)U(Lx)dxdt—limiélf; E(x)us (T, x)dx + = // y)dy(ug)?dx
Q -
= [ ] onalta)(0nm(t.a) + hen(t.,0)) dt dady
QM
7\// gg(t,x,y)(vmuQ(t,x)+Vy¢(t,:r,y)+h<1>(t,:c,y)> dtdl’dy
QY
[ ] ltw) (Vy0tt,m) + bt ) dedody (417)
QJYs
+// Als(ﬂs,mv(tx,y))(@cgm(t,x)+h<1>zv(t,x7y)) dt dz dy
QY
b [ [ alnftin ) (- Vaua(t,n) + V0 2.9) + b .9)) de i dy
QJYz

+ /Q /Y3 Az(z,n(t, x,y))(Vy(b(t, z,y) + h@(t,x,y)) dtdzdy > 0.

Since Ay is continuous we may replace ¢g,8 = 2,3 by a sequence converging

strongly in LP(Q; W1 P(Y3)/R) to vg; thus replacing n(t, z, y) in 7) with V,ue +
V,v2 + h® and V 113 + h® successively and using Lemma@ the above sum sim-
phﬁed to

/ / |:A13(§a 813ul(t7$) +h¢’(t,l‘,y)) _913(tax7y)} h(I)N(t7xay) dtd$dy

Qv

+ / / [ (2, Vs + Vs + h®(t,2,)) — (0, 2,0) | b1, 2, ) it e dy
Y2

+ / / g3(t, z,y) [As (2, Vyvs + h®(t,2,y)) — g3(t, x, y)} ho(t, x,y) dt dx dy
Y3

;/ (x)us (T, z)%de + = // y)dy(ug)*dz
+hmmf[/ S (2)us (T, 2)2dz + = // y)dy(uo) dz]
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Thus, dividing by A and letting h — 0 we see that for every @,
/ / (845 (7 By 8, ) — g5t 2,9)| W (1, ) i dr dy
QJIY1
+ / / [Ag (y, Vs + Vyvg) — gg(t,:my)} h®(t, z,y) dt dx dy (4.18)
QJIY>

=+ / / 93(tax7y) |:A3 (yvvyvfi) - g3(taxay):| h‘b(t,x,y) dtdx dy > 0.
QJYs
We therefore have proved the desired results, namely, that

ng(tv Z, y) = Alfﬁ(ga aa:sul(ta (E))
92(t, x, y) = A?(?ﬁ vxu2(ta .’L’) + vyv2(ta z, y))
93(ta xZ, y) = A3(y7 vy/U3(t7 z, y))

Hence equations (4.5))-(4.6]) are satisfied. To complete the proof it suffices to show
that {us, vy, v2,v3} is the unique solution of (4.5)-(4.6). In fact, the uniqueness is a
consequence of the strict monotonicity of Ay, k= 1,2,3. Indeed, if {ul,vi, v, vi}

and {u3,v?,v3,v3} are two solutions of (4.5)-(4.6), using ([4.7), by difference we
obtain

2
- ca(y)(ul — u )., dt dz dy
QJY,
a=1 =

2
e [ s -t dedy
a=172/Ya
_ / / e3(y) (v — v2)Y dt d dy + / / 2wyt — v da dy
QJY; QJY;
4 / / (Ars(F By u) — Ars(F, By t2)).-uy oy dit dev dy
QI
+ / / (Aa(y, Vb + Vyud) — Aoy, Varid + V,02))-(Vathn + Vyibo) di di dy
QJY>

+/ / (Az(y, Vyv3) — As(y, Vyv3)). Vo dt dz dy = 0.
QJYs

In particular, for ¥, = ul, — u2, ¢ = vi —v3 and ¢ = vi — 03, we obtain, in view
of the initial and final conditions satisfied by u.,vs and by the strict monotonicity

of Ap, k=1,2,3:

Oy (u —uf) =0, V(v —v3) =0 inQxYs,
since (ul —u?) =0on (0,7) x 'zp and (vi —v3) = 0on (0,T) x Ya3, thus ui = u?
and v = v3. As a consequence,

/ / (Az(% vmu% + va%) - Ag(y, ung + vyvg))(vmw2 + Vy¢2) dtdx dy =0,
QJYz

so this problem has a unique solution in the space Wilg(ﬂ) x LP(£; Wul’p(Yg)) by

an application of Lax-Milligram lemma, then ui = u2 and vi = v2.
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5. HOMOGENIZATION IN THE CASE 0 < 7y < 00
In this case we shall proof the following result.

Theorem 5.1. Functions (uz,vi,ws) € LP(0, T; W 5(Q)) x LP(Q; W, (Y1) /R) x

LP(Q; Wﬁl’p(Y3)) are the unique solutions of the two-scale homogenized problems

0 .
62% — div (AR™(Vus(t, 2)))
+ [ e, Vyualt, ) nal0)dS(w) = baf in Q
Y23 (5.1)
Gauz(0,2) = Gug(z) in Q, & :/ ca(y)dy
Yo
us(t,z) =0 on (0,T) x dQ x [0,1]
where AY°™ is define by .
ov 1 . ~
<Cl>1(§)87t1(t7 z, g) - m le:z] (Al (y7 vﬂvl (tv z, @))
— 0y (A13(F, Opy01 (1, 2,9))) = f  in Y3
ou ow . .
C3(y) (87;(t7 27) + T;(ta xz, y)) - ley(A3(y7 Vng(t, x, y))) = f m Y3
A3, Vau1).n(g) = Y7 (As(y, Vyws).n(y))r  on Yis (5.2)
w3(t,x,y) :Ul(t7x7§) —Ug(t,l‘) on Y13, ’U)3(t,$,y) =0 on Y

(@1 = {e1)1(Puo, Y€ Y,
c3(y)ws(0,2,y) = es(y)(uo(x) — u2(0,z), yeYs
y — Az(y, Vng(t, z,y)).n y)|BY08Y3 Y — periodic

where (.)1 denotes the integration with respect to ys over L.

Remark 5.2. Contrary to the previous case, here the problems (5.1)-(5.2)) involve a
unique macroscopic function us and two microscopic functions vy, ws. The functions
v1, w3 are “strongly” coupled via the following non-standard boundary conditions

ws(t, z,y) —v1(t,x,y) = uz(t,z) on (0,T) x Y3, (5.3)
AL, Vio).n(@) = vP(As(y, Vyws).n(y))r on (0,T) x Yis. (5.4)

As a consequence, the above interface conditions exhibit a remarkable temperature
jump and a transverse heat flux continuity. This, might be interpreted as the
combined effects of fiber coatings together with the high anisotropy of the fibers
in the overall behavior of the composite. In addition, it should be noted that the
auxiliary problem is defined in the coated fiber Y7 U Y5 and involves both the
longitudinal and the transverse thermal conductivities of the fiber.

Proof of Theorem Let 19,1, ¢o be test functions as defined in the proof of
Theorem E.1] and let

vt 2,) € WHP(0,T5 Cpp (.60 (Y)))
be a test function such that ¥(t,z,y) = 1 (¢, z,y) in Y7 a.e.
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As in the previous case, we take v*(t,xz) = ¥(t,x, Z) + e¢a(t,x, ) in (2.5) and
letting € — 0, we deduce the following two-scale limit

- [ [ atutapice ey - [ [ et ddy
QJIY; QJY1
+/Q/Yc}/Q(y)uf(x,y)wl(T,x,@')dxdy
—// CQ(y)uQ(t,x)w'Q(t,sc)dtdxdy—// ca(y)uo(z)12(0, z) dx dy
QJY: QJy?2
[ [ s dedy
=[] estluate. o)+ wstt )]t 2. vy
- /Q /Y 3 (y)uo (@) (0, 7, ) d dy
[ ] s ey dody
i L ) Vi, 5 de ey
+/Q/Yg13(t,x,y)8$3w1(t,x,@dtdmdy
+/Q/Ygz(t,z,y)[vxwz(t,x)+Vy¢z(t,x,y)} dt dx dy
+/Q/Yg;;(t,;v,y)vyw(t,x,y)dtdxdy
:/ f(t,x)wl(t,a:)dtdxdy+/ F(t ) ba(t, 7) dt des dy
QJY1 QJYs
+~/Q g ft, x)(t, x,y) dt de dy.

(i) We choose 91 = 0 = )9 and ¢3 = 0. Then, we have the cellular problem in
Ys.

(ii) Taking ¢o = 0 and 12 = 0 and an integration by parts with respect to x3,
we obtain

/ / 13t 2, 4)ugtn (t, 2, ) dt di dy
QI
- / / ( / g3ty 7, 9)dys)ugtin (t, 2, ) dit d A
QJv, J1
. / / O / gus(ts 2, y)dys) b (¢, 2. ) dt de
QJV 1

After integration by parts with respect to ¢ and ¥ successively we have

[ [ teor@iie.a o drasag - [ [ i@ (uote) - vi0.0.9)vrdrdy
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i (i) — (@ (2.5 ) (7. 5) dely
- [ [ st
1m9j/t[;391t z,y).n(y)¢1dS(y) dt dx (5.5)
- [ [ ontonstta Gy as o
v |ttt a@n@e s

—/ fir dtdx dy
Qv

for all 1y, € Whp (O, T;Ct (9 C&’O(fﬁ))) Thus, we get the cell problem in Y, (15.2)).
(iii) Taking (11 = 0, ¢o = 0), then (13 = 0,92 = 0) we obtain the initial-

boundary value problem (5.1).
It remains to identify g1 and g13. This is done as in the preceding case. More pre-

cisely, let (¢, z,y), ®(t,z,y) and (¢, z,y) be in C’é’O(Q;CQ’O(Y))N7 Co(Q:; € (Y))
and C§°(Q; Cy° (Y1)) respectively. For € > 0 and h > 0 we define the following test
function

1 () = X5 (@) Vsun(t 2, D) + X5 (@) Voualt, )

el = Xi(@)Vao(ta, 2) + hd(t, 7).

V;=<2§). (5.6)

Note that Af(z,7°) := AL (Z,7°(t,x)), k = 1,2,3 are admissible test functions (in
LP(Q)) for the two-scale convergence and

where

Wt x) (2, y),

where
att) = xa00) (57) 2(62.3) + xa) Vaalt.o)
+ (1 - Xl(y))vy(b(tﬂ z, y) + hq)(tv z, y)

Using monotonicity condition (A6) and letting ¢ — 0, exactly as in the previous
case, we obtain

/f(t,a:)U(t,x)dmdt—liminfl/cs(x)uE(T,x)de—i—l//c(y)dy(uo)2daj
Q =0 2 Jg 2 JolJy

1 _ ~
- W /Q/ gl(taxay) (Vﬂwl(tvxvg) + h@(taxay)) dt dx dy
Y1
- /Q /Y gl3(t7 xz, y) (8z3¢1(t,337ﬂ) + h¢3(ta xay)> dt dz dy

[ [ oatten)(Toualt.) + V0t 0.9) + 10t ,0)) d o dy
QY
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—// gz(tw,y)(vm(t,:&y)+h‘1>(t,:c,y)) dtdz dy
QJY3
1 ~ ~
5 | [ BaGnttn) (Vava(t. ) + h(t.,0)) e dady
v QJY1
+/ / A13($,77(t,$,y)) (—8$3¢1(t,$7§) +h¢3(t,$,y)> dtdl‘ dy
QJITN
b [ [ Aaan(t ) (-Voualt.a) + ,0(t0.) + ho(t,2,1) ) dedady
QJY>

+ /Q /n Ag(mm(t,x,y))(qub(t,m,y) + hcb(t,:c,y)) dtdz dy > 0.

Now, we may replace 91 and ¢g,8 = 2,3 by a sequence converging strongly in
LP(Q; Wul’p(Yl)/R) and LP(Q; Wl’p(Yg)/R) to vy and vg respectively, thus replac-

ing n(t, z,y) in [{.17) with (av Zl) Vatz+Vyv2+h® and V,v3 +h® successively.
3

Using the conservation of energy given by the lemma [4.3| adapted to the present
case, the above sum simplified to

1 - ~ ~ ~
= | [ @ Vet 5) + G 2,y) — Gt 2, y) | b 2, y) de da dy
Y /p Qv
+/ / |:A13(§, amgvl(tv‘rag) +h(j)3(t7$,y)) _913(tax7y):| h¢3(t,$,y) dtd.’tdy
QJIV
+/ / |:A2(xaku2 +Vyv2 +hq)(t,$,y)) _92(tvxay):| h‘I’(t,l‘,y) dtdl‘dy
Y

[ oot ) [ Tams 4 1000, 2,9) = 05t 2, )] 1000 .9) e ey
Y3

/()dew—i— // y)dy(uo)?dx
+11£n_)161fl/ (2)u (T, x)%de + = // y)dy(ug)? x}

Thus dividing by h and letting A — 0 we see that for every &,
1 ~ _ ~

T/ / [AI (%Vgﬂl(t,%m) _gl(t7x7y)} hq)(t7x7y) dtdl’dy

7P Jo v

+/ / |:A13(g7 axgvl(tvxag)) _913(t7m7y):| h¢3(t,$,y) dt dz dy
QJIY1

+ / |:A2 (yv VzUZ + vva) — 92 (tv z, y):| h(I)(t, z, y) dtdx dy
QJY>2

+/ / 93(ta37,y) |:A3(yavyv3) —gg(t,x,y)]h@(t,x,y) dtd$dy > 0.
QJYs

Thus,

<§1(tv Z, y)>1 = &1(ga vﬂvl(tv z, @)7
<913(t7may)>1 = A13(§a amgvl(tvxvg))'



22 A. BOUGHAMMOURA EJDE-2012/06

Therefore we have proved the desired results. Now, to complete the proof of The-
orem we shall show the uniqueness of the solution following exactly the same
lines as in the proof of Theorem

6. CORRECTOR RESULTS

Now, we prove corrector results for the gradients of temperature and the corre-
sponding flux under the stronger hypotheses (A5’)—(A6’) of monotonicity. Let u®
be the solution of the problem (|1.3). Let v1,us, v, vs be as in Theorem (when
v = 0 we recall that vy (¢, 2,y) = u1(t,x)). We define the sequences of functions

gl(ta z, y) = X1 (y)vg,xgvl (t7 z, g)a
52(15’ z, y) = XZ(y)(V:L’UQ(tv {L‘) + VyUQ(t7 z, y))?
53(t7 z, y) = X3(y)Vyv3(t, €T, y)7

xT
(o) = i@t e, D), k=123,

st HED).

B;(Z‘,f) = X;(Z‘)AS(%, 5)7
B (z,€) = x5(2)e" A5 (3, ),

(6.1)

Vi
O,
(A5’), since £ = #ul/”l — 0; thus, for example, we have

B (x, €) — B5 (2, )| = [P~ A5(x,€) — 71 AS (2, )]
< KaePH([E] + n)P2 e — ] (6.2)
< Ka([€] + )P~ l¢ —nl.

In a similar manner, we get the same inequality for B] and B5.

where Vg .. = < > Note that Bj, satisfies the strong monotonicity condition

Theorem 6.1. If the functions, Vv, Vyve and Vyvs are admissible (cf. Defini-

tion @), then

1im\S(t)1p X1 (Veu® = &)L (@) =0, (6.3)
limsup |[x5(Vou = &)llLr @) = 0, (6.4)
eN\.0
limsup [|x5(eVau® — &) e (q) = 0. (6.5)
e\.0
lim sup [[x§ (B (¢, Vo) — By (0, 60) o) = 0. k=123, (6.6)
e\.0

Where V¢ is defined by (5.6)).

Let us mention that the convergence — means that, under hypothe-
ses (A5’)-(A6’) and Vyui, Vyvs and Vyvz are admissible, the oscillations of the
sequences, in the above, are all contained in the corresponding two-scale limits.
Moreover, the proof of this theorem is motivated by the approach based on the
two-scale convergence.

Now, let us introduce some more notation, functions and quantities which we
will use hereafter. We will use M to denote a generic constant which does not
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depend on &, but probably on p, K1, Ks, ¢y, ¢ and the v (resp. LP) norm of
the data f (resp. wug). Let x €]0,1[ be a constant and i (¢, z,y), k = 1,2,3, be
admissible test functions such that

3
||vy,ravl z/’lHLp(QXyl) + Z |v Voo — %Ilm (QXY, ) = (6‘7)

Define the following functions:
x
it z) = xi(2)(Vaus(t @) + 4t 2, ),
x

w5t w) = X5 (@) (2, 7).

n5(t, ) :

Note that the functions 7} and B} (x,n5), &k = 1,2,3 arise from admissible test
functions and we have the following two-scale convergence (cf. Lemma :

05 (t2) F n(t2,y) = X1 () (Vs vr (. 2,9) + 1 (t2,)),
n5(t,x) = ma(t,2,y) = Xa(y)(Vaua(t, x) + a(t, z,y)),
5t x) 2 gty 2, y) = xa(y)ea(t 2, y),

B (@n8) 22 () By, mi(t 7, y)), k= 1,2,3,

where By (y,n) = < VA1 (9, n))>, (v=0ify=0and v = 1—/ else), Bo = Ay and

Ay, mn P
B = As.

Lemma 6.2.

Z kaHLp(Qxyk) = % (”in + HU’OHLZD Q))

The proof of the above lemma follows from the identity in Lemma [£:3] and as-
sumption (A5).

Lemma 6.3. Let &, mi, BE, &, 07, By, k =1,2,3 be functions as defined above.
Then

lim sup/ (B (x, Vyu©) — B (z,n7)).(Veu® —n1) dedt <E,
e\.0 <

limsup/ (B5(x, Vou©) —B5(z,m5)).(Vu® —na) dedt <E,
e\.0 5

lim sup/ (B5(x, Vyu®) — B5(z,m3)).(eVu® —ng) dedt <E,
e\0 H

where

3
(B ( By (v, 7)) (k. — i )dy da dt.
Z~/Q><Yk k(Y &) — Br(y, k) (§x — mi)dy dx dt

1
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Proof. Firstly, we denote the integrals appearing in the left-side of the above in-
equalities by Ef, E5 and E§ respectively. Secondly, we put

D€<T>=/c< (e, D) = [ aua(o)’da,
zi: /|ua (T, ) |2dx+//ysc;z, os(T, z,y)|* dx dy
0 o>=;ac / o () [2da.

Then, for k = 1,2, 3, using (3.7]), we obtain

£ ° £ € ]. e ]_ e
Ej < ZE]- /Qf(t,x)u (t,x)dtdw+§D (0) — §]]) (T)

j
3
Z/ (x, Vyu®)m dtdx—/ B (x,n).(Viu® —nf) dt dzx

I
1

— BS(z,n3).(Vau® —n5) dt dae — / B (x, n5).(eVyu® —n5) dt de.
Qs 3
Now, using the two-scale convergence, we deduce

1 1
: -D°(0) — lim inf =D*(T
hmsupZE /QXY (t,2)U(t,z) dt de dy + 5 (0) iminf 2 (T)

eN\.0 =1

_Z/ v j(yagj)-ﬂjdtdmdy

—Z/Q . B (y,m;)-(& — ny) dt dx dy.
J=175x

The right-hand side can be written as
1 1
/ f(t,2)U(t,z) dt dx dy + =D°(0) — lim inf ~D*(7T)
QXY 2 8\0 2

3

N Z/QXY,- B;(y,&;).& dtde dy

j=1

JrZ/ B;(y, &) — Bj(y,my))-(§; — ny) dt dz dy.

QXY;

From the energy identity (cf. Lemma we obtain

Z/ i(y,€).&; dt dz dy
QXY;

= / ft,2)U(t,z) dt do dy + 1ID)O(O) + EDO(T)
QxY 2 2
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1 1
> / f(t,2)U(t, x) dt de dy + =D°(0) — lim inf D (7).
QXY 2 6\,0 2

This completes the proof. O

Lemma 6.4. Let &, nx, k be as defined above. Then
3

E:= Z/ (B (y, &) — Br(y, i) (& — i) dy dw dt < Mk>/P.
QXY
Proof. Using (A5’) and Holder’s inequality,

E< Z/ (Br(y, &) — Bi(y, i) (& — i) dy da dt
QxYy

5y | el i = mPdy dods
k=17 @*Yk

3 p—2

<k Y ([ dal+mlrdydedt) T 6 - ml,

k=1 JQxYk
3
< K1) (lgkllce + llnellze )16 — il 2o

x>

b Il
w | w =
—

=2 3 2/p
< K (Yol +Imelle)?) ™ (o0 = mel)
k=1

(
< k(e + e - nelle) T (ek - el
k=1

k

w |
-

p—2 3

e 2/
< K (2@ el + e —mel)) " (Xl —ml)
=1

k=1

=

By the estimate proved in Lemma we deduce the result. O
Now, we prove some preliminary corrector results.

Theorem 6.5. Under the same assumption as in Theorem we have:

tim sup X5 VEu o) < Mo 2, (6.9)

lim sp IX5Vaus — 5]l Lo () < MK/P, (6.10)

hm\s(l)lp IX5eVaus — 05l o) < MKP. (6.11)
€

limsup || B, (z, Vou®) = By (2, 15) | Lo o) < MEY ™Y, k=1,2,3.  (6.12)
e\0

Proof. From (6.2, we obtain

NEVEUE (£, 2) — 1 (b, 2) P < (B (V) — B (o, ). (V5" — 1),

Kz
X Vaus (t,z) —n3(t, )P < E(Ei(% Veu®) = Bi(2,n3)).(Vau® —n3),
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1
IX3eVaus(t, @) = n3(t 2)[” < 2= (B3(@, Vous) — By (2, 13))-(Vau” —ng).

Therefore,
1
IV il o) < 75 [ (B V50) ~ B 0)) (V5w =),
1

1
NG il o) < 75 [ (B3 V)~ B 05)) (Vo — )
2

1
Ix5eVau® — 5|7, 0sy < — (B (z,eVu®) — B (x,n5)).(eVeu® —n3) dt d.
(Q3) K2 Qs
3

Now, let
G® = [[xiViu® — 77?”2@(@5) + X5 Vau® — 775”2@(@;) + [[X5eVau© — 77§H1£p(Q§)a
and
Fe = / (BY(z, Viu©) — Bi(z, n1)).(Viu® —np) dt dx
Qf
+/ (B3 (2, Vou©) — Bs(2,n3)).(Vou® —n3) dt d
Q5
+/ (B5(x,eVu®) — Bs(x, n5)).(Vyu® —n3) dt de.
Qs
From th above estimates, we have G* < F€/¢j. Therefore, passing to the limit-sup
as € — 0 and using Lemmas [6.9] and we obtain
limsup G° < Mx?/?.
N0
This concludes the proof of —. To achieve the proof, we will only prove

the estimate (6.12) for k = 1, the others are proved in a similar manner. Let
q=p' = 3%, then by (6.2) we have

[ i Vi) - B (o)l e do

Q1

<Ko [ (95 )2 ] de o
Q7

Since

by Holder’s inequality,

/ IB5 (2, VEu) — B (o, 5| dt da
Q5

< Kl(/Q (IVEus] + |nf|)pdtdz)ﬁ(/QE |v;uf—n§|pdtdx)

i i
< M|xi(Vau® — ?ﬁ)Hqu(Q)-

Now, using , we obtain the desired estimate. ([l
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Proof of Theorem [6.1] Since the functions Vyvs and Vyvs are assumed to be
admissible test functions, we can choose ¥ = V,v2 and 9 = V,v3. Therefore, x
can be taken arbitrarily small and thus, Theorem [6.1] follows from Theorem[6.5] O
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