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REAL INTERPOLATION SPACES BETWEEN THE DOMAIN OF
THE LAPLACE OPERATOR WITH TRANSMISSION
CONDITIONS AND L ON A POLYGONAL DOMAIN

AISSA AIBECHE, WIDED CHIKOUCHE, YASMINA DAIKH

ABSTRACT. We provide a description of the real interpolation spaces between
the domain of the Laplace operator (with transmission conditions in a polygo-
nal domain Q) and LP(Q) as interpolation spaces between W2P(Q) (possibly
augmented with singular solutions) and LP(€2). This result relies essentially
on estimates on the resolvent and the reiteration theorem.

1. INTRODUCTION

Let Q be a polygonal domain of R? divided into two polygons €, and Qs sepa-
rated by an interface ¥. Let the transmission conditions be defined as
2 du;
_ Yl
u1 = up and ZaZ o0y 0 onX, (1.1)
i=1
where v; denotes the unit normal vector to X directed outside €2;,u; means the
restriction of u to €);, and a;, as are two positive real numbers such that oy # as.
Let A, be the operator defined by

Da,(Q)={u€ Hj(Q): Au; € LP(;), i = 1,2; (L1) is satisfied },
Ap U {—Aui}izl’g .

Then A, is the infinitesimal generator of an analytic semigroup on L” () [3].

Let us define W*P(Q) := {u € H}(Q);u; € WHP(Q;), i = 1,2 satisfying (L.I)}
the space of piecewise W*P functions on €2 which satisfies the transmission condi-
tions . The space W*#P () will be equipped with the usual product norm of
I, Wo7(Q,).

We know that D4, (€2) = span(W?P(Q); S), the space spanned by W?P(2) and
S, where S is the finite set of singular solutions [0} [§].

By analogy with [2] who considered the Laplace operator subject to Dirichlet
boundary conditions, we give a description of the real interpolation spaces related
to the operator A,. This result relies essentially on estimates on the resolvent and
the reiteration theorem of real interpolation [7]. It is well known that information

2000 Mathematics Subject Classification. 35R05, 35A20, 46B70.

Key words and phrases. Transmission problem; non-smooth domains; interpolation.
(©2012 Texas State University - San Marcos.

Submitted April 10, 2011. Published January 13, 2012.

1



2 A. AIBECHE, W. CHIKOUCHE, Y. DAIKH EJDE-2012/10

concerning real interpolation spaces between the basic space and the domain of the
operator is crucial to get results of maximal regularity for parabolic problems.

This article is organized as follows: in Section[2] we recall the results concerning
existence, uniqueness and regularity of the variational solution u of the following
transmission problem with complex parameter A

—Aui + /\uz = fz in Qi,
U,ZO on@Qi\Z,
Uy = uz On Z, (1.2)
2

Ouy;
Zai—u =0 on 2,
i=1 dv;

(3

where f € LP(Q2), p > 1.
The aim of Section [3|is to state the following estimates of problem (|1.2)) on the
resolvent in an infinite sector G

f

c 2
s, < —— —
llullwsray < e 0p,Gy 5 <Am+ » for all m,

c 2
[llspancwecrss) < 575 17061 8> A~ for some m,

(see Section [3|for the definition of S and A,,). For this purpose, we firstly establish
the result for the case A = 1. Applying the transformation (z,y) — (tz,ty),
t = A~1/2, problem (1.2)) in G becomes

—Au(te, ty) + u(te, ty) = t2 fi(te, ty)  in Gy,
wi(te,ty) =0 on IG; \ X,
U1 (tl’, ty) = u2 (tl’, ty) on 27

> o
;aia—yf(tx,ty) =0 onX,

where v! is the normal vector with respect to the variables (tz,ty) directed outside
G;. This method of dilation relies on the invariance of the infinite sector GG, under
dilations and the homogeneity of the singular functions, therefore we come back to
the previous case.

Section [4] is devoted to state such estimate in € polygonal. Via a partition of
unity, problem is locally reduced to a similar problem in an infinite sector,
then we used the results of the previous section.

Thanks to the results of Section[d and the reiteration theorem, we give in Section
a characterization of D4 (6;p), 0 < 6 < 1, as interpolation spaces between
span(W?P(Q); S) and LP(2) or between W?P(Q) and LP ().

Let us finish this introduction with some notation used in the whole paper: if
D is an open subset of R?, we denote by LP(D), (p > 1) the Lebesgue spaces,
and by W*P(D), s > 0, the standard Sobolev spaces built on. The usual norm
of W#P(D) is denoted by || - ||s,p.p- The space Hi(D) is defined as usual by
H{(D) :={ve HY(D);v=0on dD}.
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2. REGULARITY RESULTS OF TRANSMISSION PROBLEM IN A POLYGONAL DOMAIN

Let Q be a bounded polygonal domain of R? with a Lipschitz boundary I. We
suppose that  is decomposed into two polygons 21 and 2 with an interface X
satisfying

QZQ1UQQ, QlﬂQQZ(Z), 51052:2.

We assume that the boundaries 9Q; of ©; (i = 1,2) is formed by open straight line
segments I'; ;,7 =1,--- , N;, with IV; € N*, enumerated clockwise such that

Y= F171 = Fg,l, I':= 89 = Ui=1,2 U;V:LQ Fi,j-
We denote by P;, j =1,...,N; + Ny — 2 the vertices of Q) where
szrl,jﬂrl,j+1, jzl,...,N]_—l
P;j=Ts; ny+1NT2 - N2, J=DNi,...,N1 +No—2.

At each point P}, (j # 1, j # N1) we denote the measure of the angle P; (measured
from inside Q) by wj. When j =1 or j = Ny, the angle at P; measured from inside
Q; is denoted by w;;, i = 1,2. See Figure [I]for an illustration.

For the transmission problem (.2, the corresponding variational problem is

/a(VuV@Jr)\u@)dx:/afﬁdx Yo € Hy (), (2.1)
Q Q

where a(x) is piecewise constant; i.e., a(x) = a; > 0 for x € ;, i =1,2.
For the rest of this article, L?(2) will be equipped with the norm

fulay = ( [ alutap ax) .

First we recall the results concerning existence, uniqueness and regularity of the
variational solution u of (2.1)).

Py,
by
INWE BN
Ql QQ
//P\
2 ' w,
P2 PN1+N2—2

FIGURE 1. The domain €2

Proposition 2.1. For each f € LP(R), there exists a unique solution u € Hg ()
of (2.1)), for all A € C: R > 0.

For a proof of the above proposition, see [3, Lemma 3.1].
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Let n; be a cut-off function n; = n;(r) € D(R*) which is equal to 1 in a neigh-
borhood of the vertex P;, with compact support in an open set, which is disjoint
to the other vertices of 2, then the singularities of problem (|1.2)) take the form

SUm) — njrAf’" sin ()\jmﬂ), Ajm = %, when j #£ 1, j # Ny,
j
and
S§UmM) — piprimepi (0), when j =1, j = Ny,
where )j,, is a nonnegative real number and )\?m, @jm are respectively the eigen-
values and eigenfunctions of the Sturm-Liouville problem:
Find ¢ € H}(] — w,w'[) such that
—(a(0)¢'(0))" = Aa(0)p(0),

where w = wya, W = wi1, @(f) = ay for 6 > 0 and «(f) = as for § < 0 if j = 1,
while w = wn,1, W = wan,, a(f) = a; for < 0 and a(f) = as for 6 > 0if j = Nj.

The singular behavior of the solution of (2.1)) is given by the following proposition
(see [8, Theorem 2.27]).

Proposition 2.2. If )\, # % for 1 < j < Ny+ Ny —2 and for all m € N*, then

for each f € LP(Q)), there exist unique real numbers cjm, and a unique variational
solution u € H}(Q) of (1.2) which admits the decomposition

U= UR + E cij(jm), (2.2)
>\jm€]07§[’ 1# X jm, 1<j<N1+N2—2

where ur € WP (Q) is the regular part of u and the constants cjn, are the coeffi-
cients of the singular part.

3. LP ESTIMATES IN AN INFINITE SECTOR GG

Let G be a plane sector consisting of two plane sectors G1, G2 with respective
opening wi and ws, separated by an interface X.
G1 ={(rcosf,rsinf); —w; <0 <0,r >0},
G2 = {(rcos,rsinf); 0 < 0 < wy, r > 0},
¥ ={(r,0); r > 0}.
We consider the transmission problem in the infinite sector G,
—Au; + Au; = f; in Gy, (3.1)
u; =0 on dG;\ %,
up =ug on X,

2

8ui
;aia—w =0 onX. (3.4)

To obtain growth (with respect to A) on ||(=A+ )71 in a given norm, we state
the result on a finite sector denoted by Gg := GN B(0,7"), r’ > 0. We shall obtain

the same result for an infinite sector by taking limits, with respect to a sequence of
cut-off functions.
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Proposition 3.1. If A\, # 2/p’ for all m € N*, then for each f € LP(GF), there
ezists a unique variational solution u € HY(GF) of (3.1)~(3.4) (with G instead of
G) which admits the decomposition

u=1ugp+ Z em S, (3.5)
/\'me]oxﬁh >\7n¢1

where ug € W?*P(Gr) is the regular part of u, c,, are constants and S are
defined as in Section [, the subscript j has been omitted since G contain only one
vertex; furthermore u satisfies the estimates

1

lelopcr < sl lopces RA>0, (36)
p

luloscr < gl lomcr SA#0 (37)

Consequently there exists a constant c(p) > 0 such that

c
luloncr < B Nflopce. ®AZ0, 270 (35

and for the regular part we have
lurllw2rcr) < Cll(=A + Nurllop.ce- (3.9)

Proof. The decomposition of u into a regular part and a singular one is a direct
consequence of Proposition For (3.6)), (3.7) and (3.8)), see [3].
As in [3], we obtain (3.9) by applying [8, Theorem 2.27] and Peetre’s lemma.
Indeed:
lurllw2rcr) < ClllAurllop.cr + llurllop.cr}

< C{[(=A+ Nurllop.cr + (L+ [ADllurllop.cr}-
Now it suffice to apply to ug the estimate (3.8) to get (3.9). O

As mentioned above, to obtain growth (with respect to A) on |[(=A + A\)7!|| in
a given norm, we shall need a priori estimates when A = 1 in that norm. Following
up with dilations will give the required result.

Let us denote by S the set of singular functions; i.e.,

(3.10)

2
Define DAp (G) = span(W2’p(G);S)'

3.1. L? estimates for \ = 1.

Proposition 3.2. Let us assume that Ay, # 2/p" for allm € N*. Let u € D, (G)
and let 0 < s < 2, then there exists C' such that

. 2
llullwsrcy < ClI(Ap + Dullop,a  ifs < ; + Am, for allm (3.11)
and

. 2
lullspanowsr(G)ss) < Cll(Ap + Dullopa  if s > ; + A, for some m.  (3.12)
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Proof. Let u € W?P(G) be a solution of (3.1)-(3.4) for A = 1. Define the cut-off

function n € C?(R),
(2) 1 for0<z <1,
€Tr) =
g 0 forx>2,

and 0 < n(z) <lforl <z <2

Consider a sequence of such cut-off functions {n,(r)}; 7. (r) = n(r/n) where we
choose (r,0) as polar coordinates with origin at the vertex of the sector. For each
n, let G™ be a finite sector which contains supp(n,u), G = G" N G; (i = 1,2).
Then n,u € W?P(G"), and n,u is a solution of

(A +1)(mu;) = F;
where
F; = no(—A 4+ Du; — Anyu; — 2V, Vu,; € LP(GY).

It follows from (3.9)) that

[mmullwzrcmy < Cl(Ap + 1) (mu)llop.an-
This implies

1/p
Iy = (3 0% Gnud ] )
181<2,1<i<2 (3.13)

1 1
< {4y + Dullopcn + 5 lullopen + IV

We consider for example the term || 38722(%“1‘)“3 on 10 (3.13)

92
H@(%“i)ngcg = /Gl Xnlfi|F rdrdb,

where

0 =+ o () oot (G () ¢ oo (7))o

and
1 if (r,0) € G},
0 otherwise.

Xn(r,0) = {

It is clear that

. %u;
hﬁn i, 0) = 57
and )
0%u; Oou; p
np < 7 7 ) 1 )
£ = C(‘ Oz + ‘ Ox + |u1|> € L(Gy),

consequently, the dominated convergence theorem implies

. 82 32ui
tim [| = (i) [, e = 1552 6.6,

Therefore, applying the same technique to the other terms in (3.13)), we obtain
ullwzr ) < Cll(Ap + Dullop,a, (3.14)

hence the inequality (3.11)) for s = 2.
To state (3.12) for s = 2, we apply Proposition from the Appendix with E =
W2P(Q), H = LP(G), F = S and A = —A + 1 subject to homogeneous Dirichlet
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boundary conditions and transmission conditions. Inequality (3.12) follows from
(3.14)), we obtain
[tllspancow2r(Gyis) < Cll(Ap + Duflop,c- (3.15)
Since D4, (G) = span(W?P(G); S), then u € D4, (G) can be written as
U =UR + Z emS™.

Am €]0, 5[, Am#1

Therefore, if s < % + A, for all m, S0 € W9P(G) and we have

[ullwera) < llurllwsr@) + > lem 1S [l wer(c)s
Am€l0, [, Am£L

s o7 by
p

< C{llurllwzr @) + Z |eml
Am€l0, [, Am#L
by Sobolev imbedding theorem. By the equivalence of norms on the space of finite
dimension, the right-hand side is ||u|spanow2»(q):s)- Hence inequality (3.11]) follows

from q
If s >

=+ A, for some m, we have

||u||span(Ws=P(G);S) = ||U’RHWS»1’(G) + Z |C7n|
Am€]0, 5[, Am#l

Inequality (3.12]) follows from Sobolev imbedding theorem and inequality (3.15)). O

Now, using the results of Proposition [3.2] we shall state estimate on the resolvent
of problem —, this is the principle idea of the method of dilation which
relies on applying the transformation x — tx. Taking advantage from the invariance
of the infinite sector under dilation, problem — is transformed to similar
problem with A = 1.

3.2. Estimates in dependence on \. In this section, we assume that A > 0.

Proposition 3.3. Let us assume that A, # 5 for all m and let u € Dy, (G) be

a solution of (3.1)) — (3.4). Then if Da,(G) C W*P(G), there exists a constant C
such that

s C
lullop,c+ A" 2llullwerc) < SN Ap+Nulope,  for0<s<1, (A>0), (3.16)

and
—-1/2 —s5/2 c
lullo.p.c + A7 Fllullip.e + A ulwery < S 1A + Nullope,  (3.17)
for1<s <2, (A>0). (Da,(G) CW*P(G) holds if s < A, + 2 for all m).

Proof. Since the sectors G; are invariant under positive dilations: (z,y) — (tz,ty),
t > 0, the solution u € D4, (G) of problem (3.1)-(3.4) satisfies
82 2 )
8(tx)2ui(tm’ty) — Wui(t:c,ty) + M (te, ty) = fi(te,ty) in Gy,
u;(tz,ty) =0 on IG; \ X,

U1 (t.’IJ, ty) = U2 (t.’IJ, ty) on Za
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Zal txty )=0 onX.

Let t = 1/v/\, using the notation ul(x,y) = wu;(tz, ty), fi(z,y) = fi(tz, ty), the
above problem is equivalent to

—Aul +ul =£2f in Gy,
ut =0 on dG;\%,
ul = ug on %, (3.18)

Zozz —O on X,

where v/} is the normal vector with respect to the variables (tz,ty). By Proposition

u' satisfies
[u[[wer(a) < ClIE f]
Using Proposition we obtain

2P (1 =) ullop.c + ¢ ullwer(c) <227 flopa, for0<s<1

0,p,G+

and
2P (1= t)ullope + (1=t ) ullip.e + o llullwer ) <P flope
for 1 < s < 2. This yields the required estimates for small ¢. O

Proposition 3.4. Let 0 < s <2 and let u € D4, (G) be a solution of (3.1) — (3.4).
Then if D4, (G) C span(W*P(G); S), there ezists a constant C such that

|%/|span(weris) (@) < = [|(Ap + Nuflopa,  A>0. (3.19)

.
Proof. We follow step by step the proof of [2, Theorem 3.10]. As in the proof of

Proposition problem (3.1))-(3.4) is transformed under the method of dilations to
problem (3.18). In a neighborhood of the origin, the unique solutions of problems

(13.1)-(3.4) and (3.18)) may be written successively as

u(x,y) = ur(z,y) + Yo () em(0) (3.20)
Am €10, [, A #1

and

ut(x, y) = vr(z,y) + Z km"](r)rAm‘Pm(e)’

Am€l0, Z[, An#l

where ug and vg are the regular parts, ., and k,, are the coefficients of the singular

parts. Thanks to (3.12), we have
lvrllwer@ < CIEFllop = CE [ fllop.c (3.21)
| < ct?7'|| fllop.c- (3.22)

By the definition of u’, we can write

Ty Ty 1
) =u' (5D =vrG D+ Y k(D en0) (3:23)
Am €10, Z [, Am#1
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Therefore, comparing ([3.20]) with (3.23) we obtain

Ty Ty,
ur(z,y) = vr(y, 1)+ > P o () (kmn(;)t A — (1))
Am €10, Z[, Am#l

Since ug and v have W*P(Q) regularity, the term in brackets must vanishes in a
neighborhood of the origin. Then 7,, = k,,t~*m, and we have

Ty r
ur(t,y) = vr(3, 7) + > T“wm(ﬁ)vm(n(;) —n(r))-
Am€l0, 2 [, Al

Consequently (3.22)) leads to
2
[ym| < CE7" [ fllopc (3.24)
We shall now find a bound in [[ug|ys»ra)

lurllwer@c) < lvr(S, Dlwsr@)

G

\

2 e en@®nG) - a@llwes. %)
Am €10, %[, Am#1

Using (6.3]) in Proposition from the Appendix and ([3.21)), the first term in the
right hand side in (3.25)) is bounded by

_2 .. _2
t? pHUR(Z,Z)”WSvP(G) < [lvrllwerc) < CE7 || fllopac-

The explicit form of the second term in (3.25) and the properties of the cut-off
function 7 allows us to majorise it (see [2]):

m r —S8
[t (0)(1(3) = n(rDlw=2(@) < CE* [ flopc-

Summing up, we have the estimate

lurllwer@) < I fllop.c-

Owing to (3.20)) and using (3.24]), we obtain

I ) Am o1
||U||span(WS,p(G);S) < C()\ 1+3 + Z A2 +35 1>||f||0,p7G'
Am€l0, [ Am#1

Ass> N\, + % implies 5§ —1 > ’\Tm + % — 1, we obtain the desired estimate for large
A as required. O

Remark 3.5. Estimates (3.16)), (3.17), (3.19) can be obtained with respect to ||
instead of A for ®A > 0 and A # 0. For this, we just replace in subsection [3.1
(Ap + Du by (A, + Nu, |A\| =1, and in the proof of Proposition t=1/vX by

t= 1/
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4. RESOLVENT ESTIMATE IN DEPENDENCE ON A IN POLYGONAL {2

We consider in Q (a polygon defined as in Section the transmission prob-
lem . The results exposed in Section [2| ensures the existence of the resolvent
(Ap + A)~!, where A, is defined in the introduction, we recall that D4, () =
span(W?P(Q); S), where S stands the set of singular functions

2
S = {SU™): A, €]0, L with A £ 1

We shall now deduce the growth with respect to A of [|(A, +X) "1 fllwer) (A > 0)
and [[(Ap + )~ fllspanower(@):5)-

Theorem 4.1. (i) If s < Ajm + = fm" all j and m, then the unique solution
u€ Da, () of (1.2) belongs to WHP(Q) and satisfies

llullwsw) < ==

BAE

(i) If s > Ajm + % for some (j,m), then the unique solution u € D, () of
(1.2) belongs to span(W*P(Q);S) and satisfies

C
”uHspan(stP(Q);S) < N3 ”f”OJhQ'

Proof. Let us cover ) by a partition of unity ¢;, i = 1,2,..., Ny + Ny — 2. That
is, @ C U ,0; and ¢, € D(6;); ZijNTQ ©; = 1. We denote by @;u the extension
of @;u by zero outside of supp(p;u). There are two typical cases to consider:

e if i =1 or i = Ny, p,u is solution of the transmission problem -
in an infinite sector G. Therefore it satisfies the estimates in Proposition
and Proposition

e if i £ 1 and i # N1, @;u is solution of a Dirichlet problem for the Laplace
operator in an infinite sector, consequently it also satisfies the estimates
in Proposition and Proposition with W*P instead of W*P (see [2]
Proposition 3.8 and Theorem 3.10]).

We continue exactly as in the proof of [2, Theorems 4.1 and 4.3]. g

5. CHARACTERIZATION OF D (6;p)

Theorem 5.1. Suppose that \j;, # %, for all j and m, and set
. 2
K= meN®, 1%?%1}\71-‘,-1\72—2{)\]‘77“ )\Jm 6]07 17[7 )\jm 7é 1}7
then
(i) (Da, (), L*(
(i) (Da, (%), LP(
(iii) span ((W?2P(2), LP(2)),p;S) C (Da, (), LP(Q))g,p, for 0 <6 < 1.
Consequently

D) C (W>P(Q), LP(Q)),p, for 1 =5 — 5 < B <1,
Q))gp C span ((WQ’T’(Q),L”(Q))@Z,, ) forO <pg< 1—7—7

p7

Da,(0;p) =

P

(W2P(Q), LP())1-6p, HO0<O<5+1
span (W2P(Q), LP(Q))1-9,;S), if 5+1<6<1,
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Proof. (i) Let s < p+ %, then s < Ajp, + %, for all j and m, thus from Theorem
Da,(2) CW*P(Q) and

c
Al=2

Now, applying Corollary with E = LP(Q),F = W*P(Q) and a = 1 — § we
obtain

[(Ap + )l Lo @) —wer(0)

(Da, (), L () 1-0)(1-5)+0.,0 C VZP(Q), LP())g,p, 0<O <1,
therefore, by simple substitution
(D, (), L") 5. € V(). ()2 (514 5.5

2 s, 2
c (Hizlw p(Qi)v Hi:le(Qi)) %(ﬁ—l-i-%)m’

consequently, thanks to Proposition [6.8] we obtain

(D, (9, LP(9))pp © TBL, (WHP(20), L7(0)) 2 51y,

= T, (W29(90), 27()),_, , L(2)
=TI, (W2P(), LP ()

2(B—1+%).p
B.p’

the last step is by reiteration (see Corollary . A second application of Proposi-
tion [6.8] leads to

(D4, (), LP(Q))g,p € (I, WP (), LP(Q)) .-
Finally, 0 < s < p+ % implies that 1 — § — % < 8 < 1, hence (i) is proved.

.. 2
(i) Let s > pu+ =, we have from Theorem

Da, (9) C span(W**(Q); ),

_ C
||(Ap + >\) 1||LP(Q)~>span(W3vp(Q);S) < )\177%

Here, we apply Corollary like in the first case but with F' = span(W??(Q); S),
we obtain

(DAp(Q)va(Q))gu_;)m C (span(WQ’p;S),span(Ws’p;S))am
= span ((Wz’p(Q), Ws’p(Q))MJ; 8)
< span (T2, W22(9), L(9)) 4y i S):
(iii) Clearly S C (D4, (), LP(Q))
D4, (€2). Hence

gp forall 0 < 6 < 1. Further, W2P(Q) C

(WZP(Q)’ LP(Q))G D c (DAP (Q)’ LP(Q))&P'

Therefore,

span (W?P(Q), LP(Q2))o,;S) C (Da, (Q),L”(Q))e’p.
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6. APPENDIX

6.1. The real interpolation spaces. We recall here some basic material on the
theory of real interpolation spaces and refer to [7].

Definition 6.1. Let Ay and A; be two Banach spaces such that Ay C A; with
continuous injection. The space (Ao, A1)g,, is the subspace of A; consisting of
x € A; such that there exists two functions ug and u; satisfying

x=wuo(t) +ui(t), t>0,
t7%40 € LP(Ap), 7% € LP(A)),

where LY (Ag) and LY(A;) are function spaces defined on (0, +00) taking values in
Ay and A; respectively with the pth power integrable in the measure 2,1 < p < oo
and 0 < # < 1. The norm of the space (AO, Av)op is

2/l (A0, A1)0,, = inf{(/ooo It~ uo(t %, — ; ) 1/p (/OOO £ (¢ i / ) /p}

the infimum is taken over all functions satisfying (6.1)).

(6.1)

In the particular case, when Ag is the domain D 4 of a closed linear operator A
in £ = Ay, equipped with the graph norm, we have another characterization which
is very useful for identifying the spaces in concrete examples. Let p(A) D Ry and
there exist C'4 such that

A+ emp < G2 A>0,
then D4 (0;p) is the subspace of E consisting of  such that
A(A+t) ' e L2(E).
The equivalence result is D 4(0;p) = (Da, E)1-0,p-

Definition 6.2. A subspace X of Ay + A; belongs to class K,(Ap, A1) if there
exists a constant C' such that

lallx < Clall’,’llall%,

for every a € Ag N A; assuming 0 < 6 < 1. Equivalently, (Ao, A1)g,1 C X. Thus
(Ao, A1)g,p is of class K,(Ag, Aq).

We have the following reiteration theorem.
Theorem 6.3. Let X; € K4 (Ao, A1),i=0,1, then
(Ao, A1) (1-0)9,+00, C (X0, X1)op, 0 <O < 1.
Corollary 6.4. For 0 < 6y, 61 <1,1<p,q < oo, we have
((X Y)Go qu) = (X Y)(l 0)00+0,ps
(X (X Y)~91 q) Op — (X Y)919,;D
The following result is due to Grisvard.

Theorem 6.5. Let A be a closed operator with domain D 4 in a Banach space E.
Assume F' is a Banach space such that D4 C F C E, with continuous injections
(for the graph norm on D, ). Further, assume (A+t)~1 exists for everyt > 0 and
there exists o € (0,1) such that

1A+ ) lp—r = O(™),
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then F € K_,(Da, E).
Corollary 6.6. Under the assumption of Theorem[6.5,

(Da, E)a-0)a+0.p C (F, E)o p-

The above corollary follows from Theorem [6.3| with Ag = D4, Ay = E, Xqg = F,
X1 =E, 6y = a, 61 = 1 and recall that trivially, F € K,(Da, E).

Corollary 6.7. Under the assumptions of Theorem [6.5]
(DAyE)aG',p - (DAaF)G,p-

The above corollary follows from Theorem [6.3|with Ag = D4, A; = E, Xo = Da,
X, =F, 0y =0, 6; = a and recall that trivially, Dy € K,(Da, F).

Proposition 6.8 ([4]). Let A, B,C, D be Banach spaces such that C is continuously
embedded into A; D is continuously embedded into B, then

(Ax B,C x D)y, = (A,C)gp x (B, D).

Proof. By using a.e. the equivalence theorem (see [9, p. 37]) and taking into
account

(a+b)P <2071 (a? +bP), a,b>0,p > 1.

6.2. Some basic tools.

Proposition 6.9. Let E, H be Banach spaces, D = E & F with dimF < oo.
Assume that a continuous injective mapping A from D to H satisfies

lulle < cf| Aull (6.2)
for all w € E and some constant c. Then

lulp < || Aulln
for all w € D and some constant .

Proposition 6.10. Let G be an infinite sector with vertex at the origin. Let v be a
function in WP (G) with 0 < s < 2. Since G is invariant under the transformation
(,y) — (tz, ty), t >0, (z,y) € G, the function v'(z,y) = v(tz,ty) is well defined
and v* € W*P(G) with

Hth = t—2/p((1 - ts)”U”O,p’G +tSH/U||S7P’G) ZfO S 8 S 17
s,p,G — _ .
3 2P ((1 = Dlvllopa + (¢ = t)vllpe +tlvllspe) if1<s<2.

Consequently,

;2
V' lls.p.c = 772 0]

S,p,G7 (63)
holds for small t.
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Proof. Let x = (z,y), X' = (2/,y).

d X x")|P 1/p
200 (oo + ([ fone B0 axax)”)

if0<s<1,
=27 (Jollop.e +thohpe) ifs=1,
e (7 ollope + ol

||Ut||S7P7G = Qv (x/)lp 1/p

B (3)_ dv
+(J g BEEEE axax)

152 (x)— G2 (x)|” 1/p
(ffoGWdXdX/) ),
lf1<3<2,WlthS:1+o-70<0-<1,

t=2P(|ollop.c + tohipa + Elape) ifs=2,

=27 (lollop.c +t([vllspc = IWllope)) H0<s<1,

= 4t ([[vllop.c + t([0ll1pe = Ivllop.c) + E(0lsp.c = vl pe))
ifl<s<2 withs=140,0<0<1.
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