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METHOD OF UPPER AND LOWER SOLUTIONS FOR
FRACTIONAL DIFFERENTIAL EQUATIONS

LEGANG LIN, XIPING LIU, HAIQIN FANG

ABSTRACT. In this paper, we show the existence and uniqueness of solutions
for the boundary-value problems of fractional differential equations, using the
upper and lower solutions method and monotone iterative algorithm. An ex-
ample is also included to illustrate our results.

1. INTRODUCTION

In this article, we show the existence and uniqueness of solutions for the boundary
value problems of the fractional differential equation

Dou(t) — Mu(t) = f(t,u(t)), teJ, 0<d<1,
u(0) = ru(T),
where J = [0,7], 0 < T < +oo, f € O(JxR,R), M > 0,0 < r < m.
Enyna(2) = 3272 m, ny,ng > 0 is the Mittag-Leffler function (see [II 2]).
D? is the Caputo fractional derivative of order § (see [T} 2]); that is,
1 t
Dou(t) = ——— t —s)7 % (s)ds.
) = =g | = s
The Riemann-Liouville fractional integral operator of order ¢ is defined by
1 t
Du(t) = —/ (t — )2 Lu(s)ds.
') Jo

Fractional differential equations are thought of an important research branch
of fractional calculus, to which much attention has been paid. They arise in the
models of many phenomena in various fields of science and engineering as a valuable
tool. Indeed, we can find numerous applications in physics, chemistry, biology, etc.
(See [3l []). Hence, some meaningful results on this kind of problems have been
obtained, (see [5, [6] [7], 8, @} 10, 1T}, 12 [13]).

(1.1)
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The theory of upper and lower solutions is known to be an effective method to
deal with the boundary-value problems of the ordinary differential equations and
functional differential equations, (see [14, [15] [16] 17, 18 19, 20} 2T], 22]). Li et al.
[15, [16] found a direct method which is quite simple and practical to prove the
existence and uniqueness of solutions of the second-order three-point boundary-
value problem and gave some examples to illustrate the effectiveness of the result.
In [I8], using the upper and lower solutions method, the authors considered the
periodic boundary-value problems for functional differential equations. In [22], the
authors presented the existence of extreme solutions of the boundary-value problem
for a class of first-order functional equations with a nonlinear boundary condition

u'(t) = ft u(t), u(6())),
9((0)) = ru(T),

by the method of upper and lower solutions and monotone iterative techniques. One
interesting thing is that the method is also appropriate for fractional differential
equations, (see [24], 23]). In [23], Barrett proved the existence and uniqueness of
solutions for the following initial value problems

(D, u)(t) — Mu(t) = f(t), (n—1<d<n),
(D2 Fu)(at) = by, b€ Ck=1,...,n).

Zhang and Su [24] used the method of upper and lower solutions to study the exis-
tence for a linear fractional differential equation with nonlinear boundary condition

Dou(t) — du(t) = h(t), teJ 0<d<1,
9(u(0)) = u(T),

where d > 0, h € C'[0,T] is a given function, D’ is a regularized fractional de-
rivative (the Caputo derivative) of order 0 < § < 1, and there exists a constant

(1.2)

#—ZW < 1o < 1 such that rg < ¢’(s) < 1 for s € R. They presented an existence

theorem for the boundary-value problem (|1.2]).
The boundary-value problem ([1.1)) which we study is different from the problem

(1.2). We study a nonlinear fractional differential equation, and 0 < r < m

Since Es1(MT°) = Z;‘io % > ﬁ = 1, which implies r < 1. In fact, in
the boundary-value problem (L)), g(s) = +s, and ¢'(s) = £ > 1, the condition
0<ro<g'(s)<lin is not satisfied. The purpose of this paper is to prove
the existence and uniqueness of solutions to the boundary-value problem by
the method of upper and lower solutions and monotone iterative techniques. We
not only present the existence and the uniqueness theorem, but also present the
iterative sequence for solving the solution and its error estimate formula under the
condition of unique solution.

This article is organized as follows. In section 2, we introduce the basic prop-
erties, and some comparison principles are studied. In section 3, we consider the
existence and uniqueness of the solution of a linear problem associated with .
In section 4, we obtain the extreme solution of and prove that there exists
a unique solution of by using the method of upper and lower solutions and
monotone iterative technique. In section 5, we give an example to illustrate the
results which have been proved.
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2. PRELIMINARIES AND COMPARISON PRINCIPLE

In this article, we use the following conditions:
9
(HO) 0 < % <l,c(t)y=1—cosgk, teJ.
The followings fundamental properties for fractional differential equations, which
are necessary for our analysis.

Lemma 2.1 ([2, Example 4.9]). The linear initial value problem
Dou(t) — Mu(t) = x(t), teJ,
u(0) = uyo,

where M is a constant, has a unique solution

(2.1)

u(t) = uOE(;,l(Mt‘S) + /0 (t— s)‘sflEM(M(t — s)é)x(s)ds.

In particular, when M = 0, the initial problem ([2.1) has the solution
1 / ' -1

— | (t—9)°""z(s)ds.

I'@6) Jo

Lemma 2.2 (2, Lemma 2.22]). If u € C(J) and 0 < a < 1, then I*Du(t) =
u(t) — u(0).

To investigate the boundary-value problem (1.1)), for € C(J), we consider the
boundary-value problem

u(t) = uo +

Dou(t) — Mu(t) = z(t), teJ, -
u(0) = ru(T). 22)

Definition 2.3. Let a € C'(J). We say that « is a lower solution of the boundary-
value problem ([2.2)), if
Doa(t) — Ma(t) < z(t) — an(t), t € J,
where
0, ra(T) > a(0),
ao(t) =91, s (2.3)
S(D%%(t) — Mc(t))(a(0) —ra(T)), ra(T) < af(0).
Let 3 € C'(J). We say that (3 is an upper solution of the boundary-value problem

@2), i
DPB(t) — MB(t) > x(t) + bg(t), t € J,

where
b (1) = {0’ rB(T) < BO).
H(DCce(t) = Me(t)(rB(T) — 5(0)), rB(T) > B(0),
where ¢(t) is defined in (HO).

The following comparison principle will play a very important role in our main
results.

Lemma 2.4. Let (HO) hold. Assume that w € C1(J) and satisfies
Dou(t) — Mu(t) <0,
u(0) <0.
Then u(t) <0 forte J.
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Proof. Suppose this is false, then there exist ¢1,t; € J such that u(t) < 0 for
0<t<t;and u(t) >0 fort; <t <ty Let

to) = t . 2.
ulto) = max u(t) >0 (26)

By and Lemma [2.2] we can obtain
I°D%u(t) — I° Mu(t) <0,
u(t) — u(0) — I° Mu(t) <0,
u(t) — I‘SMu(t) <0.

So
u(to) — MI°u(ty) < 0.
Since
Putto) = g5 | o= 1 s + g [0 - 9 u(s)ds
< ﬁ t O(to — 8)5_111,(5)(18
< ﬁ /t "t — 5)*Tu(to)ds
u(to)
< 55 o 1)
u(to)T?
= F(50+ 1)’
we have
5
u(to) Agzg(ti)lj; < u(ty) — MI5u(t0) < 0;
that is,
MT?
u(to)(l - m) S 0.

It follows from (HO), that 1 — % > 0, which contradicts u(tg) > 0. This proves
that «(t) < 0 on J. The proof is complete. O

Lemma 2.5. Suppose (HO) holds, and u € C1(J) satisfies

Dou(t) — Mu(t) < —aqn(t), teJ,
u(0) <0.

Then u(t) <0 forte J.

Proof. We consider the following two cases.

Case 1. ra(T) = a(0). We have aq(t) = 0 if ra(T) > «(0). By Lemma [2.4] we
can obtain u(t) <0 for t € J.

Case 2. ra(T) < a(0). When ra(T) < a(0), aq(t) = 2(D%c(t) — Mc(t))(a(0) —
ra(T)).
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Let v(t) = u(t) + Le(t)(a(0) — ra(T)). Obviously, v(t) > u(t). Since c(t) =

1—cosat >0 fort € J, we can get that v(t) > u(t) for all t € J. Follows from

we have
Dou(t) — Mu(t) = D°u(t) — Mu(t) + %(D‘;c(t) — Mc(t))(a(0) —ra(T))
= D%u(t) — Mu(t) 4+ an(t) <0,

and

v(0) = u(0) + ¢(0)(a(0) — ra(T)) = u(0) < 0.
In view of Lemma v(t) < 0 for ¢t € J, which implies that u(t) < 0. This
completes the proof. O

In a similar way, we can get the following lemma.

Lemma 2.6. Suppose that (HO) holds, u € CY(J) and satisfies
D’u(t) — Mu(t) < —bg(t), teJ, 28)
u(0) < 0. '

Then u(t) <0, forte J.

Lemma 2.7 ([T, Theorem 4.1]). Consider the two-parameter Mittag-Leffler func-
tion Ey, n, for some ni,ne > 0. The power series defining Ey, n,(2) is convergent
for all z € R.

Lemma 2.8 ([I5, Lemma 2.5]). Let E be a partially ordered Banach space, {x,,} C
E a monotone sequence and relatively compact set, then {x,} is convergent.

Lemma 2.9 ([I5, Lemma 2.6]). Let E be a partially ordered Banach space, x,, <
yn (M =1,2,3..)0, if T — &%, yn — 3, we have z* < y*.

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR THE LINEAR PROBLEMS

In this section, we present the existence and uniqueness theorems of solutions of
the boundary-value problem ({2.2]) based on the method of the upper and the lower
solutions.

Lemma 3.1. Let (HO) hold. Assume that there exist upper and lower solutions
B,a € CY(J) of the boundary-value problem such that a(t) < (t) on J. Then
the boundary-value problem has a unique solution u. Moreover, o < u < f3
on J, respectively.

Proof. (1) We can prove that the boundary-value problem (2.2)) has a unique solu-

tion. Let
) ra(t), ra(T) > «(0),
p(t) = {ra(t) 1 e(t)(l0) — relT)), ralT) < a(0),
and
o6 = {rmw, rB(T) < B(0).
rB(t) — c(@)(rB(T) — (0)), rB(T) > B(0).

It is obvious that p(0) = r«(0) and ¢(0) = r5(0).
If ra(T) > «(0), then
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If ra(T) < «(0), then

p(T) =ra(T) —ra(T) + a(0) = a(0) = —=.

Thus, rp(T) > p(0).
Analogously, we can get rq(T") < ¢(0). Therefore,
), rp(T) = p(0), (3.1)
): ra(T) < q(0).
If ra(T) > «(0), we obtain
Dop(t) — Mp(t) = r(D’a(t) — Ma(t)) < rz(t), te.J,
and if ra(T") < a(0), for t € J, we have
D°p(t) = Mp(t) = r(D°a(t) — Ma(t)) + (D°c(t) — Mc(t))((0) — ra(T))
< rx(t) — raq(t) + raq(t) = ra(t).

Hence, we obtain

Dop(t) — Mp(t) < rx(t), teJ (3.3)
Similarly, we can show that
Doq(t) — Mq(t) > raz(t), teJ. (3.4)

Let y(t) = p(t) — q(t), t € J. It follows that
Dy(t) — My(t) <0,

y(0) = p(0) — ¢(0) <0.
From , , and . By Lemma we have

p(t) < q(t) forte J (3.5)
For each A € R, we consider the initial problem

Dou(t) — Mu(t) = x(t),

u(0) = A.

According to Lemma the initial problem (3.6 has a unique solution
t
u(t,\) = AEs 1 (Mt°) +/ (t—8)° 1 Es5(M(t — 5)°)x(s)ds, t € J. (3.7)
0

It is easy to see u(t, A) is continuous on A € R.

Let z(t) = p(t) — ru(t, A), where u(t, A) is the solution of (3.6). If p(T) < A <
q(T), then

DOz(t) — Mz(t) < ra(t) — rz(t) =0,
z(0) = p(0) — ru(0,\) < rp(T) —rA < 0.

From Lemma [2.4] we obtain that z(t) < 0 for t € J, so p(T) < ru(T, \).

Using the same method, we can get ru(T, ) < ¢(T). Hence,

p(T) <ru(T,A) <q(T) for A€ [p(T),q(T)].

Let g(A\) = ru(T,\) — A for A € R, then ¢'(\) = rE;1(MT®) —1 < 0, and g is
strictly decreasing. We see that the equation g(A) = 0 has at most one solution on
R.
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Since g(q(T))g(p(T)) = (ru(T, q(T')) —q(T))(ru(T, p(T)) —p(T)) < 0 and g(A) is
continuous for A € R, we can show that the equation g(A) = 0 has a unique solution
Ao € Rand p(T) < Ao < ¢q(T) with ru(T, Ag) = Ao = u(0). Hence,

t
u(t, \o) = NoEs 1 (Mt%) + / (t —s)° 1 Es5(M(t — 5))x(s)ds, teJ
0

is the unique solution of the boundary-value problem ([2.2)).

(2) We can prove that the solution wu(t, Ag) satisfies a(t) < u(t, Ao) < 5(¢) for
t € J. Let h(t) = a(t) — u(t, Ao). If ra(T) > a(0), we know a,(t) = 0. By (3.2),

we have
DOh(t) — Mh(t) = D’a(t) — Ma(t) — z(t) <0,
h(0) = a(0) — u(0, Ao) < p(T) — Ao < 0.
In view of Lemma[2.4] we have h(t) = a(t) — u(t,\g) < 0 for t € J.
If ra(T) < a(0), then ay(t) = 2(D°c(t) — Mc(t))(a(0) — ra(T)). By [3.2), it is
easy to see that
DPh(t) — Mh(t) = Doa(t) — Ma(t) — x(t) < —au(t),
h(0) = a(0) — u(0, Ao) < p(T) — Ao < 0.
As a consequence of Lemma[2.5 we obtain that h(t) <0, for ¢ € J, this is u(t, Ag) >
a(t).
In a similar way, we can obtain that §(t) > u(t, \g) for t € J. Therefore, the
unique solution u(t, Ag) of the boundary-value problem satisfies a(t) < u(t, \g) <
B(t) for t € J. The proof is complete.

4. MAIN RESULTS

Definition 4.1. Let 8y, a9 € C*(J). We say that (3, ag are the upper solution
and the lower solution of the boundary-value problem (|1.1)), respectively, if
Doag(t) — Mao(t) < f(t,a0(t)) — auy (1), ¢ € J,
and
D(SﬁO(t) - Mﬁo(t) > f(t,ﬁo(t)) + bﬁo(t)v te Jv
where aq, (1), bg, (t) are defined in (2.3)), (2.4)), respectively.
Let E = C(J) with ||z|| = maxecs ()| for © € E. Then E is a Banach space.

Theorem 4.2. Suppose (HO) holds and there exist By, g € C1(J) such that By, ag
are upper and lower solutions of the boundary-value problem (|1.1)) with ao(t) < Bo(t)
fort € J, respectively, and f satisfies

(H1) f(t,z1) < f(t,x2) for any x1, 22 € R with 1 < x5 and t € J.
Then the boundary-value problem (1.1) has a minimal solution o and a mazimal
solution 5* on [ag, Bo] = {u € C(J)| ap(t) < u(t) < Bo(t), t € (J)}. Moreover, the
monotone iterative sequences defined by

TS 1 0 r _
an(t) = ot s | (@ = 9 BT = )15, ()

+ / (t —8)° Es 5(M(t — 5)°) f(5,0n_1(5))ds,
0
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TE571 (Mt(;)

T
8.(0) = T | (= Bag (T = 97) (5, B ()

+ / (t — s)‘s_lEM(M(t — s)‘s)f(s7 Bn—1(s))ds,
0

converge uniformly on J to o and (*, respectively. Namely, for t € J, {an(t)},

{Bn(t)} with
lim a,(t) = a®(t), lim B,(t) = 5 (¢).

n—oo n—oo

Proof. We divide the proof into five parts.
(1) We denote D = [, Bo]. For any ¢ € D, we consider first the boundary-value
problem

DPu(t) — Mu(t) = f(t, (1)),
u(0) = ru(T).
Since fo(t), ap(t) are upper and lower solutions of the boundary-value problem
, by (H1), for t € J, we have

Déao(t) - Mao(t) < f(t7 Oéo(t)) — Qo (t) < f(t’ @(t)) — Qo (t)v

(4.1)

and

D°Bo(t) — MBo(t) = f(t Bo(t)) + b, (£) = f(t,(2)) + b, (1)-
Therefore, [y (t), ag(t) are also the upper and lower solutions of the boundary-value
problem . In view of Lemma 3.1, the boundary-value problem has the
following unique solution u with w € D.

t
u(t) = w(OEsa (M) + [ (6= 5" Ess(M(t = 9)°)f(s,p(s)ds, te
0
Because u(0) = ru(T'), we can easily obtain that

r T
u(0) G [ (7 B (T = )59

- 1-— TE5’1
We define an operator A: D — E by

T 8 T
Aplt) = L s [ = 9 B = )50

4 [ = 9 B (e~ 5)°) £ (5. p(s))ds,
0

By Lemma we can show that ao(t) < Ap(t) < Bo(t), for t € J. Hence, we
obtain

Aag > a9, APy < fo. (4.2)

(2) We prove that A is completely continuous. Since D is bounded, there exists

a constant My > 0 such that ||¢|| < My for ¢ € D. Because f is continuous, there

exists a constant M; > 0 such that maxges |f(s, ¢(s))| < M; for s € J. We have
that

Ag(t)] < B M) oury [ - s

[Aplt) < Lo EE M By (1) (1 =5

t
+ MlE&(;(MT‘S)/ (t—s)°"lds
0
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MT°Es5(MT®)
= 5(1 —rEs (MT9))

So A(D) is uniformly bounded.

Let F(t) = Es1(Mt) for t € J, G(t,s) = Ess(M(t — 5)°) for (t,s) € Q =
{(t,s)| t € J, 0 < s <t}. As a consequence of Lemma [2.7] we have F and G are
uniformly continuous on J and €, respectively.

For any € > 0, there exists §; > 0, for any t;,t5 € J with o > ¢;, whenever
|ta — t1| < 61, we obtain

ed(1 —rEs 1 (MT?))

|F(t2) — F(t)| <

37‘M1T5E575(MT5) ’
moreover, if (t1,s), (t2,s) € 0, then
ed
G(t - G(t —_—
| (275) <17S)|<6M1T6

We take 0 < §g < min{él,ég,(W&Mm)%}. Thus, as t1,ty € J with t5 > tq,
whenever |ty —t1| < dp and ¢ € D, we have
[Ap(ta) — Ap(t1)]

r (T — )51 —5)9) £ (s, p(s))ds
< ‘ fO (T ) 1135;;;];41((?\41—,5; )f( 750( ))d -(F(tg) —F(tl)))

+| / (t2 = )" Eas(M(t2 = 5)°)f (s, 0(5))ds|

+| / ((t2— 9P (Mt — %) — (1 — )P~ By s(M(ty — 7)) (s, 0(s))ds
g M1E5’5(MT5)
37 5

+ M1/0 1(752 — )0 N Es5(M(ta — 5)°) — Es5(M(t; — 5)°)|ds

< g —t4°

M /0 (b= 9 — (s — £)°1) Esa(M(tr — )°)ds.

Since
t1
/ (ts — )7 | Es s (M(ts — 8)°) — Es s (M(t1 — )°)|ds
0
t1
= / (ty — 5)° 7Y G(ta, s) — G(t1,s)|ds
0
<£5 -
— 5 6MTS  6M;’
and

/O (= 87— (t — 5)°) Brs(M(tr — 5)°)ds

< BT [ (6= 2= ) s
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Es5.5(MT?

< 7(5 ) ((t2 —t1)° = (13— 19))
Ej5s(MT?) s e

< ——" — < .

= ;o (e h) s 6M;

Therefore, as t1,t € J with t2 > t;, whenever |ta — t1] < dy and ¢ € D, we can
show that
[Ap(t2) — Ap(t1)| <e.
We prove A is equi-continuous. By Arzela-Ascoli theorem, we know that A(D) is
relatively compact. We can easily show that A is continuous since f is continuous.
Hence, A is completely continuous.
(3) A is an increasing operator on J. For ay < w; <wgy < By, t € J, let

B(s) = f(5,wa(s)) — f(s5,01(5)), 5 € .
From (H1), we have B(s) > 0 and

T 8 T
Aun(t) = Aan(t) = Tt [0 s (T 97)B(s)s

+ /t(t —5)° 1 Es 5(M(t — 5)°)B(s)ds > 0.
0

Thus, A is an increasing operator.
(4) Let ooy = A1, Bn = ABp—_1, forn =1,2,.... By (4.2)), we get monotone
iterative sequences

ar<ap <<, << By < < F < B

As {an}, {Bn} C A(D), we get that {a,,} and {3,} are monotone sequences and
relatively compact set respectively. In view of Lemma[2.8] we can obtain that there
exist a*, §* € C(J) such that

lim «,(t) =a*(t), lim B,(t) = 5*(t).

n—oo

By the continuity of A, we have o* = Aa*, §* = AB*. So «o*,3* are the fixed
points of A.

It is clear that u is a solution of the boundary-value problem if and only
if u is a fixed point of A. Hence, a*(t), 8*(t) are solutions of the boundary-value
problem .

(5) We prove that a*, §* are the minimal solution and the maximal solution of
the boundary-value problem (|1.1)), respectively.

Assume u € [ag, By is a solution of the boundary-value problem . We can
easily obtain that Aag(t) < Au(t) < ABu(t) by the fact that A is increasing in
[ao, Bo]. That is aq(t) < u(t) < B1(t). Doing this repeatedly, we have «,(t) <
u(t) < Bn(t), for n = 1,2,.... From Lemma [2.9] we obtain that a*(t) < u(t) <
B*(t), as n — oo.

Therefore, o*, 3* are the minimal solution and the maximal solution of the
boundary-value problem , respectively. The proof is complete. O

Theorem 4.3. Suppose the conditions of Theorem[{.4 hold. There exists a constant

) 5
v € [O,%) and f satisfies

(H2) f(t,z2) — f(t, 1) < y(w2 — 1) for any x1,22 € R and x; < 2.
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Then the boundary-value problem (1.1)) has a unique solution u* on [ag, Bo]. More-
over, for each ug € [ag, Bo], the iterative sequence

’I"Eg’l(Mté)

Up () = W/o (T — 8)° 1 E5.5(M(T — 8)°) f(5,un_1(s))ds

t
+ / (t—8)° L Es5(M(t —5)°) f(s,un_1(s))ds, n=1,2,...
0
converges uniformly to u* on J. Its error estimate is

”un _U*H < anﬂo - OZOH, n=1,2,

w

where
’VT(;E&(;(MT(;)
0(1—rEs; (MT?))

Proof. For ap < wy <wsy < Py, t € J, from (H2) we have

0 < Aws(t) — Awy (1)
r 1 5 T .
< %/0 (T — 8)° L Es 5(M(T — 5)°)(f(s,wa(s)) — f(s,w1(s)))ds
+ /0 (t — 5)° L Es5(M(t — 5)°)(f(s,wa(s)) — f(s,w1(s)))ds

5 5 4 0

- ’}/T‘SE&(;(MTé)
- 5(1 — TE§71(MT6)) HwQ(t) - wl(t)H

Hence,
[Aws — Aws[| < pllws — wi .

It is easy to obtain that
||ﬁn - anH = HAﬂnfl - Aan,1H S PHﬁn—l - an71|| g e S Pn”ﬁo - aOH-

5
From0§7<%gi’—w,wehave0§p<l,and

1B —an]l = 0, n— co.

It follows from Theorem there exists a unique u* € [ag, fo] such that a,, —
w*, B, — u*, when n — oco. As a,, < u* < [3,, by the monotonicity of A we have
Aa, < u* < AB,. When n — oo, we have that u* = Au*, u* is a fixed point of A.
Hence, u* is the unique solution of the boundary-value problem .

For each ug € [ag, Bo], about the iterative sequence u,, = Au,_1, we have a,, <
Up < Bp, and

[un — || <180 — anll < p"[[60 — acl|-

This completes the proof. ([
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5. EXAMPLE

Consider the boundary-value problem

1 costarctan u(t)

DYty = -+ ————— 7 0<t<1,
ut) =3 m(t +6)2 == (5.1)
3u(0) = u(1).
Let f(t,z) = %—l—%. Clearly, T = 1,6 = 3,7 =%, M =0and 0 <
ft,z) < 1. We take v = ﬁ, then Es5(MT°) = ﬁ, Es1(MT?) =1, and
_ T Ess(MT?) 1

- (1 —rEs (MT?)) 12

Obviously, ag(t) = 0 is a lower solution of the boundary-value problem (5.1)). Let
Bo(t) = %(1 + 2V/t), we have £3y(1) = 3,(0), then bg, (t) = 0.

D2 o(t) = 2 > (8, o(t). (5.2)

So By is an upper solution of the boundary-value problem (5.1]).

It is easy to verify that the assumptions of Theorem are satisfied. Hence,
the boundary-value problem (5.1) has a unique solution w*(t) with 0 < uw*(¢) <
5= (1 +2v1) on [0,1].

For each 0 < up(t) < (1 + 2v/t), let the iterative sequence u, = Au,_1, we
have

un(t):ﬁ/o (1—3)_%f(s,un,1( ds—l——/ (t—s) i f f(s,un—1(s))ds

converges uniformly to «* on J. Its error estimate is
15 1.\n
< = . ()"
Jun =l < 5= ()
We take ug = 0. If n = 2, its error is not more than 0.00734622; if n = 3, its error
is not more than 0.000612185; if n = 4, its error is not more than 0.0000510154.
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