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EXISTENCE OF SCALE INVARIANT SOLUTIONS TO
HORIZONTAL FLOW WITH A FUJITA TYPE DIFFUSION
COEFFICIENT

GASTAO A. BRAGA, PAULO C. CARRIAO, ANTONIO A. G. RUAS

ABSTRACT. In this article, we study a boundary-initial value problem on the
half-line for the diffusion equation with a Fujita type diffusion coefficient that
carries a parameter o. The equation models the flow of water in soil within an
approximation where gravitational effects are not taken into account and, when
a = 1, an explicit self-similar solution 1 (x/4/t) can be found. We prove that if
a > 1 then the above problem, with uniform boundary conditions, posses self-
similar solutions. This is the first step towards a multiscale (renormalization
group) asymptotic analysis of solutions to more general equations than the
ones studied here.

1. INTRODUCTION

The aim of this note is to study the following boundary-initial value problem
(BIVP) for the unknown 6 = 6(z, )

8 _ QQC(@—@H“}%
ot Ox (0s—6)2 1ox
G(O,t) =0y, Vt > 0; 9(1‘,0) =0;, 0, <0, 0; <0,

with C' > 0. When a = 1, the above problem describes the flow of water in soil
within an approximation where gravitational effects are not taken into account,
which is the case, for instance, of horizontal flow or vertical flow at early times,
see [I]. Here, we consider « as a parameter satisfying o > 1. Sticking to the
hydrology’s nomenclature, 6(z,t) is the soil’s water content at height x, measured
from the soil’s surface downwards, and at time ¢. 6, and 6 are the residual and
the saturated values of the soil’s water content, respectively, and we assume that
0 < 6, <6, < 1. The quantity between square brackets in will be denoted
by D = D(#) and it is called the hydraulic diffusion coefficient. Observe that
D(0,) =0 if a > 1 and that D(#) is convex around 6, if o > 2.

The above BIVP is a natural extension of the o« = 1 case, which is within Fujita’s
class defined in [I], and it has been studied by several authors [2], B} [4]. Assuming
that the soil is uniformly wet at the begining (6; is assumed to be constant) and

), 0<z<oo,t>0,

(1.1)
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that the water content at the soil’s surface is kept constant and equal to 0y at
later times, the o = 1 case can be explicitly solved under the additional condition
0(x,t) = p(x/+/t). Solutions of this form are said to be self-similar or scale in-
variant because 0(z,t) = 6(Lz, L*t) for any L > 0. Existence and uniqueness of
self-similar solutions is an important issue within the context of asymptotic anal-
ysis as t — oo of solutions to partial differential equations, see [5]. Nonlinearities
could be added to the right hand side of equation and, if so, one would like to
know under which conditions they will be “irrelevant”, “marginal” or “relevant” in
the Renormalization Group (RG) sense, see [0, [7]. The RG method is based upon
a multiscale analysis that provides the right asymptotic behavior of solutions to
differential equations and an essential step towards its rigorous study is to prove
the existence of the RG fixed points (the self-similar solutions), see [8] [I].

In this article, we take o« > 1 and we prove that has a scale invariant
solution for specific choices of 0y, 0; € (0,1). We will show that

Theorem 1.1. Let a > 1 and 6y,0; € (0,,05). If 6y < 0; then has a unique
classical solution 0(x,t) of the form 0(z,t) = (x/\/t), where v : [0,00) — (6,.,05)
is a C%(]0,00)) function satisfying 1(0) = 0y and 1 (co0) = 6;. Furthermore, given
0o € (0,,05), there exists ¢ > 0 such that has a self-similar solution for any
choice of 0; € (0y —€,05).

To prove Theorem we restate (|1.1)) in terms of a boundary value problem as

follows. Define )

1-0
where ¢ = ¢(¢), with ¢ equals the similarity variable z/v/%, and ¢ = o(z,t) =
(O0(x,t) — 6,)/A0, with A = 0; —0,. Then, 0 < 0 < 1 and 0 < ¢ < oo so that
(1.1) is rewritten as the boundary value problem (BVP)

" a—1 "2 C (@ + 1)a_3 /
o (w(w+1))(@) " 2K1( ot )SD =0 (1.2)
©(0) = w0, p(o0) = ¢,
where K1 = C(A#)*~3 and ¢q (p;) corresponds to 6 (6;) through the relation
Ok — 0,
s — Ok
It is straightforward to see that Theorem is a corollary of following result.

Theorem 1.2. Consider the Boundary Value Problem with a > 1, and g
and @; in (0,00).
(1) Ifpo < ; then has a unique classical C*([0,0)) solution ¢ : [0,00) —
[9007 901]7
(2) if @o is fived then there exists € > 0 such that (L.2)), with ; € (po — €, p0),
has a classical C*([0,00)) solution ¢ : [0,00) — [po — &, ¢o);
(3) if @« =2 then e = pq in the above statements.

-1

(p:

)

= Pk, ]€207Z

Finally, instead of studying (|1.2]) directly, we replace it by the initial value prob-

lem ( ) 5
" a—1 /\2 3 ‘P+1a_ /
4 +(<p(<p+1))((p) +2K1( a1 >§D =0

©(0) =90 >0, ¢'(0)=¢;€R,

(1.3)
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where ¢ is the independent variable. Let ¢(t) : [0,w) — [0,00) be the solution to
on its maximal interval [0,w) and let ¢ = x. Observe that both ¢(t) and
w are functions of x and, when appropriate, we express this dependence as o(t, x)
and w(x), respectively. It is straightforward to see that Theorem is a corollary
of the following theorem that will be proved in next section.

Theorem 1.3. Let ¢(t) : [0,w) — [0,00) be the unique classical solution to (1.3)
on its mazimal interval [0,w), where o > 0 and ¢j = = € R.

(1) Suppose a > 1. There exists a negative number T such that if x € (Z,00)
then w(x) = oo, i.e., p(t) is a global solution. The limit lim;_, @(t, x)
exists and defines a continuous function f(x) on (T,00) for which f(0) =
wo. Furthermore, f(x) is a homeomorphism between [0, 00) and [¢g, 00).

(2) Suppose 1 < a < 2. There exists a negative number x such that if x €
(—o00, 2) then w(x) < 0o, i.e., Y(t) ceases to be a classical solution at finite
time. In particular, for all x < z, lim;_,,— p(t,x) =0 .

(3) If « = 2 then there exists a negative number \ such that the function f(x)
maps the interval (X, 0] onto the interval (0, o).

2. PROOF OoF THEOREM [L.3]

In this section we consider (1.3]) with o and ¢, in R. We will show below that
the derivative ¢'(t) keeps the sign of ¢/'(0) = ¢ for all positive times, i.e., the
product ¢, - ¢'(¢) is non negative for all ¢ > 0 and it is zero if and only if ¢ = 0.

Lemma 2.1. Let ¢(t) : [0,w) — R be the solution to (L.3) with o > 0 and
a, ¢ € R, where [0,w) is the solution’s mazimal interval of existence. Then the
product (-’ (t) is non negative for allt € [0,w) and it is zero if and only if ¢ = 0.

Proof. For any a, ¢ € R, the IVP has a unique local positive solution as long
as oo > 0, see [10], and it will keep itself positive as long as it exists as a classical
solution. Of course, if ¢{ = 0 then, by uniqueness, ©(t) = g for all ¢. If ¢ # 0
then ¢'(t) # 0 for t close to 0 and, of course, ¢ and ¢'(t) will have the same
sign. Let [0,w’) C [0,w) be the maximal interval on which ¢f, and ¢'(t) will have
the same sign. We will prove below that w’ = w. Suppose, by contradiction, that
w' < w. Then, by continuity, ¢’(w’) = 0. Divide through by ¢'(t), t < &', and
integrate out to get that

&(0) = ap(POEN) T () g, (2.)

o(t) @o+1
where
t a—3
t(p(t) +1)
b0 —emp (- [P ) 22
v 0 2K () 22
We conclude from (2.1)) and (2.2)) that lim;_, - ¢'(t) exists and is different from 0,
a contradiction. O

2.1. Proof of Part I when ¢ > 0.

Lemma 2.2. Let ¢(t) : [0,w) — R be the solution to (1.3) with a > 1 and ¢f > 0,
where [0,w) is the solution’s maximal interval of existence. Then ¢ (t) is a positive,
monotonically decreasing, function on [0,w).
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Proof. Tt follows from Lemma [2.1] that /() > 0 for all ¢t € [0,w) if ¢} > 0. That
©(t) is monotonically decreasing comes from « > 1 and from the ODE, rewritten
as

a—1

" / 2 t ((p(t) + 1)04—3 /
o0 =-(Coenrn) PO - (e )dO @)
([l

Lemma 2.3. Under the hypothesis of Lemma the solution to (L.3)) is well
defined for all t > 0.

Proof. Since o > 1 and ¢ > 0, it follows from Lemma that ¢/(¢) is a positive,
monotonically decreasing, function on [0,w). In particular, ¢'(t) < ¢ for all ¢t €
[0,w) which implies that ¢(t) < po + t ). But since pg < ¢(t) for all ¢, it follows
that ¢(t) is bounded above and below for all ¢ € [0,w) an it follows from the theorem
of existence of solutions to differential equations, see [10], that the solution can be
extended up to w = co. O

For the rest of this article, we replace ¢} by x in . To make the x dependence
explicit we sometimes write (¢, z), ¢'(t,x) and h(t,x) instead of ¢(t), ¢'(t) and
h(t), respectively. If 2 > 0 and o > 1 then it follows from lemmas and
that (¢, x) is a monotonically increasing function of ¢ for all ¢ > 0, implying that
the limit

Jim (t,) = f(z) (2.4)

is well defined although it could be infinity. f(z) is the boundary value of o(t,x)
at t = co. The next two lemmas show that if > 0 and o > 1 then f(z) is a
continuous homeomorphism between [0, c0) and [¢g, 00). It follows from this result
that has a unique classical solution if pg < ¢;.

Lemma 2.4. If x > 0 and « > 1 then f(z), defined by (2.4), is a monotonically
increasing function that satisfies f(x) — 0o as x — 0.

Proof. We first show that f(z) — oo as © — oco. It follows from Lemma that,
under the above hypothesis on « and x, ¢(t,z) is an increasing function of ¢. In
particular, ¢(t,z) > ¢ for all ¢ > 0 which, together with (2.1) and with o > 1,

leads to
(1+wo)“73]ﬁ
4

a—1 — a—T
o (t,x) > x( Ll ) e K¢
wo+1

Integration on both sides of the above inequality gives the result.

To prove that f is increasing in the interval [0,00), we take Z > z > 0 and
define §(t) = @(t) — p(t) where p(t) = p(t,x) and @(t) = (¢, ) are the solutions
to with initial derivatives x and Z, respectively. In the sequel we will prove
that ¢’(¢) > 0 for all ¢ > 0. It then follows that our result is proven because
0<zZ—a=250)<d(t) < f(@) — f(x), where the last inequality is obtained by
taking the limit of 6(¢) as ¢ — oo and using its monotonicity.

Let [0,%) be the maximal interval where §'(t) > 0. Of course, [0,¢) is not empty
because §(t) is continuous and 6’(0) = Z — x > 0. We will show that ¢ = cc.
Suppose by contradiction that ¢ < oo; i.e., 8'(f) = 0. It follows from that

P P Gl . [(H)r—l( 1

2+p 2Kl ¢ ¢+ 1

B
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(a—1)¢"? i[(swrl)r*l 1,
p e 2Kl CESVEMS
Now, since ¢’(t) > 0 for ¢t € [0,¢), then 4(¢) is increasing and &(t) = ¢(t) — p(t) > 0
for ¢t € [0,%). It then follows from the above identity that
-1 _ t (p+1),_ 1 _
5”t>—a 2 o2y b a—1 ")
(t) s02+<p( )= o | 7 (@H)z(so ©')
For ¢ € [0,%), we divide the last inequality by @’ (t) — ¢'(t) = §'(t) and integrate out
from 0 to t to obtain

0=10"(t) = (z — ) exp(U),

v=[- [ (S + o)+ g [ L) a)

which is a contradiction because the right hand side of the last inequality is positive.
O

Lemma 2.5. If x > 0 and o > 1 then f(z), defined by (2.4), is a continuous
function.

Proof. The continuity of f(z) comes from the following claim which we will prove
below: If x > 0 and « > 1 then there exist positive constants C' and £y such that

¢'(t,z) < Cx/t? (2.5)

for all t > ty. It follows from the above upper bound that ¢(t,z) converges, as
t — o0, to f(x), the convergence being uniform on compact sets because:

t' t
1 C
olt,a) — et = | [ Sta)df| <o [ Gars S
t t
for all t/ >t > tg.
To obtain the upper bound (2.5) we first prove that ¢'(¢t,z) — 0 as t — oo. It
follows from (2.1]) that

o' (t,x) < xh(t,z)

if « > 1 and x > 0 because the product ((¢ + 1)/p)* ((¢o + 1)/p0)* "t will be
at most 1. Then, it is sufficient to prove that h(t,z) — 0 as ¢ — oo. But, since
h(t,z) <1 for all ¢,z > 0, the above inequality implies that ¢(¢,2) < at + ¢g for
t € [0,00) which gives rise to the following lower bound for the integrand in (2.2)):
Clot )™ tprly 1t
2K (p)*~! 2K ¢ (p+1)2 = 2K (2t + o + 1)2
and implying that h(t,z) — 0 as t — oo.

Now, since ¢'(t,z) — 0 as t — oo and since ¢’ (¢, z) is monotonically decreasing,
see the proof of Lemma [2.3] it follows that given r > 0 and small, there exist s > 0
and to > 0 such that ¢(¢t,z) < rt+ s for all ¢ > ¢y and, as in (2.6)), we get

a—3
t (p+1) R

2K (p)=! = 42K ¢
for t > ty. Then, (2.5)) is proven once we choose r such that 1/(4r2K) > 2. O

(2.6)
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2.2. Proof of Part I when ¢{, < 0. In this section and in Section [2.3| we consider
with ¢ < 0. Let ¢(¢) : [0,w) — R be its solution on the maximal interval
[0,w). It follows from Lemma 2.1 that ¢'(t) < 0 for all ¢ € [0,w) and therefore that
©(t) is a monotonically decreasing function on [0,w). It also follows from that
if « > 1 then ¢ (t) < 0, i.e. (t) is concave, at least for small values of ¢. For larger
values of ¢ there will be a competition between the two parcels on the right hand
side of , one keeping itself positive while the other one keeping negative, and
it is a matter to decide who is going to win as t gets larger. The question whether
©(t) changes concavity or not as ¢ increases is related to how negatively large or
small is ¢f, and we deal with this problem in sections [2.3|and In this section we
show that there exists a negative real number Z such that (¢, ) is well defined for
all ¢ and for x > Z. In particular, p(t,x) changes concavity at some point ¢y and,
similarly to Lemma we prove that the limit is a well defined continuous
function on (z,0).

Lemma 2.6. Let ¢(t) : [0,w) — R be the solution to with o > 1 and x
satisfying
2 17 (po—+1)*371/2
~VRal 4K
where [0,w) is the solution’s mazimal interval of existence. Then w = co.

Proof. We will show that if Condition (2.7)) is satified then the limit lim, - ¢(t) is
positive. This is enough to conclude that w = oo because it follows from this limit
and from ({2.1) that the limit lim,_,,- ¢’ (¢) exists and is also positive, implying that
the solution can always be extended to the right of w, for any positive w.

If @ > 1 and < 0 then it follows from Lemma[2.1|that ¢’(¢) < 0 for all t € [0,w)
implying, together with (2.1]), (2.2)) and that ¢(t) < ¢q for all ¢ € [0,w), that
(o + 1)0‘73>

4K (o)~

<z <0, (2.7)

P (1) = o exp (-

for any t € [0,w). Define

o _ (po+1)*7?
4K (po)> !
and integrate the above inequality from 0 to ¢ to obtain
t a—1 vyt
e (t) > v + axgpg_l/ eVt = vy + %/ e du = (om1 (1))
0 Y 0

It follows from the above inequality that (t) is positive whenever ¢,,1(t) is positive;
i.e., whenever x is such that

-1 a=3471/2 vt
-1 [(wo +1) } - / e~ du,
ax LAK (po)*? 0

which is fulfilled if Condition (2.7) is satisfied because

o 5 vyt 9
ﬁ:/ e v du>/ e " du
2 0 0

for all positive ¢. O

Define
2 1 {((po + 1)0‘_3} 1/2
VT aldK(po)*31

T =
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It follows from Lemma [2.6|that if o > 1 then f(x), given by the limit (2.4), is well
defined on the interval (Z,0). In next lemma we prove that f(z) is continuous on
(7,0) and this result implies that f(x) is onto the interval f(z,0).

Lemma 2.7. If « > 1 and x € (z,0) then f(x), defined by (2.4)), is a continuous
function.

Proof. Let I = [x1,22] C (Z,0). The proof of this lemma is similar to the proof
of Lemma and it is enough to show that |¢'(t)| is bounded by an integrable
function of ¢, uniformly in x € I. To do so, we observe that it follows from the
proof of Lemma [2.6|that there exists m > 0 such that m < f(z) < ¢ for any « € I.
Therefore, from (2.1)), we obtain

o<l () e (- S )

which completes the proof. O

2.3. Proof of Part II. In Lemma 2.8 below we prove that if o > 2 and if ¢(t,z)
changes concavity at some point to then ¢(t, ) exists for all ¢. We use this result
to prove, in Lemma that classical solutions will not be defined on [0, c0).

Lemma 2.8. Let a > 2 and suppose that there exists to > 0 such that ¢ (tg) = 0.
Then, to is unique and the solution ¢(t) to (1.3) is well defined for all t > 0.

Proof. Since {t : ¢”(t) = 0} is nonempty, to = inf{t : ¢”(¢) = 0} is well defined.
We first prove that if o > 2 then {t: ¢’ (t) = 0} = {to}. From (1.3), ©”(¢) can be
written as
— /t)
1y = gty (=B 2.8
"0 =90 5 o) (2.8)
where g(t) is given by

t ro(t)+1yo2
D= (g (0
o) = (=10 + 37 (207

It follows from ([2.8)) that both ¢” () and g(t) have the same sign because ¢(t) and
—¢'(t) are both positive for ¢ € [0,w). From (2.9)), we obtain

/ " L orp(t) +1Ne=2  (a—2) ro(t) +1\e3/—¢'(t)
g0 == 1¢" 0+ 57 ( o(0) ) S o(0) ) 22(0) )
(2.10)

It follows from that ¢'(to) > 0 if & > 2. We claim that ¢'(¢) > 0 for all
t > to. If not, there would exist to > to such that ¢’(t2) = 0. Of course, g(t2) > 0
because g(t) is increasing up to ty and because, from (2.8)), g(tg) = 0. Then we
conclude, from (2.10), that ¢”(t2) < 0. Therefore, again from (2.§), we conclude
that g(t2) < 0, a contradiction. In particular, g(¢) is an increasing function for
t > 1p.

In the sequel, we will prove that ¢(t) remains bounded away from zero if it
changes concavity at some point ty. Since p(¢) is also bounded above by g, the
solution will exist for all ¢ > 0, see [10]. Fix t; > to and consider ¢ € [t;,w). Since
©(t) is decreases and ¢(t) increases as t increases above tg, we get

o) glt)
THe®) = T+ o(6)

(2.9)

=K; >0,
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which implies from (2.8]) that

— O (t

K, ( ¢ )) < ()
o(t)

for all ¢ > t;. Integrating both sides of the above inequality from ¢; to ¢, we get

that

Kot (2) < () - ') < /(1)

where we have used that ¢'(t) < 0 for all ¢ € [0,w) to get the last inequality. After
exponentiating both sides of the above inequality we get

¢'(t)

%

o(t) > p(ti) exp >0

for all t > t; and we are done. O

Lemma 2.9. Let ¢(t) : [0,w) — R be the solution to (1.3|) with 1 < a <2 and

r < —1/$7 (2.11)

where [0,w) is the solution’s mazimal interval of existence. Then w < co.

Proof. Let L(t) = po + tx and observe that L(—pg/z) = 0. It follows from the
arguments given at the beginning of this section that ¢(t) < L(t) holds, at least
for small positive values of ¢, because ¢’ (t) < 0 if ¢ > 0 and small and if o > 1.
We claim that w < —pg/z. If not, there would exist a positive time ¢;, with
t1 < —po/x, such that o(t1) = L(t1). It then follows that (t) changes concavity
at some time ¢y < ty, i.e., ¢’ (ty) = 0. From we read that

to (@(to) + 1)“_2
2K(a—1)\ ¢(to) '

Since x > ¢'(tg) and ty < —@g/x, we take a@ < 2 to obtain, from the above
inequality, that

¢ (to) = —

%o 1
> o
7 L 2K (a— 1)
which is in contradiction with (2.11)). O

2.4. Proof of Part ITI. For a = 2, we show that the set of solutions, parametrized
by ¢( < 0, is organized increasingly as ¢, varies from —oo to some negative number
A and we use this result to prove that f(z) maps the interval (A, 0] onto the interval
(0,¢0]. As in the proof of Lemma we take 0 > & > z and write 0(t) =
@(t) — o(t), where p(t) = ¢(t,z) and @(t) = ¢(t,Z) are the solutions to with
initial derivatives x and Z, respectively.

Lemma 2.10. Let o = 2 and suppose that w(Z) < co. Then w(z) < w(Z) for all
r<Zx

Proof. Observe that §(0) = 0 and ¢’(0) > 0. Then ¢’(t) > 0 for small values of
t. We will show below that ¢'(t) > 0 for all values of t € (0,w,,), where w,, =
min{w(x),w(Z)}; i.e., 6(¢) is an increasing and strictly positive function on (0, w.y,).
It follows from this result that w(z) < w(Z). In fact, if it happened that w(z) > w(Z)
then 6(t) = 0 at some point ¢ < w,, but this is not possible because §(t) > 0 for
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all t € (Q,wm). So, suppose, by contradiction, that there exists a first point t such
that §'(t) =0, i.e., @' (t) = ¢'(t). It then follows from (1.3) with o = 2 that

[p(8)* + (D" () = [p(D)* + ¢ (B)]¢" (D),
and we conclude that @”(f) and ¢”(f) are both positive or negative. But, by

hypothesis, @ < co which implies from Lemma [2.8] that @ (t) < 0 for all ¢ € [0,®).
Therefore, @”(t) and @”(f) are both negative. From the above identity we get

P'(0) _ p(®)? + (D)
@"(t) o) +o(t)
leading that @’ )~ "(t) = 5”@) > 0. On the other hand, since 6(¢) is increasing

(¢
in the interval [0, ] and since &' (f) = 0 then 6" (f) < 0, a contradiction with 6" (£) >
0. (]

)
) )

t

Once ¢ is fixed and 1 < « < 2, it follows from Lemma that A = sup{z €
(—00,0) : w(z) < oo} is well defined and it follows from Lemma that A < 0.
Next result states that the set {x € (—00,0) : w(x) < oo} is an interval.

Corollary 2.11. If a =2, then (—00,A\] = {z € (—00,0) : w(z) < oo}.

Proof. Tt is sufficient to show that (—oo0,\] C {x € (—0,0) : w(z) < oco}. We
first observe that A € {z € (—00,0) : w(x) < oo} because the set {z € (—0o0,0) :
w(x) = oo} is open (this is so because of Lemma and the smoothly continuous
dependence of solutions on the initial conditions, see [10]). Then w(A) < co and it
follows from Lemma that w(z) < w(A) if z < X and we are done. O

It follows from the corollary that f(z) is a well defined function on (A,0]. In
next lemma we characterize the set f((A,0]).

Lemma 2.12. If o =2 then f((),0]) = (0, ¢o].

Proof. 1t follows from Lemma[2.7 that f(z) is continuous on (X, 0]. Since f(0) =

then or f((A,0]) = (0,p0] or there exists ¢ > 0 such that f(\,0] C [a,¢0]. In
what follows we discard the second option. Since w(\) < oo then (¢, A) — 0 as
t — w(A). In particular, given a > 0 there exists ¢, > 0 such that ¢(tq, A) < a/2.
By the continuous dependence on initial conditions, p(t.,z) < a/2 if z is close
enough of A, with > A. But since ¢(t,z) is decreasing as a function of ¢, then
o(t,x) < a/2 for all t > t, and then f(x) < a/2 < a. It follows from here that

F((X,0]) = (0, ¢ol- O

We remark that Lemma is proven only for a@ > 2 and Lemma is proven
only for 1 < a < 2, but numerical simulations indicate that both hold for all a > 1.
If so then Lemma [2.12] equivalently the third part of Theorem would hold
for any o > 1. Numerical simulations also suggest that the solutions to (1.3]) are
organized increasingly as a function of x and we have proved that this is the case
ifz >0and a > 1orif x < A and a = 2 but it is an open problem to prove it
for € (A,0). If so then the result would imply that f(z) : (A,0] — (0, ] is one-
to-one and, together with lemmas and , a homeomorphism. Therefore,
based upon numerical experiments, we conjecture that Theorem[I.I]holds also when
0; < 0y, for any 6y, 0; € (0,,0;).



10

G. A. BRAGA, P. C. CARRIAO, A. A. G. RUAS EJDE-2012/104

Acknowledgements. Gastao A Braga thanks Aleksey Telyakovskii for many help-

ful

discussions related to this problem. He also acknowledges the financial support

of the brazilian agencies CNPq and FAPEMIG.

REFERENCES

[1] R. E. Smith; Infiltration Theory for Hydrologic Applications, Waters Resource Monograph

15, American Geophysical Society, 2002.

[2] M. L. Storm; Heat conduction in simple metals, J. Appl. Phys. 22 (1951) 940-951.
[3] H. Fujita; The exact pattern of a concentration-dependent diffusion in a semi-infinite

medium, 2, Textile Res. J. 22 (1951) 823-827.

[4] J. H. Knight, J. R. Philip; Ezact diffusion in nonlinear diffusion, J. Engineering Math. 8

(1974) 219-227.

[5] G. I. Barenblatt; Scaling, Self-Similarity and Intermediate Asymptotics, 2nd ed., Cambridge

University Press, Cambridge, UK, 1996.

[6] J. Bricmont and A. Kupiainen; Renormalizing partial differential equations, in Constructive

Physics, Lecture Notes in Phys. 446, Springer, Berlin, 1995, pp. 83-115.

[7] N. Goldenfeld; Lectures on Phase Transitions and the Renormalization Group, Addison-

Wesley, Reading, MA, 1992.

[8] J. Bricmont, A. Kupiainen, G. Lin; Renormalization group and asymptotics of solutions of

nonlinear parabolic equations, Comm. Pure Appl. Math., 47 (1994), pp. 893-922.

[9] G. A. Braga, F. Furtado, J. M. Moreira, L. T. Rolla; Renormalization group analysis of

(10]

nonlinear diffusion equations with time dependent coefficients: Analytical results, Discrete
and Continuous Dynamical Systems. Series B, 7 , (2007) 699-715.

E. A. Coddington, N. Levinson; Theory of Ordinary Differential Equations, Krieger Pub Co,
1984.

GASTAO A. BRAGA

DEPARTAMENTO DE MATEMATICA - UFMG, Caixa PosTAL 1621, 30161-970 BELO HORIZONTE,
MG, BRAZIL

E-mail address: gbraga@mat.ufmg.br

Pauro C. CARRIAO

DEPARTAMENTO DE MATEMATICA - UFMG, CAixAa PosTAL 1621, 30161-970 BELO HORIZONTE,
MG, BRAZIL

E-mail address: carrion@mat.ufmg.br

ANTONIO A. G. RUAS

DEPARTAMENTO DE MATEMATICA - UFMG, CAixAa PosTAL 1621, 30161-970 BELO HORIZONTE,
MG, BRrRAZIL

E-mail address: gaspar@mat.ufmg.br



	1. Introduction
	2. Proof of Theorem 1.3
	2.1. Proof of Part I when '0 > 0
	2.2. Proof of Part I when '0 < 0
	2.3. Proof of Part II
	2.4. Proof of Part III
	Acknowledgements

	References

