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GLOBAL CONTINUUM AND MULTIPLE POSITIVE SOLUTIONS
TO A P-LAPLACIAN BOUNDARY-VALUE PROBLEM

CHAN-GYUN KIM, JUNPING SHI

ABSTRACT. A p-Laplacian boundary-value problem with positive nonlinearity
is considered. The existence of a continuum of positive solutions emanating
from (A, u) = (0,0) is shown, and it can be extended to A = oco. Under an
additional condition on the nonlinearity, it is shown that the positive solu-
tion is unique for any A > 0; thus the continuum C is indeed a continuous
curve globally defined for all A > 0. In addition, by the upper and lower so-
lutions method, existence of three positive solutions is established under some
conditions on the nonlinearity.

1. INTRODUCTION

Consider a boundary-value problem
(w(t)pp(u'(1)))" + AR(t) f(u(t)) =0, te(0,1),

u(0) =u(1) =0, (L1.1)

where ¢, (x) := |z|P~2z, p > 1 and ) is a nonnegative parameter. For the functions
in , throughout the paper, we assume that the following hypotheses hold:
(H1) h e C([0, 1], (0,00));
(W1) w e C([0,1],[0,00)), w(t) > 0 for t € (0,1) and ¢, ' (1/w) € L'(0,1);
(F1) f € C(]0,00),(0,00)), and lim,_s L = 0.

p(u) —

Our main result is that under the above conditions for the weight functions w, h,
and the nonlinearity f, a continuum C of positive solutions of emanates from
(A, u) = (0,0), and C can be extended to A = co. Thus we establish the existence of
at least one positive solution of for any A > 0. Under an additional condition

(F2) J(zg) is strictly decreasing on (0, c0),

it is shown that the positive solution of is unique for any A > 0, thus the con-
tinuum C is indeed a continuous curve globally defined for all A > 0 in this case. On
the other hand, we show that under some different conditions for f, problem
has at least three positive solutions, which indicates that the bifurcation diagram
for cannot be a monotone curve in this case. These results demonstrate the
rich structure of the solution set of .
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Problem or similar equations arises from mathematical models of chemical
catalysis [2, [0, 28], combustion theory [27], B0], and ecological modeling [15, [20].
Common to this type of models is that the equation may possess multiple pos-
itive steady state solutions, and the bifurcation diagram of the positive steady
states may have multiple turning points (saddle-node bifurcation points). For the
reaction-diffusion case (p = 2), many results on multiple positive solutions and S-
shaped bifurcation diagrams have been obtained, see for example [T} 2} 3, @] 10} [TT].
Moreover for some cases, careful analysis can lead to exact multiplicity of solutions
and exact S-shaped bifurcation diagrams, see for example, [4, 17, [I8] 26| 27 28§].

The p-Laplacian equation is considerably harder than the corresponding
reaction-diffusion equation (which is the special case of p = 2). The mathematical
difficulty comes from the nonlinearity and degeneracy of the differential operator
and the failure of linearization and continuation technique in many places. While
in general fewer existence and multiplicity results have been proved for p-Laplacian
equations, we mention the nice work in [5, [7, 8 [22] as examples, and a nice survey
of earlier work was given in [25]. For one-dimensional case, more precise results
can be established as several exact multiplicity of solutions and exact S-shaped
bifurcation diagrams have been shown in [I3], [29] recently for f satisfying (F1), and
similar uniqueness result when f also satisfies (F2) has been also proved in [24].
But there are very few results for the existence of three positive solutions when the
problem is spatially non-homogenous as the one we consider here, and the nature
of global continuum of the positive solutions has not been exploited before either.
In a recent work [16] by the first author, an existence result for the three positive
solutions was proved for nondecreasing nonlinearity f with p-sublinear at infinity,
and in this paper we consider non-monotone nonlinearity f with a positive falling
zero as well as p-sublinear at infinity.

The rest of this article is organized as follows. In Section 2, we introduce some
preliminary results such as definitions and lemmas. In Section 3, our main results
are given and also an example to illustrate our result is presented.

2. PRELIMINARIES

First we recall the general framework for the solutions of (1.1). Consider the
Banach space

Cw[0,1] = {u € C[0,1] N CH(0,1) : wep,(u') € C[0,1]}

with norm

lullw = ulloe + 0P~ D o,
where [|v]|oc = max;epo,17|v(t)|. Note that if w(t) > 0 for ¢ € [0, 1], then (Cy,[0,1], |-
l|lw) is equivalent to (C1[0,1],] - [l1). Here ||ull1 = ||ulloo + ||t/|lco- We set K, =

{u € Cyu[0,1] : u(t) > 0, t € [0,1]}. Then K, is an ordered cone in C,[0,1], and
let L1 (0,1) denote the set of nonnegative Lebesgue-integrable functions on [0, 1].
To define the solution operator to ([L.1)), let us consider the p-Laplacian problem
(wt)pp(u' () + K(t) =0, a.e.in (0,1),

u(0) = u(l) =0, 21)

where K € L1 (0,1).

By a solution u of problem (2.1)), we understand a function u € Cy[0,1] with
wepp(u') € AC[0, 1] which satisfies ([2.1). We recall the following lemmas from [16].
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Lemma 2.1 ([16]). Assume (W1) is satisfied, and let u be the solution of (2.1))
with K > 0, a.e. in [0,1]. Then there exists a unique point A, € (0,1) such that
(w'/P=Dy/)(t) > 0, t € [0, Ay), v (Ay) = 0 and (w/P=Du/)(t) <0, t € (A, 1].

Lemma 2.2 ([16]). Assume (W1) is satisfied, and let B and C be positive constants
such that B < C. Then there exists e = ¢(C'/B) > 0 such that A, € (2¢,1— 2¢) for
all possible solutions u of (2.1) with K € Kg, where

1
K§ = {KeL'(0,1): K > B, / K(s)ds < C}
0

and A, is the unique point in Lemma such that u'(A,) = 0.

Remark 2.3. If w and K are symmetric with respect to 1/2, one can easily see that
the unique solution uk of (2.1)) is symmetric with respect to 1/2. Hence A,,,, = 1/2
in this case.

Next we show that (2.1)) and (L.1) can be rewritten into some integral forms.
Problem ([2.1)) can be equivalently written as

ult) = Gp(K)(t) = /Ot@pl[wgs)(C(K)Jr/le(T)dr)]ds, teo,1],

where ¢ : L'(0,1) — R is a mapping satisfying

/01 o, [ﬁ (C(K) + /81 K(T)dr)]ds —0.

It can be proved that the mapping ¢ is continuous and it maps bounded sets in
L'(0,1) into bounded sets in R, and the mapping G, : L (0,1) — K,, is continuous
and it maps equi-integrable sets of L1 (0,1) into relatively compact sets of Ky,
by similar arguments as in the previous result (e.g., see [0, 12} 23]). Define H :
[0,00) x Ky — L1 (0,1) by H(X,u)(t) = Ar(t)f(u(t)). Then it is well known that
H is a continuous operator which maps bounded sets of [0,00) x K, into equi-
integrable sets of L2 (0,1). Thus T'= G, 0 H : [0,00) x K,y — K, is completely
continuous. Furthermore, has a positive solution w if and only if T'(),-) has a
fixed point u in Ky, \ {0} for A > 0.

Now we recall a well-known theorem for the existence of a global continuum of
solutions to T'(A,u) = 0:

Theorem 2.4 ([31, Corollary 14.12]). Let X be a Banach space with X # {0} and
let IC be an ordered cone in X. Consider

x=T(u,z), (2.2)

where p € [0,00) and x € KC. If T : [0,00) x K — K is completely continuous and
T(0,x2) = 0 for all x € K. Then the solution component C of (2.2) in [0,00) x K
which contains (0,0) is unbounded.

Since T'(0,u) = 0 and T(A,0) # 0 if A > 0, by Theorem [2.4] we obtain the
following proposition.

Proposition 2.5. Assume (H1), (W1), (F1) are satisfied. Then there exists an
unbounded continuum C of positive solutions for (L.1) emanating from (0,0) in
[0,00) X Ky -
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Next we review the notion of order in C,[0,1], and also the upper and lower
solutions of (1.1)), which was introduced in [16].

Definition 2.6. Given functions u,v,w : [0,1] — R, we say that

(1) w<wifforall t €0,1], u(t) < v(t); and
(2) uevwifv<u<w.

Definition 2.7. Let u,v € C,,[0,1]. We say that u < v if and only if the following
three conditions hold:

(i) for all t € (0,1), u(t) < v(t),
(ii) either u(0) < v(0) or (w'/®=Du/)(0) < (w/@®=14')(0),
(i) either u(1) < v(1) or (w'/®=Yy/)(1) > (w/@=Ny")(1).

Definition 2.8. A function o € C,[0,1] with wep,(a’) absolutely continuous is
called a lower solution of (1.1)) if

(i) for a.e. t € (0,1), (w(t)pp(a/ (1)) + AR(t) f(a(t)) = 0,

(ii) «(0) <0 and (1) <O0.

In the same way we define an upper solution of (1.1) by reversing the above in-
equalities.

Definition 2.9. A function o € C,[0,1] with wep,(a’) absolutely continuous is
called a strict lower solution of (1.1)) if it is not a solution, a(0) < 0, a(1) < 0 and

(i) for any tg € (0,1), there exist an open interval Iy C (0,1) and ey > 0
such that ¢ty € Iy and for a.e. t € Iy, for all u € [a(t), a(t) + €], one has
(w(t)pp(a’(t)) + Ah(t) f (u) = 0,

(i) either a(0) < 0 (respectively, a(1) < 0) or there exist dp > 0 and ¢y €
Cy[0,1] with ¢o > 0 such that if Iy = [0, do) (respectively, Iy = (1 — do, 1]),
then for a.e. t € I, for all u € [a(t), a(t)+co(t)], one has (w(t)p,(/(t))) +
A(t) f(u) > 0.

In a similar way, a function 8 € Cy,[0,1] with wep,(5’) absolutely continuous is a
strict upper solution of if it is not a solution, 5(0) > 0, B(1) > 0 and

(i) for any to € (0,1), there exist an open interval Iy C (0,1) and ¢, > 0
such that ¢t € Iy and, for a.e. t € Iy, for all u € [B(t) — €, 5(t)], one has
(w(t)pp(B' (1)) + AR(t) f (u) <0,

(ii) either B(0) > 0 (respectively, G(1) > 0) or there exist dp > 0 and ¢y €
Cy[0,1] with ¢g > 0 such that if Iy = [0, ) (respectively, Iy = (1 — d, 1]),
then for a.e. ¢ € Iy, for all u € [B(t) —co(t), 5(t)], one has (w(t)p,(6'(t))) +
AR(t) f (u) < 0.

With these definition, the following existence results were proved in [16].

Theorem 2.10 ([I6]). Assume that a and 8 are lower and upper solutions of
(1.1) respectively such that a < 3. Then (1.1)) has at least one solution u such that
a <u < . Moreover, if a and [ are strict, then a« < u < [3.

Theorem 2.11 ([16]). Assume that oy and B2 are lower and upper solutions of
(1.1) respectively and o and By are strict lower and upper solutions of (1.1]) re-
spectively such that

ap < B < Ba, o S ag < P,
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and there exists to € [0, 1] with B1(to) < az(to). Then there exist three solutions of
(1.1) such that

ay <up < B, ag <ux < P,

usz € [alaﬁZ] \ ([0417ﬂ1] U [a2762])'

Finally we introduce the generalized Picone identity due to Jaro$ and Kusano
[14, [19]. Let us consider the following differential operators:

Llyl == (rep(y) + q(t)ep(y),
Lylz] := (Rpp(2)) + Q(t)pp(2).

Lemma 2.12 ([I9, p. 382]). Let r,q, R and Q be real-valued continuous functions
on an interval I. If y and z are any functions such that y, z, rp,(y') and Repy(2')
are differentiable on I and z(t) # 0 fort € I, then, fort € I, we have

%(y reny) - sop(%)Rsop(Z’)D

= = B+ @ )l + B[+ 0~ D) pee(D)] 23

+uipl) = LSl

Remark 2.13. By Young’s inequality, we obtain

/\p yzl p ’ Z/
W+ =D —rer)y'en(7) 20,
and the equality holds if and only if y' = yz’/z on I.

3. MAIN RESULT

Let S be the set of positive solutions of (1.1) in (0,00) x K,. For the sake of
convenience, we use the following notation

o H 0._
ho == tgég] h(t), h":= tren[g’)i] h(t),

W= /Olsopl(wgs))d&

Lemma 3.1. Assume (H1), (W1), (F1) are satisfied, and let {(An,un)}52 be a
sequence in S such that A, — 00 as n — 00. Then ||uy|co — 00 as n — 00.

Proof. Assume on the contrary that A\, — oo as n — oo, but there exists M > 0
such that ||up|lcc < M for all n. Then from (F1) there exists § > 0 such that
f(un(t)) > 46, t € [0,1]. For each n, the function w, attains its maximum at
the unique point z,, € (0,1) and u),(x,) = 0. Suppose that z, > 1/2 (the case
Zn < 1/2 is similar). Then, for ¢t € (0,1/4), one has
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and hence,

1 1 1 1 1
n(7) > o (Andh . d
U (4) —SDp ( 0)/0 Sop (UJ(S)) S

Since A, — 00 as n — 00, un(%) — 00 as n — oo. This contradicts the fact that
[tn]loo < M for all n. O

Lemma 3.2. Assume (H1), (W1), (F1) are satisfied, and let {(An,un)}5>, be a
sequence in S such that ||up||w — 00 as n — co. Then A, — 00 as n — 0.

Proof. Assume on the contrary that [[up||. — oo asn — oo, but there exists L > 0
such that A, < L for all n. Then one can easily see that ||u,|ec — o0 as n — oo.

Put
1

2LhOwP~ L’

By (F1), there exists N, > 0 such that for all u > N,, f(u) < auP~l. Let
M, = maxo<uy<n, f(u), A, = {t € [0,1] : u,(t) < No} and B,, := {t € [0,1] :
un(t) > No}. Then f(un(t)) < My, t € A, and f(un(t)) < au,(t)P~L t € B,.
Put up (z5) = ||tin|lco- Then

Up(Tp) = /Omn (un(T))dT) ds

§<p;1()\nh0)/ - wgs /fun dT+/ Flun(r dT)
1

< wgl(AnhO) /01 ©p (w(s) [M, + a/B un(T)pfldT])ds.

n

1 ! 1 M, Uy (T)P1
- - < -1 o A drl \d
2 "(h0) —/ i <w(s){||un|\€gl ”/B” ] )

1 1 M
-1(_- 7 ""o
S/o o <w<5>[||un||go_1 +a])ds.

Letting n — oo, by Lebesgue’s dominated convergence theorem,

o =

Thus

<o Ya)w
sy = o

which contradicts the choice of a. O

The following theorem can be easily obtained in view of Proposition Lemma

3.1 and Lemma [3.21

Theorem 3.3. Assume (H1), (W1), (F1) are satisfied. Then there exists an
unbounded continuum C of positive solutions for (1.1)) emanating from (0,0) in
[0,00) x Iy such that

(i) for each X > 0, there exists a positive solution uy of (1.1) such that
(A, upn) €C and
(ii) for (N, uy) € S, A — oo if and only if ||uxllw — oo.

Let v be the unique solution of

(w(®)ep(v'(1)) + h(t) =0, t € (0,1),
v(0) =v(1) = 0.
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Then v € C,,[0,1] and v(t) > 0, ¢t € (0,1).
Note that condition (F1) implies that f also satisfies the following condition
(e.g., see [21l Lemma 4.1])

(F]_*) Let f*(u) = maxp<s<u ]C(S)7 then lim,_, s Z:;EZ% =0.

Now we give a uniqueness result under the additional condition (F2).

Theorem 3.4. Assume (H1), (W1),(F1), (F2) are satisfied. Then S =C and C is
the solution curve of positive solutions for such that

(i) for each A > 0, there exists the unique positive solution u(\) of such
that (A, u(N)) €C,
(ii) A — oo if and only if ||u(A)|lw — oo and
(iil) for any 0 < Ag < Ap, u(Ag) < u(Xp).

Proof. First, we prove that has at most one positive solution for each A > 0.
Assume on the contrary that there exists A > 0 such that (A, u1) and (A, ug) are two
distinct positive solutions of (|1.1| . Without loss of generality, we may assume that
there exists an interval (a,b)(C (0,1)) such that ui(t) > ua(t), t € (a,b),ui(a) =
uz(a) and u1(b) = ug(b). Then we have four cases: (1) a > 0, b =1; (2) a = 0,
b=1,3)a=0,b<1;(4) a>0,b<1 Weonly prove the case (1) since other
cases are similar. In this case, we know that u)(a) > u)(a) and (w®=Dy))(1) <
(w'/®P=Yy4)(1) < 0. Then, by L'Hospital’s rule,
ui(t) _ (P D))

tEr{l* uz(t) - (wl/=Dub) (1) (3-1)

Taking r(t) = R(t) = w(t),y(t) = wi(t),2(t) = ua(t), q(t) = MELLAD and
Qt) = %(;ﬁ)()t)) in Lemma and integrating (2.3) from a to 1, by (3.1]) and
Remark [2.13]

—uy(a)[(wpp(uy))(a) — (wep(us))(a)]
! fluz(s))  flu(s)) »
2 [ H0) [ 0 ] s
By the fact that v} (a) > u)(a),

U () fuls) ,
9 W) |2 o)~ ol (o) LA <0

On the other hand, since uy(t) > ua(t), t € (a,1), by (Fz),

)
)

U () flu(s)
9 h<8>[¢p<u2< D pplu(s))

This is a contradiction and thus has a unique positive solution u(\) for each
A>0.

For 0 < Ag < Ap, it can be easily see that u(),) is a strict lower solution of
with A = A, Put 8 = )\bem, where (), is the constant satisfying

}|u1( )Pds > 0.

F*(XCs) 1
(MCr)Pt 7 )8
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and u(A,) < B1. Note that it is possible to choose such a constant Cj, in view of

(Fy). Then, for t € (0,1),

~(w(t)epB D)) = (WCorr—) (o)

[[0]]o0

> Mh(t) f*(ACh)
> XNph(t) f*(61(2))
> XNoh(t) f(B1(2)),

which implies that (§; is a strict upper solution of (|1.1)) with A = \;. By Theorem
2.10} there exists a positive solution u, of (1.1)), with A = Ay, such that u(Ag) < up,
and wup must be same as u()\) since ((1.1]) has at most one positive solution for each

A > 0. Thus the proof is complete by Theorem

For the rest of this article, we assume that f satisfies

O

(F3) There exist m, M > 0 such that f is nondecreasing on (m, M).

Define f as

Fy 4 ) u<m,
fw) {ﬂm,u>m.

Here, f is defined so that f is nondecreasing on [0, M], 0 < f(0) < f(m), f < f

and f is continuous on [0, o0).

For 0 < a < b and b € [m, M], let e, = ¢(C/B) with B = f(0), C = f(b) in

Lemma [2.2] and

0@l O
Clab) = max D hocrpn(Ca)’ oy )erpy(Cey)

where .
1, 1

C., min{/oéb <pp1(wés))d5,/1 o (i)

—€p

Now we give the following existence result of three positive solutions to (L.1]).

Theorem 3.5. Assume (H1), (W1), (F1), (F3) are satisfied, and there exist positive
constants a,b such that a < b, b € [m, M] and C(a,b) < 1. Then, for all X €

(A1, A2), (1.1)) has three distinct positive solutions. Here,

&)
' hoer f(0)pp(Ce,) ,
A2 := min {¢, (m) F(a)’ %’(%) ho f(b)

Proof. Let X be fixed with \; < A < Ay. Firstly, put y = 0. Clearly o is a lower

solution of (1.1)). Secondly, put #; = —%—wv. Then for t € (0,1),

vl

—(w(t)ep(B1(1)) = @p

Thus f; is a strict upper solution of (|1.1)).
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Thirdly, let aig be the unique solution of

(w(t)pp(aa(t))) + N hof(p(t)) = 0, t € (0,1),
0[2(0) = CVQ(].) = 0,

where A* € (A1, A) and p(t) is defined as
[f (w(s )ds]_l fOt @;I(M%S))ds, te [anbL
p(t) = te (€b71*€b),
I:fl eb (w%s)) ] ‘/;f SDP u)s 87 te [1_61771]‘

Since A\* < Ag, one has

laz]|oo = a2(Aas)

e 1 A S
7/0 e (w(s)/s X hof(p(r))dr)d
< o (N hof ()W = ¢, (A ho f ()W < M.

Note that ap = ¢, ' (X\*ho)l, where [ is the unique solution of

(w(t)pp(I'(1))" + fp(t)) = 0, t € (0,1),
1(0) = I(1) = 0.

Since ||p|loc = b, by Lemma2.2] A,, = A; € (26,1 — 2¢;). For t € [0, ),

w0 0) = (o] [ ()] ) < entbrca)

and for ¢ € [1 — ¢, 1],

—w(t)e o) = 2 (0] [ e (o)t ) < eticy)

For t € [0, ], integrating (3.2)) from ¢ to A,,, one has

> ‘Pp(cl«;)'
Thus by (3.3), for ¢ € [0, ),
w(t)pp(ah(t)) > wt)ep(p'(t)),
which implies as(t) > p(t), t € [0,¢€). Similarly, by (3.4),
as(t) > p(t), te[l—e,l].

(3.2)

(3.4)
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By the facts that A,, € (265, 1 — 2¢,) and p(t) = b, t € [er, 1 — €], we have ay > p,
which implies that, for ¢ € (0,1),
—(w(t)ep(@a(t)) = XNhof(p(t)) < Ahof(az2(t)) < A(t)f(az(t)),
and thus oy is a strict lower solution of (L.I)). Since [azllec > [|pllc = b > a =
181 |00, there exists to € (0,1) such that as(to) > F1(to).
Finally, put gy = /\C,\m, where C), is the constant satisfying
f*(ACy) 1
ACAP=E T Aot
Then, for ¢t € (0, 1), we have

~@e, (B0 = (Arr ) A

B1 < B2, az < P

[0l
> Ah(1) f*(AC»)
> Ah(t) f*(B2(t))
> Ah(t) f(B2(1)),
and (37 is an upper solution of . Thus, by Theorem has three positive
solutions for all A € (A1, A2). O

In the results so far, we assume that f is positive for all v > 0 as it satisfies (F1).
If we assume that f has a positive falling zero instead of (F1); i.e., f satisfies

(F1’) f € C([0,00),R) and there exists k > 0 such that (k—u)f(u) > 0 for u # k,

then we can obtain results similar to Theorem [3.3] Theorem [3.4] and Theorem [3.5]
as follows.

Theorem 3.6. Assume (H1), (W1), (F1’) are satisfied. Then there exists an
unbounded continuum C of positive solutions for emanating from (0,0) in
[0,00) X Ky, such that for each A > 0, there exists a positive solution uy of
such that (A\,uy) € C, and for each A > 0, |Jux]loo < k.

Theorem 3.7. Assume (H1), (W1), (F1’) and

(F2) J,,(Eg) is strictly decreasing on (0, k)

are satisfied. Then S = C and C is the solution curve of positive solutions for (1.1))
such that

(i) for each A\ > 0, there exists the unique positive solution w(X) of (L1.1)) such
that (A, u(X)) € C and
(i) for any 0 < Ag < Ap, u(Aa) < u(Np).

Theorem 3.8. Assume (H1), (W1), (F1’), (F3) are satisfied, and there exist posi-
tive constants a,b such that a < b, b € [m, M|, M < k and C(a,b) < 1. Then, for
all X € (A1, Aq), has three positive solutions. Here, A1 and Ao are the same
constants in Theorem [Z.3

Finally we give an example to illustrate Theorem [3.5] or Theorem [3:8|
Example 3.9. In problem (L.1), put w(t) =t°(1 —¢)?, 0 <6 <p—1 and
fi(u), 0<u<l,
f(u) = Qexp[2], 1<u<M,
fa(u), u> M.
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Here, a > 0 and M > 1 are constants which will be chosen later, and f; and f> are
the functions such that fi(u) < expla/(a + 1)] for u € [0,1] and f satisfies (F1) or
(F}). Clearly, (W1) and (F3) are satisfied form=1and M > 1.

Note that, in the proof of Theorem €, is just needed for verifying that
Aa, € (265,1—2€). Since w is symmetric with respect to 1/2, so p is also symmetric
with respect to 1/2. Then A,, = 1/2 (see Remark [2.3)), and we can take €, = 1/5.
Fora=1and b= a,

ep(0)f*(a) _ ep(@)f(1)

@f®) ~ enf) Pl
For any h € C([0, 1], (0,00)), there exists & = a(h) > 0 such that
a g} hoevpp(Ce, )
a+l 2 ep([[v]l0)

« Ot]

ozp_lexp[

and
©p(0)f"(a)ep(([v]l)

ep(a) f(0)hoevpp(Ce,)
= M («) such that

<1

Furthermore, we can Choose

b Q er0p(Ce,)
— ) = — ) < —.
‘PP(M) SDP(M) Qﬁp(w)
Then C(1,a) < 1 and thus (1.1) has at least three positive solutions for a certain

range of A\ by Theorem [3.5] or Theorem
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