Electronic Journal of Differential Equations, Vol. 2012 (2012), No. 109, pp. 1-23.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

EXISTENCE OF BOUND STATE SOLUTIONS FOR
DEGENERATE SINGULAR PERTURBATION PROBLEMS WITH
SIGN-CHANGING POTENTIALS

MARIA J. ALVES, RONALDO B. ASSUNCAO,
PAULO C. CARRIAO, OLIMPIO H. MIYAGAKI

ABSTRACT. In this article, we study the degenerate singular perturbation
problems

—e2div(|z| 722 Vu) + 2| "2 DV (2)u = || P27 @D g(z,w),
—div(|z| 20 Vu) + Nz 20DV (@)u = 2| 7027 (@D gz, ),

for & small and X\ large positive, where z € RY with N > 3. We search for
solutions that decay to zero as |z| — +o0, when g is superlinear in the poten-
tial function changes signs. We prove the existence of bound state solutions
for degenerate, singular, semilinear elliptic problems. Additionally, when the
nonlinearity g(z,w) is an odd function of u, we obtain infinitely many geomet-
rically distinct solutions.

1. INTRODUCTION AND MAIN RESULTS
This work concerns the study the degenerate singular perturbation problems
—e2 div(|z|722Vu) + |22V (2)u = [2] 72 @ g(z, u), (1.1)
for small ¢ € RT, and
— div(|z| 72 Vau) + Nz 2DV (2)u = |z 7 @ g(z, u), (1.2)

for large A € RT. We consider the case where = € RY for N > 3 and we search
for decaying solutions, i.e., solutions such that u(x) — 0 as || — +o0o. The other
parameters are such that

0<a<(N-2)/2, and a<b<a+1. (1.3)

Additionally, we define

2N 2N

2*(a,b) := N _2ati=0)] 2" =2%(a,a) := ——.
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We are mainly interested in a superlinear, critical nonlinearity g and in a sign-
changing potential V.
To present a brief historical review, we write the two equations as

—e2div(|z|72Vu) + |2 20OV (2)u = |2 72 (@Y g (2, u), (1.4)
—div(|z|72Vu) + Nz| 2010V (2)u = |2 702 @D (2, u). (1.5)

Clearly, problems (|1.1)) and correspond to the above equations with ¢ = 0.

These type of problems come from the study of standing waves in anisotropic
Schrodinger equation. The transition from quantum mechanics to classical mechan-
ics can be formally realised by letting € — 0; therefore, the existence of solutions
for € small is of physical interest. Aside from being one of the main objects of
quantum physics, the Schrodinger equation also appears in problems of nonlinear
optics, in plasma physics, and in condensed matter physics, where one simulates
the interaction effect among many particles through a nonlinear term. Moreover,
several physical phenomena related to equilibrium of anisotropic continuous media
that possibly are “perfect” insulators can be modeled by this type of elliptic prob-
lem, where it is allowed for the coefficient of the operator to be unbounded. For
more details, the reader is referred to the papers [3] [12] [15] [19] 20} 31 41l 48], to
the book [2] and to the excellent article [42].

In the case a = 0, b =0, ¢ = 1, one expects problem to possess nontrivial
solutions u € H'(RY) if lim inf),|— 4o V(2) > 0 and imposing a superlinear type
condition on g, and this is independent whether or not the potential V' changes
sign. For example, it is known by variational arguments that the problem with
homogeneous Dirichlet boundary condition on a smooth, bounded domain 2 ¢ RY
with 2 < p < 2* always has solutions v € H'(Q) and this is independent of the sign
of V.. See, for example, the papers [ 23] 24, [30, 32} B3], 34} 43}, [44], [46], where the
main ideas to prove existence results rely in an essential way on the nondegeneracy
of the critical points of the potential V. Regarding problem with parameters
a=0,b=0, and ¢ = 1, see the papers [7, [8] [9] T3] T4, [T6], 17, 37 40].

Still in the case a = 0, b = 0, and ¢ = 1, but with min,ecp~ V(2) = 0 there are
considerably less results. See, for example, the papers [16] 25].

In the case of the Schrodinger problem with a sign-changing potential V', the
corresponding energy functional is indefinite, i.e., is neither bounded from above nor
bounded from below; consequently, it does not have the geometry of the mountain-
pass theorem or some of its variants. This has stimulated the development of new
approaches to the problem. See, for example, the papers [26] 27 28] 29].

In the case V(z) := 1, g(z,u) := |u[* @Y ~2y, ¢ = 0, and where at least one of
the parameters a or b is different from zero, problems and (1.5 are closely
related. In fact, when €2 = A~!, then u is a solution to problem if and only
if v(z) = A7V (@D)=2y(z) is a solution to problem (T4). Hence, as far as the
existence and the number of solutions are concerned, problems and are
equivalent. However, for more general perturbations g this is no longer true.

The degenerate cases mentioned in the previous paragraph have the following
variational structure. Let the space D.2(R™) be defined as the completion of the
space C§°(RY) with respect to the norm given by

1/2
Jull o= [l 219l o
RN
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We define S(a,b) as the best constant of the Sobolev embedding; that is,

fRN |x|—2a|vu|2 dz + AI]RN |x|—2(a+1)|u‘2 dz
2+ (a,b) dx] 2/2%(a,b) )

S(a,b) := inng . T
weDL 2 (RN), u3=0 [fRN || (a:0) |y

It is well known that if the value of S(a,b) is attained by a function u € D}?(RY),
then a convenient multiple of u is a weak solution to problem . For results of
existence and non-existence of solutions, see the papers [5, 10} 1T}, 211, 22|, 38} [39] [48].

Inspired by Ding and Szulkin in [27], we prove results of existence of bound state
solutions to the case of degenerate, singular, semilinear elliptic problems. We look
for solutions to problems and in the space DY2(RN). Additionaly, in
the case where the nonlinearity g(z,u) is an odd function of u, we obtain infinitely
many geometrically distinct solutions.

To state our hypotheses we set

G(z,u) = /Oug(x,s) ds and G(z,u) = M

we also assume the following conditions on the potential V' and on the perturbation
g.
(V1) V € C(RN,R) and V is bounded from below.
(V2) There exists b > 0 such that the set {z € RY: V(z) < b} is non-empty and
has finite measure.
(G1) g € C(RY,R), G(x,u) = 0 for all (x,u) and g(x,u) = o(u) uniformly in z
as u — 0.
x,u)/u? — 400 uniformly in x as |u| — +oo.
(G3) G(z,u) > 0 whenever u # 0.
(G4) |g(z,u)|” < a1G(z,u)|u|” for some a; > 0, 7 > max{1, N/2}, and for all
(z,u) with |u| large enough.

— G(x,u);

G
G(

The main results of our work can be stated as follows.

Theorem 1.1. Suppose that assumptions (V1), (V2), (G1)—(G4) are satisfied and
that V=1(0) has a nonempty and bounded interior Q2. Suppose that conditions
on the parameters a and b are also satisfied.

(1) If G(x,u) = aglul’ for some ag > 0, for some 2 < § < 2* and for all |ul
small enough, then there exists eg > 0 such that problem has at least
one nontrivial solution whenever ¢ € (0,eq). Moreover, if g is odd in u,
then for each k > 1 there exists € > 0 such that problem has at least
k pairs of nontrivial solutions whenever € € (0,ey).

(2) There exists Ao > 0 such that problem has at least one nontrivial
solution whenever X > Ay. Moreover, if g is odd in u, then for each k > 1
there exists Ay > 0 such that problem has at least k pairs of nontrivial
solutions whenever A > Ay.

Theorem 1.2. Suppose that assumptions (V1), (V2), (G1)—(G4) and the conditions
on the parameters a and b are satisfied.
(1) If V(z) < 0 for some = and G(x,u) > aglu|® for some ag > 0, for some
2 < 0 < 2° and for all |u| small enough, then there exists a sequence
(ek)ken C R with e — 0 such that problem has a nontrivial solution
for each € = €.
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(2) If V() < 0 for some x, then there exists a sequence (A\i)keny C R with
Ax — oo such that problem (1.2)) has a nontrivial solution for each A = A.

The present work has two main goals. The first one is to show the decaying
of the weak solutions u € DL2(Q2) to problems (1.1)) and defined for open,
bounded domains 2 C RY. It is worth mentioning that the ideas used by Ding and
Szulkin in [27] to get this result do not apply here. The second one is to prove a
concentration-compactness lemma similar to the one by Ackermann in [I]. To the
best of our knowledge, there is no similar result in the literature.

This article is organized as follows. In section [2] we present an auxiliary varia-
tional problem; then we use a result by Vassilev in [47, Theorem 2.9] to prove the
decaying of the weak solutions (Proposition . We also state two well known
results that guarantee the existence of critical points for the energy functional,
namely, the Linking Theorem by Rabinowitz (Proposition and a least bound to
the number of pairs of critical points of some functionals by Bartolo, Benci and For-
tunato (Proposition . In section 3| we state and prove several technical lemmas,
the two major results being a lemma on the boundedness of the Cerami sequences
for the energy functional (Lemma and the crucial lemma that can be used to
prove the convergence of subsequences of Palais-Smale sequences (Lemma [3.4]). In
section [ we concatenate the previous results to prove the theorems.

2. A VARIATIONAL PROBLEM AND SOME PRELIMINARY RESULTS
We begin by making some remarks about the hypotheses on the perturbation
g. If assumptions (G1) and (G4) hold, then |g(z, u)|” < 3 ai|g(z, u)|[u|™* for |ul
large enough; hence, g satisfies the growth restriction
l9(z,u)| < az(ful + |ufP~) (2.1)
where 2 < p = 27/(7 — 1) < 2*. On the other hand, if g satisfies inequality (2.1)
with 2 < p < 2" and the Ambrosetti-Rabinowitz superlinearity condition
0 < pG(z,u) < gz, uw)u (2.2)
for some p > 2 and for all (x,u) with u # 0, then it is easy to see that assumptions
(G2) and (G3) hold, and so does (G4). We will also see that assumptions (G2) to
(G4) imply that G(z,u) — +00 as |u] — +oo.
In addition to problems (|1.1]) and (1.2]), we will consider the problem
— div(|z|722Vu) + |2 72DV (2)u = |2 702D g (2, u), (2.3)
with V = V+* — V=, where V* > 0, verifying assumptions (V1), (V2), and g¢
verifying (G1) to (G4). Let
E = {u € DL2(RV): /
R
be equipped, for A > 0, with the inner product and norm, respectively, given by

2|2 DY+ () do < +oo} (2.4)
N

(u, v\ ::/ |x|72aVu'Vvd:17+/ M| "2 DY+ () de,
RN RN

1/2
ulls = (u, )y

We denote || - |1 = || - ||, and Ex = (E,| - ||»); in particular, we set E; = E.
Clearly, [Jul| < [Jullx if A > 1.
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Let ®: F — R be the energy functional given by
1 1
B(u) = f/ 22| Vuf? dz + f/ 2@ DY ()02 da
2 RN 2 RN (2 5)

- / 2|72 (@D G (2, u) da.
RN

It is well known that under the previously introduced hypotheses the functional ®
is continuously differentiable, that is, ® € C1(E,R); see, for example, the paper
[5]. Moreover, ®'(u) = 0 if, and only, if u € E is a weak solution of (2.3).

In the following proposition we consider the decay of the weak solutions to prob-
lems of the type defined on open, bounded domains; a similar conclusion holds
for weak solutions to problems of the type .

Proposition 2.1. Let Q C RN be an open, bounded domain with N > 3 and such
that 02 € C' and suppose that inequalities (1.3) hold. Suppose also that u is a
non-negative solution of the problem

—div(|z|72*Vu) + M| 720V (2)u = |27 @z, u) zeQ

u(z) =0 =z € of. (2.6)

Then there exists a positive constant C = C(p, RN, [ull pr2(q)) such that for every
q < N — 2 there holds the inequality

C
u(z) < EGa [ullpr2q)- (2.7)

Proof. Following an idea by Hsia, Lin and Wadade in [36], we use the change of
variables w(z) := |z|~*u(z). Then

/|x| 2“|Vu|2dac—/ IVl dz — ~ /m ~202( (2.8)

where v := a(N —2—a). This implies that u € D22(Q) if, and only if, w € Dy*(€);
moreover, u is a solution to problem ([2.6)) if, and only if, w is a solution to problem

—Aw — y|zPw = || COT @D (g |2|"w) 2 € Q
w(x) =0 x € 0N
To show equality (2.8)) we begin by noting that

/|a:|72“|Vu|2dm:/a2\x|72w2(x)dm+/2a|x\72w(x)[x-Vw(a:)]dx
Q Q Q

+ / |Vw|? d.
Q

To handle the second integral on the right-hand side of the previous equation we
evaluate

2a|z|?w(z)[z - Vw(z)] = % div(2a|z|?w?(2)x) + a(2 — N)|z| " 2w?(x).

(2.9)

Integrating over €2 and using the divergence theorem, we obtain

/ 20| ~2w(@)[z - Voo(a)] dz = /Q a(2 — N)|a|~2w2(z) da. (2.10)

Q

Substituting equation (2.10) in equation (2.9) we obtain equality (2.8).



6 M. J. ALVES, R. B. ASSUNCAO, P. C. CARRIAO, O. H. MIYAGAKI EJDE-2012/109

Now we evaluate directly the divergence of |z|72*Vu(z) to obtain
div(|z| "2 Vu(z)) = v|z|"“FDw(z) + 2| Aw(z). (2.11)

Supposing that the function u is a solution to problem (2.6) and using inequality

(2.1) we obtain
— div(|z|7**Vu(z))
= Az 2V (@)w(z) + o] 7P g(z, |2]"w) (2.12)

(
="V (@)w(x) + agle| 7 Oz O D fw ()P

Isolating the term —|z|~*Aw(x) in equality (2.11)) and using (2.12) we obtain
= |z~ Aw(z)
< ,/\|x|*(a+2)( +(x) V™ (2)w (l,)Jra2|$|7b2*(a,b)+a(1071)‘w(m”pfl
e (o)
<Az~ V- (2)w(x) + ag)z|” b2*(a,b)+a(p—1)|w(l.)|p—1+7|x|—(a+2)w(m)

= (AV™(2) +7) 2|~ TPw(z) + ag|z| 702 @OFAE ()P
It follows that
—Aw(z) < AV (2) = 7)|a|w(z) + aglz| 702 DTy ()P
= Rlz|%w(z) + Vp

where R := AV~ (z) + v and Vp := ag|z| =2 (@0)+aP|y(2)|P~1. Since we assume
that Q is bounded, then R € L™ (Q) N L' (Q) for some ty > ro := 2*/[2*(a,b) — 2]
and Vo € LY(Q) N L™ (Q). Applying a result by Vassilev in [47, Theorem 2.9] there
exists a positive constant C' = C(p, RV, Hw||Dé,z(Q)) such that

C
w(m) S ‘ |q ||’w||D1 2 Q)

for every ¢ < N — 2; that is,

—a C -
|z~ u(z) < o] [z~ ullpr2(q)- (2.13)

Now we observe that

div(alz| 2T Du?(z)2)

= [Na — 2a(a + 1)]|z| 2@ Vw2 (2) + 2a]z| 2 Dy(z)[z - Vu(z)).
Integrating over €2 and using the divergence theorem we obtain
/ —2a|z|" 2y () [z - Vu(x)] dz
Q

(2.14)
= [Na —2a(a /|x| a2 (1) da
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Finally, we evaluate the Dy*(Q) norm of the function |z|~%u; to do this we use

to obtain
/Q IV (ja]*u(z))|? dz

=a? / |2z| 72+ D2 () da — 2a/ || 2@ Dy (z) [z - Vu(z)] dz

@ @ (2.15)

+ [ Jal 2 Val@) da
Q

=a(N-2— a)/ 2| 720D 2 () do + / 2| =2 | Vu(z)|? dz.
Q Q

Using estimate (2.13]) and equality (2.15)) it follows that
C

u(z) < WHI%I*“UHW(Q)
C 1/2
= fa(a(N—2—a)/ |:v|_2(“+1)u2(x)dx+/ 2| 2| Vu ()2 dsc)
B Q Q
< e lulopee
|gj|CI*a a7 ()

for every ¢ < N — 2, which is the estimate (2.7). This concludes the proof. (I

For an arbitrary set X C RY, and for d > 0 and r > 1, we use the notation

—drl 1r 1/r
ol = [ [ lal =" lopda] "
X

Let F:={u € E: suppu C V~1(]0,+00))}; then F is a vector subspace and we
denote its orthogonal complement in E by F+. If V > 0, then E = F; otherwise,
FL+ # {0}. Let A(u) := —div(|z|~*Vu) + |z|~2@+tDVy; then A is formally self-
adjoint in L2(R™) and the associated bilinear form ay : E x E — R given by

ay (u,v) ::/ \x|_2aVu~Vvdx+/ 2|72 DY (2)uw da
RN RN

is such that ay € C(E x E,R). Consider also the eigenvalue problem
—div(|z|**Vu) + |2| 2TV (2)u = pla| 2OV (2)u

for u € F+.
Since from hypothesis (V2) we have that supp V™ is of finite measure, then the
quadratic form
u || 2@ DY (2)u? da
RN
is weakly continuous; hence, there exists a sequence of positive eigenvalues (4;);en
which may be characterized by

p = inf sup {||u||2 u € M,/ 2|2V~ (g)u? da = 1}.
dim M>j, MCF+ RN

To show this, we define the bilinear forms

ay+(u,v) == /RN |z|2Vu - Vo de —i—/R |z| 2@V (1) wo da

N
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by - (u,v) :z/ 2|2 DY~ (2) wv dz
RN

and apply the results in Willem [49] Theorems 4.45 and 4.46].

Moreover, the sequence of eigenvalues is such that p; — 400 as j — 400 and
the corresponding eigenfunctions e; can be chosen so that (e;, e;) = d;; and form a
basis for F'+.

Let E = span{e;: p; < 1} and E* :=span{e;: p; > 1}. Then E = EoEtaF
is an orthogonal decomposition, with dim E < +o00. We set the operator

Ap(u) := — div(|z|722Vu) 4 N|z| 2Dy,

then A, is formally self-adjoint in L2(R”) and the associated bilinear form

ax(u,v) ::/ |x|72“Vu-Vvdx+/ Az| "2 DY (g)uw da
RN RN

is such that ay € C(E\ x E,R). Let Fi- be defined as the orthogonal complement
of Fin Ey and E\ = F @ Fj- Now consider the eigenvalue problem

—div(|z|22Vu) 4+ Mz| 2@V @)y = Aplz| 72DV (2)u
where A > 0 is fixed and u € Fi-.
Then we have a sequence (uj(A)) en defined by
pi(A) == inf sup{)\_1||u||§\: u € M,/ 2| 2DV (2)u? da = 1}
RN

dim M >j

€L
M (2.16)

dim M >j

= inf sup {/\71\\U||?\: u € M,/ || 2@ DY~ (2)u? dz = 1},
MNF={0} R

where the equality follows from the fact that [y |2|~2 DV~ (z)u?dz =0
when u € F.
Denote the corresponding eigenfunctions by e; () and let
Ey = spanf{e;(\): p;(A) <1},  EY :=span{e;(A): pj(A) > 1}.

Then E) = EA P Ej\r @ F' is an orthogonal decomposition of E) and dim EA < +00.
Moreover, the quadratic form a) is negative semidefinite on EA, positive definite
on E;\r @ F and ay(u,v) = 0 if u,v are in different subspaces of the previous
decomposition. See Lemma for some more properties of p;(A).

We say that a sequence (up)neny C F is a Cerami sequence for the functional &
if (®(un))nen is bounded and (1 + [Ju,||)®'(u,) — 0 as n — +o0; also, P is said
to satisfy the Cerami condition if any such sequence has a convergent subsequence.
In particular, a Cerami sequence with ®(u,) — ¢ is denoted by (C').-sequence, and
we say that ® satisfies the (C').-condition if each (C).-sequence has a convergent
subsequence.

To prove Theorem and Theorem we will make use of the following propo-
sitions.

Proposition 2.2 (Linking Theorem). Suppose that ® € CY(E,R), E = E; ® E»
where dim Ey < 400, and that there exist R > p > 0, K > 0 and ey € E1\{0}
such that inf ®(E1 N S,) > £ and sup (0Q) < 0, where Q = {v+tey: v € Ea,t >
0, ||ull < R}. If @ satisfies the (C).-condition for all k < ¢ < sup D(Q), then @ has
a critical value in the interval [k, sup ®(Q)].
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Proof. See Rabinowitz in [45, Theorem 9.12] or Willem [50, Theorem 2.12] for
the details. In their proofs, it is usually assumed that the functional ® verifies
the Palais-Smale condition; however, the Cerami condition is sufficient for the de-

formation lemma, and therefore it is also sufficient for the Linking Theorem to
hold. (I

In contrast, if the functional is invariant under the action of a compact group
of transformations, then we can get sharper results. Considering the action of the
symmetry group, we state the following result.

Proposition 2.3. Suppose that ® € C1(E,R) is even, ®(0) = 0 and that there
exist closed subspaces Ey, Fo such that codim Fy < +oo, inf ®(E; N Sp) > K for
some k > 0, p > 0 and sup ®(Ey) < +oo. If & verifies the (C).-condition for all
k < ¢ < sup @(Ey), then ® has at least dim Es — codim Ey pairs of critical points
with corresponding critical values in the interval [k, sup ®(F2)].

For a proof of the above proposition, see Bartolo, Benci and Fortunato [6, The-
orem 2.4].

3. TECHNICAL LEMMAS
Lemma 3.1. Suppose V~(z) = 0. Then for each fized j € N we have the following
claims.
(1) pj(A) = 0 as A — +00; also, dim E\ — 400 as A — +o0.
(2) pj(N) is a non-increasing continuous function of .

Proof. To prove item (1), let ¢ € C§°(RYN) be functions such that supp¢; C
supp V'~ for each 1 < k < j; suppose also that for every k # [ we have supp ¢ N
supp ¢ = (0. Define M := span{¢1, ¢2,...,¢;}. Then
x| 72| Vu|? dz + Nz| 2@t DY+ () ul? da
by < s Je IV Lo N 2OV o)
wEM, u0 Jn Alz| 72DV = (2)|uf? dz
Jen 12|72 Vul? dz
= sup )
w€M, u0 fRN x| 2@+DV = (z)|ul? dz

Hence, pj(A) — 0 as A — 4o00. It also follows that dim E) — +00 as A — +00.
To prove item (2), let u € M be such that [, |2|~2(@+DV = (z)|u|? dz = 1. Since
M N F = {0}, for \j, A2 € R, we have

A ulR, = A2l = O = A D Vulli;. (3.1)

It readily follows that u;(A) is a non-increasing function of A.

To show the continuity of this function, let A1, A2 € (g, A), where \g > 0. We
only have to consider those subspaces M for which the supremum in equation
is less than or equal to the number K := u;(Ao) + 1. For such subspaces M we
have 11;(\) < p1j(Xo) < K.

Let u € M be normalized by [,y |2|72**DV = (z)|u|?>dz = 1. From the defini-
tion, we have B }

i\ K ATHlull} < K

and this implies that AK > ||lul|3. Since

[Vullzz @) </ |$|_2“|VU|2+/ || 2OV () uf* da = [lul3,
¢ RN RN



10 M. J. ALVES, R. B. ASSUNCAO, P. C. CARRIAO, O. H. MIYAGAKI EJDE-2012/109

then ||Vu||L2 ®N) S < |lull3 < AK and this implies that u;(As) — (A1) as Ay — Ay
and the function 5 (A) is continuous. This concludes the proof of the lemma. O

Lemma 3.2. (1) Suppose that g verifies inequalities and for some
as > 0,2 <p<2* and p > 2; then assumption (G4) holds for (N —a)/2 <
T <p/(p—2) witht > 1.
(2) Suppose that g verifies the assumptions (G2) to (G4); then G(x,u) — +00
uniformly in x as |u| — +oo.

The proof of the above lemma is similar to the corresponding proof in Ding and
Szulkin [27], Lemma 2.2].

Lemma 3.3. Suppose that the assumptions (V1), (V2), (G1)~(G4) hold. Then any
Cerami sequence for the functional ® is bounded.

Proof. Consider a Cerami sequence (un,)men C FE. Since the functional & €
C(E,R), we have

1L+ ) () | = sup (1 + [[tmn [P’ (tign )] < (1 + ([t || @7 (i) [| — O

[lv]l=1
as m — +o00. So
19" (wrm ) | < 19 (wm) | lum |l < |9 (um)[I(1 + lumll) — 0

as m — +oo. It follows that for m € N large enough and for some positive constant
C > 0, we have

1 . ~
C > Blup) — 3 () = / el DG ) d (3.2)

Define h(r) := inf,cpy {G(z,u): |u| > r}. By (G3) and by Lemma there
exist Ry > 0 such that G(z,u) > 1 for |z| > Ry. In the annulus r < |u| < Ry
we have G(z,u) > 0; therefore, h(r) > 0. Moreover, also by Lemma we have
h(r) — +o0 as r — 4o0.

For 0 < a < 3, we define

(0, B) := {z e RN : a < Jup(2)| < B},
m(B,400) := {z € RY: B < |upm(z)] < +oo}.
Notice that by assumption (G1) we have that 0 & Q,,,(5, +00). We also define

CP .= inf
Co J@Rw{ |u\2

Then G(z,u) > CPlum|? for all € Q,, (v, B). From inequality (3.2)) it follows that

C> / 2| =22 @) G2, u) da + / 2|22 @D Gz, u) da
QnL(O Ot) nL( 76)

fa < ul < B}

+/ || =02 (@) G (2, u) da
Qo (B,+00) ~ (33)

> / 2|7 @ G (2, u) da + / || 7027 (@) |y Az
Q. (0,00) Qo (e, 8)

+ () / 2]~ (@) g
Qi (8,+00)
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To show that a Cerami sequence is bounded we argue by contradiction and assume
that ||un,|| — 400 as m — 4o0o. Now we define the sequence (v, )men C E
by v = /||t || which implies that ||v,,|| = 1. By the Caffarelli, Kohn, and
Nirenberg inequality in [18], for 2 < s < 2*(a,b) there exists a constant Cs > 0
such that

1/2
Ly®RN) S CS{/ Ed dx+/ |:c|*2(“+1)V+(x)|vm\2dx} - C,.
RN RN

[[om|
Using inequality (3.3)), we obtain

. C
|| 72 @D de < —— -0 (3.4)
/Qm(ﬁ,+oo) h(ﬁ)

uniformly in m € N as 8 — +oo. For fixed 0 < a < 3, and using inequality (3.3
once more, we have

" 1 .
/ ‘x|7b2 (a,b)|vm|2 dz < 72/ |x|7b2 (a,b)lum‘z dz — 0 (3.5)
Qm (a0, 8) [l Qo (a,8)

as m — 400 because we assume that ||u,,|| — +oo.
From the Holder inequality and from inequality (3.4), it follows that for 2 < s <
p < 2*(a,b) we have the inequality

—b2* g\z,u
/Q . )|:r| b2 (“’b)¥|vm|\v$|d$
m(B,+00

m

< [/ |1,|7b2*(a,b)’g(xaum)
Qm (8,400) Um

% {/ |:L,|fb2*(a,b)|vm|2-r/(7—fl) da
Q?n(ﬁy"!‘oo)

% {/ |x|—b2*(a,b)|v;|r—l|27'/(7'—l) da
Qp (8,+00)

for all m € N. In a similar way, by assumption (G4), and using inequality (3.2))
together with a suitable constant C; we also have

[ e e, o4
m (B,+00

T 1/7
d:v]

i| (r—1)/271

] (r—1)/27

m

x x /27 (a;b)
< Cl[/ |x‘7b2 (a,b)|vm|2 (a,b) dx]s a
Q'm(ﬁ7+00)

N (2% (a,b)—s)/2"(a,b)
X [/ || 702" (@) dx} .
Qm (8,400)

Now we write u = @+ ut and v = 6+ v+ so that 4,9 € E and u™,vt € EY & F;
then

Il ey < Csllogll < Collvml| = Cs.

N
From the definition of v,,, it follows that v} = HZ—MH Dividing the expression of

& (u )ut by ||um||?, we obtain

& (up )t
Dl — [ e 9P+ [ el V@) ) da
RN RN

[[wm 2
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vt

m

_ / |x\*b2*(“’b)wvmv;§ de
RN
But we have ®'(u,,)u,}, — 0 as m — +o0; therefore,

P’ + *
T ooy - [ el en 8 )y ras 0 6)
RN

[[tm 2 e m
as m — —+o0.

Let € > 0. By assumption (G1), there exists a. > 0 such that for all |u| < a. it

holds
€

lg(z,u)| < 37022\14-

Consequently,

I e A
m(U,ae m

* g
< | =02 ) 5 o |07 | e (3.7)
‘/9771(07(15) 3022

€
+
S 3C3 va||L§2*<a,b>/z(Q)va”Liz*(a,w/z(Q) <¢e/3
for all m € N. Using the limit in (3.4]), there exist b. > 0 large enough such that

* T, U
/ || ~2 (“’b)uvmv;‘; de <¢e/3 (3.8)
Qm(bsa"l'oo) Um
uniformly in m.
Following up, we now use the inequality (3.5 to obtain constants C5 > 0 and
mg € N such that

/ |m|_b2*(a’b)MUmU$ dz < 03/ |x‘—b2*(a,b)vmv;z da
Qi (ae,be) Qn (ae,be)

Um

3.9
< Csllvmllz2 (o, (ac bo)) (39

<e/3

for all m = mg.

Finally, using inequalities (3.7)), (3.8), and (3.9)), for all m > mgy we have

/ || 702" (a:0) 7g(x,um)vmv7_; dz < e.
RN Um,

It follows from inequality that v, — 0 as m — 400, because the quadratic
form a is positive definite on ET @ F and € > 0 is arbitrary. So, passing to a
subsequence if necessary, still denoted in the same way, we obtain v,, — v # 0 in
E as m — 400, because dim E < +o0. By inequality , and using assumption
(G3), Lemma [3.2] and Fatou’s Lemma, we obtain

C> Gz, up) da > / G(z, tpm) dz — 400,
RN {z€RN : v(z)#0}
which is a contradiction. This concludes the proof of the lemma. O

The following lemma, which is a variant of the Brézis-Lieb lemma, is crucial
to prove a result on the convergence of subsequences of a Palais-Smale sequence

(Lemma [3.7).
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Lemma 3.4. Let Q C RY be an open set and let f € C(Q x R,R) be a function
such that |f(x,u)| < alul® for some a € RT and for 1 < s < +oo. Suppose that
s < p < +oo withp > 1, and let (U )men C LP() be a bounded sequence such
that u, — u a.e. in Q and uy — u in LY(QN Br) for all R € RT as m — +o0.
Then, passing to a subsequence, there exists a sequence (Vm)men C Li () such that
|z| "0 — |2 "%u in LP(Q) as m — +oo0 and
2] 0 f (2, um) = |2] 7 f (@t = 0m) = |27 fla,u) = 0 in LP/*(Q).

Proof. We adapt the arguments by Ackermann [I, Lemma 3.2] and by Ding and
Szulkin [27, Proposition A.1]. Since the sequence (um)men C LP(Q2) is bounded,
and since u,;, — u a.e. in £, using a result by Willem [49, Theorem 10.36] we have
U, — u weakly in LY (Q2) as m — +oo.

We claim that there exists a subsequence (um;)jen C LY (RY) and that there

exists a sequence (R, )jen C R* with Ry, — +00 as j — +oo such that for each
e > 0, for each R > R(e) and for each j > j(e), it holds

/ 2| 7P |ty [P dz < . (3.10)
QﬂBij \BR

In fact, by the convergence u, — u in L{(2 N Bg), and by the boundedness
of QN Bj, we can use a result by Hewitt and Stromberg [35, Theorem 13.44] to
guarantee that for each fixed j > 1 and almost all m € N, we have

1
j/ [l — |2~ 7] dr <~ (3.11)
QNB; J

Choosing m; > j for which the inequality (3.11]) holds, we may assume without loss
of generality that m; < mj; for all j € N. Now we choose R € R* large enough

so that
€

/ [ ~PlufP dz < (3.12)
O\ Br 2

which is possible because u € Lj (). Assigning the value R,,, = j we have

/ ol Pl P = [ [fal P, P~ o] 7ul”] do
Qr\IBij \BR QNBR,, .

g

+f ol 7 fuf? o
QOBij \Br

[ Tl ], 7] do
QNBgr

for every R,,; > R. From the inequalities (3.11]) and (3.12)), it follows that the last
term on the right-hand side of the previous equation tends to 0 as j — +oo; more
precisely,

1 e 1
o] hul? o], ] o < =+ 5 4 2
/Qﬁ Rom [ . ] ij 2 J
as j — +00. Now we apply Cantor’s diagonal argument to obtain inequality (3.10]).
Let n € C§°(R, [0, 1]) be a cut-off function such that n(t) = 1if¢ < 1 and n(t) =0
if t > 2; set vy, (x) := n(2|z|/ Ry, )u(x). Then we have

[ el o e = [ fal 7l da (3.13)
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as j — +oo0.

Let us recall that by hypothesis we have a sequence (u;,)men such that u, — u
a. e. in Q and u, — wuw in LP(Q2 N Bg). Then, arguing as the authors in [5]
Lemma 2.2], we can conclude that

|z|~%Pu,, — |z|7%Pu  in LP

P (QN Bg). (3.14)

Using the limits (3.13]) and (3.14)) and the continuity of the Nemytskii operator, we
obtain

2|70 f (@, ) — |20 f (@, iy, — Um,) — |2| 70 f(@,u) — 0 (3.15)
in Lf/S(Q N Bg) as j — +o00. Moreover,
[ 7" f (@, tm, ) = 2l ™° F (2,1, = vm,) = |27 F (@, 0] oo )
< |70 f (@) = [l f (@, ;= 0, ) — |20 f (@, 0m, ) HLp/s(Q\BR)
+ [0 f (@, vm, ) = 12l ™ £ @, W) Lo 1)

Using the limit (3.13)), once again by the continuity of the Nemytskii operator we
have

|2~ f (2, vm, ) = 2| ~° F (@, w)|| @B 0

as j — +oo. And since |x|_bva || ~®|u| and supp{vm, } C BR,,L , we have

]2 £ (2 thm, ) = ] 8 F (e, = O, ) = 2] (v, )|

p/
< Cllal lutm, * + |l L, = v, 1* + 2] o, 7]
< C Il g, 17 + fo| ],

where we used twice the well known inequality |a+b|P < C[|a|P+|b[P] for a,b € R,
By the definitions of 7 and vy, in Q\B R,,, We have vn,, (z) = 0; hence, the left-
hand side of the previous inequality is zero. Finally, by inequality and by
the limits and , we obtain the conclusion of the lemma. (Il

Before stating the next result, let us recall that given Q C RY, the set L} (Q) +
L{(2) is the space of functions u defined in Q such that v = wu; + uy where
up € LY(Q) and up € L{(Q). This set is equipped with the norm |lull,v, =
inf{{|u1(|r @) + l[u2 Lo (o)} where the infimum is taken with respect to all decom-
positions u = uy + ug as above.

Proposition 3.5. Let Q@ C RY be an open set and let f € C(QxR,R) be a function
such that | f(z,u)| < aflul” + |ul*] for some a € RT and for 1 < r < s < +oo0.
Suppose s < p < +00, r < ¢ < +00 with ¢ > 1, and let (U )men C LY (Q) N LE(Q)
be a bounded sequence such that u, — u a.e. in Q and in LY(QNBr)N LI (2N Bg)
for all R € RT. Then, passing to a subsequence, there exists a sequence (Vm)men C
LY(QNBr)NLI(QNBg) such that x|~ v, — |z|~%u in LY (Q)NLI(Q) as m — 400
and
F(@,um) = F(@,tm — vm) — fl@,u) =0 in L*(Q)N LY ().

The proof of the above proposition is similar to the corresponding one by Ding
and Szulkin in [27, Theorem A.2]. We omit it.
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Let E be the space defined in (2.4). Suppose that L: E — E is a bounded linear
self-adjoint operator and let ®: E — R be given by

1 «
®(u) := o (Lu,u) - /R N || 72 @O G, u) da. (3.16)

Using this notation, we have the following result.

Lemma 3.6. Let (um)men C E be a sequence such that u,, — u weakly in E.
Then after passing to a subsequence, there exists a sequence (Vm)men C E such
that

D () = P(Up, — V) + P(u) + 0o(1),
O () = ® (U, — V) + @' (u) + o(1)
as m — +oo. In particular, if (um)men C E is a Palais-Smale (PS).-sequence,

then after passing to a subsequence we have ® (U, — vUy) — ¢ — ®(u) and D' (U, —
Um) — @' (u) as m — +oo.

Proof. Without loss of generality we can suppose that |z|~%u,, — |z|~%u a. e. in
RN, |z|7% — |z|7%u weakly in L'(RY) and |z|~%u,, — |2|7Pu in L{ _(RY), for
2 <t < 2*. Applying Proposition to the function |z|~°2 (Y G (2, u) with
r=q =2 and s = p, we obtain

/ |x|7b2*(a’b)G(x,um)d$:/ |m|7b2*(“’b)G(a:,um—Um)da:
]RN

RN

—|—/ 2|72 (@) (2, w) dz + o(1).
RN

Similarly, applying Proposition to the function |z| =2 (@Y g(x u) with r = 1,
s=p—1, and ¢ = 2, we obtain

|=b2" (a.0)

B 9, um) = |27 OV g(@, = o) = |22 P g(2,u) — 0

as m — +o0o. Therefore, it holds

sup/ 2|72 @) g (2w, ) da
lloll<1 /RN

= sup / 2|20 [g(2, iy — ) — g(w,u)] ¢ dz + 0(1)
lpll <1 JRY

Lemma guarantees the existence of a sequence (v, )men C E such that v, — u

in E and, therefore, Lu,, = L(uy — vy) — Lu+ o(1) as m — +o00. The conclusion

of the proof of the lemma follows. (I

The following lemma follows immediately from Lemma We omit its proof.

Lemma 3.7. Suppose that the assumptions (V1), (V2) are satisfied and that in-
equality holds; let (um)men C E be a Palais-Smale sequence for the functional
® defined by equality such that u,;, — u weakly in E and ®(u,,) — ¢ as
m — 4o00. Passing to a subsequence, there exists a sequence (Upm)men C E such
that v, — u as m — 400 and

D(Up, — V) — c— P(u), D' (up, —vm) — 0. (3.17)
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Let ®): E — R be the functional defined by

1 1
By (u) = 5/ 2| 72| Vul? dz + 5/ M| "2 DY (2)u? de
RY RY (3.18)
f/ || 727 @O G, ) dur;
]RN
and for A = 72, let U): E — R be the functional defined by
1 1
W) (u) ;:5/ |2 =2 Vu|? dz + 5/ Az 72Dy (1) da
BN BY (3.19)

- / Az =27 @D Gz, u) da.
RN

We can easily infer that the conclusion of the Lemma still holds for the func-
tionals @ and ¥, defined by (3.18) and (3.19)), respectively.

Lemma 3.8. Suppose that the assumptions (V1), (V2), (G1)-(G4) hold. Then for
any M > 0 there exists A = A(M) such that the following claims hold.

(1) @y verifies the (C)c-condition for all c < M and for all A > A.
(2) Wy verifies the (C).-condition for all ¢ < MA™® and for all A > A, where
a>2/2*=2)if N>23anda>0if N=1or N=2.

Proof. We begin by considering the functional ®5. Let (wy)men C Ex be a Ce-
rami (C).-sequence with ¢ < M. Lemma implies that (um)men is a bounded
sequence. Passing to a subsequence if necessary, still denoted in the same way,
we can assume that u,, — u weakly in F)\ as m — +oo and that it verifies the
conclusion of Lemma 3.6

Now we define w,, := ty;, — vy,. Since V() < b on a set of finite measure and
since w,, — 0 weakly in E\ as m — +oo, we have w,, > 0 and w,, — 0 in L?(K)
for compact subsets K C RY. Therefore,

1

o b / V(@)|z| 72w, da + o(1)
Ab Sy (2)<b

([t FES

Moreover, if 2 < s < p < 2%, the previous inequality together with Hoélder, and
Calffarelli, Kohn and Nirenberg inequalities, imply that

/N |l’|*5(a+1)|wm|5dl‘ < {/N \J;|72(a+1)|wm|2 dz
R R

% {/ \x|’p(a+1)|wm|pdx
RN

} (p—s)/(p—2)
} (s—2)/(p—2)

—(p—s — 2(p—s -2 s—2 —2
1(Ab) (p—s)/(p 2)||wm||>\(P )/ (p )meHI;\( )/ (p—2)

<d
< A (A0) " Dl |5 + o(1).

(3.21)
Given € > 0, there exists § > 0 such that |g(z,u)| < €|u| for all z € RY and for all
|u| < §; moreover, assumption (G4) is verified for all # € RY and for |u| > ¢ with

the same value of 7 but possibly for a larger value of a;. It follows from inequality
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(3-20) that

/' 2] @D g, wy Y da

RIS (3.22)

<e/ 2]~ @D o 2 i < S 2 + (1),
| <6 Ab

By the limits (3.17)), we obtain
1 . ~
P (wm) — 5 @4 (wm)wim = / 2| DG 2, w) de — ¢ — @x(u)  (3.23)
RN

as m — +oo. Using assumption (G4), inequality (3.21) with s = 27/(7 — 1) and

inequalities (3.8) and (3.23)), we have

/ | |x|_b2*(a’b)g(x,wm)wmdx
W | >0

. roq1r . T
<[ en R T T e, ]
|wm|>d w | Wi |>6

m

<| /wmw |m|*b2*<a,b>a1€;(x,wm)dx}l/T[ /

IwnL|>5
1/7 1/7
<ay/T[e— @5 (w)] " wmll?.

’

p 2/s
|£L’|7b2 (a,b)|wm‘s dx}

(b)) (RN) +0(1)

b2*
ga}/TMl/T[d ()\b) (p—s)/(p— 2)” ” ]2/$+0(1)

= do MY/ T(0) [wl[§ + 0(1)
(3.24)
where 6 = 2(p — s)/(s(p — 2)) and do = a)/"d}’*. Set Z := {x € R¥: V(2) < 0};
then @ (w,)w, — 0 and w,, — 0 in L*(Z) as m — +oo. By inequalities
and , we have

_ 2 —b2* (a,b) & daM
o) = il = [ 1ol @ Dg(a o < [1- 55— 20
Finally, we take A = A(M) large enough so that 1 —e/(\b) —da M'/7 /(Ab)? > 0 for
A > A, and we obtain w,, — 0 in Ey as m — +o0o. But since w,, := u,, — v,, and

Um — U a8 m — 400, it follows that wu,, — u as m — +oo.
Now we consider the functional ¥,. In this case the limits and the in-
equahty - are still valid. However, we have to substitute G by )\G in inequality

and g by Ag in inequality - hence, using assumption (G4) once more
and H('jlder inequality, we obtain

/ | 2| =02 @D g (@, wpn ), dae
W | >0

< [/ |z|fb2*(a,b)’g(xawm)
| W |>6 Wm

g lwml3 +o(1).

/

T 1/7 » , 1/7
d:C:| [/ |x|7b2 (a,b)|wm|27 dx}
|wm [>6

* ~ 1/7' « 2/s
< [/ Afl\xrbz (“’b)alG(x,wm)dx} [/ |;r|*b2 (“’b)\wm|5dx}
[wm|>6 [ W | >
1/7\—1/7~ 1/
<o/ AV e W) wallZy, gy +o1)

<a}/7)\ 1/7’[ \IJA( )]1/T[d ()\b) (p—s)/(p— 2)” ” ]2/8+0(1)
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= do AT (MAT) YT (AD) O |wiml[3 + o(1).

Using the same arguments as before, we have

o1) =} = [ Alal ™2V g, ), do + o(1)
RV (3.25)
<[1= 5 = X lwnl} +o(1)
Ab ’
where dg := doM*/7 /b%. For N > 3, we take a > 2/(2* —2) and 3 := [2 — a(p —
2)]/(7(p — 2)); in this way, we can choose s < p < 2* so that § < 0. For N =1
or N = 2, we take p > s large enough and we still have o > 2/(p — 2) and 8 < 0.
Finally, the limit is valid for all A large enough, provided we choose ¢ < b;
therefore, we have w,, — 0 in F) and u,, — u in Ey as m — +oo. This concludes
the proof of the lemma. O

Lemma 3.9. There exist k,p > 0 such that nf ®((ET ® F)NS,) > k.

Proof. Let 2 < p < 2*(a,b) and consider the function h(x) = Ax? + BaP, whose
behavior near the origin is determined by the quadratic term. Since the first and
second terms of the functional define a quadratic form which is positive definite
on ET @ F, and has a behavior like that of the function h just defined, then for
every ¢ > 0 there exists C. > 0 such that 0 < G(z,u) < ¢|u|? — C|ulP. Finally,
applying a standard argument we obtain the conclusion of the lemma. O

4. PROOFS OF THE THEOREMS

Proof of Theorem[I.1]. First we consider the functional ®. Suppose that ¢; €
C§° () have disjoint supports and let W := span{¢1, ¢2,...,¢r}. Then W C F
and, by Lemma it holds ®((EY @ F)NS,) > k where £ and p may depend
on A\.

Since G > 0, according to Propositions[2.2land 2.3 and Lemmal[3.8] we only have
to show that sup ® A(E‘ @ W) is bounded from above by a constant independent, of
A and that there exists R > 0, possibly depending on A, such that ®, < 0 whenever
uwe Ey®W and ||ul\ > R.

By assumption (G2), given 1) > 0 there exists r,, > 0 such that G(z,u) > $n|u|?
ifluf > r,; Letu=v+we E\ & W; then, noting that suppw C int V=1(0) and
using the properties of the quadratic form ay, we have

Dy (u) < a,\(w,w)—/ |x\_b2*(a’b)G(x,u)dx
Q

N | =

1 2 1 2
= 5IVwlizz i = 5ullulze, @

1 (4.1)
+/ [§n|x|7b2*(a’b)u2 — |x|7b2*(“’b)G(a:,u)} dx
Q

1 s 1
< 5lIVelizz @) = gallullzs, @)+ Cn

where the constant C;, depends on 7 but does not depend on .
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Since w € C§°(2) and ax(v,w) = 0, we have

||Vw||2Lg(Q)

:/ \x|72an~Vudx:/ —div [|z|"*Vw]udz
Q Q
:/ —|x|b2*(“’b)/2 div [|x\*“Vw]|x|*b2*(“’b)/2udx
Q
. 1/2 . 1/2
(/ |3;‘|b2 (a’b)/Q‘diV [|x\_an]|2 dCL') (/ |LL‘|_b2 (a:b) 4,2 da?) (4.2)
Q Q

1/2
<C</9|div [ef V] Pdz) " Jull;

N

bz*(a,b)/z(ﬂ)

< bOHV“)”L%,(RN)HUHLiz*(a,bw(Q)
b2 2 M2
< %”VU}IIL,%(RN) +ollulzz, L@

where bj is a constant depending on the finite-dimensional subspace W. Choosing
n > b3, we obtain ||[Vwl||2, < 77Hu||2L2(Q) and it follows from inequalities that
¢, < C),. Using assumption (G2) again, and since E\ @& W has finite dimension, it
follows that ®(u) < 0 for |lul| large enough.

If A is large enough, then the functional @ satisfies the Cerami (C).-condition
for every ¢ < C,,. Moreover, we have ®, < 0 outside a certain ball. Therefore, by
Proposition the functional ®) has a nontrivial critical point w.

Now we consider the functional ¥y. We define W as in the previous case and
we have U\((EY @ F) N S,) > K, where x and p may depend on A and are given
by Lemma|3.9

Inequality is still valid for W) if we replace G by AG; therefore, denoting
by Cj » a constant such that

1 —2(a —b2*(a
/9(5 x| 2( +1)|u|2 — Alz| b2%( ’b)G(m7u)> de < Gy,

we have ¥y < C) x. To obtain the conclusion, we have to show that C,, x < MA™¢,
where a > 2/(p — 2) was identified in Lemma Since G > 0, setting Uy o =
{z € RN : |u(z)] < A7%/2}, we have

1 .
/ |5l D uf? = A " DG, u) | dr < C1AT
QﬂU)\,a

for some fixed constant Cy, where 1 > b% is fixed.
By assumptions (G1) and (G3), there exists a constant Cy > 0 such that
G(x,u) = Cy|ul® whenever |u(x)| < 1. In this way, if A=%/2 < |u| < 1, then

1 —2(a —b2"(a
S 2D 2 — N | P @Gz, u)
1 —2(a —b2*(a
< nlal 2 uf? = AChla] P u)?
1 —2(a —b2*(a —a(d—
< §7I\$| 2( +1)—C’2|x| b2" (a,b) \1-a(s 2)/2]|u|2.

Since § < 2*, we may choose o > 2/(2* — 2) so that 1 — «(d — 2)/2 > 0. Hence,
for large A the right-hand side of the previous inequality is non-positive. It is clear
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that if |u| > 1 and X is large, then Jn|z|2(¢FD|y|? — Nz|72 @G (z,u) < 0. Tt
follows that ¥y (u) < C1A~%. Therefore, by Proposition the functional ¥, has
k pairs of critical points. This concludes the proof of the theorem. O

Proof of Theorem[I.3 First we consider the functional ®y. Given A > 0, there
exists A > A such that 1 < pp(\) < 1+ 1/X for some k € N. We set W :=
span{ey,(\)} and write u = v +w € Ex @ W. By the orthogonality of Ey and W,
we have

[ e @l da

:/ |x|_2(“+1)V_(x)|v|2dx+/ 2| 2@V () wl? da
RN RN

Therefore,
1 .
Dy (u) < §a,\(w,w) —/ 2|7 @O G, u) da
supp V —
— A —1) [ eV @)l o — < ylull
— gk RN 9 MIL2  (supp v
1 —2(a —b2*(a
w [ [l ol VG )] o
supp V —
1
< */ |x|_2(a+1)V_(m)|w|2dx
2 Jan
1 n / —2(a+1)1/— 2
- x V™ (z)|ul|* dz + C
2 ||V7||LOO(RN) ]RNl | Ml !
1
<5 [ ey @l o
2 Jan
1 n / —2(a+1)1,— 2
_ x| 7TV (o) |w|f dz + C,
2 ||V7||L°°(RN) ]RNl Il !

where the constant C; > 0 is independent of A and can be chosen following the
same steps as in the proof of Theorem Choosing 7 = ||V~ || Lo &~), We obtain
®, < €. If X is large enough, then the functional ®, verifies the Cerami (C),-
condition for all values ¢ < Cy,. Following the proof of Theorem we can prove
that outside a certain ball we have ®, < 0. Therefore, by Proposition the
functional ®, has a nontrivial critical point u.

The study of the case for the functional W) follows closely the ideas for the
corresponding case in the proof of Theorem @; we just have to prove that C, ) >
Ci1A~® whenever A > X\ for )\ large enough. Therefore, by Proposition the
functional ¥y has k pairs of critical points. This concludes the proof of the theorem.

O
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