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MULTIPLICITY OF POSITIVE SOLUTIONS FOR QUASILINEAR
ELLIPTIC P-LAPLACIAN SYSTEMS

ASADOLLAH AGHAJANI, JAMILEH SHAMSHIRI

ABSTRACT. We study the existence and multiplicity of solutions to the elliptic
system

—div(|VuP~2Vu) + m1(2)|uP~2u = Ag(z,u) =€ Q,
— div(|V|P~2V0) + ma(z)|v|P~ 20 = ph(z,v) z € Q,

_,0u _,0v
[VulP 2% = fulz,u,v), |Vo|P za—n = fo(z,u,v),

where @ C R is a bounded and smooth domain. Using fibering maps and ex-
tracting Palais-Smale sequences in the Nehari manifold, we prove the existence
of at least two distinct nontrivial nonnegative solutions.

1. INTRODUCTION

In this article, we study the existence and multiplicity of positive solutions of
the quasilinear elliptic system
— div(|VuP2Vu) + my (@) [ulP2u = A\g(z,u) 2z € Q,
— div(|Vo|P72Vv) 4+ mo(2)|v|P~ %0 = ph(z,v) x € Q, (1.1)
p—Q@ p—2@
on on
where A\, u > 0, p > 2, Q C RY is a bounded domain in R ‘with the smooth bound-
ary 02, % is the outer normal derivative, my,mg € C(2) are positive bounded
functions together with the following assumptions on the functions f, g and h:
(A1) g—;f(ac,t|u\7t\v|)|t:1 € C(0Q x R?) and for u,v € LP(91), the integral
Joa g—;(f(x,t|u|,t|v\))dx has the same sign for every ¢ > 0.
(A2) There exists C; > 0 such that

|V'LL| = fu(xa 'U/,’U)7 |V'U| = fv(x,u, 'U).’E c 89,

10 1 9
flz,u,v) < ;af(z,tu,tv)h:l < m@f(l’,tu,tv)h:l < Cy(u" 4 0"),

where p < r < p* (p*:I\’;—fifN>27p*:ooifN§p)forall

P
(x,u,v) € 0 x RT x RT.
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(A3) %f(x, tu, tv)]i=o > 0 and lim;_, w = n(z, u, v) uniformly respect
to (x,u,v), where n(z,u,v) € C(Q x R?) and |n(x,u,v)| > 6 > 0, a.e. for

all (z,u,v) € 2 x RT x RT.

(A4) g(z,u), h(z,v) € CH(Q x R) such that g(z,0) > 0, h(x,v) >0, g(z,0) #0
and there exist Cy > 0, C3 > 0 such that, |g(z,u)] < Ca(1 + uP~!) and
|h(z,v)| < C3(1 +vP~ 1), where z € Q, u,v € R and p > 2.

(A5) For u,v € WhP(Q), [, Zg(z,tlul)udz and [, 2 h(z,t[v])v?dz have the
same sign for every ¢ > 0 and there exist C4y > 0, C5 > 0 such that
|gu(z,u)| < CyuP~2 and |hy(z,v)] < C50P~2 for all (x,u,v) € A x RT x RT.

Remark 1.1. Equations involving positively homogeneous functions have been
considered in many papers, such as [3, [0, 17, I8 28, 29]. Tt is clear that, if
f(x,u,v) is a positively homogeneous function of degree r(r > p > 2), that is,
f(z,tu, tv) = t" f(z,u,v) (t > 0), then it satisfies conditions (A1)-(A3). Note that
for such an f we have

Juu+ fov =rf(z,u,0) <rKg(|lu]”+ o),
where
K =max{f(z,u,v) : (z,u,v) € Q x R?, |u|" + |v|" = 1}.

In recent years, there have been many papers concerned with the existence and
multiplicity of positive solutions for the elliptic equations (systems) with nonlinear
boundary conditions. The results relating to these problems can be found in [T
4,16, 0] (1] (12, (13, 16, 19, 20, 21) 22, 24, 25, 26, 27, 30, 31, B2] and the references
therein. For instance, Drabek and Schindler [15] showed the existence of positive,
bounded and smooth solutions of the following p-Laplacian equation

—Apu+bluP~2u = f(.,u) inQ,
Ru=0 on 09,

where fou = |Vu|p*2‘g—z + bolu[P~2u, @ C R¥ is a bounded domain and 1 < p < N.
Brown and Wu [7] considered the semilinear elliptic system

—Au+u= Lf(x)|u|°‘_2u|v|ﬁ in £,

a+ 3
—Av+v= aLiﬂf(m)|u\°‘|v|ﬁ_2v in ©,
ou Ov
= q—2 T q—2
gy = M@l oo = k()0 on 09,

where € is a bounded domain in RV, o, 3 > 1, 2 < a + 8 < 2* and the functions
f, g, h satisfy the following conditions:

o f€C(Q) with || flle =1 and f = max{f,0} £0,
e g, h € C(00) with ||g]lo = Ih]lec = 1, gF = max{£g,0} # 0 and h* =
max{+h,0} #£ 0.
They found that the above problem has at least two nonnegative solutions if the pair
(\, 1) belongs to a certain subset of R2. Note that the function %wf(:c)\u|°‘|v|ﬁ
with the above given conditions is positively homogeneous of degree r = o+ 3 and
clearly satisfies our conditions (A1)—(A3).
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Recently, Shen and Zhang [29] considered the semilinear p-Laplacian system

1 OF

Cpgu = LOF@ ) e g,
p* ou
1 OF

—Ayu = 1 9F(z,u,v) +ufi20 i Q,
p* v

u>0, v>0 in{Q,
u=v=0 on 99,
where Q is bounded domain in R with smooth boundary, F' € C'(Q, x(RT)?) is
positively homogeneous of degree p*, they proved that this system has at least two
positive solutions when the pair of parameters (A, u) belongs to certain subset of
R2,

In this article, the main difficulty will be the nonlinearity of f(x,u,v), g(z,u) and
h(z,v) in problem (|1.1)) and the lack of separability. To overcome this difficultly, we
need to restrict the problem (1.1f) to assumptions (A1) and (A5). Here we present
some examples for f(x,u,v) satisfying the conditions (A1)—(A3).

fi(z,u,v) € CH(00 x RER),
fi(z, tu, tv) =t fi1(z,u,v) for (z,u,v) € Q2 x RT x RT and ¢ > 0,

fa(,u,0) = a1 (2)(—ag(x) + 3/ (az(@)7 + u” + v1),
a;(z) € C(0Q), ai(x) >0, g>1, ge€N,

wdtT 4 7t
Fola ) =M

Now we present some examples for g(z,u) and h(x,v) satisfying the conditions
(A4) and (A5):

b(xz) € C(0Q), b(x)>0, r>0.

—ay (z) 2Pt
Ql((IJ,Z) = ]W +a3(a:)

with a;(z) € C(Q), ai(x) >0, az(x) £ 0, max{2 —p,—1} <r < 1.
Q2(z, 2) = by(x) tan~ 1 (by(2) 2P %) In[1 + 22*] + b3(z)

with b;(z) € C(Q), bi(xz) >0, bs(xz) #0, § <k ecN.

Qs(w.2) = 1 (2) {/ (1 + eala)22p
with ¢;(z) >0, ¢;(z) € C(Q), c1(x) 20, k€N, 0 < 2k < 7.

—ep(w)2P~1
Q4($,Z) T A4 Cotfl(eg(.%‘)zk)
ei(z) € C(Q), ei(z) >0, e3(x) Z0, k > 0.

Here our main tool is the Nehari manifold method which is similar to the fibering
method by Drabek and Pohozaev [14]. The main idea in our proofs lies in dividing
the Nehari manifold associated with the Euler functional for problem into two
disjoint parts and then considering the infima of this functional on each part and by
extracting Palais-Smale sequences we show that there exists at least one solution
on each part.

Define the Sobolev space

W= WhP(Q) x WP(Q), (1.2)

+ es(x)
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endowed with the norm
1/p
I o)l = ([ (Vul? + m@al?)do + [ (Vo + mafa)lep)dz)
Q Q

which is equivalent to the standard norm. We use the standard L"(£2) spaces whose
norms are denoted by ||u||,. Throughout this paper, we denote S, and S, the best
Sobolev and the best Sobolev trace constants for the embedding of W1?(Q2) into
L7(Q) and WHP(Q) into L4(9Q), respectively. So we have

o)) o 1 (o)

(Joq([ul? + Jv]9)dz)r = 20534 (Jo(Jul® + Jv]9)dz)r = 20531
Before stating our main results, we mention the following remarks.

Remark 1.2. Notice that using conditions (A4) and (A5), for all (z,u,v) € Q x
RT x R, we have

(A6) (r — 1)g(z,u) — ugy(z,u) < C(1 +uP~L) and (r — 1)h(z,v) — vhy(x,v) <

(1.3)

Cr(1+0P71h).
(A7) G(z,u) — Lg(z,u)u < Cs(1 + wP) and H(z,v) — 2h(z,v)v < Co(1 + vP),
where

u v
G(z,u) = / g(z,s)ds, H(z,v)= / h(z,s)ds. (1.4)
0 0
Remark 1.3. It should be mentioned that using condition (A3) we have

0 _

‘&f($7twlatw2)| < (1 + |7’]($L‘,’u}17w2)‘>tr !

for ¢ sufficiently large and (z,w;,ws) € Q x (RT)?2, hence taking w; =
— vl

27 Tul+fol

w and ¢t = |u| + |v| for |u| and |v]| sufficiently large we arrive at

W
Fula ul Jou + £l o)l < (1-+ e, L
| < (e o o o

< Ag(ful” + [v["),

where Ag = 2"max{1l + |n(z, |ul,|v])| : |u| + [v|] = 1} and (z,u,v) € Q x R2.
Furthermore, if we assume that f € C?(Q x R*Q), then there exists A; > 0 such
that

M) (Jul + )"

0
af(x,tu,tv)h:l = |fulz,u,v)u + fo(z,u,v)v| < A1 (1 + |[u]” + |v]|7), (1.5)

where (z,u,v) € Q x (RT)2.
The purpose of this paper is to prove the following results.

Theorem 1.4. There exists K* C (R")? such that for each (\,p) € K* problem
(1.1) has at least one positive solution.

Theorem 1.5. There exists K** C K* such that for each (A, u) € K** problem
(1.1) has at least two distinct positive solutions.

This paper is organized as follows. In section 2 we point out some notation and
preliminary results and give some properties of Nehari manifold and fibering maps.
In section 3 a fairly complete description of the Nehari manifold and fibering maps
associated with the problem is given, and finally Theorems [I.4] and [I.5] are proved
in Section 4.
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2. PRELIMINARIES AND AUXILIARY RESULTS
First, we define the weak solution of problem (1.1]) as follows.

Definition 2.1. A pair of functions (u,v) € W (W is given by (L.2)) is said to be
a weak solution of (1.1f), whenever

/ (|VulP2Vu.Vr + mi(z)|ulP*upy ) dx
Q
A [ gwprde [ falwu e =0,
Q 0
/ (IVo[P~?Vu.Vps + ma(z) v’ 2vps ) dx
Q

- ,u/ h(x,v)padx —/ folz,u,v)padx =0,
Q a0
for all (¢1,¢2) € W.
Associated with problem (|1.1f), we consider the energy functional Jy , : W — R
1
T 0) = M (u0) = Flu0) - )\/ G, lul)de — M/ Ha,Jo))dz,  (2.1)
Q Q
where G(z,u) and H(x,v) are introduced in (1.4)) and

M (u, v) :/Q(|Vu|p—|—m1(a:)|u\p)dx—I—/Q(\VUP”+m2(x)|v|p)dm

Fu,0) = /3 falul o) da

If Jy ,, is bounded from below and J) ,, has a minimizer on W, then this minimizer
is a critical point of Jy ,, so it is a solution of (L.I)). Since Jy , is unbounded from
below on whole space W, it is useful to consider the functional on the Nehari
manifold

(2.2)

Nauw () = {(u,v) € W\ {(0,0)} = (J3 ,(w, ), (u,v)) = 0}, (2.3)
where (,) denotes the usual duality between W and W1 ( W1 is the dual space
of the Sobolev space W). We recall that any nonzero solution of problem (|1.1))
belongs to NV ,(£2). Moreover, by definition, we have that (u,v) € Ny ,(€) if and
only if

M(u,v)—/a (fu(z, [ul, [o])ul + folz, |ul, [v])|v])dz
—)\/ o, |ul)|uldz — /h Jo)lvldz = 0.

Furthermore, we have the following result.

(2.4)

Theorem 2.2. J, , is coercive and bounded from below on N ,(Q) for X and p
sufficiently small.

Proof. Let (u,v) € Ny ,(Q), then by (A2), (A7), and (2.1)—(2.4), we obtain

Tapl0) = (5 = DM () = A [ (Gl ul) - %gm |u|>|u|)dx
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— it [ (MGl = b ool da

= Do) - /Q Cs(1 + [uP)dz — /Q Co(1 + [o]?)dz

Y]

1
p T
;ppn(uvv)nev — (CsA + Cop)|Q — (CsA + Cop)287|(u, v) 5

v

thus Jy , is coercive and bounded from below on Ny ,,(€2) provided that 0 < (CgA+
Cop)25F < (r—p)/(rp)- O

It can be proved that the points in N ,(2) correspond to the stationary points
of the fibering map ¢, ,(t) : [0,00) — R defined by ¢y ,(t) = Jx u(tu,tv), which
were introduced by Drabek and Pohozaev in [I4] and also discussed in Brown and
Zhang [8]. Using for (u,v) € W, we have

Guw(t) = I pu(tu, tv)

P
= —M(u,v) — F(tu, tv) /G x, tu|)dx — /H x,t|v|)d
p

B0 (t) = 77 M (u,v) — /BQ Vf (@ tlul, tlv]).([ul, [v])dz

2.5
—)\/ g(x,t\u|)\u|daz—u/ h(z, Ho)[v]dz, (2:5)
Q Q
¢Z,v<t) =(p— )P 2M(u,v) — F(x, tu, tv)dx
o0
[ gutethuids g [ oo tlol)itds,
Q Q
where
af o
Vi) = (5 o),
2 (2.6)

0
F(x,tu,tv) := w(f(x,ﬂu\,t\v\) = fuutt® + fopv® + 2 fuw|uv|.

Hence it is natural to divide N , into three subsets N} o N, and NY o ., Which
correspond to local minima, local maxima and points of 1nﬂect1on of the ﬁbermg
maps and so we define

= {(u,v) € Nxu(9) : 4,,,(1) > 0},
= {(u,v) € MAu(Q) : ¢, (1) <0}, (2.7)
N)?7p = {(u7 1}) € N/\yH(Q) : u;u( ) = O}

The following lemma shows that minimizers for Jy ,(u,v) on Ny ,(€) are usually
critical points for Jy ,, as proved by Brown and Zhang in [8] or in Aghajani et al.
2.

Lemma 2.3. Let (ug,vo) be a local minimizer for Jx ,(u,v) on Ny , (). If (ug,vo)
is not in NQ’H(Q), then (uo,vo) is a critical point of J .

Motivated by the above lemma, we give conditions for N, 2 u= 0.

Lemma 2.4. There exists Ko C (R")? such that for all (\,pn) € Ko, we have
=0.
)\ S
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Proof. Suppose the contrary, that is there exists (A, u) such that N . 7 0. Then
for (u,v) € N/{)# by ([2.5)-(.7) we have

&, (1) = M(u,v) - / (V£ Jul, [o]).((u], [o]))dz
et (2.8)
Y dr — h dx =
/Q o(e Jul)luldz — /Q (. [o])o]dz = 0,
and by ¢ ,(1) =0, so

(p — l)M(u,v) - / (fuuu2 + fvvvz + 2fuv|uv‘)dx
o0 (2.9)

A [ guletultde = [ oo oo <o
Q Q
using (A2) in (2.9) we obtain

(p =DM (u,v) = (r—1) /89 Vf (@, ul, [v])-(lul, [v])dz

(2.10)
- )\/ Gu(, [u))uPdz — u/ hy (2, |v|)v2dz > 0.
Q Q
Using (L.3)), (2.8), (2.10) and condition (A6) we obtain
(r—p)M(u,v) < A/Q ((r = D)g(z, [ul) = gu(z, [u])]ul)|uldz
10 [ (=Dl o) = B o o) o) old
< 2XCs / (1 + |u|P)dz + 2uCx / (1+ |vP)dx
Q Q
< (2ACy + 2007 [9] + (2AC + 2uCr)28T | (u, ) [y
which concludes
(2ACs + 2uC7) Q|
M < . 2.11
(u,v) < ((r ) — (4\C + 4u07)55) (2.11)
Moreover, (1.3)), together (A2) imply
/ (fuut® + foov® + 2 fup|uv|)d
o0 (2.12)

<r(r— 1)/ Cr(ful” + [v|")dz < 2r(r = LS| (w, v) [y
o0

hence using (2.12)) in (2.9) and taking into account (A5) and (1.3) we obtain

M (u,v) < L[ (u,v)||5 + AL + pL” )M (u,v), (2.13)
where -
Lo 2 =0NGS Sy G5 (2.14)
p—1 p—1 p—1
From we obtain
1= AL — pL"\ 2
M(u,v) > (%) 7 (2.15)
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so using ([2.11]) we must have

<1 — AL — ,LL”) =3 ( (2AC6 + 2uC7) |0 )
L (r —p) — (4\Cs + 4uC7)SH /)’

which is a contradiction for A, u sufficiently small. So there exists Ky C (RT)? such
that for (A, p) € Ko, Ny , = 0. O

Definition 2.5. A sequence y,, = (up,v,) C W is called a Palais-Smale sequence
if Ix,.(yn) is bounded and I} ,(yn) — 0asn — oco. If I ,(yn) — cand I} ,(yn) —
0, then y, is a (PS).-sequence. It is said that the functional Iy, satisfies the
Palais-Smale condition (or (PS).-condition), if each Palais-Smale sequence ((P.S),-
sequence) has a convergent subsequence.

Now we prove the boundedness of Palais-Smale sequences.

Lemma 2.6. If {(un,vy)} is a (PS).-sequence for Jy .., then {(u,,vy,)} is bounded
in W provided that (\, i) € Ky = {(\, p) : 7 — p — dr(CgA + Cop) SH > 0}.

Proof. Using (1.3)), (2.5), (A2) and (A7) we have

1
r

P — T, |u —1 T, |U u T
M) =X [ (6o fual) = Lo Dl )

J)\,u(uru 'Un) - <J;\7M(una Un)a (Una Un)>

T
>

rp
=it [ (e o)) = T oDl

> TP, vp) — )\/ Cs(1 + |un|P)dx — u/ Co(1 + [vn|P)dx
p Q Q
r—p—4r(CsA+ Cou)SP
2 rp £ H(unvvn)||€v - (08/\ + C9M)‘Q|’
so for (A, p) € K1, {(un,vn)} is bounded in W. O

Lemma 2.7. There exists Ko C R? such that if (\,u) € Ko and (u,v) € Ny
then [,o F(z,u,v)dx > 0, where F(x,u,v) is defined by (2.6).

Proof. Suppose otherwise, then — fOQ F(z,u,v)dz > 0 and from (2.5) and (2.7]) we
obtain

¢Z,u(1) =(p— 1)M(u,v) - f(x,u,v)dx
oQ

- )\/ gu(z, |ul)uide — M/ hy (2, [v])v3dz < 0,
Q Q
so by (1.3), (2.2), (2.14) and condition (A5) we have

A p

u, )5 < —— Wz | uzda:—&-i/hvx,v vidx

ol < 25 [ gttt + =25 [ el
< (AL + pL") || (u, 0) I3y,

which is a contradiction for (A, u) € Ko = {(A\, ) : AL’ + pL” < 1}. O
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3. PROPERTIES OF NEHARI MANIFOLD AND FIBERING MAPS

To obtain a better understanding of the behavior of fibering maps, we will de-
scribe the nature of the derivative of the fibering maps for all possible signs of
Joq F (@, tu,tv)dz (by (A1) and (2.6), [, F(x,tu,tv)dz has the same sign for ev-
ery t > 0). Define the functions R(t) and S(t) as follows

R(t) == %t”M(u, V) — Fltu,tv) (¢ 0), (3.1)

S(t) == /\/QG(x,t|u|)da:+,u/QH(:c,t|v|)dz (t >0), (3.2)

then from (2.5)) it follows that ¢, . (t) = R(t) — S(t). Moreover, ¢, ,(t) = 0 if and
only if R'(t) = S’(t), where

RI(t) =t~ M (u,v) - /m (s tal, oDl + fula, tul, theDlo] )z, (3.3)
and
S'(t) :)\/Qg(x,t|u|)|u|dx+,u/ﬂh(x,t|v|)\v|dx. (3.4)

In the next result we see that, ¢,, , and gf)ﬁw take on positive values for all nonzero
(u,v) € W whenever, A and p belong to a certain subset of R2,

Lemma 3.1. There exists K3 C (RT)? such that for all nonzero (u,v) € W, ¢y, ()
and ¢y, ,(t) take on positive values whenever (A, u) € Ks.

Proof. First we show that ¢, ,(t) takes on positive values, for all possible signs of
Joo F (@, tu, tv)dz. If [ F(x,tu,tv)dz < 0, then by R"(t) > 0 and using
, R(t) > S(t) for t sufficiently large, so ¢, (t) > 0 for t sufficiently large .
Now, suppose there exists (u,v) € W such that [, F(z,tu,tv)dz > 0. Condition
(A2) together imply that
R(t) > 1t”M(u,v) - Cltr/ (|u]™ + |v|")dz.
p o0

Define
K(t) := %tpM(u,v) - C’ltr/ (lu|™ + |v|")dx (> 0), (3.5)
o0

we obtain R(t) > K(t), and by elementary calculus, we see that K(¢) takes a
maximum value at

B M (u,v) =5
tmax - (TCl fag(|u|r + |’U‘T)dx)) ’ (3.6)

then follows by (3.1)), (3.6)), (1.3) and (2.2)) that

_r-p (Il ) [[53)" =F
R(tmax) > K(tmax) - rp ((rcl fBQ(‘uV + |Ur)d$)p)

1

> (o)
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where §; is independent of (u,v). Now from (3.6]), (3.7) and (L.3) for 1 < a < p*,

we deduce

[[(u, v) 3y 7 a
tmax )™ u|® + |v|*)dx < 255 u,v)||%,) >
(tmw)® [ (1l +1017) oot oma) (o)
P \r
_ 252( (H(U,U)HW) p) p(r—p) (38)
(rC1 [y (lul" + [v[")dz)
a( P \% P %
S QSa (m) (R(tmax)> =C1 (R(tmdx)) .
Combining (A4), (A7), (1.3) and (3.8) imply that
S(tmas) = [ Gt + 1 [ H(z, b ol)d
Q Q
A
< ;/ rCs(1 4 [tmaxt|?) + Co(|tmaxt| + |tmaxu|?)dz
Q
(3.9)

+ / rCo(1 + [tmaxt]?) + Cs ([tmav] + [fmaxv]?)der
Q

< Abg / (1 4 [tmaxu|P)dx + uby / (1 + |[tmaxv|?)dz
Q Q
S )\BO(l + R(tmax)) + ,UBl(l + R(tmax))a

where By and B are independent of (u,v). Using (3.9) together with (3.7) and
(2.5), we obtain

¢u,v (tmax) = R(tmax) - S(tmax)
R(tmax) (1 - ()\BO + ,U/Bl)(R(tmax)_1 + 1)) (310)
61(1 = (ABo + uB1) (67 +1)).

v

Y

So we conclude that if 2(ABy + pB1)(1 + §1) < 01, then ¢y »(tmax) > 0 for all
nonzero (u,v) € W.
Now we prove that ¢, ,(t) takes on positive values. If [, F(x,tu,tv)dz < 0,

then using (3.1), (3.2) ¢, ,(t) > 0 for t sufficiently large. Suppose that, there
exists (u,v) € W such that [, F(x,tu,tv)dz > 0. To verify that ¢/, ,(t) > 0, it is
sufficient to show that tR’'(t) > tS’(t). Using (A2) and (3.3) we have

tR'(t) > t* M (u,v) — rC’ltT/ (lul]" + |v|")dx.
o0
In view of (3.5)), we write
K(t) := tP M (u,v) — rC’lt’"/ (lv|” + |v|")dz (¢ > 0), (3.11)
a0

so tR'(t) > K(t) and by elementary calculus we can show that K(t) achieves its
maximum at

pM (u,v) =
max — . 3.12
" (r201 Toa(ul” + |U|T)dx) (3.12)



EJDE-2012/111 MULTIPLICITY OF POSITIVE SOLUTIONS 11

Using (L.3)), (3.3), (3.11) and (3.12), we arrive at
Pyt (P (Mol
20, T (foq(Jul" + [v|")dz)P
P 2 TP 1 = _
Z 7,201) ( r )(QPSZ:I)) =42 >0,

where 0 is independent of (u,v). Using (1.3), (3.12) and (3.13]), and by some
calculations very Similar to (3.8]), we obtain

(o)’ / (Jul? + [0]*)dz < e (Tmae R (Tmae)) * (3.14)
Q
for 1 < 8 < 2*. Then using (1.3)), (3.4)), (3.14) and condition (A4) we find
e () = Mo / 02 Tl )l + T / Bz, Tt el
Q Q

7-maxR/(Tmax) = (
(3.13)

s [@

< / Cr([mact] + et} + 1 / Cs (] + [tmacv]?)
Q Q

S (/\60 + //Lel) ((tmaXRl(tmax))% + tmaxR/ (tmax)> )

where ep and e; are independent of (u,v), so from the above inequality and (3.13)),
we obtain

Tmaxgs;m (Tmax) = Tmale(Tmax) - TmaxS/(Tmax)

> T (i) (1= (o + p161) (e R (inax) 7+ 1))

> 02 (1 — (Ao + M61)(521%p + 1)>7
Clearly for all nonzero (u,v) € W, Tmax®, ,(Tmax) > 0 provided that 2(Aeo +
Mel)((SQ% +02) < 0s.
Using the above inequality and (3.10)), we obtain that if (A, u) € K3, where
Kz ={(\p):2(ABo+ uB;)(1+6;) < 6; and 2(Ae0+ue1)(5§ +32) < &2}, (3.15)

then ¢, ,(t) and ¢;, ,(t) take on positive values for all nonzero (u,v) € W and this
completes the proof. (I

Corollary 3.2. If (A, ) € KoN K3, then there exists € > 0 such that J ,(u,v) > €
for all (u,v) € Ny .

Proof. 1f (u,v) € Ny, then by lemma Joq F (@, u,v)dz > 0. Also due to (A1)
and (A5), ¢, has a positive global maximum at ¢ = 1 and so by (2.5)), (3.10) and
(3.15)
JA,u(”av) = (bu,v(l) Z ¢u,v(tmax) Z 61 (1 - ()\BO + MBI)(éfl + 1)) Z 61/2 =€e> 0.
O
From (A1) and ({2.6)), faQ F(x,tu,tv)dz has the same sign for every t > 0, so we
have the following corollary.
Corollary 3.3. for (u,v) € W\ {(0,0)} we have
(1) If [o0 F(z,tu,tv)de < 0, then there exists t1 such that (tiu,tiv) € N)tu
and ¢y (t1) < 0.
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(ii) If [5q F(x,tu,tv)dz > 0 and (A, p) € K3, then there exist 0 <ty <ty such
that (tyu,t1v) € N/\ L (tau, tov) € N;M and ¢y (t1) < 0.

Proof. (i) From (2.5), (A3), (A4) and the assumptions we obtain ¢/, ,(0) < 0 and
lim; o0 ¢y, ,,(t) = +00, so by the intermediate value theorem, there exists 1 > 0
such that ¢;, ,(t1) = 0. Now using (A1) and (A5), for 0 <t < t4, ¢;, () < 0 and
for t > ¢, uv( ) > 0, therefore (tu,t1v) € NIH and ¢y (1) < ¢uw(0) = 0.

(ii) Using (2-F)), (A3), (A5) and the assumption that [, F(,tu, tv)dz > 0 we
obtain lim;_, ¢;7v(t) = —00, ¢, ,(0) <0 and by Lemma we have ¢, (1) >0
for suitable 7 > 0, so using again the intermediate value theorem concludes that
there exist ¢; and ¢y such that 0 < t; < 7 < g, and ¢;, ,(t1) = ¢, ,(t2) = 0. Also
using the same argument as in the proof of (i) and using (A1) and (A5) we have
(tiu, t1v) € NIH, (tau, tav) € N/\_,u and ¢y, (1) < ¢u,0(0) = 0. O

4. PrRoOOF oF THEOREMS [[.4] AND [[.5]

To prove these to theorems, we need to show the existence of local minimum
for Jy,, on N and Ny . To do this, we need the Remark |4.1} below. Here for
simplicity, for a functlonal 1) defined on a normed space F, and w € E by ¢'(w)
and ¢" (w), we mean atw(wtﬂt 1, and 8t2¢(wt)|t:1, respectively.

Remark 4.1. From Remark [1.3] (2.6) and (A2) we obtain that
IV f (2, ul, Ivl).(\UL D < Ar(1+ |ul” +[o]")
and |F(x,u,v)| < A2(1+ |u|” + |v|"), also from (A4) and (A5) we obtain
lg(a, [ul)] < Co(L+[ulP™),  |gu(z, [ul)] < Ca(l+[ul™h),
(@, [u)] < Cs(L+[vP™),  [ho(z, [o])] < Cs(1+ P71,
for r > p > 2. Hence from the compactness of the embeddings W1? — L%()) and

WP — L*(9Q) for 1 < a < p* (the Rellich-Kondrachov Theorem [5]) and the
fact that the g(z,u), h(x,u) are continuous and f(z,u,v) € 02(69 X ]RQ) we con-

clude that the functionals Ir(u,v) = [y, f(z, |ul, |fu\)dx Lu) = [, G(z, |u])dx
and I3(A5) = [, H(z,|v])dz are weakly continuous, ie. if (un,vn) - (u,v),
then Iy (up,v,) — Il(u v), In(un) — I(u) and I3(v,) — I3(A5) Moreover
the operators I1 u,v) = [oq Vf |u| [v]). \(|u\ lv|)dx, I5(u) = [, 9(z, |u])|uldz,
I3(A5) = [, h( |v| lv|dz, I}( = [oq F (@, u,v)dz, Ij(u) = [, gu(, |u|)u?de
and I5(A5) fQ x, [v]) 2dgc are Weak to strong contlnuous ie. if (un,vn) -

(u,v) then Il(umvn) — I1(u,v), I{ (un, vn) — I{ (u,v), I5(uy) — Ih(w), 15 (u,) —
13(u), Iz(vn) — I3(A5) and I3/(vn) — I3/(AS5).

Now, we establish the existence of local minimum for Jy , on N )\+ p and Ny
For simplicity let K* = KoN K1 N K3 and K** = KgN K1 N Ky N K3, where K;’s
(i=0,1,2,3) are given in the previous section.

Lemma 4.2. (i) For (A, p) € K*, there exists a minimizer of J , on./\/;f#(Q).
(ii) For (A, p) € K**, there exists a minimizer of Jy , on Ny ().

Proof. (i) As in Theorem J,u is bounded from below on N ,(2) and so on

NjN(Q) Let {(un,v,)} be a minimizing sequence for .Jy , on ./\/;CN(Q); ie.,

lm Jy ,(upn,v,) = inf  Jyu(u,v).
n—0o0 (u,v)EN;r’“
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By Ekeland’s variational principle [I6] we may assume that

(J;\’H(Un, Un)7 (un7 Un)> - 03
combining the compact embedding Theorem [5] and Lemma we obtain that
there exists a subsequence {(un,v,)} and (ug,v1) in W such that
Up — uy  weakly in WHP(Q),
v, — vy weakly in WHP(Q),
un, — uy  strongly in L™(Q), 1 <m < p*,
v, — vy strongly in L™(09Q), 1 <m < p*,
and (un(z),vn(z)) — (u1(z),v1(x)) almost everywhere.

By Corollary [3.3]for (uy,v1) € W\{(0,0)}, there exists ¢1 such that (t;uy,t1v1) €
N+ and so ¢4, ., (t1) = 0. Now we show that (un,v,) — (u1,v1) in W. Suppose
th1s is false, then

M(uq,v1) < lim inf M(un,vn), (4.2)

so from (2.5), (4.1), (4.2) and Remark - 4.1 ¢, . (t1) > ¢, o, (t1) = 0 for n suffi-

ciently large Smce {(un, vn)} C N+H(Q) by c0n31der1ng the possible fibering maps
it is easy to see that, ¢}, , (t) <0for 0 <t <1and¢;, , (1)=0 forall n. Hence
we must have t; > 1, but (tyuq,61v1) € NIH and so

J)x,u(tlulvtlvl) - ¢u1,v1 (tl) < ¢u1,v1(1)
< lm ¢y, 0, (1) = lim Jy ,(up,vn) = inf  Jy . (u,v),
n—oo n—oo (“7U)€N>t“

which is a contradiction. Therefore, (upv,) — (u1,v1) in W and this concludes
that
Iy p(ui,vr) = m Jy ,(un,vn) = inf I pu(u,v).
p0000) = Ji o) = o)
Thus (u,v;) is a minimizer for Jy , on NA Q).

(ii) By Corollary.we have Jy ,(u,v) > € > 0 for all (u,v) € Ny, s

inf  Jy u(u,v) >0,
(u,v)EN;M
hence, there exists a minimizing sequence {(un,v,)} C N ,(2) such that

lim Jy ,(un,v,) = inf  Jy,(u,v) > 0. (4.3)

(u0)eENT,

Similar to the argument in the proof of (i) we find that {(un,v,)} is bounded in W
and also the results obtained in are batibﬁed for {(tn,vn)} and {(ug,va)}.

Since (up,vy,) € NA ), so by . oy, (1) <0, letting n — oo, by .,
Remark [I.1] and the above argument we see that
Vo) = Mlun,vz) = [ Flayuz,va)ds =\ [ gule s

- u/ ho (2, [vz|)v3de < 0.
Q

On the other hand for (u,,v,) € Ny ,, by Lemma Jo0, F (@, tn, vy )dz > 0.
Letting n — oo, we see that faQ F(z,u2,ve)dx > 0.
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We claim that [, F(z,up, v2)dx # 0. If [, F(x,uz,va)dx = 0, then by (A4),
[©3). @13) and (£4) we have

M(ug,v9) < )\/ gul(z, \uQ\)ugd:v + p/ hy (2, |v2|)v§dx < (AL + uL'YM (ug,v2),
a0 o0

which is a contradiction for (A, ) € Kz. So [, F(x,uz,v2)dz > 0 and by Corol-
lary |3.3| (ii) there exists to > 0 such that (fauz,tav2) € Ny ,(22). We claim that
(un,vn) — (ug,v2) in W. Suppose that this is false, so we have

M (ug,v2) < liminf M (up, vy,). (4.5)
n—oo

However, (un,v,) € N/\_u and so Jy ,(un,vn) > Jy u(tuy, tu,) for all £ > 0.
Therefore, considering (2.5)), (4.3)—(4.5) and Remark (4.1)), we can write
Iau(tauz, tavg)

tp
ﬁM(uz,vg) — F(toug, tavg) — )\/ H(x,to|us|)dx — /L/ G(z,ta|va|)dx
Q Q

tp
< lim (—QM(un,vn) — F(toun, tavy) f)\/ H(z,to|uy,|)dx
~ 1t [ Gl talon)iz)
Q
= lim Jy ,(tatn,tovy) < lim Jy ,(up,vn) = inf  Jy u(u,v),
n—oo n—oo

(u,'u)e./\/;“
which is a contradiction. So, (uy,v,) — (u2,v2) in W and the proof is complete. [

Proof of Theorem[1.]} By Lemma [4.2] (i) there exists (u1,v1) € Ny () such that

Iap(ur,v1) = inf(u Vet J,u(u,v) and by Lemmas and (ug,v1) is a
’ NG

critical point of Jy , on W and hence is a weak solution of problem (1.1). On the

other hand Jy ,(u,v) = Jx p(Jul, [v]), so we may assume that (u;,v1) is a positive

solution and the proof is complete. ([l

Proof of Theorem[I.5. By Lemmathere exist (u1,v1) € N;\"’M(Q) and (ug,ve) €

Ny () such that

Iap(ur,v1) = inf Ty u(w,v), Japu(ug,v2) = inf Ty u(u,v).
(u,v)EN;“ (u,v)EN;M
By Lemmas and (ur,v1) and (ug,v2) are critical points of Jy, on W
and hence are weak solutions of problem (I.1)). Similar to the proof of Theorem
we may assume that (uy,v1) and (usg,v2) are positive solutions. Also since
Ny, NNy, =0, this implies that (u1,v1) and (u2,v2) are distinct and the proof is
complete. ([l
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