Electronic Journal of Differential Equations, Vol. 2012 (2012), No. 117, pp. 1-14.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

SOLUTIONS TO SYSTEMS OF PARTIAL DIFFERENTIAL
EQUATIONS WITH WEIGHTED SELF-REFERENCE AND
HEREDITY

PHAM KY ANH, NGUYEN THI THANH LAN, NGUYEN MINH TUAN

ABSTRACT. This article studies the existence of solutions to systems of non-
linear integro-differential self-referred and heredity equations. We show the
existence of a global solution and the uniqueness of a local solution to a sys-
tem of integro-differential equations with given initial conditions.

1. INTRODUCTION

Self-referred and hereditary phenomena play an important role in applied sci-
ences, especially that in studying evolution processes of biology. Mathematically,
these phenomena can be described by the following model: let A : X — R and
B : X — R be two functionals defined on a function space X. Consider the equa-
tion

Au(x,t) = u(Bu(x,t),t), (1.1)
where u = u(z,1), (z,t) € Rx[0, +00) is an unknown function satisfying some initial
data at ¢ = 0, A and B are differential or/and integral operators. For example, if

Bu(x,t):/o u(x, 7)dr, (1.2)

then B is called a hereditary operator. As the unknown function u in the right-
hand side of the equation depends on itself, equation may be called a
self-reference equation.

Some special cases of were originally studied by Volterra in the 20 century
(see [9, 10] and references therein). It is noticeable to say that some authors con-
sidered the variable ¢ as the complex one. In the simple case when B is an identity
operator, Eder [4] obtained the existence, uniqueness, analyticity of solutions, and
the analytic dependence of solutions of the real-variable equation

' (t) = u(u(t)).
Si and Cheng [12] investigated a more general functional-differential equation

u'(t) = u(at + bu(t)), (1.3)
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where a # 1 and b # 0 are complex numbers, and v : C — C is the unknown
complex-variable function. In particular, by constructing a convergent power series
solution v(t) of a companion equation of the form

B’ (Bt) = ' (1) [v(5%t) — av(Bt) + al,
the authors [12] obtained the analytic solution of (1.3]) which is of the form

v(Bv~i(t) —at
; :

As a development of (1.3]), Cheng, Si, and Wang [23] studied the equation
ot + pu' (t) = u(at + bu'(t)),

where « and 3 are complex numbers. The main results of [23] are the existence
theorems for the analytic solutions, and an explicit solution via symmetric methods.

Equations of the form attract attention of many authors. More investiga-
tions can be found in [I3} 14} (15, (16} (7, (8, [7, 2, 5, B, 3] [0} 10, [T, 6] 20, 211, 1], and
references therein.

In recent years, Pascali and Miranda obtained many results concerning the self-
referred functional-differential equations [8, [9] 10 [TT]. For instance, the authors in
[9] studied the initial-value problem

¢
gu(x,t) = u(%/ u(z, s)ds,t), = eR,tel0,T],
0

ot (1.4)

u(z,0) = uo(x), =R

The authors claimed that under some suitable conditions problem (1.4)) has a unique
bounded and continuous solution. Observe that the unknown w in the right-hand
side of (|1.4) contains a weighted hereditary operator

(Bu)(t) := %/0 u(zx, s)ds.

Motivated by the long list of works on self-referred functional-differential equa-

tions as mentioned above, we study the following system of two partial-differential
equations with self-reference and weighted heredity

gu(x,t) = u(f(u(x,t)) + v(% /o u(x,s)ds + o(u(z,t)),t), t)

5; o (1.5)
7v(x,t) :v<g(v(m,t)) +u(7/ ’U(x,s)ds+¢(’U($,t)),t),t),
ot t Jo
associated with the initial conditions
U(II,O) ZUO(.ZE), ’U(JL‘,O) :UO(x)a (16)

where f,g,p,%,uy and vy are given functions satisfying some suitable conditions.
This work is devoted to the uniqueness of local solution, and the existence of a
global solution of this problem.
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2. PRELIMINARIES

To study problem (1.5))-(1.6)), we reduce it to the following system of two integral
equations

u(w,t) = ug(z) + / u(f(u(a:, 8)) + v(é /S u(x, 7)dt + p(u(z, s)), s),s)ds,
0 0
i s
v(z,t) = vo(x) —|—/0 v(g(v(m,s)) —|—u(§/0 v(x, T)dT + w(v(x,s)),s),s)ds.
(2.1)
Proposition 2.1. If problem has a solution (u,v), then the pair of functions

(u,v) solves problem (1.5))-(1.6).

We omit the proof of this proposition, as it is quite simple. Therefore, we shall
investigate problem ({2.1]) hereafter. We now define the sequences of real functions
{tn}n>1, {vn}n>1 as follows:

up(x,t) =up(x) + /Ot Ug (f(uo(x)) + o (uo(x) + ‘»"(u()(gc))))ds7

t

Unt1(x,t) =up(z) + /0 Un, (f (un(x, s))
+ v, (é /08 U (x, 7)dT + ¢ (un (2, s)),s) , s) ds,

+ Uy, (% /Os U (@, 7)dT + 1 (v () 5)), s) , s) ds,

forz € R and t > 0.
We should give the following additional conditions on the functions ug, vy and

fr9,0,9:

(A1) ug and vy are bounded and Lipschitz continuous on R.
(A2) f,g,9 and ¢ are Lipschitz continuous on R.

The functional inequalities in the next lemma are useful for proving the main results.
Lemma 2.2. Assume that the functions ug, vy and f, g, v, and ¢ satisfy conditions

as in (A1)—(A2). For anyn > 1 there exist two continuous, non-negative functions
defined on RT | say M, (t) and N,(t), such that the following two inequalities hold:

[Unt1(2,t) = Unt1(y, )] < Mppa()|z—yl, neN, z,yeR
|Un+1(1’,t) - Uﬂ+1(yat)| < Nn+1(t)|x - y|v neN, z,y eR.

Moreover, there is a positive constant Ty such that the non-negative function se-
quences { M, (t)}n>1, {Nn(t)}n>1 are uniformly bounded on the interval (0,T1];
i.e., there exists a constant Go > 0 such that 0 < My (t), N,(t) < Go for every
t € (0,71], and for any n > 1.



4 P. K. ANH, N. T. T. LAN, N. M. TUAN EJDE-2012/117

Proof. For n =0, we have
|uo(z) —uo(y)| < Molz —yl,  [vo(x) —vo(y)| < Nolz —y|
for any z,y € R and for some My > 0, Ny > 0. Let P,Q,w, o > 0 such that
If(a1) = flaz)| € Plon —as|, a1,a2 €R

)
g(B2)| < Q1 — Ba|, Pi1,B2€R

|9(ﬂ1) -
lo(1) — ()| < @ln — 2], M,2€R (2:3)
[Y(m) — ()l < olm —mn2l, ni,me €R.

For n = 1 we have
lur (z,t) — w1y, t)| < Mi(t)|x —yl,

where
M;(t) = My + t(MZP + MiNy + Mg Now),
and
v (@, t) —vi(y, 1) < Ni(t)]z =y,
where

Ni(t) = No + t(NZQ + MyNZ + MyNZo).
For n = 2, we derive
lua(z,t) — u2(y, t)| < Ma(t)|z — yl,

where

Ma(t) = My + /0 t (M ()P + Nl(s)%% ( /O ’ Ml(T)dT)z + MM () ) s,
and

[va(2,t) — va(y, )| < Na(t)]x -yl
where

t 1dy/[° 2
Na(t) = No + /0 (V)@ + Mi(s) - /O Ni(r)dr)” + M(s) N7 (s)o ) ds.
We can inductively prove that

[tnt1(2,8) = uni1(y, )| < Mnpa(t)|z - yl, (2.4)

where

Moy i1 (1) = Mo + /O t (M2()P + Nn(s)%d% ( /0 | M, (7)dr ) g M2 (5) N, (5)50 ) s,

and
[Ung1(2,t) = Vng1(y, 1)] < Npga (B) ]z =y, (2.5)
where

N1 (t) = No + /Ot (N,z(s)@ n Mn(s)i% ( /0 Nn(T)dT)2 n Mn(s)Ng(s)a) ds.

Clearly, the functions M,,4+1(t) and N,41(t) are non-negative and continuous on
R. We shall prove that each one of the function sequences {My41}n>1(t) and
{Npn41}n>1(t) is uniformly bounded on some (0,77]. Indeed, by choosing constants
Ky, Hy, and I > 0 fulfilling the following conditions

NO —+ Ko § HO Mo + KO S IO GO = maX{Ho,Io},
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there exists a number 77 > 0 such that
(MZP + MZNy + MZNow)t < Ko, Vt e (0,T1]
(NGQ + MoN§ + MoNjo)t < Ko, Vit e (0,1

(GsP + G + Giw)t < Ko, (2:6)
(G3Q + G + Gio)t < K.
Then
0 < My(t) — My = (MEP + MZNy + MZ Now)t < Ko,
0 < Ni(t) — Nog = (N3Q + MgNZ + MyNZo)t < K. 27)
It follows that
0 < My(t) < Ko+ My < Iy < Go,
0 < Ni(t) < Ko+ No < Hy < Go. (28)
Similarly,
0 < My(t) — My < /t(G%P + G+ Giw)ds = (GEP + G} + Giw)t < Ky,
o, (2.9)
0< No(t) — No < /O (G2Q + G + Go)ds = (G2Q + G + Gio)t < K.
From these inequalities, we have
0 < Ma(t) < My + Ko < Iy < Go,
0 < Na(t) < No + Ko < Hy < Go. (2.10)
By induction on n we obtain
0 < Mypa(t) < Mo+ Ko < Go,
0 < Nppi1(t) < No + Ko < G, 211)
for every t € (0,T1], Ty > 0. The lemma is proved. O

We can see that Lemma concerns the properties of the functions {u,(z,t)}
and {v,(z,t)}, while Lemma [2.3| concerns the recursive sequences {u,11(x,t) —
un(x,t)} and {vpi1(z,t) — vp(z,8) }

Lemma 2.3. Assume that the functions ug, vy and f, g, v, and ¢ satisfy conditions
as in (A1)—(A2). For any n > 1 there exist two nonnegative, continuous functions,
say A (t) and By (t), satisfying the following two inequalities:

U1 (7,t) — up(z,t)] < Apii(t), w€R, t€RT,
|Un+1(93,t) - ’Un(l’,t)| < Bn+1(t)7 T e Ra te RJF’

Moreover, there is a positive constant Ty such that the both series with general terms
A, (t), and By, (t) are uniformly convergent on (0,T3].

Proof. We have
lut (@, t) — uo(@)] < tluol[ = Ax(t),
o1 (2, ) — vo(@)| < ol = Ba(t).
Similarly,

lug(z,t) — uy(z,t)] < /Ot (A1(s) (1 + MoP + MoNow) + Mo B (s)
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1 s
+ MQNQ;/ Al (T)dT) ds := Ag(t),
0
and

alet) ~mi(ep) < [ (B (14 M@+ MoNoc) + Nosds (o)

1 S
+M0N0§/ Bl(T)dT)dS = Bs(t).
0

By induction on n, we conclude that

e (2,) — (0 1)] < Aua (1), (212)
where
A (1) = /0 (An5) (1 4+ Mocs ()P + Mo s ()N (5)50)
+Bu(Mua(9) + Moa (N () [ Au(r)dr)ds:
and
a0 2) — v 1)] < B (1), (213)
where

Bpii(t) = /Ot (Bn(s) (1 N, (5)Q + Mn_l(s)Nn_l(s)a)
4 An(8)Np_1(s) + Mn_l(s)Nn_l(s)é / ) Bn(f)dT) ds.
0

For a number h € (0,1/2), we can choose To > 0 such that the following two
inequalities hold for any ¢ € (0, T3],

(1+GoP+Go+Giw+ Gt < h <
(14+GoQ+Go+ Gio+ Gt < h <

By (2.14) and Lemma [2.2]
0< A () < (14 GoP + G2 + Gt Aull = + Got| Bulli~
< h(lAnllze + [1Bnllze),

1
2
h (2.14)
2

(2.15)

and
0 < Bppi(t) < (1+ GoQ + Ggo + Gt|| Bull L + Got||Anl| 1= (2.16)
< h(|[Anllzee + [ Bnl[ o).
By induction on n, we obtain
0 < Aps1(8), B (1) < 0" (|| Atlloe + | Billc )

for t € (0,Tz]. Therefore, the series with general terms A,(.) and B,,(.) uniformly
converge on the interval (0,T3]. Lemma [2.3|is proved. O
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Remark 2.4. It is easy to prove inductively that

[uns1(@,8)] < e'lluolloo,  [vnt1(z,)] < €[[vo]loo-
If we consider T such that 0 < T" < min{7y, 75}, the functions u,(x,t), v,(z,t)
are bounded uniformly with respect to variable x € R, for ¢t € (0,T]. On the other
hand, due to (2.8) and Lemma the functions w,(x,t), v,(x,t) are uniformly
Lipschitz continuous with respect to each of the variables x € R and ¢ € (0,T].

For serving the existence of a global solution to problem , we propose some
assumptions on the functions ug, v and f, g, ¢, ¥, that are different from (A1)—(A2)
in Lemma [2:3] Namely, assume that

(B1) ug and vy are non-negative, non-decreasing, bounded and lower semi-con-

tinuous on R.
(B2) f,g,¢ and 1 are non-decreasing and lower semi-continuous.

Lemma 2.5. Suppose that the functions ug,vo and f,g,p and ¢ fulfill the condi-
tions as in (B1)—(B2). Then the functions {u,(z,t)}n>1 and {v,(x,t)}n>1 possess
the following properties:
(C1) uyp and vy, are non-negative.
(C2) u, and v, are non-decreasing with respect to each one of variables x €
R, t € (0,T); more precisely tuni1 > Up, Vpt1 > Up.
(C3) up and v, are lower semi-continuous with respect to x, for every t €
(0, +00).
(C4) w, and v, are Lipschitz continuous with respect to t, uniformly bounded
with respect to x € R.

Proof. We have

ui(x,t) > ug(x) >0, VxeR,te(0,4+00),
1(@,t) = uo() ’ ( ) (2.17)

v1(z,t) > vo(x) Ve e R, t e (0,+00).
For t1,ts € (0,400), t; < ta, and for x € R, we have

up(x,ta) = ugp(z) + /Ot2 U (f(uo(aj)) + v (uo(az) + @(uo(x)))ds

>
>

> ug(z) +/0f1 o (f(uo(x)) + v (uo(x) +¢(UO(x)>)>d8 (2.18)

= U]_(.’E,t]_),

vi(z, ) = vo(x) + /Ot2 vg (g(vo(x)> + ug (vo(x) + w(vo(ac))))ds

> wvo(w) + /Otl vo (g(vo(x)) + g (Uo(m) + ¢(Uo(x))))ds (2.19)

= vl(x,tl).

Similarly, for all z1, 22 € R, &1 < e, for all t € (0, +00), we derive

uy(z1,t) = uo(xy) + /Ot Uo (f(uo($1)) + Uo(uo(iﬂl) + @(uo(fl))))ds

< ug(z2) +/0 Uo (f(“o(m)) + vo (uo(a2) + W(U0($2)))>ds (2.20)

- ’U/]_(SCQ,t),
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vi(z1,t) = vo(21) +/0 vo(g(vo(xl)) +U0(UO($1) + ¢(U0(x1)))>d3

¢ 2.21
< vg(x2) —|—/ Vo (g(vo(xg)) + ug (vo(w2) + 1/}(110(1‘2))))0{3 (2.21)
0
= ’Ul(xz,t).
Using (22.18)—(2.21), we can prove inductively that
Up (T, t2) > up(z,t1), Ve eR, ty >ty
Un (T2,t) > up(x1,t), Vt e (0,+00), x2 > 771,

vp(x,t2) > vp(x,t1), Vo eR, ty > ty, (2:22)
Up(22,1) > vp(z1,t), Vit € (0,+00), g > x1.
Also, we can prove that (see also remark
0 < up(x,t) < upyr(x,t) < ellluollzee, (2.23)
0 < vp(z,t) < vppr(z,t) < el |lvol|Loe, '
forall z € R, t € (0,7] and n € N. On the other hand,
Ut (2, 1) — uns1 (2, t2) < |/t2 luoll €™ ds| < fuollL=e [t —ta],  (2:24)
t1t2
[vnt1(@,t1) — vnga (@, 12)] < |/t1 l[voll e ds| < [JvollLel |t —ta].  (2.25)

Relations (2.24]) and ([2.25)) ensure that u,, and v,, satisfy (Cy). Since the sequences
(up,) and (v,) are non decreasing, above and upper bounded, there exist the limits

Uoo (2, 1) = limuy, (x,t), vool(x,t) =limuv,(x,t). (2.26)

Since ug, vo, f, g, ¢ and ¢ are lower semi-continuous and non-decreasing, the func-
tions f(uo), g(vo), vo (uo + gp(uo)), and ug (vo + w(vo)) are lower semi-continuous
and non-decreasing (see [2I, Lemma 3]). Hence, ug (f(uo) + g (uo + np(uo))), and
o (g(vo)+u0 (vo —|—w(vo))) are lower semi-continuous and non-decreasing, too. Thus,
the lower semi-continuity and the decrease of uy(x,t) and v (x,t) are established.
By induction on n, we can conclude that w,(x,t) and v,(x,t) are lower semi-
continuous and non-decreasing. Lemma [2.5|is proved. (]

3. MAIN RESULTS

Theorem 3.1 (Uniqueness of local solutions). Assume that the functions f, g,
©, ¥, ug, and vy satisfy (A1)—(A2). Then there exists a positive constant Ty such
that has a unique solution on R x (0,Ty] denoted by {u.,v.}. Moreover, the
functions U, Voo are Lipschitz continuous and bounded with respect to each of the
variables x € R, and t € (0,T,].

Theorem 3.2 (Existence of global solutions). Assume that f, g, p, ¥, ug and vg
satisfy (B1)—(B2). There exist two functions tee, Voo : R X (0, +00) — R satisfying
fort € (0,+00). Moreover, these solutions have the properties similar to those
of {tn (2, 1) }n>1 and {vy(x,t)}n>1 as in Lemmal[2.5; namely, the functions uss, voo
possess the properties (C1)—(C4).
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Proof of Theorem[3.1. Write T, := min{T},T>}. By Lemmas and the
limits ueo(2,1), Voo (z, t) of the sequences {un(z,t)}n>1, {vn(z,t)}n>1 are bounded
on R x (0,7%], Lipschitz continuous with respect to each of variables, and satisfy

problem ([2.1)).

Now, suppose that (u,,vs) is another solution of (2.1) on R x (0,7] with the

same given data. We have

Uy (f(u*(x,t)) + m(% /Ot ux(x, 8)ds + go(u*(w,t))7t),t)

— Uso (f(uoo(:z:, ) + Voo (% /Ot Uoo (7, 8)ds + p(uso(x, t)),t),t)‘

< s — ool + ‘uoo (f(u*(%t)) + v*(% /Ot ui(x, 8)ds + cp(u*(x,t)),t),t)

1 t
~ () v (7 [ el + 0. ) )|
0
< (14 Moo(t)P + Moo (t) Noo(t) + Moo (t) Noo () ) ||tts — tool| L
T Moc(t) [0 = Vool -
From the above inequality and Lemma (2.2)) we obtain
[us(2,t) — Uoo (2, T)]
< (1 +GoP + G2+ G%w)t”u* — ool e + Gotl|ve — Voo L.

In addition, we have

Vs (g(u*, Vy) + Uy (% /Ot Ui (2, 8)ds + (ve (2, 1)), t) , t)

— Voo (g(um,voo) + Uoo (% /075 Voo (2, 8)ds + w(vm(x,t)),t>,t)’

< (14 Naw (0@ + Mac(O)Noo (00 ) [ = vl 10 + Noot) otz = 1.

By (3.2) and Lemma ({2.2)), we find
Vi (2, 1) — voo (2, 1))

< (1+GoQ + G3 + G20 ) tlvs — vacll e + Gt — o]l 1v-
Combining and , we obtain
|uw(@,1) — too (2, 1)]
< (14 GoP + Go + G + G ) tmax{ ux — toc |10, 102 — vaollz<},

and
Vi (2, 1) = Voo (2, )]
< (14 Go@ + Go + G} + Gor ) tmax{ s — ool zos, los — veclz= .
Taking account of , and , we have
|t (2, 1) = thoo (2, 1) < hmax{{|u. — uoollLoe, [vx — Vool

[s (2, 1) — Voo (2, )] < hmax{]|us — tool|Lo, ||Ux — Voo|| L=},

(3.1)
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for all t € (0,Tp], = € R. Finally, we conclude that
max{||us — Uso |1, [[Ux — VoollL= } < hmax{||us — too|l L=, [|[Ux — Vool||Lo }-

The last inequality ensures the uniqueness of the solution. Theorem [3.1] is proved.
O

Proof of Theorem[3.4. Thanks to (2.22)) and (2.23), the following two limits exit:
Uoo (X, 1) = sup up(z,t), Voo(x,t) = supuv,(z,t). (3.7)
n n

We shall prove that e (x,t), veo (2, t) satisfy (2.1). From (3.7) we have

Unt1(x,t) — uo(x)
:/O un(f(un(:ms)) +Un<§/0 un(x,T)dT—i—w(un(x,s)),s>7s)ds (3.8)

< [ oe{sfontoa) ool [

and

Uoo (2, T)dT + cp(uoo(x, s)) , s) , 5) ds,

Upt1(x,t) — vo(x)

S

:/Otvn<g(vn(q;,s))+vn(i/o Un(x,f)dT—|—w(vn(x,s)),s),s)d8 (3.9)
S/o voo(g(voo(:r,s)) +um(% /OS ’UOO(IL’,T)dT+7/J(”Uoo($,5)),5),8>d8.

As uy,(z,t), and v, (z,t) are non-decreasing, we have

Untp (f (un+p(x, t)) + Un_;_p(% /Ot Un1p(,8)ds + @ (unp(z, t)),t) , t) (3.10)

1 t
> Up (f(uner(xvt)) + anrp(;/O unJr:D(xv S)ds + (P(uner(xﬂt))vt)vt)ﬂ (3'11)
and
1
Untp (g(vnﬂ,(x t + Uptp ?/ Untp (2, 8)ds + Y (Vngp(z, 1)), t) t)
(3.12)
> v (g(anrp('T t +un+p / n+p Z, S ds +w(vn+p(x t)) t>7t>‘
From and we deduce
t
plin;o ; Un+p (f(un-‘rp(xas))
1 S
+ Un-s-p(g /0 Untp (@, 7)dT + o (Unip(w, s)),s) , s) ds (3.13)

S

>/otun<f<uoo(x’s))+voo(i/o uoo(x,T)dT—&—ap(uoo(:c,s)),s)“s)ds7
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t
lim Untp (g (vn_,_p(x, s))
1 S

+ Uptp (; /0 Vngp (@, T)dT + 9 (Vngp(2, 9)), s) , 8) ds
1

> /Ot Up (g(voo(m, s)) + Uoo (g /Os Voo (2, T)dT + ¥ (Voo (2, s)%s),s)ds.

Hence,

li;n[un+p+1(x, t) — U (:L‘)}

= li;n /Ot Untp (f (un+p(z, s))

1 S
R ) R e e L

> /Ot Up, (f(uoo(x,s)) + Voo (% /OS Uoo (T, T)dT + c,o(uoo(gc,s)),s),s)ds7

and

hgl[vn+p+1($a t) — vo()]

= H;n /Ot Un+p <9 (Uner (z, 3))
+ Untp (% /08 Untp (2, T)AT 4+ ¢ (V4 (2, 5)), s) ) s) ds

1

> /Ot Up (g (voo(x, 3)) + Uoo (; /S Voo (2, T)dT + ¥ (Voo (w, s)),s) , s) ds.

0

By — we find that
t
o] 7t - Z [o'e) oo\
) = 10(0) > [ (1 (1))

+ VUso (é /OS Uoo (2, 7)dT + @(uoo(x, s)) , s) , 8) ds,

and

t
e s} at - Z [e'e) oo\
el t) = 0(@) > [ v (9(ve0.9))
1 S
+ Uso (E /0 Voo (T, T)dT + w(voo(a:, s)),s) , s) ds.
Combining — and — we obtain

Uoo (X, ) —up(x) = /Ot Uoo (f (uoo(x, s))
+ Voo (% /08 Uso (X, T)dT + go(uoo(x, s)), s) , s) ds,

11

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



12 P. K. ANH, N. T. T. LAN, N. M. TUAN EJDE-2012/117

and

Voo (X, 1) —vo(x) = /Ot Voo (voo(ac, s))

1

) (3.20)
+ Uso (; /0 Voo (X, T)dT + w(voo(a:, s)) , s) , s) ds.

The above equalities imply that (uee,Vso) is a solution of (2.1)).
On the other hand, it is easily seen that .., vo, are Lipschitz continuous in ¢ on
(0, +00). The proof is complete. O

4. ILLUSTRATIVE EXAMPLE

Consider the initial-value problem for a system of integro-differential equations

(1.5)-(1.6) with the following data:
1—|z| if|z| <1

0 otherwise
vo(z) =1 forall x € R,
flu)=u, gv)=v, ¢u)=1()=0.

We compute the successive approximations as follows:
t
wr(e,t) = uo(a) + [ uo(F(uo(w) + en(un(i) + p(uo(a)) ) s
0

= ug(x) —l—/o uo(ug(x) + 1)ds = ugp(x) +/0 0ds = ug(x),

(4.1)
¢
) = o)+ [ w0 (g(u0(@)) + uolon(z) + wleo(2))ds
0
t
zl—l—/ lds =1+t.
0
Similarly, uz(z,t) = ug(x), va(x,t) = 1+t + (t2/2). Suppose that
un(2,t) = uo(z),  vnla,t) =Y iR (4.2)
i=0
We can prove inductively that
n+1 ti
Uny1(7,t) = uo(®), vny1(w,t) = Z IR
i=0
Tending n to infinity we obtain
uy(7,1) = up(z), vy(w,t) =e. (4.3)

In fact, we can choose up(x) as a nonnegative, Lipschitz continuous function having
a compact support, and vg(z) = ¢ as a constant function. Due to the symmetry of
the system, the functions ug and vg are interchangeable.
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Concluding remarks. Mathematically, one can provide acceptable assumptions
on equations, and add suitable restrictions on initial data of problems so that the
solution exists uniquely. Therefore, both the existence and uniqueness of solutions
of self-referred and heredity problems, in general, remain considerable challenges to
attempts at generalization, namely (see also [4, 8 @, 10, 11]),

(1) The uniqueness/non-uniqueness of global solutions, with also relaxed con-
dition on data.

(2) Structure of the solution set.

(3) Numerical solution for the above mentioned system.

Acknowledgements. This work is partially supported by the Vietnam National
Foundation for Science and Technology Development (NAFOSTED).
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