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EXISTENCE AND UNIQUENESS OF WEAK AND ENTROPY
SOLUTIONS FOR HOMOGENEOUS NEUMANN
BOUNDARY-VALUE PROBLEMS INVOLVING VARIABLE
EXPONENTS

BERNARD K. BONZI, ISMAEL NYANQUINI, STANISLAS OUARO

ABSTRACT. In this article we study the nonlinear homogeneous Neumann
boundary-value problem

b(u) —diva(z,Vu) = f inQ
a(z,Vu).n =0 on 09,
where € is a smooth bounded open domain in RV, N > 3 and 5 the outer unit
normal vector on 92. We prove the existence and uniqueness of a weak solution
for f € L°°(Q) and the existence and uniqueness of an entropy solution for

L'-data f. The functional setting involves Lebesgue and Sobolev spaces with
variable exponents.

1. INTRODUCTION

The paper is motivated by phenomena which are described by a homogeneous
Neumann boundary value problem of the type

b(u) —diva(z,Vu) = f in Q,

1.1
a(z,Vu)m =0 on 99, (1.1)

where Q is a smooth bounded open domain in RY, N > 3 and 7 the outer unit
normal vector on 0f2.

The study of problems involving variable exponents has received considerable
attention in recent years (see [5], [7]-[17], [19]-[23], [26]-[30], [33]-[36]) due to the fact
that they can model various phenomena which arise in the study of elastic mechanics
(see [M]), electrorheological fluids (see [1TI, 22} 28, 29]) or image restauration (see
9)).

When the boundary value condition is a Neumann boundary condition in the
context of variable exponent, we must work in general with the space Wl’p(')(Q)

instead of the common space WO1 P (')(Q). The main difficulty which appears in
this case for the existence and also the uniqueness of solutions is that the famous
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Poincaré inequality does not apply (see [8]). The same can be said for the Poincaré-
Wirtinger inequality which does not apply for general data f considered in this work
(see [27]). Recently, Ouaro and Soma [27] studied the problem

—diva(z, Vu) 4 [uPP2u = f in Q,

(1.2)
@ =0 on 99,
v
under the assumption
p(+) : @ — R is a measurable function and 1 < p_ < py < +o0, (1.3)
where p_ = essinf,cq p(z) and pi 1= esssup,cq p(z).

For the vector fields a(-,-) in [27], the authors assumed that a(z,£) : @ x RN —
RY is Carathéodory and is the continuous derivative with respect to ¢ of the map-
ping A: Q xRV = R, A = A(z,¢); i.e., a(z,&) = VeA(z, €) such that:

e for almost every x € €,

A(z,0) =0 (1.4)
e there exists a positive constant C such that
la(@, )| < C1(j(x) + [P (1.5)

for almost every x € Q and for every ¢ € RV where j is a nonnegative
function in LPI(')(Q), with 1/p(z) + 1/p'(x) = 1,
e the following inequality hold for almost every = € 2 and for every £, n € RV

with § # n,
(a(z,€) — alz,n)).(§ —n) > 0; (1.6)
e for almost every z € Q and for every £ € RV,
€17 < alx,€).£ < p(x) A, €) (1.7)

Under assumptions (L.3)-(1.7), Ouaro and Soma [27] proved the existence and
uniqueness of entropy solutions to for L'—data f. The assumption on the
function A and the use of the quantity |u|P(*) =2y allowed them in particular to use
a minimization method for the proof of the existence of a weak solution for
when the right-hand side is in L>°(f2) (see [27, Theorem 3.1]). Note also that the
uniqueness of weak and entropy solutions w of [27, (1.2)] is due to the fact that
s |s|P(®)=25 is increasing.

In this article we improve the result in [27]. We make restrictive assumptions on
the data a and b. For this reason, we can not use the minimization methods used
in [27] to get our existence result of weak solutions. We use an auxiliary result due
to Le (see [2I, Theorem 3.1]). Indeed, Le [2I] proved in particular some existence

results of weak solutions for the Neumann and Robin boundary value problem
—diva(z, Vu) + f(z,u) =0 in Q,
a(z,Vu).n = —g(z,u) on 99,
where a : Q2 x RV — R is a Carathéodory function satisfying the growth condition
la(z,8)| < ay(x) + b1|EP@ 7Y, fora. e. z € Qand all € € RV,

with p € C4 () = {p € C(Q) such that p(z) > 1 for z € O}, a; € L O(Q), /(") is
the Holder conjugate of p(-) and b; > 1. Moreover, a is monotone; i.e.,

(a(z,&) — a(z,&).(E—¢) >0, fora. e xe€Qandallé ¢ €RY,
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and coercive in the following sense: there exist az € L*(2) and by > 0 such that
a(z,€).€ > by|¢|P®) —ay(z), fora. e. z € Qandall £ € RV,
f:2xR—Rand g: 92 — R are Carathéodory functions such that
[f (2, u)] < as(z), |g(&,v)] < as(§)

for a. e. x € ), £ € 00, where a3 € L10) (), az € L1(09) with q(z) < p*(z), for
all z € Q, q(z) < p*(z), for all x € 9N, q € C(Q), ¢ € C+(09Q). Here, p* is the
Sobolev conjugate exponent of p(x),

N=Dp(x) ¢ N >
ﬁ*(x)_{ Nop(e) ! P

400 ifN<p

The proof of the existence results in [21I] uses the sub and super solution methods.
In this article, our assumptions are the following:

p(-) : © — R is a continuous function such that 1 < p_ < p, < 400 (1.8)
and

b: R — R is a continuous, nondecreasing function, surjective such that 5(0) = 0.
(1.9)
For the vector field a(-,-) we assume that a(z, &) : Q@ x RN — R¥ is Carathéodory
such that:

e there exists a positive constant Cy with
la(z,&)] < Ca(j(x) + |77 (1.10)

for almost every x € Q and for every £ € RY, where j is a nonnegative
function in LP'0)(Q) with ﬁ + ﬁ =1;

e there exists a positive constant C3 such that for every x € Q and for every
&,n € RY with € # n, the following two inequalities hold

(a(:c,f) - a(fE, 7]))(6 - 77) > 07 (111)
a(z, €).€ > Cal¢fP@ (1.12)

for almost every = € Q and for every £ € RV.

We remark that [27, Assumption 1.3] is more restrictive than (L.8). This is due
to the use of the results in [21] to get the existence of a weak solution to the problem
[T1).

The remaining part of the paper is the following: in section 2, we introduce some
notations/functional spaces. In section 3, we prove the existence and uniqueness
of a weak solution of when the right-hand side f € L>°(€Q). Using the results
of section 3, we study in section 4, the question of the existence and uniqueness of

entropy solutions of (L.1)) for f € L'(Q).
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2. ASSUMPTIONS AND PRELIMINARIES

As the exponent p(+) appearing in (1.10]) and (|1.12)) depends on the variable z, we
must work with Lebesgue and Sobolev spaces with variable exponents. We define

the Lebesgue space with variable exponent LP()(Q) as the set of all measurable
functions v :  — R for which the convex modular

()= [ Jup@da

is finite. If the exponent is bounded; i.e., if p4 < +o00, then the expression
|u|p(.) = inf{)\ >0: pp(.)(u/)\) < 1}

defines a norm in LP()(€2), called the Luxembourg norm. The space (LP()(Q), |.[,(.))
is a separable Banach space. Moreover, if 1 < p_ < py < 400, then Lp(')(Q) is
uniformly convex, hence reflexive, and its dual space is isomorphic to Lp/(')(Q),
where ﬁ + ﬁ = 1. Finally, we have the Holder type inequality:

|/uvdx\ <( ( ) —— ) ulpy vl (2.1)

for all u € LPC)(Q) and v € LP (')(Q).
Let

WLP(')(Q) ={ue LP(')(Q) 2| Vul € LP(')(Q)},

which is a Banach space equipped with the norm
lulli,py = lulpey + 1(VU])]p)-

The space (WP (Q), ||.||1 () is a separable and reflexive Banach space.

An important role in manipulating the generalized Lebesgue and Sobolev spaces
is played by the modular p,.) of the space L) (Q). We have the following result
(see [16]).

Lemma 2.1. Ifu,,u € LP)(Q) and py < +oo, then the following properties hold:
() Julpy > 1= [0, < ppy (1) < [0l

(1) Il < 1 P < pogo(u) < Juper

(iii) fulpy <1 (respectwely =1;>1) & ppy(u) <1 (respectively = 1;>1);

(iv) |un|py — 0 (respectively — +00) < pp(y(un) — 0 (respectively — +00);

(V) ppy (u/lulpy) =1

For a measurable function u : 2 — R, we introduce the function

o) = [ @) do+ / Vul® da.

Then we have the following lemma (see [33], 35])

Lemma 2.2. If u € W0 (Q), then the following properties hold:

@) Mullipe > 1= Nl < prpey () < llullf;

(i) Nellpgy < 1= JullZ0) < prpgy () < [l
(iii) Hu||17p( <1 (respectively = 1;> 1) < py p(y(u) < 1 (respectively = 1;> 1);
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Given two bounded measurable functions p(+),q(:) : Q@ — R, we write

q(-) < p(-) if essinf,eq(p(x) — g(x)) > 0.

For more details about Lebesgue and Sobolev spaces with variable exponent, we
refer to [10, (24, 25| [30, [32] 36] and the references therein.

3. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS

In this part, we study the existence and uniqueness of a weak solution of (|1.1))
for the right-hand side f € L>°(Q). The concept of uniqueness is the same as in [2].

Definition 3.1. A weak solution of (|1.1) is a measurable function such that
uwe WHPO(Q),  blu) € L®(Q)

and
/a(x,Vu).Vgpdx+/b(u)godac:/fgodx, Vo € WhrO(Q). (3.1)
Q Q Q

The main result of this part is the following.

Theorem 3.2. Assume that (L.8)—(1.12)) hold true and f € L*°(2). Then there

exists a unique weak solution of (1.1)).

Proof. (Part 1: Existence). For k > 0, we consider the following approximated
problem.

Ty (b(ug)) — diva(z, Vug) = f in Q

a(x,Vug)n =0 on 09,

where T} (s) := max{—Fk, min{k, s}} is the truncation of T}, for any k > 0. Note
that as Ty (b(ur)) € L®(Q), by [2I, Theorem 3.1], there exists uy € W1P()(Q)
which is a weak solution of (3.2). We now show that |b(ug)| < ||f]leo for all & > 0.
We recall that for any € > 0,

(3.2)

S+
H.(s) = min(—, 1),
€

signg (s) = {

and if v is a maximal monotone operator defined on R, we denote by vy the main
section of v; i.e.,

1 ifs>0
0 ifs<o0

minimal absolute value of v(s) if v(s) # 0,
Yo(s) = 4 o0 if s, +-00) N D(y) =0,
o0 if (—o0,s] N D(y) = 0.
We take ¢ = Hc(ur — M) as a test function in (3.1) for the weak solution u; and
M > 0 a constant to be chosen later. We have

/ a(x, Vuy). VHe(ur, — M) dm—i—/ Ty (b(ug))He (up — M) dz = / fH(up—M)dz.
Q Q Q

(3.3)
Let us denote J = [, a(x, Vuy).VH(uy, — M) dz. We deduce that

J = f/ a(x, Vug).V(ug — M)dx > 0,
{0<ur—M<e}

€
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Then, according to (3.3)), we obtain
/Q T (b)) H (g — M) dz < /Q FH.(u — M) dz,

which is equivalent to saying

[ B0 =T ON) =M do < [ (=T (O How~M) do. (3.4
We now let e approach 0 in the above inequality,

/Q(Tk(b(uk)) = T1,(b(M))) " dz < /Q(f — Tu(b(M))) signg (u, — M) dz.  (3.5)

Choosing now M = by (|| f||ls) in (since b is surjective) to obtain

/(Tk(b(%)) = Ti(llfllee)) ™ da < /(f = Ti(llf 1)) signg (ur — b5 ([1fll0)) da-
Q Q

(3.6)
Hence for all & > || f]|co, we have

/(Tk(b(wc)) = Ti([lflloo)) ™ da < /(f = Ifll) signg (ux — b5 (| fllc)) dew < 0.
Q Q

Then for all & > || fllco, (Tk(b(ur)) — || flloc)™ = 0 a.e. in  which is equivalent to
saying

T (b(ur)) < || flloe for all k> || f|so- (3.7)
It remains to prove that Ty (b(ux)) > —| flleo a.e. in Q for all & > || f]|co- O

Let us remark that as wuy, is a weak solution of (3.2]), then (—uy) is a weak solution
to the following problem

T (b(uz)) — diva(z, Vug) = f in Q
a(xz,Vug)m =0 on 99,

where a(x,&) = —a(z,—€), b(s) = —b(—s) and f = —f. According to (3.7), we
deduce that

(3.8)

Te(=b(ug)) < [|fllo a.e. in £ for all & > || f|loo-

Therefore, we obtain
Tio(b(ur)) = = flloe Yk > || flloo- (3.9)

It follows from and that for all k& > || flleo, |Tk(b(ux))| < ||fllcc Wwhich
implies
|b(ug)] < || fllee a.e. in Q. (3.10)
We now fix k = || fllec + 1 in to end the proof of the existence result.
Part 2: Uniqueness. Let u; and us be two weak solutions of . Let us take
¢ = T(u; — usg) as a test function in for u; and also for us, to get

/ a(x, Vuy).VTi(u) — ug) dz +/ b(u1) Tk (uy — ug)da = / fTi(up — ug) d,
Q Q Q
and

/Qa(x,Vug).VTk(ul — ug) dac+/

b(ug) Tk (uy — ug) da = / FTi(up — ug) du.
Q Q
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Adding the two preceding relations, we obtain

/ (a(z, Vur) — a(z, Vug)).VTi(u1 — uz) dz + / (b(u1) — bu2)) Tk (ur — uz) dz = 0.
Q Q

(3.11)
From (3.11)) we deduce that
/(a(ac7 Vup) — a(z, Vug)).VTi(ug — ug)dz =0, (3.12)
Q
/ (b(ur) — b(uz))Ti (w1 — z) dar = 0. (3.13)
Q
Thanks to (3.12) and inequality (1.11]), we obtain
U —ug =c a.e. in ) (3.14)
and the relation (3.13]) gives
. 1
lim [ (b(u1) — b(u2)) =Tk (u1 — ug) dx = / |b(u1) — b(ugz)| dx = 0.
k—0 Q k Q
Finally, we obtain
uUp — Uy =c¢ a.e. in
(3.15)

and b(u1) = b(ug).

4. ENTROPY SOLUTIONS

In this section, we study the existence and uniqueness of entropy solutions to
problem (1.1)) when the right-hand side f € L*(2). We first recall some notations.
Set

THPO(Q) = {u : @ — R, measurable such that Ty (u) € WP (Q) for any k > 0}.
As in [6] (see also [1I]), we can prove the following result.

Proposition 4.1. Let u € TL”(')(Q), Then there exists a unique measurable func-
tion v : Q — RN such that VT (u) = VX {ju|<k} for all k > 0. The function v is

denoted by Vu. Moreover, if u € WHPO)(Q) then v € (LPO(Q)N and v = Vu in
the usual sense.

We define T;’p(')(Q) as the set of functions u € 75P()(Q) such that there exists
a sequence (uy), C WP (Q) satisfying the following conditions:

(C1) up — w ace. in Q.

(C2) VTi(uy) — VTg(u) in L1(Q) for any k > 0.

The symbol H in the notation is related to the fact that we consider here Homoge-
neous Neumann Boundary condition. For the Nonhomogeneous Neumann Bound-
ary condition, we need to add the definition of the set in the following boundary
condition, to give meaning to the solution at the boundary.

(C3) There exists a measurable function v on 9, such that u, — v a.e. in 9.

In this case, the set will be 7,.” (')(Q) where tr is related to the trace of an element
u € T, (Q) (see [3,16]).
We can now introduce the notion of an entropy solution of (1.1J).
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Definition 4.2. A measurable function « is an entropy solution to problem (|1.1)
if u e TYP(Q), b(u) € LH(Q) and for every k > 0,

/ a(z, Vu). VT (u— @)dx + / b(u)Ti(u — p)dx < / f@)Tp(u—p)de, (4.1)
o Q Q

for all p € WHPO)(Q) N L>(N).
Our main result in this section is the following.

Theorem 4.3. Assume (1.8)-(1.12) and f € L'(Q)). Then there exists a unique
entropy solution u to ((1.1)).

To prove the above theorem, we need the following propositions among which,
some can be proved following [7] with necessary changes in detail. But those which
are new will be proved.

Proposition 4.4. Assume (L.8)-(1.12), f € L' (Q) and q(-) : Q@ — [1,+0) a
measurable function. Let u be an entropy solution of (1.1)). If there exists a positive
constant M such that

/ k1@ de < M for all k > 0 (4.2)
{lul>k}

then
/ K@ dx < C||flli+M  for all k > 0,
{|Vul=O) >k}

where a(-) = p(-)/(¢(-) + 1) and C is a positive constant.

Proposition 4.5. Assume that (1.8)-(1.12) hold and f € L'(Q). Let u be an
entropy solution of (L.1)). Then

/ VT (u) [P de < C'|| f|l1 for all k >0 (4.3)
Q

and
[b(w)[lr < C" meas(Q)|f]1, (4.4)

where C' and C" are positive constants.

Proposition 4.6. Assume that (1.8)-(1.12) hold and f € L'(Q). Let u be an
entropy solution of (L.1)). Then

/ VT (uw)|P-de < C"(k+1) forallk >0, (4.5)
{lu|<k}

where C"" is a positive constant.

Proposition 4.7. Assume that (1.8)-(1.12) hold true and f € L*(Q). Let u be an
entropy solution of (L.1)). Then

[/ 1l

meas{lul > b} < S BN

for all h large enough (4.6)

and

const(|| f]l1,p-)

meas{|Vu| > h} < p—1

for all h > 1. (4.7
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Proof. We first prove (4.6)). Indeed, by (4.4) (see [T, proof of (4.4)], we have

[ wwlds <1
{lul>h}

From this inequality, we deduce that

min(b(h), (-0 [ do < If]l,
{lul>h}
The proof of (4.7)) is similar to that of [7, Proposition 4.8]. O

We remark that since b is continuous and surjective, by (4.6)), we deduce that

meas{|u| > h} -0 ash — +oo.

4.1. Proof of Theorem Uniqueness of entropy solution. Let h > 0
and w1, us be two entropy solutions of . We write the entropy inequality
corresponding to the solution u; with T}, (uz) as a test function and to the solution
ug with Ty (u1) as a test function. Upon addition, we obtain

/ a(x,Vuy).V(uy — Th(ug))dx
{lur=Th (u2)|<k}

+ / a(x, Vug).V(uz — Tp(uy))dz
{luz=Th (u1)|<k} (4.8)

+ /Q b(ul)Tk(ul — Th(’U,Q))d.’L' +/Qb(’LL2)Tk(’U,2 — Th(ul))dac

< [ 1) (Tt = Tutaa)) + Tulua = Th 1)) ) o

Now define
E1 = {|’LL1—’LL2| Sk |'U,2‘ Sh} E2 = Elﬁ{|u1| <h}, E3 = Elﬂ{|u1| >h}
We start with the first integral in . By (1.12 -, we have

/ a(x,Vuy).V(ur — Th(ug))dx
{lur=Th (u2)|<k}

= / a(x,Vuy).V(uy — Ty (ug))dx
{lur =Th (u2)| <E}N{|uz|<h}

+/ a(z, Vuy).V(uy — Ty (uz))dx
{lu1—Th (u2)|<E}N{|uz|>h}

a(x, Vuy).V(ug — ug)dx

/{ulTh(u2)|<k}ﬁ{|u2|<h}

+ / a(x,Vuy).Vuydx
{|u1 —hsign(uz)|<k}N{|uz|>h}

a(x, Vuy).V(uy — ug)dx (4.9)

v

/Ul =T (u2)|<k}N{|uz2|<h}
/ a(x,Vuy).V(ug — ug)dx

By

= / a(z, Vuy).V(u; — ug)dx +/ a(z, Vuq).V(u; — ug)dz
Eo

E3
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:/E2 a(x, Vuy).V(ug —uz)d33—|—/

a(x,Vul).Vuldx—/ a(z, Vuy).Vuedz
Es

E3

2/ a(x, Vuy).V(uy —U2)dx—/ a(x, Vuy).Vusdz.
E2 E3
Using (1.10) and (2.1)), we estimate the last integral in (4.9) as follows.

| a(z, Vuy).Vusdz|
Es
<Gy / (j(x) + [V [P@ 1) | Vug|dz (4.10)
Ej

< (|j|p/(.) + |\Vm|p($)_1|p/(.),{h<|u1\§h+k}) |VUa|p(), {h—k<|us|<h}s

-1 _ -1
where ]\Vu1|p(’”) » () {h<|us | <h-+k} — H|Vul|p(x) HLP’(~>({h<|u1\§h+k})'
Since up is an entropy solution of (L.1)), by taking ¢ = Tj(u;) in the entropy

inequality (4.1)), and using (1.12)), we obtain
/ VP da < Ok £l
{h<|u1|<h+Ek}

So by Lemma

||V [P =1 < C' < +o0,

P’ () {h<|ur[<h+k} =

where C’ is a constant which does not depend on h. Therefore,
Cr(ldlyr ¢y + VUL PO () e un | <t k}) < 01<|j|p:(.) + C’) < o0.

Since ug is an entropy solution to problem (1.1, by taking ¢ = Tj(ug) in the
entropy inequality (4.1) and using (1.12)), we obtain

/ Vg [P@ dz < Ck:/ | f|de.
{h<|uz|<h+k} {|luz|>h}

Using inequality (4.6]), we have meas{|uz| > h} — 0 as h — +o00. As f € L}(Q) we
obtain

C’k/ |flde — 0 as h — 400 for any fixed number &k > 0.
{luz|>h}

From the above convergence we deduce that

lim |Vuy[P@dz = 0, for any fixed number k > 0.
hbo0 Jin<us| <htk}
Hence
lim |Vuy[P@dz = lim |Vug [P@dz = 0,
h=+00 J{h—k<|uz|<h} =400 J (1< us | <I+K}

for any fixed £ > 0 with [ = h — k. So by Lemma |Vuz|pi), th—k<|us|<n}y — 0 as
h — 400, for any fixed number k > 0. Therefore, from (4.9) and (4.10), we obtain

/ a(x, Vuy).V(ur — Ty (ug))dz > Ip, —|—/ a(x, Vuy).V(up —ug)dz,
{lur—=Th (u2)|<k}

Es
(4.11)
where I}, converges to zero as h — +o0.
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We may adopt the same procedure for study the second term in (4.8) to obtain

/ a(x, Vug).V(ug — Ty (uy))de > Jp, — / a(x, Vug).V(uy — uz)de,
{luz—=Th(u1)|<k}

E>
(4.12)
where Jj, converges to zero as h — +o00. Now for all h, k > 0, set
Ky = [ bu)Te(ur — Th(ue))dx + [ b(uz)Tk(us — Th(uq))de.
Q Q
We have
b(ut)Tk(ur — Th(uz)) — b(ur)Tk(up —u2) a.e. in Q as h — +oo
and
[b(ur) T (ur — Th(u2))| < k[b(u1)| € L'(Q).
Then by Lebesgue Theorem, we deduce that
hhr-lI-l b(ur)Ti(u1 — Th(ug))de = / b(uy)Tk(ur — uz)dx. (4.13)
—+oo Jo Q
Similarly, we have
Jim [ b Tz — T () = / bus) T (tz — 1 ). (4.14)
Using (4.13) and (4.14)), we obtain
Jlim K, = / (b(u1) — b(uz))Te(us — up)da. (4.15)

We next examine the right-hand side of ([4.8). For all k£ > 0,
7@) (Tiws = Ti(w2) + T = T(wr)) ) = £(@) (Tl — u2) + Ti(uz — 1)) =0
a.e. in {2 as h — +o0 and

1) (Tic(r = Tiua)) + Tz — Ti(wn)) )| < 2K1f(2)] € LH(9).

Lebesgue Theorem allows us to write

hETWLf(x) (T — Th(u2)) + Tz — Th(ur)) ) = 0. (4.16)

Using (4.11)), (4.12), (4.15) and (4.16)), we obtain
/ (a(x, Vuy) — a(z, Vug)) . (Vul - Vuz)dx
{lur—uz| <k}

(4.17)
+ / (b(u1) — b(u2))Tk(ur — ug)dx < 0.
Q

Therefore,
| btan) = b7 wr = )z o, (1.18)

from which we deduce that

%il%/g(b(ul) - b(uﬁ)%Tk(ul —ug)dr = /Q |b(u1) — b(usg)| dx = 0. (4.19)

It also follows from (4.17) that

/{u1_u2|<k} (a(x, Vuy) — a(z, Vuz)).(Vul - Vug)dx =0. (4.20)
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Hence, from and ([4.20)), we obtain
up —ug =c¢ a.e. in Q.
and b(uq) = b(uz).
Existence of entropy solution. Let f, = T,,(f); then {f,},2 is a sequence
of bounded functions which strongly converges to f € L!(£2) and is such that
Ifnlle < I fll1, for all n € N. (4.21)
We consider the problem
—diva(z, Vu,) + b(u,) = fr, in Q,
a(x,Vup).n =0 on .
It follows from Theorem that there exists a unique function u, € WP (Q)
such that

(4.22)

/Qa(x,Vun).Vgodx—i—/Qb(un)godx:/anapdx (4.23)

for all ¢ € Wl”’(')(Q). Our aim is to prove that these approximated solutions u,,
tend, as n goes to infinity, to a measurable function u which is an entropy solution
to the limit problem ((1.1)). To start with, we prove the following lemma.

Lemma 4.8. For any k > 0,
||Tk(un)||17p(.) <1+4+C,
where C = C(Cs, k, f,p—,p+, meas(Q)) is a positive constant.

Proof. By taking ¢ = Ti(u,) in (4.23)), we obtain
/ a(x, Vuy). VT (uy,)dx + / b(un )T (up)dz = / Tk (uy)dz.
Q Q Q
Since all the terms in the left-hand side of equality above are nonnegative and

/Q FuTi(un)dz < k| falls < K],

by using (1.12)) we obtain
[ VTP de < O (4.24)
Q
We also have that
/ T ()P da = / T () P daz +/ T () [P iz
Q {lun|<k} {lun|>k}
Furthermore,
/ |Tk(un)|p(ac)dx _ / kp(I)dm < kP+ meaS(Q) if k> 1,
{lun|>k} {Jun|>k} ~ | meas(f2) ifk<1

and

/ T (1) [P dr < / @) gy < kP+ meas(€2) %f kE>1,
{lun|<k} {Jun| <k} meas(2) if k< 1.

This allows us to write

/ Ty (un ) [P da < 2(1 4 kP+) meas(Q). (4.25)
Q
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Hence, adding (4.24]) and (4.25]) yields
P1p() (T (un)) < C|[fllr + (1 + k) meas(Q2) = C(Cs, k, f,p4, meas(12)). (4.26)
For || Ty (un)l1,p(.y > 1, we have

||Tk(un)||§,7_p() < pl,p(‘)(Tk(un)) < 0(037 ka fap-i-vmeas(Q))a

which is equivalent to

1/p—
1Tk (un) [|1,p¢) < (C’(Cg,k,f,p+,meas(9))) = C(Cs,k, f,p—, p4,meas()).
The above inequality gives
1T (un)ll1p() <1+ C(Cssk, f,p—, py, meas(€2)).
The proof is complete. O
From Lemma we deduce that for any k > 0, the sequence {T}(u,)}, 25 is
uniformly bounded in W'P()(Q) and so in WP~ (Q). Then, up to a subsequence

we can assume that for any k > 0, Ty (u,) converges weakly to o) in WP-(Q),
and so T} (uy,) strongly converges to oy in LP— ().

Proposition 4.9. . Assume that (1.8)-(1.12) hold and u, € WPt (Q) s the
solution of - Then the sequence {un}n 1 is Cauchy in measure. In particular,
there exists a measurable function u and a subsequence still denoted {u,},>5 such
that u,, — u in measure.

Proof. Let s > 0 and k > 0 be fixed. Define
E, = {|un| >k}, En={lum| >k}, Enm = {Tk(un) — T(um)| > s}.

Note that
{ltn, — tUm| > s} CE,UE,UE,

and hence
meas{|u, — up| > s} < meas(E,,) + meas(E,,) + meas(Ey, ). (4.27)
Let € > 0. Using Proposition we choose k = k(e) such that

meas(E,) <¢/3 and meas(E,,) <€/3. (4.28)

Since T (uy,) converges strongly in LP- (), then it is a Cauchy sequence in LP-(2).
Thus

1
meas(E,, ) < T/ | Tk (un) — Tk (um)|P~da < %, (4.29)
s Ja
for all n,m > no(s, ). Finally, from (4.27)), (4.28) and (4.29)), we obtain
meas{|u, — up| > s} <e forall n,m > ng(s,e). (4.30)
Relations (4.30]) imply that the sequence {un}Igj is a Cauchy sequence in measure
and the proof is complete. O

Note that as u, — wu in measure, up to a subsequence, we can assume that
Up — u a. e. in Q. In the sequel, we need the following two technical lemmas (see
[18, [30]).

Lemma 4.10. Let {v,}> be a sequence of measurable functions n Q. If v,

converges in measure to v and is uniformly bounded in LPC)(Q) for some 1 <
p(-) € L*°(Q), then v, — v strongly in L*(Q).

n=1
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The second technical lemma is a well known result in the measure theory [18].

Lemma 4.11. Let (X, M, ) be a measure space such that u(X) < +oo. Consider
a measurable function v : X — [0, +00] such that

p({r € X :y(x) =0}) =0.
Then, for every € > 0, there exists § > 0, such that

w(A) <e, forall Ae M with / ydp < 0.
A

We are ready for proving that the function u in the Proposition [4.9|is an entropy
solution of (T.1)). Let ¢ € WP()(Q) N L>®(Q). For any k > 0, choose Ty (u, — ¢)
as a test function in (4.23)). We obtain

/ a(x, Vup).VTi(u, — ¢)dx +/ b(un) Tk (un, — @)dx
@ @ (4.31)

Q
The following proposition is useful to pass to the limit in the first term of (4.31)).

Proposition 4.12. Assume that (1.8)-(1.12) hold and u, € W'P()(Q) is the weak
solution to (4.22). Then

(i) Vu, converges in measure to the weak gradient of u;
(ii) For all k > 0, VTk(uy) converges to VT (u) in (L1 (Q))N.
(iii) For allt >0, a(x, VTi(uy,)) converges strongly to a(x, VT;(u)) in (L1 ()N
and weakly in (LY O (Q))N.

Proof. (i) We claim that the sequence {Vu,, },/>] is Cauchy in measure. Indeed, let
5 > 0 and consider

Apom = {|Vup| > hYU{|Vuy| > h}t, Bpm = {lup —un| >k}
and
Cnom = {|Vun| < h, |[Vup| < h, [ty — up| <k, |Vuy, — Vup| > s},
where h and k will be chosen later. Note that
|V, — Vi, > st C Apm U By UChm. (4.32)

Let € > 0. By Proposition [4.7] (relation (4.7)), we may choose h = h(e) large enough
such that

meas(An,m) < €/3, (4.33)
for all n,m > 0. On the other hand, by Proposition
meas(By, ) < €/3, (4.34)

for all n,m > ng(k, €). Moreover, since a(z, &) is continuous with respect to £ for
a.e. € Q, by assumption (1.11]) there exists a real valued function v : Q@ — [0, +-00]
such that meas({z € Q: y(z) =0}) =0 and

(a(z,&) — a(z,£)).(§ = &) = v(x), (4.35)

for all £,¢ € RN such that [¢] < h, |€'] < h, |€ — €| > s, for ae. z € Q. Let
0 = 0(€) be given by Lemma {4.11] replacing € and A by €/3 and C,, ,,, respectively.
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As u, is a weak solution of (4.22)), using Ty (u, — um,) as a test function in (4.23),
we obtain

/ a(z, Vun). VT (uy, — up,)dz —|—/ b(un) T (tn, — U, )dz
Q Q

_ / FaTh (i — wm)dz < k| |-

Similarly for u,,, we have

/ a(x, V). VT (U, — uy)dx +/ bt ) T (U, — up)dx
Q Q

_ /Q Fon T (i — ) < K| £

Adding these two inequalities yields

/ (a(z, Vuy) — a(z, Vup,)).(Vu, — Vi, )dx
{‘Un_um‘gk}

+/Q (b(2tn) = b)) it = ) < 28] £ 1.

Since the second term of the above inequality is nonnegative, by using (4.35) we
obtain

/ ~y(x)dx < / (a(z, Vun) — a(x, Vup)).(Vuy, — Vug,)de < 2k| fll1 <6,
Ch,m C

n,m

where k = §/4||f|1. From Lemma it follows that

meas(Cy, m) < €/3. (4.36)
Thus, using (4.32)), (4.33)), (4.34) and (4.36)), we obtain
meas({|Vun, — Vun| > s}) <e, for all n,m > ng(s,€) (4.37)

and then the claim is proved. Consequently, {Vu,} > converges in measure to
some measurable function v. To complete the proof of (i), we need the following
lemma.

Lemma 4.13. (a) Fora.e. t € R, VTy(uy) converges in measure to vX{ju<t};
(b) for a.e. t € R, VT (u) = vX{ju|<t}s
(c) VTi(u) = vX{ju|<t} holds for all t € R.

Proof. Proof of part (a). We know that Vu,, — v in measure. Thus, X {ju|<¢} Vtn —
X{ju|<t}v in measure. Now, let us show that (X{ju,|<t} — X{|u‘<t})Vun — 0 in
measure. For that, it is sufficient to show that (X{\un\<t} —X{|u\<t}> — 0 in measure.
Now, for all § > 0,
{IXqun<ty = XQul<ty | Vun| > 8}
C A{IX{unl<ty = X{Jul<ty| # 0}
C{lul =t} U{u, <t <u}U{u<t<u,}U{u, < —t<u}lU{u<—t<u,}.
Thus,
meas{| X {ju, |<t} = X{ju<t}[|VUn| > &}
< meas{|u| = t} + meas{u, <t < u}+meas{u <t < u,} (4.38)
+ meas{u, < —t < u} + meas{u < —t < u,}.
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Note that meas{|u| =t} < meas{t—h < u < t+h}+meas{—t—h < u < —t+h} — 0
as h — 0 for a.e. t, since u is a fixed function. Next,

meas{u, <t <u} <meas{t <u <t+ h}+ meas{|u — u,| > h}

for all h > 0. Due to Proposition for all fixed h > 0, we have meas{|u — u,| >
h} — 0asn — +oco. Since meas{t < u < t+h} — 0as h — 0, for all € > 0, one can
find N such that for all n > N, meas{u, <t < u} < €/2+ ¢/2 = ¢ by choosing h
and then N. Each of the other terms in the right-hand side of can be treated
in the same way as for meas{u,, <t < u}. Thus, meas{|x{ju,|<t} = X{ju|<t}[|VUn| >
0} — 0 as n — +4o0. Finally, since VT}(un) = VnX{|u,|<t}, the claim (a) follows.

Proof of part (b). Let v; be the weak W'P()limit of Ty(u,), then it is also the
strong L!-limit of Ty(u,). But, as T; is a Lipschitz function, the convergence in
measure of u, to u implies the convergence in measure of Ty(u,) to Ti(u). Thus,
by the uniqueness of the limit in measure, ), is identified with T};(u), we conclude
that VT}(un) — VT (u) weakly in LPO)(Q).

The previous convergence also ensures that V7 (u,,) converges to VT (u) weakly
in L'(Q). On the other hand, by (a), VT}(uy) converges to vx{jy|<s} in measure.
By Lemma since VT}(u,) is uniformly bounded in LP- (), the convergence
is actually strong in L'(Q); thus it is also weak in L*(£2). By the uniqueness of a
weak L'-limit, vx{juj<¢} coincides with VT (u).

Proof of part (c). Let 0 < t < s, and s be such that vy, <s} coincides with
VT,(u). Then

VT (u) = VTi(Ts(u) = VTs(w)X (|7 (w)| <t} = VX{Jul<s}X{|ul<t} = VX{|ul<t}-
Now, we complete the proof of (i), by combining Lemma [£.13}(c) and Proposition
Z91)

(ii) Let s > 0, k > 0 and consider
Fom ={|Vup — Vup| > s, [up| <k, |um| <k},
Grom = {|Vum| > s, [un| > k, lum| < k},
Hym = {|Vun| > s, [um| >k, lun| <k},  Inm={0>s,|un| >k |u,| >k}
Note that
{IVTk(upn) — VIE(um)| > s} C Fym U Gpom U Hy oy U Iy . (4.39)
Let € > 0. By Proposition we may choose k(e) such that

meas(Gp,m) < 2, meas(H,, ) < z and meas(I,, ) < Z (4.40)
Therefore, using (4.37)), (4.39)) and (4.40)), we obtain
meas({| VI (un) — VI (um)| > s}) <e,  for all n,m > nq(s,e). (4.41)

Consequently, VT (u,) converges in measure to V7 (u). Then, using lemmas

and (ii) follows.

(iii) By lemmas and for all ¢t > 0, a(x, VIi(uy)) converges strongly to
a(z, VT, (u)) in (LY ()N, and a(z, VT (uy)) converges weakly to x, € (L") (Q))N
in (L”'()(€2))N. Since each of the convergence implies the weak L'-convergence, x;
can be identified with a(z, VTi(u)); thus, a(z, VT, (u)) € (L' )(Q))N. The proof
of (iii) is then complete. Thus the proof is complete. a
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We are now able to pass to the limit in the identity (4.31). For the right-hand
side, the convergence is obvious since f,, converges strongly to f in L'(Q) and
Tk (u, — @) converges weakly-* to Ti(u — @) in L*>(Q2) and a.e. in Q.

For the second term of 7 we have

/Q b(tn) Tt — p)dar = / (b(un) — b(2)) T (tn — @)l + / b() Tt — 0)da.

Q

The quantity (b(u,) — b(p))Tk(u, — ) is nonnegative and since for all s € R,
s+ b(s) is continuous, we obtain

(b(utn) — b()) T (i — ) — (b(u) — b)) Th(u— ) e in

Then, it follows by Fatou’s Lemma that

lim inf /Q(b(un) = b(p) Tk (un, — p)dz > / (b(u) = ()T (u — p)dz.

n—-4o0o Q
We have b(¢) € L' (Q2). Since Ty (un, — @) converges weakly-+ to Ty (u— @) in L (£2)
and b(p) € L1(), it follows that

Jm A b(@) Tk (up — p)da = /Q b(@) Tk (u — p)d.

Next, we write the first term in (4.31)) in the form
/ a(x, Vuy).Vupdz —/ a(x, Vuy).Vodz. (4.42)
{lun—p|<k} {lun—p|<k}
Set I = k 4 ||¢]|co- The second integral in (4.42)) is equal to
/ a(z, VT (uy)).Ved.
{lun—p|<k}

Since a(z, VT}(u,)) is uniformly bounded in (L") (2))N (by (T.10) and (£.24)), by
i

Proposition (iii), it converges weakly to a(x, VTi(u)) in (LP )(Q))N. There-
fore,
lim a(x, VT (uy)).Vedr :/ a(xz, VTi(u)).Vedz.
0 Jju, — | <k} {Ju—p|<k}

Moreover, a(z, Vuy,).Vu, is nonnegative and converges a.e. in 2 to a(z, Vu).Vu.
Thanks to Fatou’s Lemma, we obtain

lim inf a(x,Vun).Vunde/ a(z, Vu).Vudz.
"m0 Njun—el <k} {lu—gl<k}

Gathering results, we obtain
/ a(z, Vu).VTi(u— ¢)dx + / b(u)Ty(u — p)dx < / fTe(u— p)dx.
Q Q Q
We conclude that w is an entropy solution of (|1.1)). O
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