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SOLUTIONS OF p(z)-LAPLACIAN EQUATIONS WITH CRITICAL
EXPONENT AND PERTURBATIONS IN R¥

XIA ZHANG, YONGQIANG FU

ABSTRACT. Based on the theory of variable exponent Sobolev spaces, we study
a class of p(z)-Laplacian equations in RN involving the critical exponent.
Firstly, we modify the principle of concentration compactness in W1P(*) (RN)
and obtain a new type of Sobolev inequalities involving the atoms. Then, by
using variational method, we obtain the existence of weak solutions when the
perturbation is small enough.

1. INTRODUCTION
We study the solutions to the problem
— div(|VuP®2Vu) + [ulP® "2y = |uP” @2y + h(z), zeRY, (1.1)
where p is Lipschitz continuous on RY and satisfies
1 <p- <px) <py <N, (1.2)

0 < h(£0) € LF' @) (RN).

We will study in the frame of variable exponent function spaces, the defi-
nitions of which will be given in section 2.

We say that u € WP (RN) is a weak solution of problem (L3), if for any
v € WheE) (RN),

/ (|Vu|p(m)72VuV11 + [P 20 — JulP” @2y — h(z)v) dz = 0.
RN

We can verify that the weak solution for (1.1]) coincide with the critical point of
the energy functional on W1HP(@)(RN):

‘vu|p(r) + ‘u|p(r) |u|p*(r)

o= [ .
RN p(x) p*(x)
If h(z) = 0, it is easy to verify that u = 0 is a trivial solution to . The
existence of nontrivial weak solutions for a class of p(x)-Laplacian equations without
perturbations was studied in [3| 10, 2] 19] via variational methods. They verified

— h(z)u) dx.
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the Palais-Smale conditions for the energy functional ¢ and obtained critical points
for . Moreover, they obtained weak solutions for the p(x)-Laplacian equations.

In [12], we study the following type of p(z)-Laplacian equations with critical
exponent:

— div(|VuP@2Vu) + MulP® 20 = f(z,u) + h(@)|uP @24, zeRY. (1.3)

The difficulty is due to the loss of compactness for the embedding W1?(®) (RN) —s
LP"(®)(RN). To prove the Palais-Smale condition for the corresponding energy func-
tional, we assume that the coefficient h(z) of critical part satisfies 2(0) = h(co) = 0.
Then, based on the principle of concentration compactness on Wl’p('”)(]RN ) and
symmetric critical point theorem, we obtain infinitely many radial weak solutions
for .

When p(z) is constant, equations with critical growth have been studied exten-
sively, see for example [2, B [14] 2T, 22]. The aim of this paper is to use variational
method to show that has at least one weak solution if p(z) is function and
h(zx) # 0. Here the difficulty is also caused by the loss of the compactness for the
embedding WP (RY) < LP"(®)(RN). In this paper, by using Ekeland’s varia-
tional principle [9], we obtain a Palais-Smale sequence if ||h[,/(,) is sufficient small.
We do not expect to prove the Palais-Smale condition for ¢ and will not make
similar assumptions as in [12]. However, based on the principle of concentration
compactness on variable exponent Sobolev space established in [I2], we prove that
the weak limit of Palais-Smale sequence is a weak solution for (see Theorem
. In order to obtain the main result, we also give a kind of modified Sobolev
inequalities involving the atoms in the concentration-compactness principle (see
Theorem |2.7]) .

2. PRELIMINARIES

In the studies of nonlinear problems with variable exponential growth, see for
example [T, [3, 4, [6, 10, 05, [16], 20], variable exponent spaces play an important
role. Since they were thoroughly studied by Kovéaéik and Rakosnik [13], variable
exponent spaces have been used to model various phenomena. In [I7], Ruzicka
presented the mathematical theory for the application of variable exponent Sobolev
spaces in electro-rheological fluids. As another application, Chen, Levine and Rao
[7] suggested a model for image restoration based on a variable exponent Laplacian.

For the convenience of the reader, we recall some definitions and basic properties
of variable exponent spaces LP(®)(Q) and W1P(®)(Q), where Q C RY is a domain.
For a deeper treatment on these spaces, we refer to [§].

Let P(2) be the set of all Lebesgue measurable functions p : Q — [1,00], we
denote

o) = [P dot sup Ju(o)],
O\ Qoo TE€Q
where Qo = {x € Q: p(x) = c0}.
The variable exponent Lebesgue space LP(*)(Q) is the class of all functions u

such that py(,)(tu) < oo, for some ¢ > 0. LP(®)(Q) is a Banach space equipped with

the norm

u

lullpeay = f{A > 0 poay (1) <1}
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For any p € P(Q), we define the conjugate function p'(x) as

00, e ={zeQ:p(x)=1}
p(z) =<1, z € Qs
B 2 e\ (U Q).

Theorem 2.1. Let p € P(Q). For any u € LP™)(Q) and v € LP ) (Q),

/Q v dz < 2fullpio o]y o)

For any p € P(2), we denote

p+ =supp(x), p- = inf p()
EQ zEN

and denote by p; < pa the fact that inf,cq (p2(z) — p1(z)) > 0.

Theorem 2.2. Let p € P(Q) with p, < co. For any u € LP)(Q), we have
() if ullpgey > L. then [ull%5,) < fo lulP® d < ]2, ;
(2) if ey < 1, then [[ul2f) < fo luP@ do < ull’,.

The variable exponent Sobolev space WP(#)(Q) is the class of all functions
u € LP@(Q) such that |[Vu| € LP@)(Q). WP@)(Q) is a Banach space equipped
with the norm

[ull1.p@) = lullp) + Vellpa)-

By Wol’p(w)(Q) we denote the subspace of W1 P(®)(Q) which is the closure of
Cg°(Q) with respect to the norm || - [|; ,(,). Under the condition 1 < p_ < p(x) <
py < oo, WHPE)(Q) and Wol’p(x)(Q) are reflexive. And we denote the dual space
of WP () by W17 ()(Q).

For u € WP (Q), if we define

ull] = inf{t > 0 : /
Q
then || - [|| and || -

|u|P(®) 4 |Vu|P)
d
tp(x)

x <1}

)

1,p(z) are equivalent norms on whr)(Q). In fact, we have

1
el < lllull < 2l

Lp(z)-
Theorem 2.3. For any u € WHP(®)(Q), we have

@) if lulll = 1, then |[|ull[P~ < [o(IVulP) + [ulP®@) dz < [Jul][7+;

@) if ulll < 1, then [[[ull[P+ < fo(IVulP) + |ufP)) do < [[Jul][P-
Theorem 2.4. Let Q2 be a bounded domain with the cone property. If p € C(Q)
satisfying (1.2) and q is a measurable function defined on Q with
A Np(x)

N —p(x)
then there is a compact embedding WP (Q) — LI1=)(Q).

p(z) < q(z) < p*(z) a.e. T €9,

Theorem 2.5. Let  be a domain with the cone property. If p is Lipschitz contin-
uous and satisfies (1.2)), q is a measurable function defined on Q with

p(z) < gq(z) <p*(x) ae z€,
then there is a continuous embedding W'P(®)(Q) — La®)(Q).
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In the proof of main results in Section 3, we will use the following principle of
concentration compactness in W12 (RY) established in [12].

Theorem 2.6. Let {u,} C W'P@ (RN) with |||u,||| < 1 such that
Uy — u weakly in WHPE (RN,
IVitn [P + |un [P — i weak-+ in M(RY),
lun|P" ™) — v weak-x in M(RN),

as n — 00. Denote

Ccr = sup{/ |u
RN

Then the limit measures are of the form
o= |VulP® 4 P £ 6+, p(RY) <1,
jeJ

v=ulf"®+> v, vRY)<Cr
JjeEJ

PY@) d: |ull] < 1,u € WHPE (RN},

where J is a countable set, {u;},{v;} C [0,00), {z;} CRY, p € M(RY) is a non-
atomic nonnegative measure. The atoms and the reqular part satisfy the generalized
Sobolev inequality

V(RY) < 2P/ O max (R PP (R4,
[T (2.1)
v; < C" max{pu; " ,Mﬁ’/m},

*

where p = supyegn p* (), pL = inf,cpy p*(2).

To obtain the main result, we prove the following modified version of Theorem

in which we give a new form of the inequality ([2.1)).

Theorem 2.7. Under the hypotheses of Theorem for any j € J, the atom x;
satisfies:
CD)

v < C*ujp(mj) , (2.2)

where J and x; are as in Theorem 2.6,

Firstly, we give two lemmas.

Lemma 2.8. Let v € RY. For any § > 0, there exists k(§) > 0 independent of x
such that for 0 <r < R with & < k(0), there is a cut-off function nf with np =1
in By.(x), Ny = 0 outside Br(x), and for any u € WP@) (RN),

/ IV () P + [P d

< / (IVulP™ + [ufP@)) da + & max{ || ul| [P+ [|[ulP~}.
Br(z)

The above lemma is obtained by a similar discussion to the one in [II, Lemma
3.1].
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Lemma 2.9. Let z € RN, 6 > 0 and % < k(6), where k(6) is from Lemma .
Then for any u € WHPE)(RN), we have

/ |u‘p*($) dr
B (z)
< C*" max /
{< Br(x)

p;, ,7/1732, )
([ (9uP® @) do -+ smax{fulles, Jlafr-) ="},
Br(z)

where

. p;,R,+/pz,R,—
(IVul”™ + [uP®) da + § max{ | [ul| [P+, IIIuIII”*})

)

A . A
Paor— = inf  p(y), per+ = sup py),
yEBR(z) yEBR(z)
Pigr_ = inf p*(y), Pipy= sup p(y).
yeBR(z) yeBR(I)

Proof. Using the cut-off function 7} in Lemma [2.8 and the definition of C*, we
obtain

/ ‘u|p*(m) dr < / |w7}“%|p*(x) dr
Br(z) Br(x)

< € mac{un |75, | P}

Py R,+/Pz.R.—
<crmac{( [ (V)P + unpr ) d)
B

r(z)
Py R, /Pz,R,
([ (9 + ) ao) =",
BR(:E)
Then, by Lemma [2.8, we obtain the result. (Il

Proof of Theorem[2.7. Let zo € RY. By Lemma for any § > 0, there exists
k(0) > 0 such that for 0 < r < R with /R < k(J),

/ |un |p* @ dx
By (z0)

< C* max {(/ (|Vun|p(w) + |un|P(w)) dr
B

r(zo)

)

+ G max{ | fun [[[P* [[[un[[*~ }

*
)pIO,R,+/p"L'(]1Ra7
)

p.—:, ‘—/pa: JR,+
A T T e A L A )
RrR(Zo

For any 0 <’ <r, R’ > R. Let n; € C§°(B,(z0)) such that 0 <y < 1;m =1
in By (xg), n2 € C§°(Br:(x9)) such that 0 < ny < 1; 92 = 1 in Bgr(xzo). We obtain

/N |Un|p*(m)771 dx
R

= / |un|p*(z) dx
By(z0)

p:: R, /pa: JR,—
<C* max{(/ (\Vun|p(1) 4 |Un|p($))dl‘—‘r(5) 0:R,+/Pzo.R
B

r(Zo) ,
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Pag.r,—/Pxg,R,
([ (0l st funfe) o4 6) 70,
Br(zo)

Letting n — oo, we obtain

V(B (20))

< / m dv
]RN

Pro.R,+/Prg R, — Do, R,—/Pao, R,
§C’*max{(/ ngd,u+5) 0-R,+/Peo, R ,</ ngdu+5) 0.R 0R+}'
RN RN

Thus
v({zo})

< v(By(x0))

pZO,R,—/pCEo,Rs+}
)

< C* max { (u(Bre (o)) + 8)PFo 7t /Proom.= (u(BR' (o)) + 5)
where Br/(zq) is the closure of Br/(z¢). Let 6 — 0, R’ — 0. Thus we have

) < O ma {7 9700, (g} e}
= C* p({mo )P (@0)/p(wo),
Then, for any j € J, the atom x; satisfies v; < C’*uﬁ*(xj)/p(xj). The proof is
complete. 0

3. MAIN RESULTS

In this section, we prove that has at least one nontrivial weak solution
ug € Wl’p(“”)(RN ). First, we prove the following preliminary result which will show
that the weak limit of Palais-Smale sequence of ¢ is a weak solution for (see
Theorem [3.3]).

Throughout this paper, we denote by C' universal positive constants unless oth-
erwise specified.

Theorem 3.1. Let {u,} be a sequence in W'PE) (RN such that u, — u weakly
in WEPE@(RNY and o' (u,) — 0 in WL @(RN) a5 n — co. Then Vu, — Vu
a.e.in RY, as n — oo. Moreover, ¢'(u) =0 .

Proof. Since u,, — u weakly in W@ (RN), passing to a subsequence, still denoted
by {u,}, we may assume that there exist u, v € M(RY) such that |Vu,|P®) +
|1, [P — pand |u,|P”®) — v weakly-+ in M(RY), where M(RY) is the space of
finite nonnegative Borel measures on RY. By Theorems and there exist
some countable set J, {u;}, {v;} C (0,00) and {z;} C RY such that

= [ValP® 4 [uP@ 4 Z“j O, + I, (3.1)
jeT
v=[uf" ™+ b, (3.2)
JjeJ

v; < C*u?*(rj)/z)(zj)’ (3.3)
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where
Cc* = sup{/ lulP" @ da || |u|| < 1,u € WHPE(RN)
RN

where /i € M(RY) is a nonatomic positive measure, 0z, is the Dirac measure at x;.

In the following, we prove that J is a finite set or empty. In fact, for any ¢ > 0,
let ¢ € C§°(B2:(0)) such that 0 < ¢ < 1, [Vg| < 25 ¢ =1 on B:(0). For any j € J,
{¢(-—2;)uy,} is bounded on WP (RN). Then we have (¢ (u,), ¢(-—z;)u, ) — 0,
as n — oo. Note that

(#'(un), &(- — x5)un)
_ /RN (V[P D=2V, V (b — 7)) + [t PO bl — ) — Jun|”” @ (z — ;)
— h(z)und(x — z;)) dx
= /RN (VP + [un PN (2 — 25) + |Vun PO 72V 0, Vé(z — ;) - un
~ " P (w — 25) — h(@)und(x — 2;)) da.
As 4, — u in LP®)(By.(z;)) and h € L") (RN), we obtain

/RN hx)und(x — ;) de — h(z)up(x — x;) dx,

RN

as n — 0o. Using (3.1) and (3.2]) we obtain
lim |Vun|P D=2V, Vo(x — ;) - up dx

n—oo JpN

:/RN —¢(x—$]~)du+/RN h(m)uq&(m—xj)dx—k/RN (w — ;) dv.

It is easy to verify that [[Vé(z — 2;) - tnllp@) = [[VO(@ — 2;) - ullp), as n — .
Then

(3.4)

lim | / |Vun P =2V, Vo(z — ;) - up dal
RN

n—oo

< limsup/ (VPO V(2 — 25) - up| d
RN

n—oo

< limsup2||\Vuan(m)*Hp/(x) NVo(x —25) - un|pzy < CIIVo(x —5) - ullpa)-

Note that
Vot =) -l ds
RN
— [ ela )l e
Bac(z;)
< 2[[Ve(e -~ xj)|p(z)”(%)x325<xj> Ml 2 Bo(ay)
and
p*(2) y/ 2
[ vete e do— [ 9o de < ()Y meas(Bac ()
Bac () Bae(x5) €

4N
= WwNv
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: . . . N . p(,L.) M
where wy is the surface area of the unit sphere in R%. As fB2 @) (|u[P@)) 2@ de —
0, as € — 0, we obtain [|Vé(x — x;) - ul|pz) — 0, which implies

lim |Vun|p(£)_2VunV¢(a: — ;) - up dr — 0,
N

n—oo R

as € — 0. Similarly, we can also get
| h(z)up(x — x;) dz| < / |h(z)u| dz — 0,
RN Ba. (:C])

as e — 0.
Thus, it follows from (3.4) that 0 = —u({z;}) + v({z;}); i.e., p; = v; for any
j € J. Using (3.3) we obtain
v; < C*ug*(ﬂﬂj)/p(wj)’
p(z;) P Py
which implies that v; > (C*)*ED=2"ED > min{(C*) @ -2+ (C*) ®"-»-} for
any j € J. As v is finite, J must be a finite set or empty.

Next, we prove that Vu, — Vu a.e. in RV, as n — oo.

(1) If J is a finite nonempty set, say J = {1,2,...,m}. Let d = min{d(z;,z;) :
i,j € J with ¢ # j}. There exists Ry > 0 such that By(z;) C Bg, for any j € J.
Take 0 < ¢ < 4, Bo.(2;) N Bac(x;) = O for any i,j € J with i # j. Denote
Qr. ={x € Br:d(z,z;) > 2¢ for any j € J}.

In the following, we will verify that for any R > Ry,

/ (|Vun P2V u,, — |[VulP ™ =2Vu)(Vu, — Vu)de — 0, asn — oo.
QR,E
Let ¢ € C§°(Bag) such that 0 < ¢ < 1; ¢ =1 on Bg. Define
Velw) = 9(2) = D o(w — ).
j=1

We derive that 1. € C5°(Bag) such that 0 < ¢. < 1; ¢. = 0 on U;-”ZlBE(mj) and
e =1 on (RN \ UjLy B2e(;)) N Br. Thus

0< / (IVy PO 2V, — [VulP D=2V u) (Vu, — V) da
QR,E
< / (|Vun P2V u,, — |[VuP @ =2Vu)(Vu, — Vu)y. dr
Bar

= (" (un) s unthe) — (' (un), uthe) — / V[P =2V u(Vu, — Vu)i, dz

Bar
- / (IVun [P@ =2V, Vibe - iy + [n [P 9e — [un [P @epe — h(@)unthe) dz
Bar
+ / (192 P2V, Vo0 a2t
Bar

~ Junl” 2y, — h(w)u. ) do.
Note that
| / (|Vtn [P®) =2V 0, Ve -ty — | Vg PO 2V, Vi, - u) dz|
Bar
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<C |V, [P, — u| da
Bar

< CIVuR POl ay ltn = tllp(ay, Bas
which implies
/ |Vun|p(z)72VunV1/15 Uy, dx — / |Vun|p(x)72VunV1/)E ~udr — 0,
Bar Bar
as n — oo. Similarly, we obtain

/ |“n|p(r)we dx — / |Un|p(m)_2UnU¢5 dx — 0,
Bar Bar

and
h(z)untpe do — h(z)ue dx — 0.
Bar Bar

As u, — u weakly in WhP@)(RN). Using Theorem we obtain u,, — u in
LP*)(Byg), for any R > 0. Passing to a subsequence, still denoted by {u,}, a
diagonal process enables us to assume that u, — u a.e.in RV, as n — oo. Thus
[unthe P — Jutpe [P @) ace. in RN, As Jup — ufP"®) < 2P% (Juy, [P ) + ulP” @), by
Fatou’s Lemma, we have

/ 2P+ g [P g
RN

- / lim inf (2P | e [P + 295 [ugp [P @) — |uptpe — urpe|P” ) da
RN n—0oo

n— oo

<timin [ (2% 4 2O s, = we ) do
RN

= / 2P |y [P da — limsup/ [unte — uthe|P @ da.,
RN RN

n—oo

Using (3.2), we have [,y |un[P” () |1he P" (@) |y,
/ |unw5 - U¢s|p*(x) dr — 0,
RN

P"(=) dg, thus

) ds = fonlu

as n — 0o. Moreover, we derive

/ |un|p*(:p)¢€ dx — / |un|p*($)72unm/)5 dr — 0.
Bar Bar

Then

(|Vtu, [P =2V u,, — | VP =2Vu)(Vu, — Vu) dz — 0.
QR,E

As in the proof of [6, Theorem 3.1], Qg . is divided into two parts:
Q}z,s ={r € Qp.:p(x) < 2}, Q%{’E ={zx € Qp. : p(x) > 2}.
On QF _, we obtain

/ |V, — VulP® dz
Ol

p(z)

R,e
= C/ ((1Vun P2V — [ VulP D2V 0) (Vuy, — V) 2
Q}%,E
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2—p(x)
2

X (| V[P + [V [P®) dx

p(z

< CI((|Vun" D72V, — [VulP D2V u) (Y, — Va))

X (VPO 4 [VuP@) E2

T p(@)’ ‘R’

Note that
/ (|Vtn [P 2V u,, — |VulP®=2Vu)(Vu, — Vu) de
Q

1
R,e

< / (VPO =2V, — [P -250) (Vur, — V) da,
QR,E

which implies
T)— T)— (z)/2
(Va9 2V, — [V @270 (Tt = )" 2y .01 = 0.
As {u,} is bounded in WP (RN)  we obtain fﬂ}% |V, — Vu|P® de — 0, as

n — oo.
On Q% -» We obtain

/ |V, — VulP® dz
2

R,e

<C (|Vtn|P® 2V, — |VulP® =2V u)(Vu, — Vu) dz — 0,

2
QR,E

as n — 0o. Thus, we obtain
/ |V, — Vu|p(””) dr — 0
QR,E

for any R > Ry, 0 < 2¢ < 2. Moreover, up to a subsequence, we assume that

2
Vu, — Vu a.e. in RV,
(2) If J is empty. Let ¢ € C5°(B2g) such that 0 < ¢ < 1; ¢ = 1 in Bg, we
obtain

0< / (VPO =2V, — [VulP @290 (Vur, — Vu) da
Br
< / (|Vun P2V, — |[VulP@=2Vu)(Vu, — Vu)y d.
Bar
Similarly to (1), we obtain
/ (|Vtn [P 2V u,, — [Vl 2V u)(Vu, — Vu)dz — 0,
Br
as n — 0o, which implies
/ |V, — Vul[P® dz — 0,
Br
for any R > 0. Thus, we may assume that Vu, — Vu a.e. in RV,

As {|Vun|P®=2Vu,} is bounded in (LP' @ (RN)N and |Vu, [P ~2Vu, con-
verges to |[Vu[P(*)=2Vy a.e. in RY, we obtain

YV, [P =2Vu,, — [VulP®=2Vu  weakly in (L7 (@) (RV))V.
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Similarly, we obtain
/
|t [P 20, — [u|P® 720 weakly in LP @) (RYN)

and
g [P7 )20, — [ulP” )2y weakly in L®" @) (RN,

Thus, for any v € C§°(RY), we have

/ |V, [P ~2Vu, Vo — \Vul[P®)=2VuVo de,
RN RN

/ [ [P 20,0 — [P =2y da,
RN RN

/ |Un|p*(x)_2unv—>/ ulP” )2y da.
RN RN

Note that
! = p(z)—2 p(z)—2 — |, [P (®)—2 —
mnj)s - n n n n n n
(@' (un),v) / (|Vun| VYV, VU + |y | U ¥ — |Up| unpv — h(z)v) do
RN
and ¢ (u,) — 0 in W12 @) (RN), as n — 0o, we obtain

(@' (u),v) = /]RN (|Vu\p(m)_2Vqu + |ulP@ 2y — [ulP” @2y — h(z)v) dx
=0.

(3.5)

As p is Lipschitz continuous on RY, it follows that p satisfies the weak Lipschitz
condition [I8]. Thus, C§°(RY) is dense on W) (RN). Using (3.5), we obtain

(¢'(uw),v) =0,
for any v € WHPE(RN); ie. ¢ (u) = 0. O
We remark that in the proof of Theorem we use the inequality (2.2) in
Theorem As p(x) < p*(z), p*(z) — p(z) > (p* —p)— > 0 for any = € RV,
Then, we avoided the assumption p* > p, and obtained that the set of atoms J is
empty or finite.
Next, using Theorem [3.I] we prove that there exists a critical point for ¢. The

following result of the variational functional ¢ is required by using Ekeland’s vari-
ational principle.

Lemma 3.2. There exist po > 0, hg > 0 such that if |||y ) < ho, we have
p(u) >0 for any u € {u € WHPE(RN) - |[|u]| = po}-

Proof. For any u € WP@)(RN), we obtain

p(x) p(z) p*(z)
() 2/ (|Vu\ + [u[ B h(m)u) "
]RN

j (p*)-
p(x) p(x)
:/ (|Vu\ 5 + [u] — h(ac)u) dx
RN P+

p(z) p(z) p*(x)
+/ (IVU\ + |uPt®) IU\* )dx.
RN 2py (p*)-
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As p(x) < p*(z) and p(x) are Lipschitz continuous on RY, as in the proof of [6]
Theorem 3.1], there exists a sequence of disjoint open N- cubes {Q:}2, with side
r > 0 such that RN = U2, Q;,

pit 2 sup p(x) < pi_ = inf p*(2),
z€EQ; TEQ;
and pi_ —piy >y = %inwaRN(p*(x) —p(x)), fori =1,2,....

By [8, Corollary 8.3.2], there exists rog = 7o(r, N,ps+,p—) > 1 independent of
i € N such that for any v € WP@(Q;), [|v],+@) < rolllv]l|. Then, for any
u € Whe®) (IRN)7 we obtain [[ulp (2,0, < rolllulllg,-

If ||[ul]| < rg?t, then ||ulllq, < |/|ull] <7yt for any i € N. Thus, lullp= (2),0, < 1.
Using Theorems - and 2.3 we obtain

/ (|Vu|p(’” + JuP™) Iulp (I) Z/ |Vu|1’(ﬂE +|u\P |u|p*(w)>dx
RN (p*)-

2py
6")

P1+

llullfg; b
2;( TR

PH—

[uelly

2p+ pi v )
- T ullld, )-
> Z (1= oo el
Denote pg = min{ro_l, ((;p;r Pi— ) VY. I |||ul|| < po, then
p(x) p(x) .
. 2
We obtain
[[Teell P [l P+
o) 2 VU — 2l wllul 2 g = Cll . (36)
Thus, it suffices to take ||Al[,/(,) small enough. O

Then, using Ekeland’s variational principle and Lemma [3.2] we obtain a Palais-
Smale sequence for ¢. Based on Theorem we have the following result, which
shows that ¢ has a critical if ||h||,/ (. is small. Moreover, we obtain a nontrivial

weak solution for ([1.1]).

Theorem 3.3. If ||h|l, () < ho, there exists ug € {u € WHP@(RN) : |Jjul]| < po}
such that ug is a weak solution of (1.1)), where po, ho are from Lemma .

Proof. Denote
c1 = inf{p(u) : u € WHPE(RY) with [||ul|] < po}.

It follows from (3.6 that ¢, > —o0. Note that h(x) > 0 and h(x) # 0, there exists
v € C§(RN) SU.Ch that Jan h(z)vdz > 0. Take 0 < s < 1, we obtain

p(x) p(x) p*(z)
p(sv) = / (|V5v| +[sv] _ lsvl — h(z)sv) dz
RN

p(x) p*(x)
p(z) p(x)
< sP- / [Vol™ o] dx — s/ h(z)v dz.
RN p(x) RN

As p_ > 1, we have |||sv]|| < po and p(sv) < 0, when s is sufficiently small. Thus
c1 < 0.
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By Ekeland’s variational principle, there exists {u,} C {u € WLPE(RN) .
ulll < po} such that ¢(u,) — ¢; and

o) 2 plun) = [l = ualll, (37)

for any w € WP (RN) with |||wl|| < po.

Since ¢; < 0, we assume that p(u,) < 0. It follows from Lemma that
[lunl] < po. Using (3.7), we obtain ¢'(u,) — 0 in W17 @)(RN), as n — co. As
{u,} is bounded in WP (RN) we assume that u,, — ug weakly in WP (RN),
then [||uo||| < po. By Theorem [3.1] we obtain ¢'(ug) = 0. O
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