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OPTIMAL CONTROL PROBLEM FOR A SIXTH-ORDER
CAHN-HILLIARD EQUATION WITH NONLINEAR DIFFUSION

CHANGCHUN LIU, ZHAO WANG

ABSTRACT. In this article, we study the initial-boundary-value problem for a
sixth-order Cahn-Hilliard type equation
ut = D2“7
0

w=~D* — a(u)D?*u — T\DU\Q + f(u) + kug,

which describes the separation properties of oil-water mixtures, when a sub-
stance enforcing the mixing of the phases is added. The optimal control of the
sixth order Cahn-Hilliard type equation under boundary condition is given
and the existence of optimal solution to the sixth order Cahn-Hilliard type
equation is proved.

1. INTRODUCTION

We consider the equation

uy = D? [’yD4u — a(u)D*u — @|Du|2 + fu) + kug), (1.1)

in Q x (0,T), where Q2 is a bounded subset in R and v > 0 with the initial and
boundary conditions

u(z,0) =ug, in €, (1.2)

u(z,t) = D*u(x,t) = D*u(z,t) =0, on 9Q. (1.3)

The function f(u) stands for the derivative of a potential F(u) with F(u), a(u)
approximated, respectively, by a sixth and a second order polynomial

F(u) = /Ou f(s8)ds = yi(u+ 1)%(u® + ho)(u — 1)2, (1.4)
a(u) = axu® + ay, (1.5)

where v1 > 0, as > 0.
The model ([1.1]) describes the separation properties of oil-water mixtures, when a
substance enforcing the mixing of the phases (a surfactant) is added. G. Schimperna
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et al. [9] studied the equation (1.1)) with logarithmic potential
A
F(r)=(1-r)logl—7)+ (1 +7r)log(1+7)— 57’2, A>0.

They investigated the behavior of the solutions to the sixth order system as the pa-
rameter 7y tended to 0, the uniqueness and regularization properties of the solutions
have been discussed.

When k = 0, equation is the sixth order equation which describes dynamics
of phase transitions in ternary oil-water-surfactant systems [2], 3l 4]. The surfac-
tant which has a character that one part of it is hydrophilic and the other lipophilic
is called amphiphile. In the system, almost pure oil, almost pure water and mi-
croemulsion which consists of a homogeneous, isotropic mixture of oil and water
can coexist in equilibrium. Pawlow and Zajaczkowski [§] proved that the problem
— with £ = 0 under consideration is well posed in the sense that it admits
a unique global smooth solution which depends continuously on the initial datum.
Liu [7] studied the equation
. 2 a,(u) 2
T divim(u)(kVA=u + V(—a(u)Au — T|Vu| + h(u))] =0,
and proved the existence of classical solutions for two dimensions.

In past decades, the optimal control of distributed parameter system had been
received much more attention in academic field. A wide spectrum of problems in ap-
plications can be solved by methods of optimal control, such as chemical engineering
and vehicle dynamics. Modern optimal control theories and applied models are not
only represented by ODE, but also by PDE. Kunisch and Volkwein [6] solved open-
loop and closed-loop optimal control problems for the Burgers equation. Armaou
and Christofides[I] studied the feedback control of Kuramto-Sivashing equation.

Recently, many authors studied the optimal control problem for the viscous PDE,
such as Tian et al. [I0]-[13], Zhao and Liu [I5].

In this article, we consider the optimal control problem for the equation

2 Y 4 2 2 2 a’(u) 2
(u— kD u)t—i-ED (u— kD?u) + D*(a(u)D*u + 5 | Dul?)
:%D4u + D?f(u) + B*w,

with ([2)-(TH).

When y = u — D?u, we take the distributed optimal control problem

. _ 1 o,
min J (y,w) = 5H0y —z|% + §||w||2L2(O,T;Q0)a

!/
s. bty + %D4y — %D4u + D*(a(u)D*u + @\Duﬁ) — D?*f(u) = B*w, (1.6)

y(x,O) = Yo = Up — D2U(Z‘,O),
u(z,t) = D*u(x,t) = D*u(z,t) = 0.
For a fixed T > 0, we set Q@ = (0,1) and Q@ = Q x (0,T). Let Qo C @ be an open
set with positive measure.

Let V = HZ(0,1),H = L?*(0,1),V* = H~2(0,1) and H* = L?(0,1) are dual
spaces respectively, we have V' — H = H* — V*. The extension operator B* €
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L(L*(0,T; Qo), L*(0,T; V")) is given by

Bt — {q7 q € Qo,

1.7

The space W (0,T;V) is defined by
W(0,T:V) = {y,y € L*(0,T; V), y € L*(0, T; V")}

which is a Hilbert space endowed with common inner product.

The plan of the paper is as follows. In section 2, we prove the existence of the
weak solution in a special space. The optimal control is discussed in section 3, and
the existence of an optimal solution is proved.

2. EXISTENCE OF WEAK SOLUTIONS
Consider the the sixth-order Cahn-Hilliard equation

(u — kD?u), + %D4(u — kD?u) + D*(a(u)D*u + #\DUF)
(2.1)

= %D4u + D?f(u) + B*w,
under the initial condition
u(z,0) = uy,
and boundary condition

u(z,t) = D*u(x,t) = D*u(x,t) =0,

where B*w € L?(0,T;V*) and the control item @w € L?(0,T; Qo).
Let y = w — kD?u. Then the above problem is rewritten as

!
vt 20y = Dbt D a(D?u+ T\ Du?) - 0 f(u) = B,

y(x,0) = yo = uo — D?uq,
u(z,t) = D*u(x,t) = D*u(z,t) =0,

(2.2)

with (T4)-(3).
Now, we give the definition of the weak solution for problem (2.2)) in the space
w(,T;V).

Definition 2.1. A function y(z,t) € W(0,T;V) is called a weak solution to prob-

lem (2.2)), if

9 .0)+ L(0%, 0%) ~ (1D%, D%)
+ (oD% + T DU, D%) — (f(0), D%6) = (BB, 0)v-v.

for all p € V, a.e. t € [0,T] and yo € H are valid.

Theorem 2.2. Problem (2.2) admits a weak solution y(x,t) € W(0,T;V) in the
interval [0, T, if B*w € L*(0,T;V*), yo € H and ug € H*(Q) N H (Q).
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Proof. Employ the standard Galerkin method. The fourth-order differential oper-
ator A = 9% is a linear unbounded self-adjoint operator in H with D(A) = {ulu €
H*(Q),ulsq = D?*ulsq = 0} dense in H, where H is a Hilbert space with a scalar
product (-,-) and norm || - ||.

There exists orthogonal basis {¢;} of H. Let {1,;}52, be the eigenfunctions of
the operator A = 9} with

A’(/)j:Aj’l/Jj, 0<>\1§>\2§, as j — oo.
For n € N, we define the discrete ansatz space by

Vn = Span{w1a¢25 e aq/}n} cV.

Set Yy, () = yn(x,t) = Y i, y2 ()1 (x) require y,,(0,-) — yo in H holds true.
To prove the existence of a unique weak solution to the problem (2.2]), we are
going to analyze the limiting behavior of sequences of smooth functions {y,} and

{un}.
Performing the Galerkin process for the problem (2.2)), we have

a’ (un)
2
yn(fL'a 0) =Yn,0 = Un,0 — DQUH(£70)7

Uy (x,t) = D?up(z,t) = D*u,(2,t) = 0.

Ynt + LD — L DYy, + D2 (a(un)D?un +

2y 2 _ *—
. ? |Duy|?) — D f(uy,) = B*w,

(2.3)
According to ODE theory, there is a unique solution to in the interval [0, t,].
We should show that the solution is uniformly bounded when ¢, — T
First step, multiplying the first equation of by
a’ (ur)
2
and integrating with respect to x, we obtain

i = yD*u,, — a(u,)D?u,, — | Dun | 4 f(un) + Kt ¢,

%E(un) + 1Dt |* + kllunl* = (B*D, pn)v+v, (2.4)
where
E(un) = /01 (%|D2un|2 + @wunﬁ + F(un))dx, (2.5)
F(up) =71 (ul + (ho — 2)up + (1 — 2ho)uZ + ho). (2.6)
Applying a simple calculation, we have
F(uy) > Cub — Cy, (2.7)

where C7 > 0 and Cy > 0.
Since B*w € L?(0,T;V*) is a control item, we assume

|IB* @y < M. (2.8)
Taking account (2.4), (2.7), (2.8) and (L.4)) and integrating (2.4)) with respect to

time from 0 to t, we know

1 t t

a

| (3102wl + 2w + Cris)do+ [ |Dunlat + e [ unslat
0 0 0

1 t
S/ |(12—O||Dun|2dx+E(un,0) + Cy —|—/ [(B*@, pin) v+ v|dt
0 0
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! laol, 12 12 ! 2
Ssl/ T\D U | dac—l—C(sl)/ us dx
0 0
t
+ B(ung) +Cot [ |B@v- v
0
! laol, 12 12 ! 6
gsl/ T\D U | d$+0(51)52/ updr + C(e2)
0 0
t t
+E(un,0)+Co+C(s)/ HB*EH%/*dtJre/ | D? .|| 2t
0 0
! laol, 12 12 ' 6
:51/ T\D U | d:U—I—C(El)Eg/ u,dx + C(e2)
0 0

t t
+E(un,0)+co+0(s)/ HB*EH%,*dtJre/ |t ¢ ||%dt,
0 0
where
! Y2 9, a(unp) 2
E(unyo):/ (21Dl + E22 D of + F(un,0) ) do
0

Choosing €1, 2 and ¢ sufficiently small, from the above inequality and the Poincaré
inequality, we have

1
/ | D%u,|*dx < C, (2.9)
0
1
/ | Duy, |2 dz < C, (2.10)
0
1
/ uSdr < C, (2.11)
0
// un ¢|? dedt < C. (2.12)
T
From , we know that
1
/ uldr < C. (2.13)
0
By (Z9), [&10) and (Z13), we obtain
|lwn ]l gz < C. (2.14)
By Sobolev’s imbedding theorem it follows from (2.14)) that
[unllzee < C,  [[Dunfr= < C. (2.15)

Second step, multiplying (1.1) by D?u,, and integrating with respect to x, we

obtain
1d 1 1 1
f—(/ |Du,, |*dx + k/ |D2un|2dx) +’y/ | D*u,, |*dx
2.dt 0 0 0
1 1
= —/ D?f(u,) D*uyndx —|—/ a(ty) D?*up Dy, da (2.16)
0 0

1
+/ @munﬁp‘*undn@—(B*wVDQun)V*,V.
0
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From a simple calculation, we have

a'(up) = 2azty, (2.17)
DQf(un) = f/(un)DQUn + f”(un)(Dun)Q, (2.18)

where
f'(un) = y1(30ul +12(hg — 2)u? 4 2(1 — 2hg)) > —C,, Cy > 0, (2.19)
() = 1112002 4 24(ho — 2)us,. (2.20)

Thus it follows from (2.14)), (2.18) and(2.19)) that

ld ! 2 Lo e Yo e
-— D D D
th(/o | Duy, | dw—i—k/o | D%y | dx)—l—v/o | D%y, |“da

1 1
< —/ (f'(un) D*up + f" (un)| Dun|?) D?*updx —|—/ (apu? + ag) D*u, D uyda
0 0

DQUHHV

1 7
+/ @/(un) \Duy, [2D*undz + || B*G|y -
0

2

1 1
<Ca [ 1D dn + Ol + unlli)[Dunlli= [ 1D D
0 0

1 1
+ lazlllun]3 / D | DYy |z + Jao] / D%y || D
0 0

1 1
—|—|a2|/ [t || Dt 2| Dt |z + C(e) | B 2‘V*+5/ D, P
0 0
1 1
<Ca [ 1Dz + (el + =) 1Duall (= [ 1D )
0 0
1
+ Cllunllie + =)D (C66) [ 1DPunf?do)
0
1 1
+|a2|||un||%w(0(5)/ |D2un|2dx+5/ (D', e
0 0
1 1
+|a0|(0(5)/ |D2un|2dx+5/ |D4un|2dx)
0 0
1 1
HlaallDunlft (= [ Dtun o+ CE) [ uido)
0 0

+ C(e)||B*w|

1
Z. +5/ | DYy, |2 da
0

1
< l/ |D4un|2dx—|—0,
2 Jo

(2.21)
where ¢ is sufficiently small.
By the Gronwall’s inequality, (2.21)) implies

// | DY, |? da dt < C. (2.22)
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As we know

//\D?’un\dedt
/ / |D?u,|? dzdt + = / / |D*u,|? dzdt < C.

From a simple calculation, we have
ynllv = llun — D2un||%/ < C([lunll + | Dun |l + HD2un|| + ||D3“nH + ||D4un||)~
From (2.14), (2.15)), (2.22) and (2.23), we obtain

(2.23)

ynllL2(0,mv) < C- (2.24)
Third step, from (2.2), (2.14), (2.15) and Sobolev embedding theorem, we have
’— al(un)
[Yn.tllv- < |B*@]lv- + ||D4un|| + ”a(un)DQUn + 9 |Dun|2” + |1 f (un)|

< |IB* @l + [ D unll + Cllunl|F | D*un|| + Cllunl| o< || Dun |
+ Cllun |8 + C
< | D*u,|| + C.
Then [|yn,¢|lr2(0,73v+) < C. Thus, we have:

(i) For every t € [0, T], the sequence {yy, }nen is bounded in L?(0,T; H) as well
as in L?(0,T; V'), which is independent of the dimension of amsatz space n.

(ii) For every t € [0,7], the sequence {yn ¢}nen is bounded in L2(0,T;V*),
which is independent of the dimension of amsatz space n.

By theorem we get {yn.t}neny € W(0,T;V) and W(0,T; V) is continuously embed-
ded into C(0,T; H). {yn.t}nen weak in W(0,T;V), weak star in L>°(0,T; H) and
strong in L?(0,T; H) to a function y(z,t) € W(0,T;V). Obviously, the uniqueness
of solution is easy to obtained [5]. We omit it here. O

To ensure that the norm of weak solution in the space W(0,T;V) can be con-
trolled by initial value and control item, we need the following theorem.

Theorem 2.3. If B*w € L?(0,T;V*), up € H*(Q) N H} () and yo € H, then
there exists a constant C's > 0 and Cy > 0, such that

191302y < Cs (vl +1@1320.10) ) + Ca
Proof. As in the proof of Theorem we obtain
lul <€, Du| <C, Julvy <C, |D*uf <C. (2.25)

Multiplying this equation by y and integrating the equation with respect to x, we
obtain

e o

1 /
= [ 1pryptute [ewous U Do o
0 0

1
- / DyDf(u)dz + (B*@, y)v- v
0
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From Hélder and Young inequalities, we have

1
/ Y p2yDPude < )| Dl + < D%y (2.27)

0

From ([2.25)), we have

1 /
/ (a(u)D?*u + #|Du|2)D2y dx
0
< [lullz D>yl D*ull + |az|[[ul| o || Dul| 2~ | D*y]| (2.28)
< C(e)C||D?ul® + €] D?y||* + CCe) + || Dy
< e[| D?y)? + C,
and
1 1
—/ DyD f(u)dx < 02/ |Dyldx < C||Dy|| +C < C. (2.29)
0 0
Note that
(B*w,y)v-v < ||B*@|v-|lyllv. (2.30)
From ([2.26))-(2.30]), we have
1d ¥ —
Sl + XDyl < c|D%l% + CIB'alR. + . (231)
Integrating the above inequality with respect to ¢ yields
Iyl < lyollzr + CIB D720 13+ + C- (2.32)
By (2.32)), (2.2)) and (2.25]), we deduce that
— gl ol a’(u)
lyell- < I1B*@I5- + lylly + 2 I1D*ull + (a(w) D*u + == Dul?)| + || £ (w)]

<|B*@[V- + Cllyly + €
< llyollz + ClIB*@ 220 70+ + C-
(2.33)
From and , we have
lyllw.7:v) = lyll20,7;v) + l[yell 20,75+
< Cs (Jlyollfr + 19132 0.1:00)) + Ct
The proof is completed. O

3. OPTIMAL PROBLEM

In this section, we will study the distributed optimal control of the viscous
generalized Cahn-Hilliard equation and the existence of optimal solution is obtained
based on Lions’ theory.

We study the following Problem when @ € L2(0,T; Qo)

. _ 1 o,
min J (y,w) = §HCZ/ — 2|+ §||W||2L2(0,T;Qo)

!/
s. t. oy + %D‘ly — %D‘lu + D?(a(u)D*u + #|Du\2) — D*f(u) = B*w,

y(.’IJ,O) = Yo = U — D2’U,(.'L',O),
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u(z,t) = D?u(zx,t) = D'u(z,t) =0,

where y = u — D?u.

As we know that there exists a weak solution y to the equation , due to
u = (1—0%)"'y, we know that there exists a weak solution u to the equation (2.1)).
Given an observation operator C' € L(W(0,T;V),S), in which S is a real Hilbert
space and C' is continuous.

We choose the performance index of tracking type

_ 1 o, _
J(y,w) = 5”09 — 2|z + §||W||2L2(0,T;Q0)a (3.1)

where z € S is a desired state and § > 0 is fixed.
The optimal control problem about the sixth-order Cahn-hilliard equation is

min J (y, ), (3.2)

where (y,w) satisfies (2.2)).
Let X = W(0,T;V) x L?(0,T;Qo) and Y = L?(0,T;V) x H We define an
operator e = e(ey,e2) : X — Y by
e(va) = e(el(:%w)a 82(va))7
where
a’(u)
2

e1(y.®) = (M%)~ (o + LDy — L D'u+ D*(a(u)D*u +

~ D2f(u) — B*w),
ez = y(x,0) — yo,

and A? is an operator from H?(0,1) to H~2(0,1).
Then equation (3.2)) is rewritten as

| Dul?)

min J(y,w) subject to e = e(y,w) = 0.
Now, we have the following theorem.
Theorem 3.1. There exists an optimal control solution to the above problem.

Proof. Let (y,w) € X satisfies the equation e = e(y,w) = 0. In view of (3.1]), we
have

[«

J(y,w) > *HWH%%O,T;QO)-
From Theorem [2:3] we have
lyllw(o,;v) — 00 yields  [[@]|r2(0,7;0,) — o©-
Hence
J(y,w) — +oo  when ||y,w]|x — oo. (3.3)

As the norm is weakly lowered semi-continuous [I4], we achieve that J is weakly
lowered semi-continuous.
Since J (y,w) > 0 for all (y,w) € X holds, there exist

n = inf{J (y,@)|(y,w) € X such that e(y,w) = 0},
which means that there exists a minimizing sequence {(y",w")}nen in X such that

n= lim J(u",@") and e=e(y",@")=0, VneN
n—oo
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From ([3.3)), there exists an element (y*,w*) € X such that
y" =yt ye W(0,T:V),
W =@, we L¥*0,T;Qo), (3.5)

when n — oo. From (3.4)), we have

T
lim [ (y"(t) —y"(t),6(t))v-,vdt =0, Yo e L*(0,T;V).

n—oo 0

Since W (0,T;V) is compactly embedded into L2(0,T; L>), we have y" — y*
strongly in L?(0,7; L>°). Then we also derive that D?u™ — DZ?u* strongly in
L?(0,T;L%). On the other hand, by and (2:33), we know that u, €
L>(0,T;V) and y,; € L*(0,T;V*). Hence by [12, Lemma 4] we have u™ — u*
strongly in C(0,T; L>°), Du™ — Du* strongly in C(0,T; H), as n — oo.

As the sequence {y" },en converges weakly, then |y™ ||y (o, 7;v) is bounded. And
ly™[|L2(0,7; L) is also bounded based on the embedding theorem.

Since y" — y* strongly in L*(0,T; L*), then we derive that [y*||12(0,7;L),
lw* | L2(0,7;2.) and || D?u*||12(0 1,1 are bounded.

Notice that

| /O /0 (Df(u") — Df(u*))b der
T 1
Z\/ /(f(un)—f(u*))D2¢dxdt]
//' =) (63 () + () (@) + ()Pt () + ()
+4(ho — 2)((u®)* + (u*)? + u u)+2(1—2h0))\D2¢|dxdt

< (™| 0,710y + 10 |28 0,700y 10" = @ 00,0 1D* | 20,711
— 0, Yy L*0,T;V).

!/ n
‘/ / D2 D2 n+a(;,t )‘Dun|2)

— D2(a(u*)D?u* + @wu*ﬁ))wx dt’
—‘/ / D*(a(u™)D*u™ — a(u*)D*u* )2 dx dt
/ / p2( X, gz al(;*)\Du*P)wdxdt‘

= + L.

As we know

Note that

T 1
|I;| = ’/ ; D*(a(u™)D*u™ — a(u*)D*u*)e dx dt’

- ‘/ / ") D" — alu *)DQu*)DQz/dedt‘
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= ‘ / / ((az(u™)* + ag) D*u™ — (ag(u*)* + ag) D*u*) D4 dx dt
‘/ / az(u™)?D*u" — ag(u*)?D*u*)D*pdadt

+/ /(aoDzu"—aoDQu*)D2wdxdt
0 0
=+ 1.

Now, we deal with I{ and I?

Il = //a2 )2D?*u™ — ag(u*)?D*u*)D*y da dt

/ / a2 D2 n __ (un)QDQU*

+ ag(u™)2D%*u* — ag(u*)zDzu*>D2wdx dt
/ / az(u™)2D?*u" — ay(u™)2D*u*) D24 da dt
/ / as(u™)?D*u* — ag(u*)2D*u*) D dx dt
/ /a2 2(D*u™ — D*u*)D* dx dt
—l—/ /(ag(u”)2—ag(u*)2)D2u*D21/)d:L‘dt
o Jo
T
S/ az|u"|Zs ]| D*u” — D*u*|| < | D* | prat
0

T
+ / aa|(")? — (2| ]| D?u* | e | D2 et

< a2|\unHé(o,T;L4)||D2un - DQU*HL?(O,T;Lx)||D21/1||L2(0,T;H)
+az||u" — v co,rim) (vl co,r;n00) + 1wl co,130))
N D*w*|| L2 0,7:L5) 1D*Yl| L2 0,7:m) — 0, Vab € LP(0,T; V),

and
T 1
I? = / / (aoD*u™ — agD?*u*) D%y da: dt
0 0
T
< [ laollDu = D2 | Dt
0
< \GO\HD? "= DQ“*”LZ(O,T;H)||D21/’||L2(0,T;H)
— 0, Yy eL?0,T;V).
Further,

T 1
I, = / / D?(apu™|Du™|* — apu*|Du*|?)y da dt
o Jo
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T 1
= / / (agu™|Du™|* — agu*|Du*|?) D dx dt
o Jo
T 1
= / / (agu™| Du™|* — agu™| Du*|*) D?*3 d dt
o Jo
T 1
+/ / (agu™|Du*|* — agu*|Du*|?) D% dx dt
o Jo
T
< / ag||u”|| Lo | Du™ — Du*[| ([|Du” || e + | Du”|| )| D* ]|
0

T
+/ az|u” — u*|| oo ||| Du” ||| | D* | rrdt
0

< axllu™||co,750) | DU™ || L2 (0,75000) [ D™ — Du* || co,7:6m) 1D || 20,781
+ azl|u™ ||l co,7;00) |1 DU 2(0,75.00) || DU — Du* || co,m:00) | D> 0| 20,70
+ azl|u™ — w2007 || \DU*|2||C(07T;H) ||D2¢HL2(0,T;H)

—0, YyeL*0,T;V).

From (3.5)), we have
T 1
]/ / (BT" — BT )| —0, Ve L20,T;V).
0 0

In view of the above discussion, we can conclude that
el(y*aw*) :05 Vn € N.

Since y* € W(0,T;V), we have y*(0) € H. From 3" — y* in W(0,T;V), we can
infer that y™(0) — y*(0). Thus we obtain

which means that es(y*,@w*) = 0, for all n € N. Hence, we can derive that
e(y*,w*) =0, for all n € N.

In conclusion, there exists an optimal solution (y*,@") to the problem. And we
can infer that there exists an optimal solution (y*,@*) to the viscous generalized
Cahn-Hilliard equation due to u = (1 — 92)~1y. O
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