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NEWTON’S METHOD FOR STOCHASTIC FUNCTIONAL
DIFFERENTIAL EQUATIONS

MONIKA WRZOSEK

ABSTRACT. In this article, we apply Newton’s method to stochastic functional
differential equations. The first part concerns a first-order convergence. We
formulate a Gronwall-type inequality which plays an important role in the
proof of the convergence theorem for the Newton method. In the second part
a probabilistic second-order convergence is studied.

1. INTRODUCTION

Newton’s method, known as the tangent method, was established to solve non-
linear algebraic equations of the form F(z) = 0 by means of the following recurrence
formula
_ F(Ik)

F’(Qﬁk)
The convergence of the sequence to the exact solution, uniqueness and local exis-
tence of the solution are stated in the Kantorovich theorem on successive approxi-
mations [7]. In [5] Chaplygin solves ordinary differential equations

¥ =F(t,x), x(ty) =z0 (1.1)

Tp+1 = Tk

by constructing convergent sequences of successive approximations
Ty = F(t,op) + Fo(t, o) (2r41 — k), Try1(to) = To.

Numerous generalizations of the method to the case of functional differential equa-
tions are also known in the literature, e.g. [9], [I5]. In particular ordinary differ-
ential equations are generalized to integro-differential, delayed, Volterra-type dif-
ferential equations and problems with the Hale operator. After [4] we mention the
model with an operator 7 defined on a set of absolutely continuous functions:

=Tz, xz(ty) = zo. (1.2)
The Newton scheme for such equations is of the form

Thy1 = Tan + (Toww) (@1 — Tk), - Trra(to) = o,
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where 7, denotes the Fréchet derivative of an operator 7. In [8] Kawabata and
Yamada prove the convergence of Newton’s method for stochastic differential equa-
tions. In [2] Amano formulates an equivalent problem and provides a direct way to
estimate the approximation error. In [3] he proposes a probabilistic second-order
error estimate which has been an open problem since Kawabata and Yamada’s re-
sults. The proof is based on solving the error stochastic differential equation and
introducing a certain representation of the solution (see Lemma 2.5 [3]) of which
components are easy to estimate.

Our goal is to obtain corresponding results in the case of stochastic functional
differential equations with Hale functionals. The existence and uniqueness of so-
lutions to stochastic functional differential equations has been discussed in a large
number of papers, see [I0, [IT], 13, [14]. The assumptions on the given functions
imply the existence and uniqueness of solutions and convergence of the Newton
sequence.

The first part of this article concerns a first-order convergence. We formulate a
Gronwall-type inequality which is a generalization of Amano’s [I]. It plays an im-
portant role in the proof of the convergence theorem for the Newton method. In the
second part a probabilistic second-order convergence is studied. However, Amano’s
techniques [3] are not applicable to the functional case because it is not possible to
construct explicit solution of linear stochastic functional differential equation using
his methods. Therefore we introduce an entirely different approach and obtain a
comprehensive second-order convergence theorem by simpler arguments. For this
purpose we define certain sets, utilize the Gronwall-type lemma and the Chebyshev
inequality.

2. FORMULATION OF THE PROBLEM

Let (Q, F, P) be a complete probability space, (B;):c[o,7) the standard Brownian
motion and (F3)epo,r) its natural filtration. We extend this filtration as follows:
Fi = Fo for t € [-7,0). By L?(2) we denote the space of all random variables
Y : Q — R such that

IY]2 = E[Y?) < .
Let [.,q be the space of all continuous and F;-adapted processes X : [c, d] — L?(Q)
with the norm

IX1If..q) = E[ sup [X¢[?] < 0.
c<t<d

Fix 7 > 0 and T' > 0. For a process X € &X|_, 7 and any ¢ € [0,7] we define the
L?(Q))-valued Hale-type operator
Xt_;,_‘ : [—7'7 O] — LQ(Q) by (Xt+~)s = Xt+s for s S [—T, O]
We consider the initial value problem for stochastic functional differential equation:
dXt = b(t, Xt+ )dt + O'(t7 XH_.)dBt for t € [O, TL 91
X = for t € [—1,0], (2.1)

where b, : [0,T] x C([—7,0],R) — R are deterministic Fréchet differentiable func-
tions, ¢ € &|_; . Since F; := Fo for t € [-7,0), the process ¢ is deterministic
thus independent of the Brownian motion on [0,7]. Problem ([2.1)) is equivalent to
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the stochastic functional integral equation:

t t
Xt = ®o +/ b(S,XS+.)dS +/ U(S,XS+.)dBS fort e [O,T],
0 0

X = ¢ for t € [-7,0].

(2.2)

We formulate the Newton scheme for problem (2.1). Let
XOex . p, X =g¢tel-70]
and
AX D = [o(t, X)) 4 by (8, X (XED - xB))]at
+ [o(t, X)) 4 0 (6, X (x I — xF)H]dB,  for t € [0,T], (2.3)
Xt(kﬂ) =, forte[-7,0],

where by, (t,w), 04 (t,w) : C([-7,0],R) — R are Fréchet derivatives of b, with
respect to the functional variable w € C([—7,0],R). We recall the functional norms
of by, (t,w) and o, (t,w),
1w (&, W)l F = sup |bu (¢, w)w],
SUP e[ r,0) [B(s)|<1
low(t, w)llr = sup o (t, w)w],
SUPse[—7,0] [w(s)|<1
where we take the supremum over all @w € C([—7,0],R) whose uniform norms do
not exceed 1. We assume that there exists a nonnegative constant M such that

1bw(t, W)l < M, low(t, w)||lp < M, (2.4)
which implies the Lipschitz condition for b(¢,w) and o (¢, w):
|b(t, w) = b(t, w)| < M sup |w(s) —w(s)], (2.5)
—7<s<0
lo(t,w) —o(t,w)]| <M sup |w(s)—w(s)] (2.6)
—7<5<0

for w,w € C([-7,0],R).

Before formulating the main result we introduce the Gronwall-type inequality
which will be necessary in the proof of the convergence theorem. By (C([—7,0],R))*
we denote the space of all linear and bounded functionals on C([—7,0],R).

Lemma 2.1. Suppose that oM, a? : [0,T] — Xjo,r) are continuous, AD A .
[0,T] — (C([-7,0],R))* and there exists a nonnegative constant M such that

1A (tw)|lp <M, i=1,2, forte[0,T],we C([-7,0,R).
Then for a process Xy satisfying the linear stochastic functional differential equation
axX, = (ofV + AV X,y Y dt+ (aff + AP X, ) dB, fort € [0,7),
X:=0 forte[-7,0]

(2.7)

we have

t
2
IXN1F g < 4e*M0H0 / [tlaM% g + 4P|} 4]ds  fort € [0,T).
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Proof. Using the Schwarz inequality, It6 isometry, Doob martingale inequality and
the fact that (z + )2 < 2(2? + y?), we have

E[ sup XSZ]

0<s<t

S S 2
:IE[ sup (/ [alV) +A£1)XT+.]dr—|—/ [a® +A$2)XT+.]dBT) }
0 0

0<s<t

< 2IE{ sup (/S[agl) + Ag,l)X,qu.]dr)Q}
0

0<s<t

+2E{ sup ( /O [a® +A§,2)Xr+.]dBT)2]

0<s<t
t t
< 2tE/ [V + AW X, 2ds +2- 22]E/ @@ + AP X, ]2ds
0 0

t t
< 4t/ (E[ag”F + ]E[Agl)XH.]?)ds + 16/ (E[ag2>]2 + E[Ag2>XS+.]2)ds.
0 0
Notice that

. N\ 2 .
Elo{"12 <E| swp ()] = a5, i=1,2
0<s<t

E[AY X, P <E[|AP)3 sup X2 < M2E[ sup |X,[%) < M2 X3,
0<s<t 0<s<t

Hence

E[ sup Xf]

0<s<t
t t
< 4t/0 [l ™[4 + M2 X |1fo,g)ds + 16/0 [l ®[fo.q + M?[ X [1F,)ds
t t
=4 [ 10y + 40 s + 402 +4) [ 1K s
Thus
t t
1070, < 4/0 [t [ o + 4l 1F glds + 4M>(t + 4)/0 1117, ds-
For a fixed tg such that 0 < tg < T, we have
to ¢
XU <4 [ [tolla® g + 410 ] ds-+ 43200 +4) [ 1XIf, g
for 0 <t <tg. We apply the Gronwall inequality and obtain
to
1X[%4 < 464M2(t0+4)t/0 [to\la(l)H[Qo,s] + 4||a(2)||[20,s]} ds, 0<t<to.
Since tg is fixed arbitrarily, we obtain

R t
X < 400 [ ala® IR,y + 4l0® ] s, te 0.7
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3. A CONVERGENCE THEOREM
For the Newton sequence (X *)),ey, introduced in (2.3)), we denote
k k+1 k
AXP = xFH _x B,
Observe that AXt(k) satisfies the following stochastic functional differential equation

(AX(k+1))
= (b, XY b, X)) = b (6, XP)AXE) 4 by, (8, X AXETD 1t

+{o(t, X4 T) = o6, X)) — 0wt XE)AXY, + 006, XET)AXTY ) aB,

(3.1)
for ¢ € 0, T7.

Theorem 3.1. Suppose holds. Then the Newton sequence X*) = (X)), cn
defined by converges to the unique solution X of equation in the following
sense:

lim [1X%) — Xz = 0.

k—oo

Proof. We show that (X *)),cy satisfies the Cauchy condition with respect to the
norm | - |/~ 7). From Lemma [2.1} and the Doob inequality we have
||AX(k+1)H[207t]

t
< 4t ()t / tE| sup [b(r, X5T) — o(r, X5 = b (r, X5 )AXE 2] ds

0 0<r<s

t
+4e4M2(t+4)t/ 4E[ sup [o(r, X5 —o(r, X ) — 0 (r, X )AX ™) | } 5.
0 0<r<s

By the Lipschitz condition for b(t,w) and o(t, w):

1b(t, XY —b(t, X)) < M sup [AXP)], (3.2)
0<s<t

o(t, X5T) = ot XD < M swp [AX(Y)], (3:3)
_S_

We obtain the estimate
t
2
[AXEFDYR ) < 16MP(t 4 4)e™ (”4”/0 IAX B ds.
Since t < T, we have
t
IAXC <0 [ IAXOIf, g, (3.4
where
C = 16M>(T + 4)e*M (TH+4T |

The recursive use of (3.4) leads to
CkJrl

(k+1) 2
”AX ||[O,t] = (k’-‘r 1)

AX O 4.

Thus
(| X (tp) —

k+p—1
=

Ck
_or CINIAX O 2
rrp—1 0t JIAX Ol
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We conclude that (X(®)),cy is a Cauchy sequence in the Banach space X—r,17-

Therefore it is convergent to (X¢)¢c|—r 7], Which is a solution to equation (£2.1)).

This completes the proof. O
4. PROBABILISTIC SECOND-ORDER CONVERGENCE

Before formulating the main result, we need the following lemma.

Lemma 4.1. Let (gt)ief0,1) € Xjo,r] and {At}iepo,r) be a family of F-measurable
subsets of Q) satisfying

AreFy, A CAs for0<s<t<T.

Then we have
t

E[1At(/0tgsd35)2} g/o E[1 4, ¢%)ds (4.1)

Proof. Since for s <t we have the implication

forany0 <t <T.

At C AS = 1At = 1At1A5

and 14,9 is a stochastically integrable function with respect to s, it follows from
the definition of stochastic integral that

([ oam) =1 ([ 1agam)’ < ([ 1agan)

almost surely in € for any 0 <t < T'. By It0 isometry

E[14,( /0 t 0.a8.) ] <E[( /0 t 14,9:dB,) | = /0 E[1a.9%)ds.

This completes the proof. O

Remark 4.2. The proof of Lemma [4.1] is proposed by the Referee. Our former
proof of this lemma was based on the duality property of the Malliavin calculus (see
Def.1.3.1(ii) [12]), the product rule for Malliavin derivative (see Theorem 3.4 [6]),
Proposition 1.2.6 [12] and Proposition 1.3.8 [I2]. It also resulted in an interesting
extension of the It6 isometry

E|14, /O t gsst)Q] = /O ElLa,g2)ds.

As in the previous sections we assume that (X (k))keN is the Newton sequence,
where b, 0 : [0,T] x C([—7,0],R) — R are deterministic Fréchet differentiable func-
tions, the initial function ¢ € X|_; g is a deterministic process, the Fréchet deriva-
tives by, (t,w), 04 (t, w) are in (C([—7,0],R))" and condition is satisfied.

Theorem 4.3. Suppose that the above assumptions are satisfied and there exists a
nonnegative constant L such that

[[bw (£, w) = bu (8, @) || p < L _sup w(s) —w(s)l, (4.2)
low(t, w) = ow(t, @) <L sup fw(s) —a(s)] (4.3)

—7<s<0
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forallw,w € C([—7,0],R). Then for any T > 0, there exists a nonnegative constant
C such that

P( sup |AXt(k)| <p = sup |AXt(k+1)| < RpQ) >1-CTR™?
0<t<T 0<t<T

forallR>0,0<p<1,k=0,1,2,....
Proof. Define the sets
A(k):{w: sup [AXP® | <pl for0<p<1,0<t<T, k=0,1,2,....

t
o 0<s<t

We consider the sequence (AX(®)),cn restricted to the sets Aﬁ,kt) . For this reason

we multiply equation (3.1]) by 1 400, the characteristic function of the set A,(Jkt) , and
Pyt s

obtain
t
1Agk2AX§“+” - /0 1,0 [b(s,Xi’ﬂl))—b(s,Xs(’i),)—bu,(s,Xi’jr),)AXgi),] ds
t
—|—/0 1A§fzbw(s7thﬁl))Angfl)dS
t
+ lA;kg /0 [U(S,XS(T._I)) - U(S,Xgi),) - Uw(s,Xs(’j_).)Ang_)} dB;
t
+ 1,09 /O ou(s, XENAXxE DB,
Applying the Doob inequality, Lemma and the fact that ¢t — A,gft) is non-
decreasing we obtain
HlAggﬁX(k“)H%o,t]

t
< 16t/ E{1A<k>\b(s,xgiﬂ>) —b(s, X)) - bw(s,Xs(i)v)AXg’i)_ﬂds
0 Pt

t
+ 16t /O ]E[lAEfg|bw(s,X‘§if1))AX§T,’l)\z]ds

t

+ 16E[1Aﬁfg‘ i o(s, Xs(ljrfl)) — U(S’Xs(i).) — 0w (s, XS(’jr)_)AXS(’jr)_dBSP]
t

+16E [1Agk3 1| ows, Xs(ifl))Axgif”stﬂ

0

< 16t /Ot E{lA% Ib(s, X5y — p(s, x®) ) — bw(s,Xs(i).)AXii)_P}ds
+ 16t /Ot]E{1A§2|bw(s,X§if1>)AX§’if1>2}43
+ 16 /Ot E [1A5),2 lo(s, XY — (5, X)) — 0 (s, Xs(’jr)_)AXs(’jr)_P} ds
+16 /Ot]E{1A§vg|aw(s,Xs(’rf1))AXs(’ﬂ1)2} ds.

From (4.2) and (4.3) we have

Ibut, XiET) = bult, XE)lr < L sup JAXY) (44)
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ow(t, X5T) = 00 (t, X)) r < L sup [AXP). (4.5)

0<s<t
From the fundamental theorem of calculus it follows that
b0, X EE) = b(r, X1) = b (r, X ) AXTE |

< / b (r, X+ 0AX ) Y — b, (r, Xﬁ’f)npda sup |AX®)|
0

<s<r

1
< iL sup |[AXF)|2,

0<s<r

Similarly, we have

lo(r, XEY — o (r, XB ) — 0 (r, xB ) AX ) | < L sup |AX(2.

0<s<r

Consequently, we have the estimate

g 1
1,00 AXKHD|2 <16t/ E[l oL AX<k>4}d
Ly AXE Do <161 | E[1ygngL" sup 1AXD] s
t
I

S

S—

0

1
—|—16/ E[1A<k)fL2 sup |AX§k)|4}ds
0 pra 4 0<r<s

~+

t

+16 E{IA%|Uw(s,X£’if1))AXs(’jrfl)|2} ds

S~

Recall that |AXT(k)| < pon AE,’iZ for 0 < r < s. From ([2.4]) we have
(R AXEHD|E

t
< A(t+1)Lp* + 16(t+1)M2/ E[lAm sup |[AX(FHY] }ds
0

P2 0<r<s
< AT + D)t p* + 16(T + 1) M? /Ot ||1AE);2AX(’“+1) 7,15
We apply the Gronwall inequality and obtain
”1 (k)AX k+1)||2 < 4(T—|—1) L2 4 16T(T+1)M2
The Chebyshev 1nequahty yields
P( sup [AXP | <p A sup [AXFFD| > Rp2>

0<s<t 0<s<t

= P{l w sup |AXEFD| > Rp?
Pt 0<s<t

1
< WulA%AX(kH)”[zo,t]

< 72 AT + 1)L ptetOTTHOM — oyR-2,

Hence for any R > 0 we have

P( sup [AXP | <p = sup [AXFEHD| < Rp2> >1-CtR™2
0<s<t 0<s<t
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Thus the assertion is true. O

Remark 4.4. Our study is devoted to the case of deterministic functionals b and
o. Our result can be extended to the more complicated case of b and o dependent
on non-anticipative stochastic processes.

Remark 4.5. If P(supyc,cr |AXt(k)\ < p) > 0 then the probability of the impli-
cation

sup [AXF|<p = sup [AXTY] < Rp?
0<t<T 0<t<T

can be expressed in terms of conditional probability:

P( sup |AXt(k+1)| < Rp? sup |AXt(k)| < ,0) >1-CTR?,
0<t<T 0<t<T

which is more intuitive.

An example. Let b(t,w) = 0 and o(t, w) = arctanw(%). The stochastic functional
differential equation is of the form:

dX; = arctan (X, o)dB; for ¢ € [0,1],

ey (4.6)

The corresponding Newton scheme is

1
SAXM)dB,  for t € [0,1],

1 (X))

dXt(kH) = [arctan (Xt(fz)) +

XY =1,

The Lipschitz condition (2.6 for o(t,w) is satisfied with M = 1; therefore by
Theorem the Newton sequence is convergent to the solution of (4.6)). We have
the estimate

(64¢20)F (64e20)k 7
IAX®F ) < THAX(O)H[?M = T”ZB' 1% 4
(64e20)% 72, (64e20)k (7% + 16)
<8 T plp2yq=
S8 Elg B U 2k

Since oy, (t, w) satisfies the Lipschitz condition (4.3) with L = 1, by Theorem
the second-order convergence is obtained.

P[ sup |AXt(k)| <p = sup \AXt(kH)\ < RpQ} >1-8e*R72.
0<t<1 0<t<1

foral R>0,0<p<1,k=0,1,2,....
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