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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A
STEKLOV PROBLEM INVOLVING THE P(X)-LAPLACE
OPERATOR

MOSTAFA ALLAOUI, ABDEL RACHID EL AMROUSS, ANASS OURRAOUI

ABSTRACT. In this article we study the nonlinear Steklov boundary-value
problem
Ap(z)u = \u|p(m)72u in Q,

oy 0u

|V |P(®) = Af(z,u) on 0.

Using the variational method, under appropriate assumptions on f, we obtain
results on existence and multiplicity of solutions.

1. INTRODUCTION

Motivated by the developments in elastic mechanics, electrorheological fluids
and image restoration [4} 20, 22] 26, 27], the interest in variational problems and
differential equations with variable exponent has grown in recent decades; see for
example [5, 3] 14} 19]. We refer the reader to [3} [6, [7, 10, 1T, 12| I8, 23, 24| 25]
for developments in p(z)-Laplacian equations.

The purpose of this article is to study the existence and multiplicity of solutions
for the Steklov problem involving the p(z)-Laplacian,

Apyu = [ufP 20 in Q, -
ou 1.1
\Vu|p(“3)*2$ = Af(z,u) on 09,

where 2 C RY (N > 2) is a bounded smooth domain, g—;‘ is the outer unit normal
derivative on 9, A > 0 is a real number, p is a continuous function on Q with
p~ :=inf__gp(r) > 1. The main interest in studying such problems arises from the
presence of the p(x)-Laplace operator div(|Vu[P(*)=2Vu), which is a generalization
of the classical p-Laplace operator div(|Vu[P~2Vu) obtained in the case when p
is a positive constant. Many authors have studied the inhomogeneous Steklov
problems involving the p-Laplacian [I7]. The authors have studied this class of
inhomogeneous Steklov problems in the cases of p(z) =p =2 and of p(z) =p > 1,

respectively.
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We make the following assumptions on the function f:
(HO) f : 09 x R — R satisfies the carathéodory condition and there exists a
constant C > 0 such that:
|f(x,9)] < CA+[s/@~1) for all (z,5) € 0N x R,
where 3(z) € C(0R), B(z) > 1 and B(z) < p?(z) for all z € ON.
(H1) There exist R > 0, u > p* such that for all |s| > R and = € 09,
0 < pF(x,s) < f(z,s)s.
(H2) f(z,s) =o(|s|P" 1) as s — 0 and uniformly for € 9.
(H3) f(z,—s)=—f(z,s), z €00, s €R.
The main results of this paper are as follows.

Theorem 1.1. If (HO), (H1), (H2) hold and 8~ > p™, then for any X € (0, +00),
(1.1) has at least a nontrivial weak solution.

Theorem 1.2. If (HO), (H1), (H3) hold and 3~ > p*, then for any X € (0,+00),
(1.1) has infinite many pairs of weak solutions.

For the next theorem we assume that f satisfies the following conditions:
(F1) |f(z,s)| < a(z) + b|s|*® =1 for all (z,s) € IN x R, where a(z) is in
oz
LT (09), b >0 is a constant, a(z) € C(09Q), 1 < a™ :=inf ga(zr) <
ot :=sup,.ga(zr) <p~ and p(z) > N.
(F2) f(z,t) <0, when |t] € (0,1), f(z,t) > m > 0, when t € (o, 00), to > 1.

Theorem 1.3. If (F1), (F2) hold, then there exist an open interval A C (0,00)
and a positive real number p such that each A\ € A, (1.1) has at least three solutions
whose norms are less than p.

The special features of the of the problems considered in this paper are that they
involve the variable exponent. To prove theorems — we use the theory of
variable exponent Sobolev spaces, established first by Kovacik and Rékosnik [I6],
and some research results obtained recently for the p(x)-Laplacian equations. For
the proof of theorem , we will use the Mountain Pass Theorem. For the proof
of theorem , we will use the Fountain theorem. For the proof of theorem ,
we will use Ricceri three-critical-points theorem.

This article is organized as follows. First, we will introduce some basic prelimi-
nary results and lemmas in Section 2. In Section 3, we will give the proofs of our
main results.

2. PRELIMINARIES

For completeness, we first recall some facts on the variable exponent spaces
LP®)(Q) and WFPE)(Q). For more details, see [8,@]. Suppose that € is a bounded
open domain of RY with smooth boundary 9Q and p € C,(Q) where

Ci(Q)={peC() and 1relgp(x) > 1}.

Denote by p~ :=inf__g p(z) and p* := sup, g p(z). Define the variable exponent
Lebesgue space LP(*)(Q) by

LP@(Q) = {u: Q — R is a measurable and / [ulP@dz < +o0},
Q
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with the norm
oy = inf{r > 05 [ |2P@ds < 1),
QT
Define the variable exponent Sobolev space Wl’p(“”)(Q) by
WP (Q) = {u e LP®(Q) : |Vu| € LP@(Q)},
with the norm

|ul| = inf{rT > 0;/(\@\“@ + |B|p(‘8))dm <1},
Q 7 T

We refer the reader to [8, @] for the basic properties of the variable exponent

Lebesgue and Sobolev spaces.

Lemma 2.1 ([9]). Both (LP®(Q),| - |,)) and (WHP@(Q), || - ||) are separable,
reflexive and uniformly convex Banach spaces.

Lemma 2.2 ([9]). Holder inequality holds, namely
l/MMﬁm%mMW)WGHmmMGMmm%
Q
1 1

where ORI OB 1.
Lemma 2.3 ([9]). Let I(u) = [,,(|Vul|P® +|u|P®)dz, for u € WPE)(Q) we have

o u <1l(=1,>1) e I(u) <1(=1,>1).

o fJul < 1= Jlulr’ <I(u) < Hull”;-

o [lull =1 =ullf < I(u)<ulf.
Lemma 2.4 ([§]). Assume that the boundary of 2 possesses the cone property and

p € C(Q) and 1 < q(x) < p*(z) for x € Q, then there is a compact embedding
WrE)(Q) < LI®)(Q), where

Np(z) Zf .
. 5 p(x) < N;
p(x){NP() (@)

+00, if p(x) > N.
Lemma 2.5 ([9]). If f : Q x R — R is a carathéodory function and

p1 (=) _
|f(z, )| < a(x) +bls|=2®,  V(z,s) €A xR,

where pl(x)aPQ(x) € C(ﬁ)’ a(x) € Lpz(x)(Q), pg(l’) > 1; pg(ﬂf) > 17 a(x) > 0 and
b > 0 is a constant, then the Nemytskii operator from LP(*)(Q) to LP2(*)(Q) defined
by Ny(u)(z) = f(z,u(x)) is a continuous and bounded operator.

Let a : 02 — R be a measurable. Define the weighted variable exponent
Lebesgue space by

ngg (0Q) = {u : 92 — R is measurable and / la(z)||u[P®do < +oo},
o9

with the norm
toratey = intlr > 05 [ Ja(a)] [2Pdo <1,
o0 T

where do is the measure on the boundary. Then L” E;g(aﬁ) is a Banach space. In
particular, when a € L (99), ngg (09) = LP=)(99).
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Lemma 2.6 ([5]). Let p(u) = [, |a(z)||ul? @ do foru € Lp(l (39) we have

* [ulp@)a@) 21 = |“|?’p<m>,a<x>> < plu) < W"fpm ala))"

p+
o [ul(p@a)a(@) < 1= |U|(p(m)7a(x)) <p(u) < ‘U| (p(x),a(z))"
For A C 0, denote by p~(A) = inf,eca p(x), pt(A) = sup,e 4 p(z). Define

M7 if p(z) < N,
p°(x) = (p(x))? ::{ N—p(z) (x)

00, if p(z) > N.

d —
where z € 9Q, r € C(0Q,R) and r(z) > 1.

Lemma 2.7 ([5]). Assume that the boundary of 2 possesses the cone property and
—_ o]
p € C(Q) withp~ > 1. Suppose that a € L™ (), r € C(8RQ) with r(z) > L&

p?(z)-1
for allz € 0Q. If ¢ € C(0Q) and 1 < gq(z) < p;?(x) (x), Vo € 9Q. Then there is
a compact embedding WP (Q) — LZE‘?) (09). In particular, there is a compact
embedding WP (Q) — L) (9Q), where 1 < q(x) < p?(x), Yz € 9.

Lemma 2.8 ([2 15 21]). Let X be a separable and reflexive real Banach space,
¢ : X — R is a continuous Gateaux differentiable and sequentially weakly lower
semicontinuous functional whose Gateauz derivative admits a continuous inverse
on X*; ¥ : X — R is a continuous Gateauz differentiable functional whose Géiteaux
derivative is compact, assume that:

(1) limjjy) x —oo(@(u) + AP(u)) = 0o for all X >0,
(i) there exist r € R and ug,u; € X such that ¢p(ug) <1 < ¢(u1),

(iii)

| (é(ur) — r)b(ag) + (r — Blun))b(un)
weg T oo V) > &(ur) — o(uo) '

Then there exist an open interval A C (0,00) and a positive constant p > 0 such
that for any A € A the equation ¢'(u) + M)’ (u) = 0 has at least three solutions in
X whose norms are less than p.
Theorem 2.9. If f: 00 xR — R is a carathéodory function and

(F1) |f(x,8)| < a(x) + bls|* @=L for all (z,5) € 9Q x R,

a(z)
where a(x) € L=@-1(90Q) and b > 0 is a constant, a(x) € C(9N) such that for
all z € 092,

(N-Dp(z) .
alz) < { N_p(pm) ’ zfp(a:) <N (2.1)
+00, if px) = N.
Set X = Whr)(Q), F(x = [, f(z,t)dt, ( ) = — Joo F(z, u(:z:))do,
then ¥(u) € CH(X,R) and D¢(u @) =< V' (u), o >= — [0 f( x))pdo, more-

over, the operator ¢’ : X — X* is compact.
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Proof. By the Mean-value theorem, we have

P(u+tp) — ¢(u)

D) = iy I
—  lim F(z,u(z) 4+ to(x)) — F(z,u(x) o (2.2)
t—0 J50 t

=—lim [ f(z,u(x)+ t0p(z))p(z)do,
t=0 Jaq

where 0 < 0 = O(u(x),to(x)) < 1. If u, € X, then by condition (2.1) and the
embedding theorem (lemma2.7), we have u,p € L**)(9Q). Then there is some
constant C such that

[wllzaw o) < Cllwlx  Vwe X. (2.3)

By (F1) and Young’s inequality, we have

|f (2, u(z) + t0p(x))p ()|

< [a(x) + blu(z) + thp(2)|*® ()| (2.4)
< S8 fa(o) + Hlu(o) + t0p(o)| ) 4 o]

Using the inequality
(a+b)P <227 (|al? + [bP), p>1,
we have
%[a(x) + blu(x) + tf)(p(x”a(r)—l]% n LKO(Z‘)P(I)

a(s)
{0 () FE 4 b7 () + #00(0)| )]+ s o)

a(z)

08 Z 1)y atter () 755 4+ 2215 ) )+ o))

~—~

Q

—~

8
TN~ TN ~—

|

—

()],

for |t| < 1. Note that the right hand side of the above inequality is independent of
t and integrable on 92, then by the Lebesgue dominated convergence theorem, we
have

0]

Dyp(u, ) = /f:z:u (z)do. (2.5)
Obviously the operator D (u, @) is a linear operator for a given u. We know that
the Nemytskii operator Ny : u(z) — f(x,u(x)) is a continuous bounded operator
a(x)
from L*®)(9Q) into L1 (9€2). Then by (2.3) and (2.5) we have
i) =~ [ S u@)p@ds < 20170l e

o0

(@) llx-
Q)

So Di)(u, ¢) is a linear bounded functional, therefore the Gateaux derivative of the
linear bounded functional 1 (u) exists and

Dy(u,p) =< DY(u), p >= — . fz,u(x))p(x)do Yu,p € X. (2.6)
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We will prove that ¢’ : X — X* is completely continuous. For u,v,p € X, from

and , we obtain
[(DY(w) = De(v), )| < 2C1|f () = f (. 0)|

llollx-
~1(8Q)

Then
[DY(u) = Dp(v)|[x+ < 20| f(z,u) = f(@,0) e
La@-T (5Q)
a(z)

The above inequality shows that the operator 7' : L=@-1(9Q)) — X* defined by
T(f(xz,u)) = Di(u) is continuous. Then the composite operator Dy = ToNyol :
u — D(u) from X into X* is continuous. Therefore, ¢ is Fréchet differentiable
and its Frechet derivative W (u) = Dq/;( ) . This shows that (u) € C1(X,R),
Dip(u, ) =< ¥'(u), o >= — [, f( Yo(z)do and ¢ : X — X* is compact.

O

We say that u € X is a weak solution of (1.1)) if

/ |VulP® =2 VuVo dz + / [ulP@ =20 dz = A f(z,u)vdo for all v € X.
Q Q

19}9)
Let
— [ L (gup® @
o) = [ S (FuP) 4 fup s,
v =~ [ Flauio,

o0

J(u) = ¢(u) + Ap(u),

where F(x,t) fo x,5)ds. Then we have

(¢ (u),v) = /Q (|Vu[P@=2VuVo + [uP @~ 2yw)dz,

—/ f(z,u)vdo.
a0

3. PROOF OF MAIN RESULTS

For the proof of theorem [T.1] we will use the Mountain Pass Theorem. We start
with the following lemmas.

Lemma 3.1. If (HO), (H1) hold, then for any A € (0,+00) the functional J satisfies
the Palais Smale condition (PS).

Proof. Suppose that (u,) C X is a (PS) sequence; i.e.,
sup |J(up)| < M, J'(uy,) — 0 asn — oc.
Let us show that (u,) is bounded in X. Using hypothesis (H1), since J(u,) is

bounded, we have for n large enough:

M1 J(un) — i<J’(un>7un> + %<J’<un),un>

1
= [V e x| P wio
o o0

)
= [0 & fupas - [
HLtJjo

L,
” f(x7un)unda} + ;(J (Un), Un)
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1 1 -1
- _ 2 T _ g _
> (p+ M)Ilunl\ #HJ(un)le* un|| = C
1 1 (&1
-z pm _ 1
Z(p+ u)” Un| . [[unl —
where C' and C; are two constants. From the inequality above, we know that u,, is
bounded in X since pu > p*. The proof is complete. a

Lemma 3.2. There exist r1,C’" > 0 such that J(u) > C' for all u € X such that
Jull = 1.

Proof. Conditions (HO) and (H2) assure that
|F(z,5)| <elslP" +C(e)|s]?@  for all (z,s) € 9Q x R.
For |lu|| small enough, we have
1
J(u) > —[ul]?" )\/ F(z, u)do
p o0
1 (3.1)
> Sl A [ el + Ol )do
p o0
Since pt < 7 < B(x) < p?(z), for all = € N, we have
WP (Q) — P (09),

with a continuous and compact embedding, which implies the existence of C3 > 0
such that
|u\Lp+(aQ) < Cs|lull, VueX. (3.2)

From (3.1) and (3.2, we have for ||u|| small enough
1 + -
Jw) 2 el - AeCyullP” = AC(e)Cs ull .

Choose € > 0 small enough that 0 < A\eC5 < 2}%, we obtain

1 + _
J(u) = 2].ﬁIIUHP — C(X\€)CsJull?
pto L B~ —pt
2 |[ul” (5 — C(Xe)Cs]lull )-
2p

Since pT < 7, the function ¢ — (2]? — C(\,e)C3tP ~P7) s strictly positive in a
neighborhood of zero. It follows that there exist r; > 0 and C” > 0 such that

J(u)>C" Yue X :|u|=r.
The proof is complete. U

Proof of theorem[1.1] To apply the Mountain Pass Theorem, we must prove that
J(tu) — —oo as t — 400, for a certain u € X. From condition (H1), we obtain

F(z,s) > c|s|t for all (z,s) € 90 x R.
Let ue X and t > 1, Wehave

J(tu) = /

[|Vu|p @) 4 Ju|P®))dz — /\/ F(z, tu)do
) oN

L

@

[|Vul|P®) + |uP@)] zfct“)\/ lultdo.
o
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The fact p > pT, implies for any A € (0, +o0) J(tu) — —oo as t — +oo.

It follows that there exists e € X such that |le|]| > r; and J(e) < 0. According to
the Mountain Pass Theorem, J admits a critical value 7 > C’ which is characterized
by

7= inf sup J(h(t
pnf. sup (h(t))

where
I'={heC(0,1],X) : h(0) =0 and h(1) = e}.
This completes the proof. ([l
Since X is a separable and reflexive Banach space [3] 8], there exist {e,}52, C X
and {f,}52; C X* such that
1, ifn=m;

Tn(em) = Onm = {0, if n #m.

X =spanf{e,:n=1,2,...}, X* :spanw*{fn:nzl,Q,...}.
For £k =1,2,... denote by
Xn =span{e,}, Y,=07,X;, Z,= ®32, X

Lemma 3.3 (5, I1]). For B(x) € C.(0%), B(x) < p°(x) and v € IQ, let B =
sup{|ulps@ (o) : llull =1, uw € Z}. Then limy—.c0 B = 0.

Proof of theorem[I.3 We use the Fountain theorem [I]. Obviously, J is an even
functional and satisfies the (PS) condition. We will prove that if k is large enough,
then there exist pg > r > 0 such that:

(A1) by :=inf{J(u)/u € Zy, ||lu|]| =} — +o0 as k — +oo,
(A2) ay :=max{J(u)/u € Yy, ||ul| = pr} <0 as k — +o0.
(A1): For u € Zj, such that ||u|| = r, > 1, by condition (H0), we have

J(u) :/Q]% [|Vu|p(””) + |u|P<$>} dw — )\/69 F(z,u)do

1 B
Z—up—)\/Cl—kuB(I)da
p+|| [ - (1 + [u]”7)

1 - + -
B g
> p—+||u||p — )\C'rnax{|u|Lﬁ(I)(aQ)7 ‘u|L5(w)(8Q)} - Ch.
It follows that
() > p%HUHp: — (C2(N) + C1) X if |ulpse (90) < 1
L prllllP = CaNBrllul)?T = Crif ful pse (o) > 1

1 _
>l - Co(N) (Brl[ul))?™ — Cs.

For 1y, = (Co(\)B+B )7 57, we have

1 1
pt Bt
Since By — 0 and p*™ < 81, we have ry, — +oo  as k — +oo. Consequently,

J(u) > 7P ( ) — Cs.

J(u) — 400 as |lul]| = +oo,u € Z.
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So (A1) holds.
(A2): Condition (H1) implies

F(z,s) > Ci|s|* — Ca, V(z,s) € 002 xR.
Let u € Yy be such that ||u|| = pr > r > 1. Then

1
J() < —[ul”" =X [ Cils|* = Cado
p 15)9]

1
< Lt - )\Cl/ lultdor + Cs.
p 519

Note that the space Y} has finite dimension, then all norms are equivalents and we
obtain

1
ﬂwﬁngW+*mew+Oa

Finally,

J(u) = —oo as ||ul| — oo, u € Yy
because 1 > pT. The assertion (A2) is then satisfied and the proof of theorem
is complete. g

Proof of theorem[I.3 For proving our result we use lemma It is well known
that ¢ is a continuous convex functional, then it is weakly lower semicontinuous
and its inverse derivative is continuous, from theorem[2.9]the precondition of lemma
is satisfied. In following we must verify that the conditions (i), (ii) and (iii) in
lemma 2.8 are fulfilled.

For w € X such that ||u||x > 1, we have

u(x)
W) = — F(gc,u)doz—/ [/0 (@, t)dtldo

o9 o0
b
x

a(x)|u(x ——|u]*®Ndo
< [ lat@)iu(o)] + sl

b alx
<2fal o nwmm@m+—f/'wﬂ)w
L 1(09) « a0

a(x)—
b
<200all oo ullx + o= [ ful* o
La@-T (90) a” Joo
By the embedding theorem, we have u € L**)(9Q); therefore,

+ - +
/{m |u|*@do < max{||ul|Faw o0y, (8] Faw @0} < Cllulls -
Then
b ot
[h(w)] <2Cfall aw  Jlullx + —C"Jull% .
LEEI-T (59) !

On the other hand,

1 1 -
qi)u:/—Vup(z)—Fup(x)de—up.
(u) Qp(x)ﬂ | [ul)de = el

Which implies that for any A > 0,

1 - AbC’ ot
¢(u) + xp(u) = —|luly =2XCllall e ullx = ——ull% -
p L Q) «

W(a
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For p~ > at we have

lim  (¢(u) + Mp(u)) = oo,

llullx —o0
then (i) of lemma [2.8]is verified.

It remains to show (ii) and (iii) of this lemma (Ricceri). By (F2), it is clear
that F(x,t) is increasing for ¢ € (9, 00) and decreasing for ¢ € (0,1) uniformly
for x € 09, and F(x,0) = 0 is obvious, F(z,t) — 400 when ¢ — 400 because
(F(z,t) > mt uniformly on z). Then, there exists a real number 6 > ¢y such that

F(z,t) > 0= F(x,0) > F(z,7) Yu€ X,t>d,71¢€(0,1).
Let a,b be two real numbers such that 0 < a < min{1,¢;} where ¢; is a constant
which satisfies
lulle@) < allullx,
lull @) = sup |u(z)] .
€N
This inequality is well defined due to compactly embedding from whrE)(Q) to
C () (because N < p7).
We choose b > § satisfying o” |Q| > 1. When ¢ € [0, a] we have

F(z,t) < F(z,0) =0.

Then
/ sup F(z,t)do < / F(z,0)do = 0.
d o0

Q 0<t<a
Furthermore, since b > ¢ we have

/ F(xz,b)do > 0.
o0

Moreover,

L @ [ e bde > 0
_—— x,b)do > 0.
TP oo

S

Which implies

+

1 aP
/ sup F(z,t)do <0< —+a—_/ F(z,b)do.
80 0<t<a o b~ Jaq

Let ug,u1 € X , ug(x) = 0 and uy(z) = b for any = € Q. We define r = 17%<£)p+'
Clearly r € (0,1), ¢(uo) = 9 (up) =0,
1 a +

uy) = bp(x)d:c>—b” Q >—1> P=r,
Pler) /Qp(x) pt = pt p( )

" W(uy) = / F(z,u(2))do = /BQ F(z,b)do < 0.

So we have ¢(ug) < r < ¢(uy). Then (ii) of lemma [2.8]is verified.
On the other hand, we have

(p(ur) = r)Y(uo) + (r — ¢luo))p(ur) _— Y(w)

(ur) — d(uo) ~ %)

faQ (x,b)do
fQ L bP (@) dx
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Let u € X be such that ¢(u) < r < 1. Set I(u) = [,,(|Vu|P® + [u[P@®)dz. Since
p%[(u) < ¢(u) < r, for u € WHPE)(Q), we obtain
I(u) <ptuor= (;)I’Jr < 1.
1
It follows that ||u|lx < 1 by lemma We have
1

+ 1
Sl = 2 I(w) < éu) <

Then .
lu(z)] < cljullx <c(ptr)r™ =a Yue X,2€Q,¢(u) <r
The above inequality shows that
- inf Y(u) = sup —(u) < / sup F(z,t)do <0.
u€gp~1(—o0,r] u€gp—1(—o0,r| 90 0<t<a

Then

o) > (90 = P(0) + (7 = Olu) ()

u€¢=1(~oo0,r] $(u1) — p(uo)
Which means that condition (iii) in lemma is obtained. Since the assumptions
of lemma are verified, there exist an open interval A C (0,00) and a positive
constant p > 0 such that for any A € A the equation ¢'(u)+ A’ (u) = 0 has at least
three solutions in X whose norms are less than p. O
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