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POSITIVE SOLUTIONS FOR A NONLINEAR PERIODIC
BOUNDARY-VALUE PROBLEM WITH A PARAMETER

JINGLIANG QIU

ABSTRACT. Using topological degree theory with a partially ordered structure
of space, sufficient conditions for the existence and multiplicity of positive
solutions for a second-order nonlinear periodic boundary-value problem are
established. Inspired by ideas in Guo and Lakshmikantham [6], we study the
dependence of positive periodic solutions as a parameter approaches infinity,

1i = li =0.
Jlim el = oo, or  limlaa|

1. INTRODUCTION

In recent years, periodic boundary value problems have been studied extensively
in the literature; see, for example, [II, [5, @, 13}, 15l [20] and references therein. Many
techniques have been developed for studying the existence and multiplicity of peri-
odic solutions (see [2, [3 4 [7, [0} 16 [T7, 18, 19]). In this article, we apply topological
degree theory combined with partially ordered structure of a space to establish the
existence and multiplicity of positive solutions to the periodic boundary-value prob-
lem

ALz = 7g(t)f(t,l’), 0<t< 2m,

z(0) = z(27), 2'(0) = 2’ (2n), (1.1)

where A > 0 is a parameter, Lz = 2" — p?z, p > 0 is a constant. In addition, f and
g satisfy

(H1) f € C[0,+00) x [0, 400), [0, +00));
(H2) g(t) € LP[0,27] for some 1 < p < 400 and there exists m > 0 such that
g(t) > m a.e. on [0, 27].

For the case of ¢g(t) € C[0,27], not ¢g(t) € LP[0,2x], and f(¢,x) is replaced by
f(z), problem reduces to the problem studied by Graef, Kong, and Wang in
[5]. By using the fixed-point theorem of cone expansion and compression of norm
type, the authors obtained some sufficient conditions for the existence, multiplicity,
and nonexistence of positive solutions for problem ‘
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In the present article, some new criteria for the existence and multiplicity of
positive solutions are established. In particular, we examine the dependence of
positive solution x(¢) on the parameter X; i.e.,

lim |z)|| =400 or lim |z]=0.
A——+o00 A——+o0

We remark that our methods are entirely different from those used in [5] [7), @} 10}
18, 20] and the results obtained in this paper generalize some of their results, to
some degree. Moreover, some of our hypotheses on f involve
t t
limsup max M, liminf min M
r—0+ t€[027] X r—00 tel0,27] x
Our conditions strictly include the sublinear and superlinear cases.

The work is organized in the following fashion. In Section 2, we provide some
necessary background. In particular, we shall introduce some lemmas and defini-
tions associated with topological degree theory and partially ordered structure of
space. The main results will be stated and proved in Section 3. The final section
of the paper considers the dependence of positive solution x(¢) on the parameter
A

At the end of this section, it is worth to mention that some excellent results by
Guo and Lakshmikantham, which can be found in [6].

Theorem 1.1. Let E be a Banach space and let K C E be a cone in E. Let
operator A : K — K is completely continuous and A = 6, where 0 is the zero
element of E. Suppose that one of the two conditions (i)

|Az| . [Az]| _
=0, = 400
zeK, |lz|—0 ||z 2K, ||z] =400 |||
and (ii)
[Az]| . | Az || ~0
€K, [z]|—0 ||z T zeK, al—too |||

is satisfied. Then the following two conclusions hold.

(1) Every p > 0 is an eigenvalue of A, which corresponds to positive eigenvec-
tor; i.e., there exists x,, > 0 such that Az, = px,;
(2) limy ot oo ||zu|| = +00 under condition (i), and lim, . ||z,] = 0 under
condition (1i).
From the proof of Theorem 1.1, it is not difficult to see that the conditions

are different from those used in [6] [7} [IT], 14} 21], which can be used to prove the
dependence of positive solution x,(t) on the parameter p.

2. DEFINITIONS AND LEMMAS

In this section, we provide some background materials associated with topological
degree theory and partially ordered structure of space. The following definitions
can be found in the book by Guo and Lakshmikantham [6].

Definition 2.1. Let E be a real Banach space over R. A nonempty closed set
P C FE is said to be a cone provided that

(i) au+bv € P for all u,v € P and all @ > 0,b > 0 and
(ii) uw,—u € P implies u = 0.
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Every cone P C E induces an ordering in F given by =z < y if and only if
y—x e P.

Lemma 2.2. Let K be a closed convex set in a Banach space X and let D be a
bounded open set such that Dy, :== DN K # 0. Let T : Dy, — K be a compact map.
Suppose that x # T'(x) for all x € ODy.
(P1) (Solution property) If iy, (T, Dy) # 0, then T has a fired point in Dy
(P2) (Normality) If u € Dy, then ix(4, Dy) = 1, where 4(z) = u for © € Dj.
(P3) (Additivity) If VILV2 are disjoint relatively open subsets of Dy such that
x # T(x) forw € Dy, \ (VI UV?), then
ix(T, Di) = ix(T, V') +i(T,V?).
(P4) (Homotopy invariance) Let h : [0,1] x Dy — K be compact such that x #
h(t,x) for x € 0Dy and t € [0, 1].
Then ’Lk(h(o, ce ), Dk) = Zk(h(l, ce ), Dk)

From these properties, one can have the following consequence.

Lemma 2.3 ([12]). Let K be a cone in a real Banach space X. Let D be an open
bounded subset of X with D, = DNK # () and Dy, # K. Assume that A: Dy, — K
is completely continuous such that x # Ax for x € ODy. Then the following results
hold:

(1) If || Az| < ||z||, € 0Dy, then ix(A, Dy) = 1.

(2) If there exists e € K\{0} such that © # Az + Xe for all x € 0Dy, and all
A >0, then ik(A,Dk) =0.

(3) Let U be open in K such that U C Dy. Ifix(A, D) =1 and ir(A,Uy) = 0,
then A has a fized point in Dp\Uy. The same result holds if i,(A, Dy) = 0
and ik(A, Up) = 1.

Remark 2.4. In Lemma 2.2, using (2) gives better results than use of the common
assumption ||Tz|| > ||z|| for € Dy,

Lemma 2.5 ([6]). Let K be a cone in a real Banach space E. Assume Qy,{Qs are
bounded open sets in E with 0 € Q1,01 C Qo. If

AKﬂ(QQ\Ql) — K

is completely continuous such that either

(1) [[Az|| < ||z|| for all z € K N0 and ||Az|| > ||z|| for all z € K N O, or
(i) || Az|| = ||z|| for all z € K NOQy and ||Az|| < ||z|| for all z € K N0y,

then A has at least one fized point in K N (Q2\Q1).
To obtain some of the norm inequalities in our main results we employ Holder’s
inequality.
Lemma 2.6. Let f € LP[a,b] withp > 1, g € L[a,b] with ¢ > 1, and % + % =1.
Then fg € L'[a,b] and
1fglle < 1 f1lpllgllq-
Let f € L'[a,b], g€ L*®[a,b]. Then fg € L[a,b] and

gl < £l llglloo-
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3. MAIN RESULTS

Let X be the space C[0,27] endowed with the norm ||z|| = maxo<i<an |2()].
By a solution of problem (1.1]), we mean a function x € C[0, 27] N C?(0,27) which

satisfies (1.1).

To establish the existence of multiple positive solutions in C0,27] N C?(0, 27)
of problem (I.1)), we construct a cone K in X by

= : > i >
K {x € X :z(t) > 0 on [0,27] and ogeug%wx(t) > O’HiL’”},

where N
e
g = 71 + e27|'p . (3.1)
Let the map T) : K — X be defined by
2
(D)) =A"" [ G(t,8)g(s) f(x(s))ds, (3.2)
0
here (b=5) | gp(2m—t+5)
L e T 0<s<t<1
Gt,s) =4 .20 0 == 3.3
() {W <t<s<l 33

It follows that

err 1+ eP?™

= G(r) < G(t,s) < G(0) t,s€[0,2n]  (3.4)

2p(c2m — 1) ~ 2p(e2m — 1)
where (2n—)
R ePt 4 ep(2m—z
N — 2n.
G(z) 2p(e2 1) x € [0, 27]
Further, by (3.3) and (3.4), we have
oG(s,s) < G(t,s) < G(s,s), te]0,2n], (3.5)
where ”
1+ efo™
G =

Noticing p > 0, then it is easy to see from (3.4 and (3.5)) that there exists 7 > 0
such that
G(t,s) >, Vt,s€][0,2n]. (3.6)

Lemma 3.1 ([5]). Assume that (H1), (H2) hold. Then x € K is a positive fized
point of T if and only if x is a positive solution of problem (L.1)).

We define

Q. ={rec K: mi t) < ={reX: < mi t) < .
r={a ter{(ljl,gﬂw( ) <orp={x ozl < ter[r(l){gﬂw( ) <or}
This allows f to satisfy weaker conditions than previously where the index was
shown to be zero on the sets K, = {z € K : |z|| < r}.
The following results are similar to [I2], Lemma 2.5].

Lemma 3.2. Q, has the following properties:
(a) Q, is open relative to K ;
(b) Ko C Q. C K,;
(c) x € O if and only if mingep o) 2(t) = O7;
(d) if v € 00y, then or < z(t) <r fort € [0,27].
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Now for convenience we introduce the following notation. Let

t
o = in { ter[r(l)%gﬂ] f(t; 2) cx € [or, T]}a fo = maX{teH[})fgir] f(;m) rx € [0,7]},
f° = lim sup max M7 fs = lim inf min M, (6 :== o0, or 0),
r—3 te[0,27] €T z—0 te(0,1] €T

= min{ A Gllgll] s MG glleo] T TGO gl ] T
L= [2m)\_17'7r] s

We now give our results on the existence of multiple positive solutions of problem
(1.1)). We consider the following three cases for g € LP[0,1] : p > 1, p =1, and
p = o00. Case p > 1 is treated in the following theorem.

Theorem 3.3. Suppose that (H1), (H2) and one of the following two conditions
hold:

(H3) There exist &1,&2,&3 € (0,00), with & < & and & < &3 such that
Si<l f2>L f <l
(H4) There exist 1,823,835 € (0,00), with & < & < &3 such that
fse, > L, [ <l fig, > L.

&3

Then, for all A > 0, problem (1.1) has at least two positive solutions x1,xs with
T € ng\Kﬁw T2 € K§3\952'

Proof. We only consider the condition (Hs). If (H4) holds, then the proof is sim-
ilar to that of the case when (H3) holds. Let T be cone preserving, completely
continuous operator that was defined by .

First, we show that i, (T, K¢,) = 1. In fact, by and f;* < I, we have for
x € 8K51,

Uﬂﬂﬂ=X4oﬂGw@ﬂ®ﬂ&ﬂ$Ms
2

-1 s)g(s)ds
/30 ; G(t,s)g(s)d (3.7)

27
<IGATH [ G(s,8)g(s)ds
0

<A G llqllglly < &5
ie., | Th| < ||z| for x € 0K¢,. By (1) of Lemma 2.2, we obtain that i (T, K¢, ) =
1.

Secondly, we show that ix(Tx, Q¢,) = 0. Let e(t) = 1 for t € [0,27]. Then

e € K. We claim that

x # Tha + Ce, for x € 08, and ¢ > 0. (3.8)
In fact, if not, there exist ¢ € 9€Q¢, and (p > 0 such that zo = Thxg + (pe. Then,
by (3.2) (3.6]), (d) of Lemma 3.2 and fﬁgz > L, for t € [0,27], we have
o(t) = (Tawo)(t) + Coe

2

=" ; G(t;5)g(s)f (s 20(s))ds + Co
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2

> AL G(t,s)g(s)ds + (o
0

> 2tA "t rmLés + G
=082 + (o,

which implies that minge(g 2. 0(t) > 082 +Co > 0. Since mingep 24 To(t) = o0&,
by (c¢) of Lemma 3.2, this is a contradiction. Hence, by (2) of Lemma 2.2, it follows
that i, (T, Qe,) = 0.

Finally, similar to the proof of iy (Th, K¢, ) = 1, we can prove that i (T, K¢,) = 1.
Since &1 < o€, we have K¢, C Kye, C Q¢,. Therefore, (3) of Lemma 2.2 implies
that problem has at least two positive solutions x1, 2 with z; € €, \[_(517 To €
K53 \ sz' U

Remark 3.4. From the proof of Theorem 3.1, we can obtain that (1.1]) has a third
non-negative solution xz with x5 € Ky, .

The proofs of the remaining results in this section are similar to the proof of
Theorem 3.1. We will present only their sketches. The following result deals with
the case p = 0.

Corollary 3.5. Suppose that (H1)—-(H3) hold, or (H1), (H2), (H4) hold. Then, for
all A > 0, problem (L.1) has at least two positive solutions x1, xo with x1 € Q¢ \Ke,,
w2 € Key\Qe, -

Proof. Let ||Gll1]|9]le replace ||Gllpllglly and repeat the argument above. O
Now we consider the case of p = 1.

Corollary 3.6. Suppose that (H1)-(H3) hold, or (H1), (H2), (H4) hold. Then, for
all A > 0, problem (1.1) has at least two positive solutions x1, zo with z1 € Q¢,\K¢,,
To € K53 \Q&.

Proof. For x € 0K¢,, from (3.2)) and (3.4) it follows that
2m

(Taz)(t) = A~ | G(t,5)g(s)f(x(s))ds

<Al G(t,s)g(s)ds
0

2T
<A lg, / G(s, 8)g(s)ds
0

<AUEGO0)|glh < &

Consequently, for x € 0K,, we have | Thz| < |lz|. By (1) of Lemma 2.2, this
implies that i(Th, K¢, ) = 1.

Similarly, if © € 0K¢, we can obtain (T, K¢,) = 1. And it also follows from
that i, (T, Q¢,) = 0. This completes the proof. O

As a special case of Theorem 3.1, we obtain the following result.

Corollary 3.7. Assume (H1), (H2) and that there exist &', € € (0,00) with ' < 0§
such that one of the following two conditions hold:

(H5) f§' <1, fS% >L,0< f><L.
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(H6) fS¢ > L, f§ <1, L < foo < 0.
Then, for all A > 0, problem (L.1) has at least two positive solutions in K.
Proof. We show that (H5) implies (H3). Let oo € (f°°,1). Then there exists r > «
such that f(z) < ax for x € [r,00) since 0 < f*° < I. Let
B =max{f(z): 0<z<r}, &> max{lfa,g}.
Then we have f(z) < ar+ 3" < as + * < & for all 2 € [0,&3]. This implies that
53 < [. Similarly (H6) implies (H4), and the Corollary is proved. a

By an argument similar to that of Theorem 3.1 we obtain the following results.

Theorem 3.8. Suppose (H1), (H2) and one of the following two conditions hold:
(H7) There exist 1,62 € (0,00) with & < & such that f§* <1 and fﬁ; > L.
(H8) There exist &1,& € (0,00) with & < & such that fle > 1 and f3> < L.

Then, for all A > 0, problem has at least one positive solution in K.

As a special case of the above theorem, we obtain the following result.

Corollary 3.9. Suppose (H1), (H2) and one of the following conditions hold:
(H9) 0< f9 <l and L < fo < 00.

(H10) 0 < f® <l and L < fy < co.

Then, for all A > 0, problem has at least one positive solution in K.

Theorem 3.1 can be generalized to obtain many solutions.

Theorem 3.10. Suppose that (H1), (H2) hold. Then the following assertions hold.
(1) If there exists {€;}7™0 C (0,00) with & < o€y < & < &3 < 0&4 < -+ <
0&am, such that
fg%n—l <1, ffzm > L.

o&am
Then, for all A > 0, problem (L.1)) has at least 2mg solutions in K.
(2) If there exists {§i}?;”1° C (0,00) with & < & and & < 0&3 < &3 < &4 <
085 < -+ < 0&amg+2 Such that

[t > L fem <l

o€am—1

Then, for all A > 0, problem (L.1) has at least 2mqy — 1 solutions in K.

It is easy to see that our conditions include the sublinear and superlinear cases,
so the results of this paper generalize and improve those in [5] to some degree.

4. DEPENDENCE OF POSITIVE SOLUTION ON THE PARAMETER

In this section, we consider the dependence of the positive solution z(t) on the
parameter A. In the following theorems we only consider the case of p = 1.

Theorem 4.1. Assume that (H1), (H2) hold. Then the following two conditions
hold.
(H11) If f© = 0 and fo = 00, then for every A > 0 problem has a positive
solution x(t) satisfying limy_  ||zx]] = oo;
(H12) If fo = 0o and f*>° =0, then for every A > 0 problem has a positive
solution x(t) satisfying limy_, ||zA|| = 0.
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Proof. We need to prove this theorem only under condition (H11) since the proof
is similar when (H12) holds. Considering f° = 0, there exists 7; > 0 such that

ft,x) <eyx, Vte[0,2n], 0 <z <rq,

where £; > 0 and satisfies 277/\_181G(O)||g||1 < 1. Thus, for x € K N9JQ,,, we have

27
(Taz)(t) = A~ / G(t, 5)9(5) (5. 2(s))ds

2T

<A lellall [ Gt s)g(s)ds
0

< 2mA e ||2(|G(0) gl < |z,
and therefore,
IThz| < ||l=||, Vtel0,2n], z € KNIQ,,. (4.1)
Next, turning to fo, = 0o, there exists 7 satisfying 0 < r; < 7 such that
f(t,x) > eqx, Vte|0,2m], x > T,
where €5 > 0 and satisfies 2n A~ tegmor > 1.
Let ro = 7/o. Then, for x € K N 0Q,,, we have z(t) > olz| = oFf/o = 7,
t € [0,2x]. So, for x € K N 99, it follows from (3.7) that

2m

(Taz)(t) = A" | G(t,5)g(s)f(s,z(s))ds

> A\ tegmo||z|| G(t,s)ds
0
> 2\ Legmor|x|| > ||z,
and hence,
| Taz|| > ||z]|, VYtel0,2n], x € KNOQ,,. (4.2)
Applying (i) of Lemma 2.3 to (4.1)) and (4.2)) yields that the operator T) has a fixed
point z) € K N (Q,\Q,). Thus it follows that for every A > 0 problem (p) has a
positive solution xy(t).
It remains to prove |z || = +00 as A — +oo. In fact, if not, there exist a number
m > 0 and a sequence \,, — 400 such that
lza, |l <m (n=1,2,3,...).

Furthermore, the sequence x,, contains a subsequence that converges to a number
n(0 < n <m). For simplicity, suppose that {||xx, ||} itself converges to 7.
If n > 0, then ||z, || > n/2 for sufficiently large n (n > N), and therefore

_ILJo" Gt 5)g(5)f (5 2, (5))ds|
e, |

L GO 5”g<”s>f<s,m<s>>ds
Ty,

_ GOMlg]s

T
< 26(OMllg]l
n

An

(’I’L > N)7



EJDE-2012/133 POSITIVE SOLUTIONS 9

where, Ml = max;¢[o,2x, ||z|<m f(f, ), which contradicts A, — +4-oc.
If n =0, then ||z, || — O for sufficiently large n (n > N), and therefore it follows
from (H11) that for any € > 0 there exists r3 > 0 such that

fltian) < cor,. V€028, 0 < an, < s
and hence we obtain
ILJo™ G(t, 5)g(s)f (5,2, ())ds]|
[E3W

G(0) Jy" 9(s)f (5,2, (5))ds

[z, |
G(0)e |z, | fo%g(s))ds

llzx, |l
GOz, gl
llzx, |l

G(0)ellgllr.

Since ¢ is arbitrary, we have A\, — 0 (n — +00) in contradiction with A, — +o0.
Therefore, ||z)]| — +00 as A — 400 and our proof is complete. O

An =

IN

From the proof of Theorem 4.1, it is not difficult to see that the conditions are
different from those used in [6, Theorem 2.3.7], which implies that the results of
this paper are new and they improve [0, Theorem 2.3.7], to some degree.
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