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POSITIVE SOLUTIONS FOR A SYSTEM OF SECOND-ORDER
BOUNDARY-VALUE PROBLEMS INVOLVING FIRST-ORDER
DERIVATIVES

KUN WANG, ZHILIN YANG

ABSTRACT. In this article we study the existence and multiplicity of positive
solutions for the system of second-order boundary value problems involving
first order derivatives
7”” = f(t7 U, u/7 v, vl)v
- = g(t7 u, ulv v, ’U,)7
u(0) =u/(1) =0, v(0)=1'(1)=0.
Here f,g € C([0,1] x R% R4 ) (R4 := [0, 00)). We use fixed point index theory

to establish our main results based on a priori estimates achieved by utilizing
Jensen’s integral inequality for concave functions and Ri_—monotone matrices.

1. INTRODUCTION

In this article we study the existence and multiplicity of positive solutions for the
system of second-order boundary value problems involving first order derivatives

—U” = f(ta uyul7v7vl)7
" = g(t,u, v, v,v"), (1.1)
u(0) =u'(1) =0, v(0)=2'(1) =0,

where f € C([0,1] x RL,R;) and g € C([0,1] x R%,R). By a positive solution of
(L), we mean a pair of functions (u,v) € C?[0,1] x C?[0,1] that solve and
satisfy w(t) > 0, v(t) > 0 for all ¢ € [0, 1], with at least one of them positive on
(0, 1].

Boundary-value problems for systems of nonlinear second-order ordinary differ-
ential equations arise from physics, biology, chemistry, and other applied sciences,
and, as a result, play an important role in both theory and application. Recently,
there are many articles in this direction. We refer the reader to [2, [l 5l 6] [7, [8, 9]
10l 11, 12, 14, [15] 16} 20] and the references cited therein. It should remarked that
in the works cited above, only a few of them involve first-order derivatives in their
nonlinearities.
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In [13], the authors study the existence and multiplicity of positive solutions for
the system

(1))

= f(t,w,w, —w", . (=)™ BT o (=) ),
(—1yraCn)

= g(t,w,w', —w" ... (=1 @D o (=) Gy

w®(0) = w® V(1) =0 (i=0,1,...,m—1),
22D0) =1y =0 (j=0,1,...,n—1).

The hypotheses imposed on the nonlinearities f and g are formulated in terms
of two linear functions hy(z) and ha(y). The main results in [I3] are established
by using fixed point index theory based on a priori estimates of positive solutions
achieved by utilizing new integral inequalities and nonnegative matrices.

In [I7], motivated by [18], Yang and Kong studied the system of second-order
boundary value problems involving first-order derivatives

— ! = fi(t,ur,ul, . up,ul),ui(0) =ui(1) =0,i=1,...,n. (1.2)

To obtain the a priori estimates of positive solutions, the authors develop some
integral identities and inequalities so that the main conditions imposed on f/s in [I7]
can be formulated in terms of simple linear functions of the form g;(x1,...,29,) :=
S ai(wai—1 + 2w9;). More precisely, for example, (H2) in [17] states that there
exist a nonnegative matrix A = (a;j)nxn and a constant ¢ > 0 such that the matrix
A — I is an R -monotone matrix and

n
fi(t,x) > Z aij(xgj_l + 2$2j) —c
J=1

for all (t,z) € [0,1] x R3", i=1,...,n.

Motivated by [I3| 17, [I8], in this paper, we study the existence and multiplic-
ity of positive solutions for . We use fixed point index theory to establish
our main results based on a priori estimates of positive solutions for some associ-
ated problems, generalizing the corresponding ones for the single boundary value
problem

—u" = f(t,u,v'), u(0)=u'(1)=0

in [I§]. Our generalizations are not routine, as our conditions imposed on the
nonlinearities f and g, unlike these in [18], involve both linear functions on Ri and
concave functions on R ; these functions describe how the nonlinearities f, g grow
and enable us to treat the three cases of them: one with both superlinear, one with
both sublinear and the last with one superlinear and the other sublinear. Also, it is
of interest to note that, for nonnegative constants p, ¢, £, 7 and nonnegative concave
functions ¢, 1, we have to prove the ratio

I (ult) + 2qu/ (£))p(t)dt
I (€ult) + 2nu/ (1)) (t)dt

is bounded away from both 0 and oo (see Lemma [2.2| below for more details). This
is a great difference between this article and [I3] [17].
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We use fixed point index theory to establish our main results based on a priori
estimates of positive solutions achieved by utilizing Jensen’s integral equality for
concave functions and Ri—monotone matrices. More precisely, Jensen’s inequality is
mainly applied to derive the boundedness of weighted integrals of positive solutions
for some problems associated to (|1.1]), whereas Ri—monotone matrices are employed
to solve systems of inequalities resulting from some weighted integrals and thereby
achieve the boundedness of associated weighted integrals.

This article is organized as follows. Section 2 contains some preliminary results,
including two new integral inequalities and a new integral identity. Our main
results, namely Theorems are stated and proved in Section 3. Finally,
in Section 4, we presented four examples of nonlinearities to illustrate our main
results.

2. PRELIMINARIES
Let E := C*([0,1],R) an
Pi={u€ E:u(t) > 0,u(t) > 0,Vt € [0, 1]}, Jul| := max{]lullo, [|u[lo},

where |lul|o := max{|u(t)|: t € [0, 1]}. Clearly, (E,| - ||) is a real Banach space and
P is a cone in E. For (u,v) € E?, let

[[(w, v)[| == max{]|ul], lv]}.
Then E? is also a real Banach space under the above norm and P? is a cone in E2.
Let k(t, s) := min{¢t, s} and

(Tu)(t) ::/0 k(t, s)u(s)ds.

Then T : E — FE is a completely continuous, positive, linear operator, with the
spectral radius 7(7) = 2 and

1
(TSD)(S):/O k(t, s)p(t)dt = r(T)p(s) (2.1)

where ¢(t) := sin 5t.
In our setting, problem (L.1)) is equivalent to the system of nonlinear integral
equations

1
u(t) = / K(t,8) (s, u(s), w(5), v(s), o (s) )ds,
0 (2.2)

1
0= [ kit gs,u(s). 0/ (s).os). v/ (5)) s
Define the operators A;(i =1,2) : P2 — P and A: P> — P? by

/ k(t,s)f(s,u(s),u' (s),v(s),v'(s))ds,

Ag(u,v)(t) == /0 k(t,s)g(s,u(s),u'(s),v(s),v'(s))ds,
Au,v)(t) := (A1(u,v), A2(u,v)).

Now f € C([0,1] x R%,R;) and g € C([0,1] x Ry, Ry) imply that A; and A are
completely continuous operators. Clearly, the existence of positive solutions for
(1.1)) is equivalent to that of positive fixed points of A : P2 — P2
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To establish the priori estimates of positive solutions for some problems associ-
ated with (L)), we need two transcendental equations(see [I8]).

For any £ > n > 0, let u(&,n) € (1/£,1/n) denote the minimal positive solution
of the transcendental equation

npsin /e — 2 — /& — nPp® cos /Epu — P = 0. (2.3)

Also, for any n > & > 0, let v(&,n) € (1/n,1/€) denote the unique solution of the
transcendental equation

nusinh \/n2v2 — £ — /022 — v cosh /202 — Ev = 0. (2.4)

n (1/n,00). Let

Zsin I, £E>0,n=0,
tet, E=n>0,
5”(5777) t
pen(t) = 4 VR 02Em = plault,n)t) (2.5)
’ x sin(y/Epu(€,n) — n?u2(Emt), & >n >0,
EV(gxn) t
\/772V2(£,n)—51/(£m) xp(nv (&, m)t)
x sinh(y/n?v2(€,n) — Ev(€,n)t), 1> &> 0,
45 E>0,n=0
L =n>0
A& m) =4 ¢ <=1 (2.6)
w&m), £€>n>0,
v(&mn), n>&£>0.
for all £ > 0,7 > 0. Direct calculation shows
1
/ en(t)dt = 1. (2.7)
0

Lemma 2.1. Suppose v € C([0,1],Ry) is not identically vanishing on [0,1], and
v € C([0,1],Ry) is a concave function. Let o(v)) = fol ty(t)dt > 0. Then we have

/ B(tyo(t)dt > v(1)e(). (2.8)

Proof. By the concavity of v and the nonnegativity of 1, we have

1 1 1
/ W(E)o(t)dt = / DOt 1+ (1= 1) - 0)dt > v(l)/ 1)t = v(1)o().
0 0 0
This completes the proof. ([l
Denote
Py :={u € P : uis concave on [0,1],u(0) = «'(1) = 0}.
Lemma 2.2. Let & > 0,1; > 0,0, 5, (1 = 1,2,3) be defined by (2.5)). Define
u(t) + 2mu (1)) pe, s (t)dt
B(&1,m1,82,m2,83,m3) :=  sup fo - S2.12 .
u€Po\{0} fo u(t) 4 2n3u/ (t))peq s (T)dt
Then 0 < B(&1,m1,82,m2,&3,m3) < 00.
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Proof. If u € Py, then by Lemma [2.1] we have

1
/0 (E3u(t) + 21300 (£)) ey (1)

1 1
> / Exu(t)pe, s ()t = & / () ey ny (D)t

> u(1)€39(90§3,773) = 53”“H09(‘p§3ﬂ73)

and

/0 (Exult) + 2mu (1)) pes (1)t
1

1
—¢ / () e s (1)t + 211 / W (1) Py o (D)t
0 0
X (2.10)

1
< & lpesmllo / w(t)dt + 2 0es o / o (1) dt
0 0

< &illpe s llollello + 2mll@es,m [low(1)
= (& +2m) e mllollullo-
Combining (2.9) and ([2.10]), we obtain

2
5(51377175237727537773) S (fl + 771)”@527772”0 <

€3Q(90€3;773)
This completes the proof. O

Q.

Lemma 2.3. Ifu e C?[0,1], u(0) =u/(1) =0, £ >0, n >0, then

1 1
/0 " (t)pe (8)dE = A(E) / (€ult) + 200/ (D)pen(B)dt,  (2.11)

where @¢ , and N(&,n) are defined by (2.5) and (2.6]) respectively.

Proof. We just prove (2.11) in the case £ > 1 > 0; the remaining cases can be
proved in the same way. Let

a=nu&mn), b=\Eul&n) —n22En).
Then ¢¢ ,,(t) = %e“t sin bt, and

a® +b? = €u(€,m),asinb — beosb = 0. (2.12)
Integrate by parts over [0, 1] and use (2.12]) to obtain
1
/ —u" () e, (t)dt
0

1
= %/ —u" (t)e™ sin btdt
0

_to

nb Jo
1 50, 1

= u(f,n)/ 2nu’ () e (t)dt + %/ o (t)e™ (b cos bt — asin bt)dt
0 0

o (t)e™ (asin bt + bcos bt)dt (2.13)

— p(€m) / (ult) + 2 (£)) pe o (t)dt.
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This completes the proof. ([l

Lemma 2.4 ([3]). Let E be a real Banach space and P a cone on E. Suppose that
Q) C E is a bounded open set and that T : QP — P is a completely continuous
operator. If there exists wy € P\{0} such that

w—Tw # Awy, VA > 0,w € 00N P,
then i(T, Q2 P, P) = 0, where ¢ indicates the fized point index on P.

Lemma 2.5 ([3]). Let E be a real Banach space and P a cone on E. Suppose that
Q C E is a bounded open set with 0 € Q and that T : QNP — P is a completely
continuous operator. If
w—ANTw #0,YA€[0,1], wedNNP,

then i(T,QN P,P) = 1.
Lemma 2.6 ([19) Lemma 2.4]). Ifp is concave on [d, 00), with lim,_. p(y)/y > 0,
then p is increasing on [d,o0) and

p(y + 2z —d) < p(y) + p(z) — p(d) (2.14)
for all y, z € [d, 00).

3. EXISTENCE OF POSITIVE SOLUTIONS FOR (1.1))

Definition A real matrix B is said to be nonnegative if all elements of B are
nonnegative.
Definition (see [I, p.112]) A real square matrix M = (m;;)ax2 is called R2-
monotone, if for any column vector z € R?, Mz € R = z € R?.

For simplicity, we denote by z := (21,22, 23,24) € R} and I, := [0, p] for p > 0.
Now we list our hypotheses on f and g.

(H1) f,g € C([0,1] x R, Ry).

(H2) There exist p € C(R4,R4) and ¢ € C(R4,Ry) such that: (1) p is concave;

(2) There are two constants ¢ > 0 and pq > 1 such that

f(t,IC) Z p(l’g) - Cag(tv x) 2 Q(xl) -G V(t,x) € [07 1] X Ria

and

4
pla(t) = et —c, VEERy.
(H3) For every N > 0, there exist two functions ®n, ¥y € C'(R4,Ry) such that

f(tvx) < @N($2+I4), g(t,l‘) < \I’N(I2+x4)

forall z € Iy x Ry x Iy x Ry, t €[0,1], and

/°° Tdr o
0 (I)N(T)+\I’N(T)+(5—

for all 6 > 0.
(H4) There are constants a; > 0, b; >0, ¢; > 0,d; >0 (i =1,2) and r > 0 such
that
gl
(f(t,$)> < (a1 2b1 C1 2d1> )
g(t, (E) — \a2 262 Co 2d2 T3
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for all (¢t,z) € [0,1] x I* and the matrix

By = A(a/labl)_la —ﬁ(01,d1,&1,b1702,d2)
P\ -Blaz, ba, e2,do, ar, b)), Aeg,dz) — 1

is an Rf_—monotone matrix, where the entries ((c1,d1,a1,b1,c2,ds) and
B(az, ba, ca,da, a1, br) are defined as in Lemma

(H5) There exist p € C(R4,R4) and ¢ € C(R4,Ry) such that: (1) p is concave,
p(0) = ¢(0) = 0; (2) There are two constants ro > 0 and ps > 1 such that

f(t,x) > plas), g(t, x) > qla1),V(t,2) € [0,1] x I,

4
T gQ t,Vt S [0,7"2]

plq(t)) =

(H6) There are nonnegative constants a; > 0, b; > 0, ¢; > 0, d; > 0 (i = 3,4)
and ¢ > 0 such that

Z1
f(t, LU) < as 2[)5 C3 2d3 X9 + C
g(t,z)) — \as 2bs c4 2dy4 T3 c
T4
for all (¢t,z) € [0,1] x R% and the matrix
B2 - < A(a?nb?)) - 17 —ﬁ(03,d3,a3,b37047d4)>
’ _B(a47b47c47d4;a37b3)7 )\(C4,d4) -1

is an RZ-monotone matrix, where the entries ((cs,ds, as,bs,cs,ds) and
B(aq, by, cq,dy,as,bs) are defined as in Lemma

(H7) f(t,z) and g(t,z) are increasing in z € R%, and there is a constant w > 0
such that

1 1
/ f(s,w,w,w,w)ds < w, / g9(s,w,w,w,w)ds < w.
0 0

Remark 3.1 ([T} p.113]). A real square matrix M is R2-monotone if and only if
M is nonsingular and M ~! is nonnegative.

Remark 3.2. Let [;;(¢,j = 1, 2) be four nonnegative constants. Then it is easy to

i —1 =l

see that the matrix D := is an R? -monotone matrix if and only

—lor lp—1
if ly1 > 1, log > 1,detD = (lll — 1)(122 — 1) — l12lo1 > 0.
Remark 3.3. f(t,x) is said to be increasing in x if

ft.z) < f(t,y)

holds for every pair x,y € Ri with z < y for all ¢ € [0, 1], where the partial ordering
<in Ri is understood componentwise.

We adopt the convention in the sequel that ¢y, ¢, ... stand for different positive
constants and Q, := {v € E : ||v|]| < p} for p > 0.

Theorem 3.4. If (H1)—-(H4) hold, then (L.1) has at least one positive solution.
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Proof. By (H2), we obtain

Ar(u,0)(t) > /0 k(t, $)p(v(s))ds — G, As(u,v)(t) > /O k(t, )g(u(s))ds — &
(3.1)
for all (u,v) € P2, t € [0,1]. We claim that the set

My = {(u,v) € P%: (u,v) = A(u,v) + X(o,0),\ > 0}

is bounded, where o(t) := te™*. Indeed, if (ug,vo) € Mj, then there exist a constant
Ao > 0 such that (ug,vg) = A(ug,v0) + Ao(c, ), which can be written in the form

uo(t)z/o k(t,s)f(s,uo(s), up(s),vo(s),v5(s))ds + Xoo(t),

1
vo(t) = /0 k(t, 8)g(s,uo(s),uy(s),vo(s),vi(s))ds + Ao (t).
By (H2) and (3.1)), we have
wo(t) > /0 k(t, )p(vo(s))ds — &1, v0(t) > /0 k(t )g(uo(s)ds — & (3.2)

for all ¢ € [0,1]. The nonnegativity and concavity of p imply lim, .., p(y)/y > 0.
We also note max; s)e(0,1)x[0,1) k(t, s) = 1. Now Lemma and Jensen’s inequality
imply

1
p(vo(t)) = p(vo(t) + 1) — p(e1) = /0 k(t, s)p(q(uo(s)))ds — p(cr). (3.3)
This, together with and (H2), implies

w(®) = | k)| / ks, Pplaluolr)))dr — p(@)]ds —

“Jo 0
1 .1
> /0 /0 k(t, s)k(s,7)p(q(uo(1)))dsdr — ¢ ",

11 4
2> / / k(t,s)k(s,T) [ﬂ- e uo(T) — c] dsdr — ¢y
o Jo 16

oy U
> / / k(t, s)k(s, T)ug(T) dsdr — ¢s.

Multiply both sides of the last inequality by ¢(t) := sin(wt/2) and integrate over
[0,1] and use (2.1]) twice to obtain

1 w1 2%,
/ o(t)uo(t)dt > / / / o(t)k(t, s)k(s, T)ug(r)dt dsdr — —
0 16 Jo Jo Jo m

1 ~

(3.5)
263
[ eyl - =2,
0 ™
so that
/ ' o(tuo(tydt < — 25 (3.6)
A = . .
0 m(ur —1)
By Lemma we have
2¢: C3m
[[uollo = uo(1) < - = (3.7)

mo(e)(p — 1)  2(u1 — 1)
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Multiply the first inequality of (3.2]) by ¢(t), integrate over [0,1] and use (2.1)) to

obtain
2
/ o(t)p(t)dt > — / (vo(t t)dt — fcl

This, along with (| -, implies

! w2 /26, ! o Cam
/0 p(vo(t))p(t)dt < Z<7 +/O uo(t)q)(t)dt> <+ m (3.8)
By Lemma we have
leollo = wo(1) < @ / vo(t)p(t)dt
_wolo 1t wol®)
= st b PO TPl (39)
llvollo ! ;
< sty PO
so that s
1 ! /6\171' 63774
iwlo) < —— [ ooyt < -+ 22—

(H2) implies that p is strictly increasing and lim, ... p(z) = oo (see Lemma [2.6)).
Consequently, there exists ¢4 > 0 such that
lvollo < €.
Let N := max{2 1)704}. Then
llullo < N, Jvllo <N, V(u,v)€ M. (3.10)

This establishes the a priori bound of M; for ||(u,v)]|o. Now it remains to derive
the a priori bound of M; for ||(v',v")]|o. To this end, we let

A = {; > 0 : there exists (u,v) € P? such that (u,v) = A(u,v) + u(o,0)}.

Now (3.10) imply that pg := supA < oo. By (H3), there are two functions
SN, ¥y € C(Ry, Ry ) such that

Ftut), o' (t),v(t),0'(t)) < Sn(u'(t) + (1)),
gt u(t),u'(t), v(t),v' () < Un(u'(t) +0'(¢))

for all (u,v) € My, t € [0,1]. Hence, for all (u,v) € M; and for some pu > 0, we
have

—u"(t) = f(t,u(t), ' (1), v(t),v' () + p(2 — t)e™"
’ () + n2 -t

—"(t) = g(t,u t),u (t),v(t),v'(t)) + u(2 —t)e"
V() + (2 —t)e !

) + 240,

so that

—("(t) + 0" () (W' (1) + (1) < (' () + 0" () (P (W (t) +0'(2))
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+ U (U (t) +0'(t) + 4po).
This implies
! (0)+0'(0) rdr oo
/O T T S /O (W () + o/ (#)dt = u(1) + v(1) < 2N
for all (u,v) € M. By (H3) again, there exists a constant N; > 0 such that
|u" +0'[Jo =« (0) +0'(0) < Ny,  V(u,v) € M.

This establishes the a priori bound of M; for ||(u’,v")||o and, in turn, implies that
M is bounded(notice that we have achieved the a priori bound of M for ||(u, v)||o
in (3.10)). Taking R > max{sup{||(u,v)| : (u,v) € M;},7}, we have

(u,v) # A(u,v) + Mo, o), Y(u,v) € IQr N P* X > 0.

Now Lemma [2.4] yields

i(A,Qr N P? P?) =0. (3.11)
Let
My = {(u,v) € Q. N P?: (u,v) = AA(u,v), X € [0,1]}.
Now we want to prove that My = {0}. Indeed, if (u,v) € My, then (u,v) € P}
and (u,v) = MA(u,v) for some X € [0, 1], written componentwise as

u(t) = )\/O k(t,s)f(s,u(s),u'(s),v(s),v'(s))ds,
1
ol6) = X [ ke, u(s). 0 5).o(5). ' (5) s

which are equivalent to
(8 = AP ult), o (8), 0(8), ! (6), —0"(6) = Ag{t, u(t), o (6), 0(1), ' (1))
By (H4), we have
—u"(t) < aju(t) + 2010’ (t) + crv(t) + 2d10'(t),
—v"(t) < agu(t) + 2bou/ (t) + cov(t) + 2dav’ ().

Multiply the last two inequalities by @q, p, () and ¢, q,(t) respectively and inte-
grate over [0,1] and use Lemmas [2.2] and [2.3] to obtain

ax, b) / (arut) + 2510 (£))pay o, (£)dlt

1 0 1
< / (avult) + 2001 (£)) pas ()t + / (er0(t) + 210" (6)) o 1 (1)t
< / (ayut) + 251 (£))puy 1, (1)t

0

1
+ 5(01,d1,a1,b1,02,d2)/ (c2u(t) + 2d20" (1)) ey a5 (t)dt,
0

Mes, da) /O (ca0(t) + 2da’ () poy 0, (1)t

< / (agu(t) + 2bau’ (1)) Pey ., (t)dt + / (cav(t) + 2dav' () Pey.a, () dE
0 0
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1
< B(az, ba, c2,ds2, a1, bl)/ (aru(t) + 2010’ (t))pa, b, (t)dt
0

1
+ / (c2v(t) + 2d2v' (1)) ey .a, (1) dt,
0

which can be written in the form

A(041761)71 7&(C1,d1,a1,b1,02,d2)
ﬂ(a27b2702,d23a13b1) )\(CQadQ)*]-

fo (a1u(t) + 2010/ (t))pay b, (t)dt
fo cov(t) + 2dav’ () @ey a, (t)dE

(t
_ Jo (aru(t) + 2b1u’(t))pay b, (£)dt 0
s (fz (cav(t) + 2d2v"(t)) s s (t)dt> = <0> '
(H4) again implies

Jo (aru(t) + 2010 (£))pay b, () dt —1(0) _ (0
(ﬁ cw(t)+2d2v’<t>>%2,d2<t>dt> =4 (0> (0>
Consequently,

1 1
/ (avut) + 2y (£)) Py, (E)elt = / (ex0(t) + 20 (1)) ey ay (1)t = 0
0 0

and v = v = 0, whence Mo = {0}, as required. As a result of this, we have
(u,v) # M(u,v), Y(u,v) € 0Q, NP2 X € [0,1].
Now Lemma [2.5] yields
i(A,Q, N P?* P?) =1.
This together with implies
i(A, (Qp\Q)NPELPH=0—-1=—1.
Therefore, A has at least one fixed point (u,v) on (Qz\Q,) N P? and thus has

at least one positive solution. This completes the proof. O
Theorem 3.5. If (H1), (H5), (H6) hold, then (L.1)) has at least one positive solu-
tion.

Proof. By (H5), for all (u,v) € Q,, N P?, we have

/kts s))ds, As(u,v)(t /k:ts ))ds.

Ms = {(u,v) € Q,, N P?: (u,v) = A(u,v) + Mo, 0), A > 0}.
Now we want to prove that Ms C {0}, where o(¢) := te™*. If (u,v) € M3, there
exists A > 0 such that (i,7) = A(@,7) + A(o, ), which implies

() > /0 Kt ) ())ds, T(8) > /0 ke, )3 (E(s))ds (3.12)

Note max; s)c[0,1)x[0,1] k(t,5) = 1. By (H5) and Jensen’s inequality, we have

Let

u(t) 2/0 k(t,s)p(v(s))ds
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-/ o / (s, M) dr)ds
-/ 1 / (1 k(s 7)) drds
> [ [ ke oottty asar

4
™ W2

16 /01 /01 k(t, s)k(s, 7)u(r) ds dr .

>

Multiply both sides of the above inequality by ¢(t) := sin ¢ and integrate over
[0,1] and use (2.1]) to obtain

/O a(t)p(t)dt > oo / at)p(t)dt,

so that fol u(t)p(t)dt = 0, and whence @(t) = 0. This, together with (3.12)), yields
p(v(t)) =0, and, in particular,

p(lIv]lo) = p(o(1)) = 0.

Note that (H5) implies that p is strictly increasing on [0, ¢] for sufficiently small
e > 0 (see Lemma [2.6) and thus o(1) = 0. Hence & = 0 = 0, and M3 C {0}, as
required. As a result of this, we have

(u,v) # A(u,v) + M, p), V(u,v) € 9Q,., N P2 X > 0.
Now Lemma 24 yields
i(A,Q,., N P? P?) =0. (3.13)
Let
My = {(u,v) € P*: (u,v) = M(u,v), X € [0,1]}.

We now assert that My is bounded. Indeed, if (u,v) € My, then (u,v) € P? and
(u,v) = AA(u,v) for some A € [0,1], which can be written componentwise as

1

u(t) = )\/ k(t,s)f(s,u(s),u'(s),v(s),v'(s))ds,
0

v(t) = A | k(t,s)g(s,u(s),u'(s),v(s),v'(s))ds.

Differentiate the last equations twice to obtain

—u” () = Af (8 u(t), u' (1), v(t),0' (1), —v"(t) = Ag(t, u(t), w' (1), v(t), v'(1)),
for ¢ € [0, 1]. By (HG6), we have

—u"(t)

! azu(t) + 2bsu’ () + c3v(t) + 2d3v'(t) + ¢, (3.14)

<
< aqu(t) + 2bsu’ (t) + cav(t) + 2dg0’ () + ¢ (3.15)
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Multiply the last two inequalities by @a, b, (¢) and ¢, 4, (t) respectively and inte-
grate over [0,1], and use Lemmas and to obtain

Mas, bs) /O (a5u(t) + 2650’ (1)) Py s (1)t
< /0 (azu(t) + 2b3u’(t))Pas bs (t)dt + /0 (c3v(t) + 2d30" (1)) Pag bs (t)dE + ¢
1
< / (asu(t) + 2651 (£))Pag 1, ()l

1
+ B(cs,ds, a3, bz, ca,ds) / (cav(t) + 2dsv' (1)) @ey,a, (t)dE + €,
0

and

)\(64, d4) -/0 (C4’U(t) + 2d4vl(t))goc47d4 (t)dt

< / (asut) + 2541 (£)) gon 0, (£)dt + / (cav(t) + 2450/ (8))gep.a, ()t + &
0 0

< Blas,basca,da, as bs) / (au(t) + 20 (£)) o (£)dE

1
+ / (cav(t) + 2dav’ () pey,aq (t)dE + €,
0

which can be written in the form

Alas, b3) — 1 —pB(es, d3, az, b3, ca, da)
ﬂ(a4,b4,C4,d4,a3,b3) )‘(647d4) -1

fo (azu(t) + 2031/ (t))Pas,bs (1) dl
fo cav(t) 4 2dgv’ () pey a, (t)dE

(t

Jo (asu(t) + 2b3u (t))Pagy b, () dt 3
= b (f(; (cav(t) +2d4v’(t))<pc47d4(t)dt> = < ) '

(H6) again implies

Ji (@sult) + 2651 () s s (D) _ s () - (2).
T (eav(t) + 2400 () pern, () =2 \6) T &
Let ¢5 := max{cy, ca} > 0. Then we have
1

1
/ (asu(t) + 2bstt (£))pay . ()t < T, / (cav(t) + 2450/ (£) ) es.a, ()t < &,
0 0
for all (u,v) € My. By Lemma [2.1] we obtain

% %
ullo =u(l) < ———=, |vlo =v(l) £ ———=,
lullo = (1) < oo ) ol = (1) < e
for all (u,v) € My. Let N = max{ ol %3 o) arel %4 o )} > 0. Then by - and

, we have

—u""(t) < (as + c3)N + 2bsu/ (t) + 2dsv' (t) + ¢,
—0"(t) < (ag + ca)N + 2bgu () + 2d40 () + ¢,
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for all (u,v) € My. Adding the above inequalities yields

—u”(t) — U//(t) < (0,3 + a4 +c3 + C4)j\7 + 2(b3 + b4)u'(t) + 2(d3 + d4)1/(t) 4 2¢.
Let B N B
Ny = (a3+a4+03+64)N+2E,L :2(b3+b4+d3+d4)+1
Noticing v/(1) = v'(1) = 0, we obtain

W () + 0 (1) < =2 (el7Tt 1),
L
so that
o+ v/l = (0) +/(0) < 2(eF 1)

This proves the boundedness of My, as asserted. Taking R > max{sup{]|(u,v)| :
(u,v) € My}, 72}, we have

(u,v) # A(u,v), VY(u,v) € Qg N (P x P), A€ |0,1].

Now Lemma [2.5] yields
i(A,Qr N P?* P?) =1. (3.16)

Combining ([3.13)) and ( - gives
i(A, (Qr\Q,) N P?, P?) = 1.

Hence A has at least one fixed point on (Qz\Q,,) N P2. Thus (1.1)) has at least one
positive solution. This completes the proof. O

Theorem 3.6. If (H1)-(H3), (H5), (H7) hold, then (1.1 has at least two positive

solutions.
Proof. By (H7), we have
flt,z) < fltw,w,w,w), g(t,z) < glt,w,w,w,w),
for all t € [0,1] and all = € I2. Consequently, we have for all (u,v) € 9Q,, N P2,

1
[ A1 (u,v)[lo = A (u,v)(1) = /0 sf(s,u(s),u'(s), v(s),v'(s))ds
S/ f(s,u(s),u'(s),v(s),v'(s))ds
/ f(s,w,w,w,w)ds

<w = |[(u,v)];

H@wmm=hmmm=45mw@w@m@w@m
! / /
SAMM@M@M@W@W

1
< / 9(s,w,w,w,w)ds
0

<w = |[(u,0)];



EJDE-2012/135 POSITIVE SOLUTIONS FOR A SYSTEM 15

||(A1(u7v))'|\0 = (Al(uav))l(o) = A f(s7u(s)7u’(s),v(s),v’(s))ds

1
< / f(s,w,w,w,w)ds
0
<w= ||(u,v)||,

and

1
1(A2(u,v))"llo = (A2(u, v))'(0) :/O g(s,u(s), u'(s),v(s),v'(s))ds

1
< / 9(s,w,w,w,w)ds
0
<w = |(u,v)].
The preceding inequalities imply
[A(u, )| = [[(A1(u, v), Az (u, v)) || < w = [|(u,v)[];
thus
(u,v) # M(u,v), Y(u,v) € 99, NP? 0 <A< 1.
Now Lemma yields
i(A,Q,NP? P?) =1. (3.17)
By (H2), (H3) and (H5), we find that (3.11)) and (3.13) hold. Note that we can

choose R > w > 19 in (3.11)) and (3.13)) (see the proofs of Theorems and [3.5)).
Combining (3.11)), (3.13) and (3.17)), we obtain

Z(A7 (QR\QUJ) N P27P2) =0-1=-1,
i(A, (Q\Q,) NP2 P)=1-0=1.

Therefore, A has at least two fixed points, with one on (25\Q,,) N P? and the other
on (2,\Q,) N P2. Hence (1.1)) has at least two positive solutions. O
4. EXAMPLES

In this section we present four examples to illustrate our main results.

Example 4.1. Let (a;;)2x4 be a positive matrix with 1 < a; <2(¢ = 1,2) and

4 4
flt,x) = (Zaljxj) 1, g(t,x) := (Zagjmj) 2, zeRy, telo,1]
j=1 j=1

Then (H1)-(H4) holds with both f and g superlinear. By Theorem [3.4] Equaton
has at least one positive solution. It suffices to verify (H2)-(H4).

(1) Let p(y) := y and ¢q(y) := a21y*2. Then p is concave and p(q(y))/y — oo(y —
00). It is easy to see that there exists ¢ > 0 such that

f(t,l‘) > p($3) - c,g(t,m) > Q(xl) —C

for all z € R4 and t € [0,1]. This implies that (H2) holds true.
(2) Assumption (H3) holds with

Dn(t) == ((ar2 + ara)t + 2N)™, Up(t) := ((az2 + aza)t +2N)™
for every N > 0.
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(3) Note that there is r > 0 such that

flt,x) < 1L/ 2 1 2\ |z
gt,z)) =3\1 2 1 2)|us
for all z € I}, t € [0,1]. Let a :=

Aa,a) =

1
3
1
- =3,0(a,a,a,a,a,a) = 1.
a

Obviously, the matrix

B — Aa,a) —1 —B(a,a,a,a,a,a)\ (2 -1
e _ﬂ(a’ a,a,a, Cl,a) )\(Cl7 a) -1 —\=1 2

is Ry -monotone. Therefore (H4) holds with a; = b; = ¢; = d; = a(i = 1,2) and By
as defined above.

Example 4.2. Let (b;;)2x4 be a positive matrix with 0 < o; < 1(4 = 3,4) and
ay

4 4
flit,x) = (Zbljxj) 3, g(t,x) := (szjxj) , xzeRi te]0,1].
Jj=1 j=1

Now (H1), (H5) and (H6) hold with both f and g sublinear. By Theorem [3.5 (L.1]
has at least one positive solution.

Example 4.3. Let (c;j)2x4 be a positive matrix and

4 = 4
Do jo1 C1yT D= 2]
— - 9tz)=——,
Now (H1)-(H4) hold with f sublinear and g superlinear at co. By Theorem 3.4
Equation (|1.1)) has at least one positive solution.

ft,z) = zeRy, telo1].

Example 4.4. Let (a;5)2x4, (bij)2x4 be two positive matrices, with 1 < 3; < 2,
0<~v <1(i=1,2) and

(So) "+ ()" <1

1 B2 4 V2
Za2j> + (Zb2j> < 1.
=1 j=1

Let

4 B1 4 1

f(t,l’) = (Za1j$j) + (Zbuéﬂj) y
j=1 Jj=1

g(t,l’) = (Zagjibj)BQ + (Zbgji?j)fw

for x € R, ¢t € [0,1]. Now (H1)-(H3), (H5) and (H7) hold with both f and
g superlinear at oo and sublinear at 0. By Theorem (1.1) has at least two
positive solutions.
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