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BOUNDARY BEHAVIOR OF LARGE SOLUTIONS FOR
SEMILINEAR ELLIPTIC EQUATIONS IN BORDERLINE CASES

ZHIJUN ZHANG

ABSTRACT. In this article, we analyze the boundary behavior of solutions to
the boundary blow-up elliptic problem
Au=b(z)f(u), u>0, z€Q, ulpg = oo,

where € is a bounded domain with smooth boundary in RN, f(u) grows slower

than any uP (p > 1) at infinity, and b € C*(2) which is non-negative in © and
positive near 9€), may be vanishing on the boundary.

1. INTRODUCTION

In this article, we consider the boundary behavior of solutions to the boundary
blow-up elliptic problem

Au=0b(z)f(u), u>0, z€Q, ulgg =00, (1.1)

where the last condition means that u(x) — oo as d(z) = dist(z,00Q) — 0, N is a
bounded domain with smooth boundary in RY, f satisfies

(F1) f € C[0,00) N C(0,00), £(0) =0 and f(s) is increasing on (0, 00);
(F2) the Keller-Osserman ([I1], [I5]) condition

<oo, Vr>0, F(s)= /05 f(r)dr;

< d
o) = / _ s
r /2F(s)
the function b satisfies
(B1) b€ C%(Q), is non-negative in € and positive near 9f).

The model problem arises from many branches of mathematics and has gen-
erated a good deal of research, see, for instance, [1]-[3], [5]-[9], [T1]-[13], [15]-[18]
and the references therein.

When b =1in Q and f satisfies (F1), it is well-known that has one solution
u € C%(Q) if and only if (F2) holds. Moreover, the blow-up rate of u(z) near 99
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can be described by (see, e.g., [3] and [8, Theorem 6.8])

egég)) —1 asd(x)—0. (1.2)
Moreover, if one assumes that
liminf O S 1 vae (0,1), (1.3)
r—oo (r)
then it holds (see [3])
u(x)
——— —1 asd(z)—0, (1.4)
Sd(@) )
where ¢ is the inverse of ©; i.e., ¢ satisfies
< d
/ ¢, V>0 (1.5)
o(t) /2F(s)

However, there are less results for the boundary behavior of the solution to problem
(1.1) under the condition that

. O(r)
Jm o(r) =1

VA€ (0,1). (1.6)

When f satisfies
(A) f islocally Lipschitz continuous and non-negative on [0,00), and f(s)/s is
increasing on (0, 00);
(B) f(s) = C%s(Ins)** + Cas(Ins)?*~1(1+0(1)) as s — oo with C; >0, a > 1

and Cy € R,
Cirstea and Du [5] first showed that problem (1.1)) has a unique solution v satisfying
, u(x)
1 = , 1.7
102 oxp ((Crla — DK (d()) @Dy — PE) ()
where ) o
2
=_— . 1.
%o 2 2aC? (18)

Then they extended the above result to weight b which can be vanishing on the
boundary.

It is worthwhile to point out that depends not only on C%?s(In s)2* but also
on the lower term Cys(In s)?*~1 in (B). This is completely different from the case
f(s) = sP[Cy + o(1)] as s — oo for some p > 1, since problem has a unique
positive solution u which satisfies

( 2(p+1) )1/(17—1)

im u(x x))?/ -1 =
lim_u(z)(d(x)) G 1P

d(x)—0

in such a situation and b= 1 in Q (see [3]).
On the other hand, when b = 1 in Q, f satisfies (F1), (F2) and the conditions
that

(F03) there exists a > 1 such that

2F(s)f"(s) -1
=1—(a+o0(1))(Ins as s — 00;
e (4 o(1))(Ins)
(F04) there exist 6y € (0,1) and Sy > 1 such that

0f(s) > f(0s), VO € (0p,1), Vs> Sop;
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(F05) there exist Cy > 0 and Sy > Sp such that

2| 11 0
SO Co(lns)™', Vs> Sy, Vo e (1/2,2),
f"(s)
Anedda and Porru [2] showed that for any ¢ > 0 there is C. > 0 such that the
solution of problem (1.1)) satisfying

1+ WK(:L’)d(;U) — €d($) _ O€d2(x)
¢(d(x))

where K (x) is the mean curvature of the surface {x € Q : d(x) = constant}.
We also note that an example which satisfies the above requirements is the
following

f(s)=0, s€[0,1], f(s)=s(ns)*™ s>1, a>1.

Inspired by the above works, in this article, we analyze the boundary behavior of
solutions to problem for more general f which satisfies the condition (L.6).
In particular, we consider functions f which satisfy (F1), (F2) and the following
conditions that

(F3) there exist two functions f; € C1[Sy, oo) for some large Sy > 0 and f, such

that
f(s) = fi(s) + fa(s), s > So;
(F4)
fi(s)s
=14g(s), s> 5, 1.9
oy =1l 52 5 (1.9
with g € C1[Sy, oo) satisfying
g(s) >0, s>Sp, lim g(s)=0, (1.10)
/ / %
im 22 _ o gim * () _ C,eRr, lim Yy, (1.11)
s—oo g(s) s—oo g2(s) s—oo  g(s)
(F5) either there exists a constant Ey # 0 such that
lim ) =F (1.12)
s—c0 g(s) f1(s)
or
. fa(s)
lim ———— =0 1.13
B GG —
and there exists a constant u < 1 such that
. fa(€s)
lim =&t VE>O. 1.14
s—oo fo(s) § 3 ( )

Our main result is stated using the assumption
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(B2) There exist k € A and a positive constant by such that
. b(x) 2
1 ————— =10,
a0 (k(d@)? ~

where A denotes the set of all positive non-decreasing functions in C(0, &)

(6o > 0) which satisfy

d (K(t)\ _ !
Jim (k(t)) =Dy €[0,00), K(t)= /0 k(s)ds, (1.15)
Theorem 1.1. Let f satisfy (F1)—(F5). If b satisfies (B1)-(B2), then for any

solution u of problem (L.1),

: u(z)
lim —————— = exp(&), 1.16
d(z)—0 Y(bo K (d(x))) () (1.16)
where
1 1
fo=75— B = (1-Di)(5+Cy),
. ] (1.17)
B — E; if (1.12) holds;
S0 if (TI3) and (L) hold,
and v is the unique solution of the problem
e ds
—— =t Wt>0. (1.18)
/w(w Vsfi(s)

Remark 1.2. (F3), (1.10)), and or (1.13)) imply
By o H0)

lim = =1.

, lim

s—oo f(s) s—oo f(s)

Remark 1.3. Some basic examples which satisfy all our requirements are the
following:

(1) fi(s) = C?s(Ins)?* in (F3), where o > 1,

g(s) = 2a(lns)™; slgglo 05) = 2aCh slinolo(ln s) (a—1) _ 0;
/
90 ¢, - *Qi; fm 2081 Re) g
«

W(t) = exp (Cy(a— 1)t) /Y.
In particular, when fo(s) = Cys*(Ins)? with 8 <2a—1, By =0 for p < 1
or u=1and 8 < 2a—1, andE;L:%foruzlandﬁ:2a—l.
1
(2) fi(s) = Cse™=)* in (F3), where ¢ € (0, 1),

S
e 1 _1(In §)?
g(s) = q(lns)~=9;  lim \/j lim w -0

S g(s)  qCremme (ns) 00
sg'(s) l—g¢

lim =———lim (Ins)™?=C, = 0;
S5—500 gz(s) q s—»oo( ) 9
im 28 _ 1y f2(s) = By

S0 g(s)fi(s) ~ qCF 2% s(lns)~ (09 exp((ln s)7)
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/ exp(—s?/2)ds = Cit.
In( (1))
(3) fi(s) = C?s(Ins)?(In(In s))?* in (F3), where a > 1,

g(s) =2(Ins) "' (1 + a(ln(Ins))~");

. Fi(s) 1 .. (In(Ins))~@
I - =0,
S T 20 A T a((ms)) T
. sg'(s) . 1+a(ln(lns))”" + a(ln(ln SN2 1
Jm sy T A 2(1+ a(ln(lns))~1)2 = Uy =3
lim _fa(s) ! lim f2(s) = Ey;

s—oo g(8)f1(s) B 202 2 sIn s(In(In s))22(1 + a(ln(ln s))~1)
¥(t) = exp (exp (Cy (o — 1)t)_1/(a_1)).

Remark 1.4. When [ further satisfies the condition f(s)/s being increasing on
(0,00), in a similar proof in [5], problem (|1.1)) has a unique solution.

Remark 1.5. For the existence of the minimal solution to problem ([1.1)), see [12].

Remark 1.6. For each k € A, D;, € [0,1] and

. K() . K@K (t) K(t)
t1—1>%1+ k(t) =0, tli%l+ CR2(t) =1 Pl %(W) =1-De. (1.19)

2. PRELIMINARIES

Our approach relies on Karamata regular variation theory established by Kara-
mata in 1930 which is a basic tool in stochastic process (see, for instance, Bingham,
Goldie and Teugels [4], Maric [14] and the references therein.), and has been applied
to study the asymptotic behavior of solutions to differential equations and problem
(1.1)) (see Maric [I4], Cirstea and Radulescu [6], Radulescu [16], Cirstea and Du
[5], the authors [I8] and the references therein.). In this section, we present some
bases of Karamata regular variation theory.

Definition 2.1. A positive measurable function f defined on [a,o0), for some
a > 0, is called regularly varying at infinity with index p, written f € RV, if for
each ¢ > 0 and some p € R,

(3
lim —>= = ¢£°. 2.1
In particular, when p = 0, f is called slowly varying at infinity. Clearly, if
f € RV,, then L(t) : = f(t)/t* is slowly varying at infinity.
Some basic examples of slowly varying functions at infinity are
(i) every measurable function on [a,o0) which has a positive limit at infinity;
(ii) (Int)? and (ln(ln t))q, q€R;
(iii) e™D* 0 < q< 1.
We also say that a positive measurable function g defined on (0, a) for some a > 0,
is regularly varying at zero with index p (and denoted by g € RV Z,) if t — g(1/t)
belongs to RV_,.



6 Z. ZHANG EJDE-2012/136

Proposition 2.2 (Uniform convergence theorem). If f € RV,, then holds
uniformly for & € [c1,co] with 0 < ¢; < ¢a. Moreover, if p < 0, then uniform
convergence holds on intervals of the form (a1,00) with a; > 0; if p > 0, then
uniform convergence holds on intervals (0,a1] provided f is bounded on (0, a;] for
all aq > 0.

Proposition 2.3 (Representation theorem). A function L is slowly varying at
infinity if and only if it may be written in the form

L(t) = o(t) exp ( / t @m), t>an, (2.2)

a1
for some a1 > a, where the functions ¢ and y are measurable and for t — oo,
y(t) — 0 and p(t) — co, with co > 0.

We say that

I:(t) = cpexp (/t @d’]’), t>a, (2.3)

ay
is normalized slowly varying at infinity and

f) =t°L(t), t>a, (2.4)

is normalized regularly varying at infinity with index p (and written f € NRV,).
A function f € RV, belongs to NRV, if and only if

tf'(t
f € C'lay,00), for some a; >0 and lim ')

t—oo f(t)
Then, we see that f; € NRVi, fa € RV, f € RVi and g is normalized slowly
varying at infinity in (F3)-(F5).
Similarly, ¢ is called normalized regularly varying at zero with index p, and
denoted by g € NRV Z,, if t — g(1/t) belongs to NRV_,,.

=p. (2.5)

Proposition 2.4. If functions L, Ly are slowly varying at infinity, then
(i) LP (for every p € R), Lo Ly (if L1(t) — o0 ast — o0) , are also slowly
varying at infinity.
(ii) For every p >0 and t — oo,
tPL(t) — oo, t PL(t) — 0.
(iii) For p € R and t — oo, In(L(t))/Int — 0 and In(t*L(t))/Int — p.
Our results in the section are summarized as follows.

Lemma 2.5 ([I8 Lemma 2.1]). Let k € A.
(i) When Dy € (0,1), k is normalized regularly varying at zero with index
(1 — Dk)/Dk,‘
(ii) when Dy =1, k is normalised slowly varying at zero;
(iii) when Dy, =0, k grows faster than any t* (p > 1) near zero.

Denote
< ds *©° ds
@(T)Z/T oo el(r):/r T T (2.6)
Then
/ _ 1 / r) = — 1 r
Q'(r) = N0k 1(r) NG > 0. (2.7)
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Lemma 2.6. Under the hypotheses in Theorem [1.1}

(i)
O ) .. ©O1(Ar) )
i o(r) = N, O1(r) =1 vAe(0.1)
(ii) (r/fa(r))'/?
r/fi(r 1 .
e 2
(i)
fi(€r) -1
im 10 e
T
uniformly for & € [c1, ca] with 0 < ¢ < ¢g;
(iv)
f2(ér)

2

lim ———=—— =
r—o0 &g(r) f1(r)
uniformly for £ € [c1, 2] with 0 < ¢ < ¢s.
Proof. (i) By f, fi € RV} and the 'Hospital’s rule, we have
F(ar) fOr) 32

lim = A lim =
r—o00 F('r) r—o0 f('r)

L O0w) OO L (P2
Jim Sy =l ey =Ml (S0 b
O:0v) o OO L (M) 2

Jm 8, (r) e (1) —A,Loo< f1(r) ) 1.

(ii) By (1.11)) and the 'Hospital’s rule, we obtain

( r )1/2
. fl(’l‘)

hm - < <
r=o0 O1(r)g(r)

(9() " (555) "

= 1l1m

T O1(r)

. ~(9(r) 29/ (") (55) " + 3 (9(r)~ (flzr))—l/Qfl(T}lz—(;})‘{(r)
o —(rfi(r) 12

— lim 1 T‘f{(?‘)—fl( ) (’I") 1

= r1—>oo (QQ(T) fl (T) “r 92(7') 5 _|_ Cg-

(iii) When £ = 1, the result is obvious. Let £ # 1. By f1 € RV, one can see

that c
fi(ér) / "g(7)
—1=-exp ——dr) — 1.
ffl (T) ( T T )
It follows by g € NRV;, and Proposition 2-3] that
im 20— pm Ay
r—00 v r—00 g(’r)

uniformly with respect to v € [¢1, ca]. So

ér 3
lim MdT = lim / Mdl/ =0,
1

r—oo [ T r—00 v
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3 €
lim / g(rv) dv = / v ldy =In¢.
r=oe Jy g(r)v 1

Since e®* — 1 2 s as s — 0, this leads to

fildr) o _
A 12 g(r)lng asr— oo

uniformly for £ € [c1, ¢2] with 0 < ¢1 < ¢2 by Proposition
(iv) Note that

. fa(&r) L falér) . fa(r)
M GG T () o g ()
When (1.13)) and - hold,
lim Fo(¢r)

r—oe £g(r) f1(r)

=0.

When holds. Let
fa(s) _ . . .
O E; = h(s) with SILIEO h(s) = 0.
It follows by g € NRVy and f; € NRV; that
fo(&r) o f1(€r) g(€r) Ex + h(&s)
A L AR PR

=¢;

thus ha(er)
. 2(ST _
A G AT
O
Lemma 2.7. Under the hypotheses of Theorem [I.], let ¢ be the solution to the
problem
o0 ds
— =1, Vt>D0.
/wu) Vsfi(s) b
Then
(i) =¢'(t) = Vo)1), ¢(t) > 0, t > 0, (0) := limy_o+ P(t) = oo,
VO HAGO) HOREE), >0
. —i(lo  vOAE@))  ACRE)Y L
fmy (o)™ G0+ Sy ) ehway) ~2
(iii)
: v i) 1 ,
M @) nwn) 2 "
(iv)

L BlE)
=0 &g(¥ (1)) f1(1(1))
uniformly for € € [c1, ca] with 0 < ¢1 < ca.

Proof. By the definition of 1 and a direct calculation, we can show (i). Statements
(ii)—(iv) follow by Lemma [2.6] letting u = 9(t). O
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3. PROOF OF THEOREM [[.1]
First, by the same proof of [7, Lemma 2.4], we have the following result.

Lemma 3.1 (Comparison principle [7, Lemma 2.1]). Let Q C RY be a bounded
domain, and (F1), (B1) be satisfied. Assume that uy,us € C%(Q) satisfy Auy >
b(x)f(u1) and Aug < b(x) f(uz) in Q. Ifliminf, ,a90(us —ui)(x) > 0, then ug > uy
in Q.
Let vg € C?T(Q) N C1(Q) be the unique solution of the problem
—Av=1, v>0, z€Q, v|spa=0. (3.1)
By the Hopf maximum principle [I0, Lemma 3.4], we see that
Vug(z) # 0, Vo € 90 and c1d(z) < vo(z) < cod(x), Yz € Q, (3.2)

where c1, ¢y are positive constants.
Denote ¢y = exp(&p), where & is given in (|1.17)),
@=qw+e a=c—¢ &€ (0,min{c, b3}/2).
It follows that
/2 <6 <6 <2, limg¢ = limg = .
e—0 e—0

Since In(1 4 s) = s as s — 0T, we can choose ¢ sufficiently small such that

In(s) — In(s2) =In (1 — coie) < —%a; (3.3)
In(s) — In(s) =In (1 + c ) > is. (3.4)

o—¢" 4%
Fix the above . For any § > 0, we define Q5 = {x € Q : 0 < d(x) < ¢}. Since
Q is C?-smooth, choose d; € (0,8y) such that (see, 14.6. Appendix: Boundary
Curvatures and the Distance Function in [10])

deC?(Qs,), |Vdz)| =1, Ad(z)=—(N-1)H(Z) +o(1), VreQs. (3.5)

Proof of Theorem[I.1. By Lemma 2.7, (L.19), (3:3), (3.5) and K € C[0,4y) with
K (0) =0, we see that there are 61, doc € (0, min{1, 61/2}) (which are correspond-

ing to ¢) sufficiently small such that
(i) (b — e)k>(d(z) = 0) < (b — e)k*(d
b(x) < (b5 +e)k?(d(x)) < (b§ + e)k*(
o € (0,61.);
(11) bQK(d(l‘)) < 525, T € 92515;
(iii) for all (x,t) € Qas,. x (0,202¢),

() < b(z), * € D; = Qas,. /Qos
d(z)+ o), z € DF = Qgs,. o, where

L SOARWD),  Alep®)y  hlew®)
@) G0+ = 0m ) " o)~ e iAGw)
 VIOLWW) K@)k ) -1

MO AGD)  Rd@) - A

(iv)

TORT®) K(d(z) 1
H ) () k) PO S s V@ t) € as x (0,202,
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Now we define

dy(z) =d(z) — o, da(z) =d(z)+ o; (3.6)
e = ib(y/b] — eK(di())), x € Dy (3.7)
u. = (/b3 + eK(da(2))), x € D}, (3.8)
Then, by (i)—(iv), (3.5) and a direct calculation, we see that for z € D_ and
b2 — eK(dy()),
Aus( ) = b(x) f(ue(x))

= (b5 — )k (d1 ()9 (r) + <21/ b5 — e¥'(r) (K (dr (2)) + k(da () Ad(x))
= (@) (fi(s2(r) + fa(s2t(r))
1

< (02 — &) f1(1(r))g <w<r>>k2<d1<x>>[<g<¢<r>>’1(5<1 +

)
f1(§2¢(7"))) fa(s29(r))
efi(@(r)/  <g((r)fi(d(r))
V() A () (E(di(@)k (d(2) | E(du(@)) 0 :
ARG Bt a2 <0
i.e., U, is a supersolution of in D] .
In a similar way, we can show that u. = ¢19 (/b2 + eK(d2(z))) is a subsolution

of (1.1) in D}. Now let u be an arbitrary solution to problem ((1.1]), we can choose
a large M such that

u <.+ Mvy ondD;, u. <u+Muvyg ondD}, (3.9)

where vy is the solution of (3.1)).

Also by (F1), we that u+ Mvgy and @, + Mvg are two supersolutions of equation
(1.1) in ©Q and in D, . Since u < co on d = o; U.(x) = 0o on d = o5 u = 00 on I,
it follows by (F1) and Lemma [3.1] that

u(r) < Muvg(x) +uc(z), x € D.; wu(r)<u(x)+ Muvy(z), z€ DI (3.10)

Hence, letting o — 0, we have for 2 € Qa5,_,

¢(7’)f{(1/f(r)))
f1((r))

B Mug(x) u(x)
aO(VB T eK(d@) — ab(ViE T K (da)
and
u(x) < Mug(x)

G(y/b3 —eK(d(x))) — Lt G(y/b3 —eK(d

Consequently, by K(0) =0 and ¢(0) =

1< lim inf u=)
d@)=0 (/b + K (d(x)))

u(z)
i@ o K@)

Thus letting e — 0, we obtain

)

. wz)
a0 DK (d@)
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This completes the proof. ([l
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