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EXISTENCE OF SOLUTIONS FOR MIXED
VOLTERRA-FREDHOLM INTEGRAL EQUATIONS

ASADOLLAH AGHAJANI, YAGHOUB JALILIAN, KISHIN SADARANGANI

ABSTRACT. In this article, we give some results concerning the continuity of
the nonlinear Volterra and Fredholm integral operators on the space L]0, co).
Then by using the concept of measure of weak noncompactness, we prove an
existence result for a functional integral equation which includes several classes
of nonlinear integral equations. Our results extend some previous works.

1. INTRODUCTION

Integral Equations occur in mechanics and many related fields of engineering and
mathematical physics [6, [7, 8, [TT], 12] 13| 14 17, 22| 24, 25] 26], 27]. They also form
one of useful mathematical tools in many branches of pure analysis such as func-
tional analysis [21], [26]. Recently many papers have been devoted to the existence
of solutions of nonlinear functional integral equations [II, 2, 4, 5l 8, 11]. Our main
purpose is to prove an existence theorem for a class of functional integral equations
which contains many integral or functional integral equations. For example, we can
mention the nonlinear Volterra integral equations, mixed Volterra-Fredholm inte-
gral equations and Fredholm integral equations on the unbounded interval [0, co).

The concept of measure of weak noncompactness was developed by De Blasie [16].
Bana$ and Knap [6] introduced a measure of weak noncompactness in the space
of real Lebesgue integrable functions on an interval which is convenient for our
purpose. In the proof of main result we will use a measure of weak noncompactness
given by Bana$ and Knap to find a special subset of L[0, ) and also by applying
the Schauder fixed point theorem on this set, the existence result which generalizes
several previous works [3] [7, [8 O} [T [I3], 17, 27] will be proven.

Organization of this article: Section 2 gives some definitions and preliminary
results about continuous operator on L!(R.), Section 3 describes the concept of
measure of weak noncompactness and weakly compact sets in L'(R,) and finally
in Section 4 we give our main result and some examples.
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2. NOTATIONS AND AUXILIARY RESULTS

In this paper, R, indicates the interval [0, c0) and for the Lebesgue measurable
subset D of R, m(D) implies the Lebesgue measure of D. Also, let L'(D) be the
space of all Lebesgue integrable functions y on D equipped with the standard norm

||y||L1(D) = fD ly(z)|dz.
Lemma 2.1 ([20]). Let Q be a Lebesgue measurable subset of R and 1 < p < co. If

{fn} is convergent to f € LP(Q) in the LP-norm, then there is a subsequence {fy, }
which converges to f a.e., and there is g € LP(Q)), g > 0, such that

|fre (@) < g(x), a.e z€.

Let I C R be an interval. A function f : I x R — R is said to have the
Carathéodory property if

(M) for all € R the function ¢ — f(t, z) is Lebesgue measurable on I;

(C) for almost all ¢t € I the function x — f(¢,x) is continuous on R.

One of the most important nonlinear mappings is the so-called Nemytski operator
which is also called the substitution (or superposition) operator [6l &, 20, 27]. By
substituting the function = : I — R into the function f the Nemytski operator
F:xz — f(.,z(.)) has been obtained which acts on a space containing functions x.
Krasnosel’skii [22] and Appell and Zabreiko [3] have proven the following assertion
when [ is a bounded and an unbounded domain respectively.

Theorem 2.2. The superposition operator F generated by function f(t,x) maps
the space L*(I) continuously into itself if and only if | f(t,z)| < g(t) + c|z| for all t
in an interval I, and € R, where g is a function from the space L*(I) and c is a
nonnegative constant.

Remark 2.3. The Carathéodory property can be generalized to functions f :
Q x R™ — R where Q is a measurable subset of R”. Theorem [2.2 holds similarly if
and only if there exist ¢ € R and g € L'(Q) such that

[f (@ y)l < g(x) +e Y luil, (2.1)
=1

for almost all z € Q and all y = (y1,...,ym) € R™.

Now we are going to review a theorem from [6] about the continuity of the linear
Volterra integral operator on the space L' = L1(R,). Let A = {(¢,5) : 0 < s <t}
and k£ : A — R be a measurable function with respect to both variables. Consider

(Kx)(t) = /0 "kt s)a(s)ds, teRy, ze LUR,).
We notice that K is a linear Volterra integral operator generated by k.
Theorem 2.4. Let k be measurable on A and such that
essSUPg>q /oo |k(t, s)|dt < oco. (2.2)

Then the Volterra integral operator K generated by k maps (continuously) the space
LY(Ry) into itself and the norm ||K|| of this operator is majorized by the number
esssup,sq [ |k(t, s)|dt.
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Assume that A is a measurable subset of R, we denote by || K4 the norm of
linear Volterra operator K : L1(A) — L1(A).

Now we give a result concerning the continuity of the nonlinear Volterra operator
on LY(R,). In what follows we suppose that u : Ry x Ry x R — R is a function
which satisfies:

(a) t — u(t,s,z) is measurable for all s € R} and z € R;
(b) (s,z) — u(t, s, ) is continuous for almost all t € Ry.

Theorem 2.5. Let u: Ry xRy x R — R be a function such that
lu(t,s,x)| < ki(t,s) + ka(t, s)|z], t,s€eRL xR, (2.3)

where k; : Ry x Ry — Ry (i=1,2) are measurable functions. Moreover, the inte-
gral operator Ky generated by ks is a continuous map from L*(R,) into itself and

fot ki(t,s)ds € L*(Ry). Then the operator

¢
Ua)(e) = [ ult.s,a(s)ds
0
maps L*(R) continuously into itself

Proof. Let {x,} be an arbitrary sequence in L' = L'(R,) which converges to
x € L' in the L'-norm. By using Lemma there is a subsequence {z,, } which
converges to z a.e., and there is ¢ € L', g > 0, such that

|Xn,, (8)] < g(s), a.e. on R,. (2.4)
Since z,, — = almost everywhere in R, it readily follows from (b) that
u(t, s,xn, (s)) — u(t,s,z(s)), for almost all s,t € R;. (2.5)
From inequalities and , we infer that
[u(t, s, @n, ()| < k1(t, s) + ka(t, s)g(s), for almost all s,t € R. (2.6)

As a consequence of the Lebesgue’s Dominated Convergence Theorem, (2.5) and

[20) yield
t t
/ u(t, s,xp, (s))ds — / u(t, s, x(s))ds,
0 0
for almost all t € R,. Inequality (2.6) implies that

(Un, ) ()] < /0 lu(t, 5, 2, (5))|ds < /0 k(1 8)ds + /0 kot $)g(s)ds,  (2.7)

for almost all t € R;. Regarding the assumptions on k; and ks, we obtain

00 t 00 1
/ / k1 (t,s)dsdt +/ / ka(t, s)g(s)dsdt < oo. (2.8)
o Jo o Jo
Then inequalities (2.7))-(2.8]) and the Lebesgue’s Dominated Convergence Theorem

imply
Uz, —Uz||,r — 0.
Since any sequence {x,} converging to x in L! has a subsequence {x,, } such that

Uz, — Uz in L', we can conclude that U : L}'(R;) — L'(R,) is a continuous
operator. O

Similar to the above theorem, we can prove the following theorem for the non-
linear Fredholm integral operators.
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Theorem 2.6. Letv: Ry xRy xR — R be a function satisfying (a)—(b) such that
[v(t, s, 2)| < k1(t,s) + ka(t, s)|z|, t,s€Ryz€eR, (2.9)

where k; : Ry x Ry — Ry (i = 1,2) are measurable functions. Moreover, the
integral operator (Kox)(t) = fooo ko(t,s)|z(s)|ds maps L*(R,) continuously into
itself and kq(t,s) € L*(Ry x Ry). Then the operator

(Va)(t) = / " (t, 5, 2(s))ds,

maps L*(R) continuously into itself.

3. MEASURE OF WEAK NONCOMPACTNESS

Let (E,|| - ||) be an infinite dimensional Banach space with zero element 6. We
write B(z,r) to denote the closed ball centered at x with radius r and conv X to
denote the closed convex hull of X. Further let:

mpg be the family of all nonempty bounded subsets of E, n% : the subfamily of
mp consisting of all relatively weakly compact sets, and X : the weak closure of
a set X.

In this paper, we use the following definition of the measure of weak noncom-
pactness [9].

Definition 3.1. A mapping p : mg — Ry is said to be a measure of weak non-

compactness if it satisfies the following conditions:
(1) The family ker p = {X € mg : p(X) = 0} is nonempty and ker p C ',

2) X CY = u(X) < plY),

3) p(conv X) = p(X),

4) p(AX + (1= )Y) < Au(X) + (1 = A)u(Y) for A € [0,1],

5) If X,, € mg, X,, = Y: forn =1,2... and if lim,— o u(X,) = 0, then
the intersection set Xoo =\, Xy, is nonempty.

(
(
(
(

In the sequel, we will use a measure of weak noncompactness represented by a
convenient formula in the space L'(R4.) [10]. For X € my1 (g, define:

o(X) = lirr(l){sup{sup[/ |z(t)|dt : D C Ry, m(D) < ¢|}},
eV zeX D

() = Jim supl | o)t - € X]),
w(X) =c(X) +d(X).

In [10], it is shown that u is a measure of weak noncompactness on L'(R;). By
using the following theorem [19], we can infer that ker y = nY, Ry)"

Theorem 3.2. A bounded set X is relatively weakly compact in L*(R.) if and only
if the following two conditions are satisfied:

(1) for any e > 0 there exists 6 > 0 such that if m(D) < 6 then [, |x(t)|dt < e
forallxz € X,
(2) for any e > 0 there exists T > 0 such that [ |x(t)|dt < e for any x € X.
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4. MAIN RESULTS

In this section, we study the existence of solutions to the functional integral
equation

oo

x(t) = f(t, /Ot u(t,s,x(s))ds,/o @(t)v(s,x(s))ds), t>0. (4.1)

This equation is a general form of many integral equations, such as the mixed
Volterra-Fredholm integral equation

x(t) = g(t) —|—/0 k(t, s)u(s,z(s))ds + a(t) /000 v(s,x(s))ds, t>0. (4.2)

Equations like (4.2) have been considered by many authors; see for example [12]
15], 18], 23], 25] and references cited therein. Moreover, (4.1]) contains the nonlinear
Volterra and Fredholm integral equations on R such as:

z(t) = g(t) —l—/o u(t, s, z(s))ds, t>0,

z(t) = f(t) + a(t) /000 v(s,x(s))ds, t>0.

We consider equation (4.1)) under the following assumptions:

(i) The function f: R, x R? — R satisfies Carathédory conditions and there
exist constant B € R, and function a; € L!'(R,) such that

Ft.2,y) < ar(t) + Blle| + yl), t € Ry, 2,y € R. (4.3)

(ii) u: Ry xRy x R — R satisfies (a)—(b) and |u(t, s, z)| < k1(¢, s) + ka(t, s)|x]
for (t,s,x2) € Ry x Ry x R, where k; : Ry x Ry — Ry (i=1,2) satisfies
Carathéodory conditions. Moreover, the integral operator K5 generated by
k'g i.e.

(Ko)(t) = /O o(t, ) (s)ds, (4.4)

is a continuous map from L!'(R,) into itself and fot ki(t,s)ds € L'(Ry).
(iii) v: R4 xR — R satisfies Carathéodory conditions and |v(s,x)| < n(s)+b|z|
for (s,x) € Ry x R where n € L*(R4) and b is a positive constant.
(iv) az : Ry — R is a function in L*(R,).
(v) B(b|laz]| + || K2]|) < 1, where ||K2|| denotes the norm of operator Ka.
To prove the main result of this paper, we need the next lemma.
Let X be a nonempty, closed, convex, bounded and weakly compact subset of
L' = L'(R}) and I = [0,a] where a > 0. Moreover, we define the operator F' on
L' = LY(R,) as follows:

o0

¢
(Fa)(t) = f(t, / ult, s, 2(s))ds, / ag(t)v(s,x(s))ds). (4.5)
0 0
Lemma 4.1. Suppose that assumptions (i)-(iv) hold and the operator F takes X
into itself. Then for any e > 0 there exists D, C I with m(I \ D) < & such that
F(conv FX) on D, is a relatively compact subset of C(D.).
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Proof. Consider an arbitrary but fixed ¢ > 0. Then using Lusin theorem and
generalized version of Scorza-Dragoni theorem [I4] we can find the closed set D, C
I with m(I \ D.) < €, such that the functions ai|D , k and

D.xRy? YD, xR, xR

f D.xR, xR L€ continuous. Let us take an arbitrary x € X. Then for ¢t € D, we
have
t t t
\/ ult, s, 2(s))ds| < / kit 5) +/ b (t, 5)|2(s)|ds
0 0 0 (4.6)
< kra+ kellz]| < kia + ko || X]| =: U,
and
(oo}
|/0 az(t)v(s, z(s))ds| < az(|[n]| + bllzll) < ax(|ln|l + 0] X|) =: V., (4.7)

where || X| = sup{||z| : € X}, @; = sup{|a;(t)| : t € D.} and k; = sup{|k;(t, s)| :
(t,s) € D, x I} for i =1,2. Now let y € FX. Then there exists z € X such that
y = Fz. Using the inequalities (4.6) and (4.7 for t € D. we obtain

W(t)] = [(F2)()] < ar(t) + | / ult, 5,2(5))ds| + | / " as(t)o(s, 2(s))ds|
<ap+U.+V.=Y..

(4.8)

We can easily deduce that the inequality is true, for any y € Y = conv F X.
Now assume that {y,} is a sequence in Y and let t1,to € D.. Without loss of
generality we can assume that ¢; < t5. Relatively weakly compactness of the set
{yn} implies that for eg = t3 — t; there exists 0 < dp < eg such that for any
measurable subset D of [0,¢;] with m(D) < &y, we have:

/D|yn(t)|dt§50 forn=1,2,.... (4.9)

We see that the estimate (4.8)) does not depend on the choice of . Thus for e = §g
there exists a closed set Ds, C [0,¢1] with m([0,¢1] \ Ds,) < do such that

lyn ()| <Ys, forte Ds,, n=1,2,.... (4.10)

Hence from (4.9) and uniform continuity of u| Dux D
e 0
1,2) we infer that

X[~ Y30, Ys] and ki|D5><[0,a] (i =

/0 u(t, 5,9n()) — ult, 5, ya(5))|ds

< /D fu(ts, 5, yu(s)) — ulta, 5, yn(s))|ds

50
+/ [u(ts, $,yn(s)) — u(tz, s,yn(s))|ds (4.11)
[0,81]\Ds,
< O(Jtr — tof) + 2kim([0, 1]\ Ds,) + 2kz / i (8)[dt
[0,t1]\Ds,

< O([tr = ta]) +2(ky + ko) [t — .
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Here O is a function which O(n) — 0 as n — 0. Thus from (4.11)) we have:
|/ wlts, 5, ya(s))ds — / ulta, 5,yn(s))ds]
to
_/lﬁhwdﬁfwm&%UW&H/ ultz, 5,yn(s))ds

0

_ _ to t2
< O(|t1 —t2|)+2(k1 -l—kg)‘tl —t2| +/ kl(tg,s)ds—i—/ kg(t2,8)|yn(s)|ds
tl tl

ta
O(|t1 - t2|) + 2(]&'1 + k‘g)‘tl — t2| + kl‘tl — t2| + kg/ |yn(8)|d8
t1
(4.12)

Weakly compactness of the set {y,} implies that f |yn (s)|ds is arbitrary small
uniformly with respect to n € N if t; — ¢; is small enough Then from (4.12)) and
(4.6) the sequence {Uy, } which

(Uyn)(t):/o u(t, s, yn(s))ds,

is equibounded and equicontinuous on the set D.. Obviously from assumption (iii)
and inequality (4.7) we can easily infer that the sequence {Vy,} is equibounded
and equicontinuous on D. where

(Vim)(t) = / " (1o, yn(5))ds.

Hence, uniform continuity of f | D.x implies that the sequence { F'y,, }

[_Usts]X[_stvs]
is equibounded and equicontinuous on D.. Then, by Ascoli theorem the sequence
{Fyn} has a convergent subsequence in the norm C(D.). Therefore, F'(conv FX)

is a relatively compact subset of C(D,). O

Now we present our main result.

Theorem 4.2. Under assumptions (1)—(v), the functional integral equation (4.1))
has at least one solution x € L*(R,).

Proof. At first we define the operator F on L' = L'(R,) by

(Fa)(t) :f(t, /otu(t,s,x(s))ds,/ooo ag(t)v(&m(s))ds).

We prove the theorem in the following steps.
Step 1. F: Ll(R+) — L'(R,) is a continuous operator.
Using Theorems [2.5] and [2.6] the operators

(Ux)(t):/o u(t, s, z(s))ds, (V:v)(t):/ooo v(t, s, x(s))ds,

map L' (R;) continuously into itself. Also by assumptions (i)—(iv) and Remark [2.3]
the Nemytski operator generated by f is a continuous operator from L!(R,) into
L'(R,). Thus the operator F is continuous.
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Step 2. There exists a positive number r such that the operator F' takes the ball
B(#,r) into itself. Let z € L'(Ry). Then

|Fa]) = / " \(F) (1)t

= ’/Ooof@’ /Ot u(t7s,x(3))ds7/ooo ag(t)v(&m(s))ds)dt‘ (4.13)

< ||a1||+B/OOO (/O |u(t,s,x(s))ds+/oooag(t)v(s,x(s)ﬂds)dt
< laafl + B(Ey + [ Bz l[l«]]) + Bllaz|[([[n]l + bll[),

00 t
Kl = / / kl(t,s) ds dt.
0 0

From and assumption (v), one can deduce that for r = Haﬂ;ﬁ\(fg HJ:-HHG;JI‘IIISH)’
the operator F' takes B, = B(0,r) into itself.

Step 3. There exists a weakly compact subset Y such that the operator F' maps
Y into itself. Let X be a nonempty subset of B,.. Let ¢ > 0 be an arbitrary number
and D C Ry be a measurable subset with m(D) < e. Then for z € X we have:

[ 1o
S/Dal(t)dt—i—B/D (/Of |u(t,s,x(s)>|ds+/ooo Jas(t)o(s, x(s))|ds ) di

< [ a1(t)dt+ B ki(t,s)dsdt
=2, -
+B/D|(K2x)(t)|dt+B(Hn||er?")/D|a2(t)|dt

t
S/al(t)dt—i—B/ / k1(t,s)dsdt
D D Jo

+ Bl /D e ()\dt + B(|n]| + br) /D Jas (1) dt

where

Further, as a simple consequence of the fact that a single set in L!(R,) is weakly
compact, for y(t) = ay(t), fot k1(t, s)ds or as(t), we have:

(C1) lim._ofsup[f, |y(t)ldt : D C Ry, m(D) <¢e]} =0,

(C2) limr—oo [ [7(t)|dE = 0.

Then from (4.14) and (C1) we conclude that

¢(FX) < B||Kalle(X). (4.15)

By similar calculations we obtain:

/T|(F:c)(t)\dt§/T al(t)dto—:B/T /Okzl(t,s)dsdt ) -,
+B||K2H/T |x(t)|dt+B(||nH+br)/T las ()| dt.
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Therefore, from (C2), we have

d(FX) < B||K||d(X). (4.17)
Hence by adding (4.15)) and (4.17) we obtain
W(PX) < BIIKs|u(X). (4.13)

Assumption (v) implies that B| K2|| < 1. Thus inequality yields that there
exists a closed, convex and weakly compact set Xo, C B, such that F X, C X.
Let Y = conv F X. Obviously FY C Y C X,. Thus FY and Y are relatively
weakly compact.

Step 4. The set F'Y obtained in the Step 3 is a relatively compact subset of
LY(R,). Suppose {y,} C Y, and fix an arbitrary ¢ > 0. Applying Theorem
for relatively weakly compact set F'Y implies that there exists T' > 0 such that for
m,n € N

o €

| 1Em0 = Fanolar < 5. (119)
Further, by using Lemmafor any k € N there exists a closed set Dy, C [0, T] with
m([0,T]\ Dy,) < 1 such that {Fy,} is a relatively compact subset of C(Dy,). So for
any k € N there exists a subsequence {yx ,} of {y,} which is a Cauchy sequence
in C(Dy). Also these subsequences can be chosen such that {yr+1.} C {ye.n}
Consequently the subsequence {y, »} is a Cauchy sequence in each space C(Dy)
for any k € N which for simplicity we call it again {y,}.

From the relatively weakly compactness of {Fy,} we can find § > 0 such that
for each closed subset Ds with m([0,7]\ Ds) < ¢ we obtain:

/ (Fyn)(®) — (Fym)(B)ldt < =, m,n € N. (4.20)
0,71\ Ds 4

Considering the fact {Fy,} is Cauchy in C(Dy,) for each k € N one can find ko such
that m([0, 7]\ Dy,) < 4 and for m,n > ko

g
1(FYn) = (Fym)llemy,) < § (4.21)

(m(Dr) + 1)
consequently and imply that
T
/0 (Fya)(t) — (Fym)(8)|dt
- /D (Fw)® — By @i+ [ [Fw)0) - (Fy)Oldr (422

[0,71\ D
<
-2
for m,n > kg. Now by considering (4.19) and (4.22) for m,n > ko we obtain the
inequality

[(Fyn) = (Fym)llzr = /OOO |(Fyn)(t) = (Fym)(8)|dt < ¢, (4.23)

which shows that the sequence {F'y,} is a Cauchy sequence in the Banach space
LY(R,). Then {Fy,} has a convergent subsequence which implies that FY is a
relatively compact subset of L!(R.).
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Step 5. By the Step 4 there exists a bounded, closed, convex set Y C L'(R,)
such that the operator F' : Y — Y is continuous and compact. Then Schauder fixed
point theorem completes the proof. O

Next, by applying our theorem we prove the existence of solutions for some
integral equations.

Example 4.3. Consider the Fredholm integral equation

£2/3

2(t) = g + /Ooo a(t) tanh (22

135202 )ds, t>0, (4.24)
where
tm

1
as(t) = 3 Xl + mX(l,oo)a

1, z€A
in which for A C R, and z)=1+¢" ’ Put
+ and xa(w) {0, z€Ry\ A.
t2/3
f(tamay):m+y7 U(t,S,Z’):O,
s+ |z| t2/3
’U(S7x) = tanh(m)7 al(t) = m,
s
We know that tanh(a) < «, for a > 0. Then
[u(s, )| < n(s)+blz|,
2/3

Further -
T
Mﬂ:A\M@W:<

Since u = 0 we can choose k1 = ko = 0 and then ||K3|| = 0. Thus, B(bllaz|| +
IK2|l) = & < 1. Tt is easy to see that assumptions (i)-(v) are fulfilled. Consequently
Theorem ensures that the equation (4.24)) has at least one solution in L!(R).

oo

Example 4.4. Consider the mixed Volterra-Fredholm integral equation
1+ ¢ bt + s
t) =

z(t) cosh(t) + /0 2
/°° tin(1 + sx?(s))
87

o 3(1+t2)2%(s+1)
where the symbol |z]| means the largest integer less than or equal to z. Let

t2

exp(—t) sin(z(s))ds
(4.25)

t>0,

1+
f(t,z,y) = T+,

cosh(t) +

u(t,s,z) = Lt +28 J exp(—t) sin(zx),

In(1 + sa?) B t

’U(S,‘T): S+1 y QQ(t)—m,
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t 2
ka(t, s) = %exp(—t), B=1, b=1
We know that In(1 + a?) < |a| for & € R. Then
1+¢
t < B
(t2.0)] < s+ Bl + ).

|U(t,8,l’)‘ < kQ(ta 8)|£E|, \v(s,x)| < b|‘r|7

wﬂ—é|@@W—A =

oo [e§] 2 2 1
/ |k2(t, s)|dt :/ %exp(—t)dt < Wexp(—s) < ;exp(—l)7

for s,t € Ry and « € R. Therefore, from Theorem we have that B|Ks| <
3 exp(—1) and then B(b||az|| + || K2|) < & + 3 exp(—1) < 1. Using Theorem (4.2

we

deduce that the equation ([4.25) has at least one solution in L*(R;).
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