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FACTORIZATION OF SECOND-ORDER STRICTLY
HYPERBOLIC OPERATORS WITH NON-SMOOTH
COEFFICIENTS AND MICROLOCAL DIAGONALIZATION

MARTINA GLOGOWATZ

ABSTRACT. We study strictly hyperbolic partial differential operators of second-
order with non-smooth coefficients. After modeling them as semiclassical
Colombeau equations of log-type we provide a factorization procedure on some
time-space-frequency domain. As a result the operator is written as a product
of two semiclassical first-order constituents of log-type which approximates the
modelled operator microlocally at infinite points. We then present a diagonal-
ization method so that microlocally at infinity the governing equation is equal
to a coupled system of two semiclassical first-order strictly hyperbolic pseudo-
differential equations. Furthermore we compute the coupling effect. We close
with some remarks on the results and future directions.

1. INTRODUCTION

When studying strictly hyperbolic partial differential equations with generalized
coeflicients the results commonly depend on the appropriate choice of the asymp-
totic scale of the regularizing parameter. In this paper we consider certain types of
second order partial differential equations with generalized coefficients of the form

LU=F (1.1)

where U, F' are Colombeau generalized functions (See section [2| for the precise as-
ymptotic behavior in this case.) in Ga 2 on R™™! and on the level of representatives
the operator L acts as

(us)e = (Ls(xasztaDzaDz)us)s v(us)s € Mpoo.

In detail the operator L. is considered to be of the form
n—1
Le =02+ bje(w,2)02 — ce(,2)07. (1.2)
j=1
Here the coefficient c.(z, z) is of log-type up to order r € N, i.e. for some constant
C > 0 we have [|0%| 1~ = O(logl®/"(C/e)) as € — 0, and strictly non-zero in the
sense that there exists &1 € (0,1] such that inf,ecrn |cc(z, 2)| > C for all € € (0,¢1]
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and some constant C' > 0 independent of . Also b; . is of log-type up to order r
and strictly non-zero. Moreover we assume that c. — c and b; . — b; in the Holder
space CO#(R") with exponent u € (0,1) as ¢ — 0.

The aim of this paper is to provide a symbolic calculus to explain a diagonal-
ization with respect to the parameter z of the equation in . To do so we will
reduce the diagonalization problem to a factorization theorem which in the case of
smooth coefficients can be found in [29, Appendix II], [25] Chapter 23]. We note
that in these references the results are only valid for operators with simple charac-
teristics on the phase space with the zero section excluded. This is different to our
approach as we are interested in factorizations with respect to the parameter z.

For recent contributions to a related topic we refer the reader to the work by
Garetto and Oberguggenberger [20]. There the authors established existence and
regularity results for solutions to strictly hyperbolic systems with Colombeau co-
efficients using symmetrisation up to regularizing errors. In detail, they proved
existence of generalized solutions in the case of slow scale coefficients and, in addi-
tion they showed regularity in the case of logarithmic slow scale coeflicients. Note
that a net r. € RO is a logarithmic slow scale net if |r.| = O(log”(1/¢)) for all
p > 0 as e — 0 and a generalized coefficient (a.). is said to be logarithmic slow
scale regular if for all & € N™ there exists a logarithmic slow scale net r. such that

10%ac|| Lo (mny = O(re) € — 0.

Again, the square roots of the principal symbol of the operator are assumed to be
simple on the phase space without the zero section in this case.

So when studying an equation of the form with coeflicients that satisfy
strongly positive logarithmic slow scale estimates one can adapt the results in
[17, 29] to obtain a diagonalization in some microlocal subregion of the phase space
and microlocal regularity has to be understood in a ggjg sense. Recall that ggfz is
the space of regular generalized functions in Gs o and is characterized by uniform
e-growth in all derivatives. This is a generalization of the results in the smooth
coefficient case which will be briefly explained in the beginning of Subsection [L.1
Since in the Colombeau framework the evolution behavior of propagating singular-
ities is not yet sufficiently understood it is not clear how one can derive well-posed
approximated Cauchy problems from the resulting microlocal first-order equations
due to the diagonalization. For the theory for first-order hyperbolic pseudodiffer-
ential equations with generalized symbols we refer to [26] B33] 20].

However, to analyze operators as in with less regular coefficients as in [20]
we try a different approach. To overcome the necessity of the logarithmic slow
scale assumption (e.g. construction of an approximative inverse) we associate to
the operator L. in a semiclassical modification Ly . such that Ly . = e2L..
Here the ¢ = 9 (e) refers to the phase function in which the semiclassical scaling
is kept to be retained and depend on the regularizing parameter £ € (0,1]. The
detailed explanation of the correspondence between the operators L and L, is given
in Subsection Then instead of working with the equation we consider the
corresponding semiclassical problem

LyU=F (1.3)

where U, F' are generalized functions in Go 2 and the operator Ly : G o — Ga 2 acts
on the level of representatives as

(us)e = (Lw,s(xvzaDtva»Dz)us)s v(ue)s € Mpges.
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Due to the additional e-dependent semiclassical scaling parameter we then apply
the theory of generalized semiclassical pseudodifferential operators which we call
the -pseudodifferential operators in the following for short. This enables us to
state a factorization theorem for L, in terms of two first-order 1-pseudodifferential
operators with respect to the parameter z modulo two different types of error op-
erators. As already mentioned above the factorization is only valid when imposing
certain restrictions on the underlying time-space-frequency domain which we left
e-independent. In detail the error operators are characterized by a semiclassical
negligibility condition outside a compact set. Since global semiclassical negligible
operators are easy to handle as they map moderate nets to negligible ones the
interesting case is to understand the compactly supported error operators. But,
due to the semiclassical scaling, worse e-asymptotics are introduced when study-
ing boundedness of such compactly supported operators. The basic notions and a
general calculus of y-pseudodifferential operators can be found in Sections |2 and
the factorization procedure is explained in Section

To eliminate the remainder terms produced in the factorization procedure we
then proceed in Section [f] by presenting an adapted notion of microlocal regularity
which essentially corresponds to the semiclassical wave front set at infinite points
within the Colombeau framework. This allows us to overcome the difficulties that
arise due to the compactly supported error operators occurring in the factorization.
Concepts of the wave front set in Colombeau’s theory have been explored in [3T], [I7],
18, [14]. For an introduction to semiclassical analysis and microlocalization we refer
to [30, 11, 23} [I]. Again we remark that unlike to the case of smooth coefficients
we lose the property that singularities are propagating on geometrically determined
phase space trajectories.

In Section [6] we then combine the factorization with our notion of microlocal
regularity in order to describe the desired microlocal diagonalization method. As a
result we obtain a coupled system of two first-order 1-pseudodifferential equations
that approximate equation microlocally at infinite points on an adequate
subdomain of the phase space.

1.1. The smooth background case. A particular example of a strictly hyper-
bolic partial differential equation of second order is the wave equation describing
phenomena such as propagation of elastic waves and vibrations. However, in this
subsection of the introduction we give a motivation for the present survey and is
devoted to one-way wave propagation in inhomogeneous acoustic media in the case
of smooth background coefficients. For more information on the relevance in seismic
imaging and migration models we refer the reader to [6l 4 39, [40].

To start with a real life problem we may ask whether and how one can establish
a tap-proof communication link between a source and a receiver in an underwater
environment. In the following we analyze how the correlation between the source
and the receiver location can help to detect a desired information in downward
continuation problems. The mathematical reformulation of such problems corre-
sponds to initial value problems of second-order partial differential equations with
a space-like direction as evolution parameter and is in general not well-defined.

To overcome the ill-posedness the concept of wave-field decomposition enables us
to rewrite the full wave equation into a coupled system of approximative one-way
wave equations. Using microlocal techniques the system of one-way equations can
then be decoupled assuming that the wave field propagates in one direction within
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certain propagation angles and prohibits propagation in the opposite direction.
Therefore the approximation allows to determine the high-frequency components
of the solution as they propagate along curved trajectories in the phase space.

In the following we recall the crucial statements given by Stolk for the directional
wave field decomposition in the present of smooth background data [37, [38]. For
a discussion on the inverse scattering problem with simultaneous consideration
of possible reflection data see for example [36] 40, O] and the references therein.
Also we refer to [34] [35] for investigations of the Cauchy problem of first-order
pseudodifferential equations and to [43] for numerical implementations.

As in [37] our basic type of model will be the wave equation for inhomogeneous
acoustic media in n-dimensions, n > 2. Since we are interested in approximative
one-way equations we allocate the vertical direction z, which we call the depth, the
lateral directions are denoted by z. The medium itself is described by the wave
speed ¢ = c(x,z) and the fluid density p = p(z,2). Also we let U = U(t,z,2)
denote the acoustic wave field and F = F(t,x, z) a source which usually describes
the initiation of an acoustic wave. Then the acoustic wave equation is given by

n—1
(L1 1 1 _
PU = (=507 +j§:jlamjpazj +0.0.)U = F (1.4)

where U and F are in the distribution space D’(R"*!). Further we assume smooth
background data, i.e. the wave speed and the density are functions in C*°(R"),
which shall also satisfy the boundedness conditions 0 < ¢(z, z), p(z, z) < oo for all
(r,2) e R"I x R.

In the case of slow varying media and the presence of a source function we follow
Stolk’s approach and restrict the analysis to a microlocal region Ig, that is given
by

I@g = {(t,ﬂ?,Z,T,g,C) ‘ (’J’J,Z,T,f) € 1/623 ‘<| § C|T|}
Iy, = {(z,2,7,6) | T #0, [¢] < sinOs|c(z,2) " 7]}

for some angle ©2 € (0,7/2). An illustration of the first of these domains is
presented in Figure [1} see [34].
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FIGURE 1. The shaded area corresponds to lg, at a given (¢, z, 2)
and frequency 7. The bold dotted line designates the characteristic
set Char(P) and 6 is the propagation angle of the singularities

Then under the assumption that the wave front set of U is contained in Ig,, one
can rewrite a microlocal equivalent model to ([1.4) in terms of a coupled system of
one-way wave equations with the depth as evolution parameter.
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The main result is then the following. The equation
PU = F microlocally on Ig,

is equivalent to the system of two first-order strictly hyperbolic partial differential
equations of the form

Py tug = (82 - iBi(x,z,Dt,Dx))ui = fi+ microlocally on Ig,, (1.5)

where the plus-minus sign refers to downward and upward migration. Here uy, fi
are distributions and B4 are pseudodifferential operators of order 1 that can be
chosen selfadjoint. Furthermore the coupling effect of the counterpropagating con-
stituents w4, f+ and the original data U, F' can be computed by a Douglis Nirenberg
elliptic pseudodifferential operator transfer matrix.

To model wave propagation in the downward direction in the source-free case one
decouples microlocally and we are interested in the solutions to the problem

PU =0 z > 20
WFU)N{z=2p, {(/T>0}=0

for some initial depth zy € R such that U], is well-defined.

Using the geometry of the microlocal region we let the set Jo 1 (z9) C T*R"T1\0
consisting of points (¢, z, z, 7, £, ¢) so that the bicharacteristics (¢(2), z(z), 7(2),£(2))
corresponding to By, parametrized by z, and with propagation angle 6(z), pass
through (9,0, 70,&p) at initial depth z = 2y and the points (x(z), z,7(2),£(2))
remain in I§ for all z € [0, Z]. So Jo +(20) is the set that can be reached from the
initial depth z = z while staying in Ig 1 and the propagation angle 6(z) along the
bicharacteristic is always smaller than © (cf. Figure 1).

Since the equation for downward migration in holds only microlocally, one
obtains approximative solutions when studying a perturbation P, of the operator
Py + including an additional damping term C = C(z, z, D;, D,) which vanishes in
I, for some fixed positive angle ©1 < @2 and suppresses singularities outside Ie,.
Also note that u_ is vanishing on Ig, N{z = 20} so that the perturbed initial value
problem for downward propagation now reads

P+u+:(8z—iB++C’)u+:0 RnX(ZO,Z)
u+|20 = Q—_i-l(ZO)U|Zo

where Q_T_l is the essential component of the transfer matrix mentioned above.
As a result the solution to the initial value problem for the perturbed first-order
pseudodifferential equation can be related to that of Py ;v = 0 using the geometry
in the region Jg 4. In detail one can recover the high frequency part of the original
wave field on some subset Jg, 4 of the phase space that can be reached from an
initial given depth zy while staying in Ig, for propagation angles (z) < ©; < Os.

2. BASIC NOTIONS

In this section we specify the basic notions that are needed for our constructions.
As the problem is treated within the framework of Colombeau algebras we refer to
the literature [7, B2] B1], 22 [16, [15] for a systematic treatment in this field.

One of the main objects in our setting are Colombeau generalized functions
based on L2-norm estimates which were first introduced in [3]. The elements in
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this algebra are given by equivalence classes u := [(uc)z¢(0,17] of nets of regular-
izing functions u. in the Sobolev space H>® = MpczH" corresponding to certain
asymptotic seminorm estimates. More precisely, we denote by Mg the nets of
moderate growth whose elements are characterized by the property

Vo € N" AN € Nt [[0%|2mny = O(e™V) ase— 0.

Negligible nets are denoted by Ny~ and are nets in M~ whose elements satisfy
the additional condition:

Vg e N: |lue|p2mny = O(e?)  ase — 0.

For properties of negligible nets see [12] Proposition 3.4]. Then the algebra of
generalized functions based on L2-norm estimates is defined as the factor space
Gro = Mpo /[Ny for which we continue to write Go 2(R™) as in [3]. For sim-
plicity, we shall also use the notation (u.). instead of (uc)ce(o,1) throughout the
paper.

Using [3, Theorem 2.7] we first note that the distributions H~°° = Upcz H* are
linearly embedded in Gz 2(R™) by convolution with a mollifier ¢, (x) = e "p(e~1x)
where ¢ € .Z(R"™) is a Schwartz function such that

/go(x) de =1, /xago(x) dr =0 forall |a] > 1. (2.1)

Further, by the same result, H>(R") is embedded as a subalgebra of G, o(R"™).

More generally, we introduce Colombeau algebras based on a locally convex
vector space F topologized through a family of seminorms {p; };cs as in [I3, Section
3], [19] Section 1]. Again we call the elements of

Mp ={(u:). € EOU | Vie I IN e N:p;(u.) = O(e™V) as ¢ — 0}
E-moderate and the set
Ng ={(u)e € EOU | Vie IVge N: pi(u.) = O(9) as ¢ — 0}

is said to be E-negligible. Then N is an ideal in Mg and the space of Colombeau
algebra based on E is defined by the factor space G = Mpg/Ng and possesses
the structure of a C-module. Here C denotes the ring of complex generalized
numbers which is obtained by setting £ = C, this means C := M¢c/N¢. For
more information about the topological structure of C we refer to [13].

To realize the log-type up to order r € N conditions on the coefficients of the
model operator a rescaling in the mollification is required, see 27, [32]. In
detail, we are going to consider regularized functions where the asymptotic growth
is estimated in powers of w. := (log(C/e))/" for some r € N and a constant C' > 0
such that (w.). is strongly positive. Here the exponent 1/r is not essential in the
further considerations but we give some remarks in this regard in Section [ In this
case the regularization is obtained by convolution with the logarithmically scaled
mollifier ¢, -1 (.) := wlp(we.) With p € Z(R") as in 23).

Further terminology. To establish a factorization theorem for generalized semi-
classical partial differential operator as in we will have to give a meaning to the
square root of such operators. For this reason we introduce generalized semiclas-
sical pseudodifferential operators which are characterized by symbols with respect
to a certain phase function. Because the phase function is of simple type we shall
initially discuss the main notions of generalized symbols which satisfy asymptotic
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growth conditions with respect to w. = (log(C'/¢))'/" as already mentioned above.
As usual, we use the notation (¢) := (1 4+ |£]?)!/2.

First, we let m € R and denote by S™ = S§™(R" x R™) the set of symbols of order
m as introduced by Hérmander in [25, Definition 18.1.1.]. Furthermore the space
She = Shg(R™ x (R™\ 0)) consists of homogeneous functions a € C>(R™ x (R™\ 0))
of order m; i.e., a(xz, ) = A"a(x, &) for all A > 0 and £ # 0, such that

Vo, € N"3C > 0: |0800a(z,&)| < Clg™ 1 for (z,€) € R™ x (R™\ 0).

Since the symbol class S™ satisfies global estimates we remark that M gm is different
to the symbol classes in [19, Section 1.4]. We note that Mgm is the space Mg by
setting £ = S™. In the following we will typically encounter subspaces of Mgm
subjected to two different asymptotic scales. This extends the definition of Mgm
and Ngm in the following way:

Definition 2.1. Let v be a non-negative real number and [,k € R. For m € R
we let (ac)e be a family of symbols a. € S™. We then say that (a.)c is in the

generalized symbol class M‘(Sl;,ll) « if and only if

In e (0,1] Vo, € N* 3C > 0 Ve € (0,7] :

(0% —m « 17 2.2

A7) = sup |0g0ac(w,©)l(e) N < cetuart (22)
(z,£)ER2"

We call m, k and (v,1) the order, the growth type and the log-type respectively of

MG

This definition is similar to that for generalized symbols S;”é“w in [I6, Definition
4.1]. Also, since (w. ), is a strongly positive slow scale net we note that a generalized

symbol (ag)e in Mg’l) . can always be estimated in the following way:

In € (0,1] Vo, B € N™ 3C > 0 such that
q&m)(ag) < Okt Ve € (0, 7).

s

(2.3)

Later in Lemma [6.1] we give the construction scheme for approximative inverse
operators and the advantage of using (2.2]) rather than (2.3)) will be clear then.
Hereafter we typically work in spaces Mgl)k with v € {0,1}. Analogously to

Definition one introduces the space Mg;?k (R™ x (R™\ 0)).
g
20

Furthermore the notion of negligibility in M Sk

Definition 2.2. An element of Mg’n{)k is said to be negligible, denoted by /\/'Sm,
if the following condition is fulfilled:

In € (0,1] Vg € N Va, 5 € N* 3C > 0 such that
qé@(as) < Ce? Ve e (0,n].

is defined as follows:

To give an example, let P(z, D) = 3, /< da(z)Dg be a partial differential
operator with bounded and measurable coefficients. Then the logarithmically scaled
regularized coefficients a4, = aq * Pt satisfy the estimate

10%aa.c|| Lo (rr) = OWY) = Ologl*/"(C/e)).
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Therefore (aq,c ). is of log-type up to order 7, that is [|0%aa,c | o rn) = O(log(C/e))
for all |a| < 7, but it is not logarithmic slow scale regular. Recall that the asymp-
totic norm estimate (of any order) of a logarithmic slow scale coefficient has a bound
O(r.) where |r:| = O(logP(1/¢)) for all p > 0 as € tends to 0. In the same manner
we obtain for the logarithmically scaled regularization of the operator a symbol
(pe)e where p(z,§) = (p(.,€) * ¢,-1)(x) which is of class Mg;??o and of log-type
up to order (oo, ), cf. [26, Remark 3.2].
Also we will use the following microlocal symbol classes:

Definition 2.3. Let U C R™ x R™ be open and conic with respect to the second
variable. We say that a generalized symbol (ac). is in M‘(SI./T,{),C(U) if a. € C(U)
for fixed € € (0, 1] and there is a constant K > 0 independent of € such that:
In € (0,1] Vo, B € N™ 3C > 0 for which
10¢ 0 ac(2,€)| < CrwlIPIH (E)m=Iol for (x,€) € Vi, e € (0,1,

where Vi := {(z,€) € U | d(&,¢) > K, ¢ € dpry(U) # 0}. We observe that, if
(x,€) € Vi then (z,X§) € Vi for all A > 1.

Note that Definition [2.1]is equivalent to Definition [2.3]in the case that U = R"™ x
R"™. Also, Definition [2:3]is different to a straightforward Colombeau generalization
of global symbols S™(U). Also note the difference to the definition of the classical
symbols which in the case of local symbols is given in [5, Definition 2.3, page 141].

In the following subsection we give some motivating remarks for the microlocal
constructions used in Section Bl

2.1. Remarks on the governing equation in a semiclassical Colombeau
setting. As this is a first investigation we will concentrate on operators as given in
(1.2) which are characterized by homogeneity. Also note that our model operators
have less regular log-type coefficients than logarithmic slow scale.

As pointed out in the motivation the main aim is to provide a diagonalization
procedure using factorization theorems and microlocal analysis. Because it turns
out that the log-type condition is not strong enough for our constructions we will
introduce certain pseudodifferential operators defined on the Heisenberg group, so-
called semiclassical generalized pseudodifferential operators.

In the usual theory of semiclassical pseudodifferential operators in the Kohn-
Nirenberg or standard quantization one associates to a symbol a € S™ an operator
A:S — S in the following way

Ay(z,Dg)u(x) == (2m)™" /(}"a)(q7p)e*ipqh/zwh(q,p)u(m) dq dp

= (27rh)_"/ei(’”_y)g/ha(x,i)u(y) dy d§

where in the first line F(a) denotes the Fourier transform of a on the projected
Heisenberg group and (g, p) is the projected Schrédinger representation of the
Heisenberg group on R?” with parameter & and the second line corresponds to the
more familiar presentation of the first one. In detail we have

(mn(a, p)u) () = e WHPYDu(z + hp)

and A denotes the normalized Planck constant. Note that for A = 1 this representa-
tion leads to the usual Kohn-Nirenberg calculus. Also, using representation theory



EJDE-2012/144 FACTORIZATION OF HYPERBOLIC OPERATORS 9

we observe for h # h' that 7, and 7 are inequivalent representations on L2(R™)
and moreover for /i # 0 the representation 7, is irreducible and unitary on L?(R™).

Once introduced such an additional artificial parameter A gives us now the op-
portunity to apply the theory of Ai-pseudodifferential operators used in semiclassical
analysis which is a formalism in an asymptotic regime i < 1. As we want to com-
bine this with the theory of generalized pseudodifferential operators we start writing
i := hi(e) with the restriction i(e) — 0 in the case that € — 0.

For technical reasons (e.g. construction of an approximative inverse) we also have
to prevent other possible values of the function h(e). As this is a first approach in
this field we have chosen fi(e) := ¢ at this point.

So when given a family (a.). € Mgm we define the corresponding semiclassical
pseudodifferential operator of Colombeau type to be the linear operator Ay, : Go 2 —
Ga2,2 which acts on the level of representatives as

(Us)s = (A¢,6($7DI)UE)E V(ue)e € Mpss. (2.4)

Here for fixed ¢ € (0, 1] the right hand side corresponds to the standard quantization
of the symbol (a.). with parameter h(e) = ¢; that is,

Ay (. Dy Yua(a) = (21) " / (Fao) (@, p)e ™21 (g, p)us () dg dp

n

— (2re) " / V0 (2, €)ue (y) dy dE.

Then with L. as in (1.2]) the corresponding v-pseudodifferential operator L is
essentially given by the oscillatory integral

Lycuelt,y) = (2me) "1 [ Iy, 7 i(rfe,n)2) dr
for fixed € € (0,1] and (l). is called the generalized symbol of L, and is given by

le(y,7,6,0) = —C* = (b=(y)€, &) + c=(y)
where we have set b.(y) := diag (b1,c(y), ..., bn—1,(¥)), y := (z, 2) and n := (£, ().
Hence (I.): € Mf;;f’g and the operator L. can easily be reconstructed from Ly .;

i.e., L = e 2Ly ¢, because of the homogeneity of the operators.

Given such a scaled generalized operator as above we carry out all transforma-
tions within algebras of generalized functions from now on. More explicitly we will
study the action of the linear operator L, = OPy(l.) from G, o into itself in the
following sense: on the level of representatives L., acts as in . This explains
our governing equation

LyzU=F
for which we will now present a microlocal diagonalization method.

3. ¢-PSEUDODIFFERENTIAL CALCULUS

In this section we introduce a general calculus for ¥-pseudodifferential operators
which are certain semiclassical standard quantizations of generalized symbols as
demonstrated in the previous section. For an introduction in semiclassical analysis
we refer the reader to [30, IT], 23]. Since most of the techniques are similar to
the classical theory of pseudodifferential operators we also want to give [25, 4]
as references. Moreover a detailed discussion on pseudodifferential operators with
Colombeau generalized symbols can be found in [16] [15].
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To continue, given a generalized symbol (ae(x,§)). one can assign the semiclassi-
cal standard quantization which we denote by OPy(a.) := ac(z,D;). In this sense
1 = 1(g) can be thought of as a scaled phase function on phase space. Therefore,
we let

Ye(x,&) = (x,&) /e :=af/e e €(0,1].

throughout this article.
Moreover we choose the following convention for defining the Fourier transform
F of a function u € L?(R"):

Fu(é) :=u(&) :== /e‘”gu(x) de = lim [ e” @@y (2) da.

o—04

Then the Fourier transform is an isomorphism on L? and the inverse Fourier trans-
form of u € L?(R") is given by the following formula

Flu(z) = (2#)*”/eiz§u(§) d¢ = lim (2%)7”/6”57"@11(5) de.

o—04

More detailed pieces of information of the Fourier transform on Gs 5 can be found
in [2]. As already mentioned above we will focus on generalized pseudodifferential
operators having the following phase-amplitude representation.

Definition 3.1. Let (a.). € M‘éjwlw)k

operator Ay : Go 2 — Go 2 such that on the level of representatives we have

(UE)E = (Aw,s(vam)us)s v(us)s € Mpe

(R™ x R™). We define the corresponding linear

and
Ay (x, Dy)uc(x) := (27T5)_"/ei(”:_y)f/gag(m,é)ug(y) dy d§

= F (a0t /e))

where the above integral is interpreted as an oscillatory integral. We call Ay the
y-pseudodifferential operator with generalized symbol (a.). = (ac(z,€)).. Also we

(3.1)

will often write Ay, € OPy, M(V’l)k when the generalized symbol of A, belongs to

S?‘n.
the class ./\/lg:,i)k
Remark 3.2. (a) Note that the map in the above definition preserves moderateness
and negligibility, respectively, so that Ay is well-defined on equivalence classes
and continuous (cf. [26 Section 1.2] and [29, Theorem 2.7]). Further, we remark
that (Ay.c(z, Dy)us)e = (Ac(z,eDy)uc)s since formally we can always perform the
rescaling. The problem of rescaling will be discussed in the next subsection.

(b) Note that Definition agrees with the notion of the semiclassical standard
quantization of a generalized symbol (ac). € Mg,’;i),k(R” x R™) and can simply
written as in using scaled Fourier transforms. Another commonly used quan-
tization is the Weyl quantization a"V (x,eD) which has the nice property that real
symbols correspond to self-adjoint Weyl quantizations. Since we will exclusively
deal with the standard quantization of generalized symbols we decided to call them
1-pseudodifferential operators.
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To prepare the factorization theorem of Section [d] we will have to consider prod-

ucts of y-pseudodifferential operators. We therefore start with some general obser-
vations concerning the notion of asymptotic expansion of a generalized symbol in
MG,
3.1. Asymptotic expansion of the first kind. First we present the asymptotic
expansion of the first kind which is inspired by the results given in [I5, Section 2.5]
but also uses a relevant technical aspect from the semiclassical approach. Since
this first notion of an asymptotic expansion turns out to have no suitable invariant
character under rescaling we will further introduce the asymptotic expansion of
second kind which behaves slightly different when performing the rescaling. We
should emphasize here that this invariance property of the asymptotic expansion
of the second kind will be essential from Section [ onwards, where we discuss
microlocal regularity at infinite points.

The definition of the asymptotic expansion of the first kind is now the following;:

Definition 3.3. For j € N let {m;},; be a strictly decreasing sequence of real
numbers with m; \, —oc as j — oo, mg = m and {[/;}; be a sequence of the form
l; = oj + 1 for some fixed o, € R and o > 0. Further let {(a;.)-}; be a sequence
with (a;c)e € M‘(S.y,fjj)k so that the following uniform growth type condition is
satisfied:

In e (0,1 Vj € NVa, 5 € N* 3C > 0 for which

| 3.2
0" (az.) < CERWlIPHL ve € (0,7, 32

We say that Z;’;O(Ejaj,g)e is the asymptotic expansion of the first kind for (a.). €
/\/l(”,’i),,c, denoted by (ag)e ~ Zj(ajajﬁ)g, if and only if

S
N—-1
(ag - Z Eja,j,e)a S M‘(Sl‘/;'lt)N,NJrk—l VYN > 1.
7=0

Moreover (ag). is said to be the principal symbol of (a.). if ag . is not identically
vanishing for any fixed ¢ € (0, n].

We are now in a position to state our first result.

Lemma 3.4. Let {I;};, {m;}; and {(a;c)c}; be as in Definition[3.3 Then there
exists a generalized symbol (az)e € M‘(SV;?,C such that (ag)e ~ Zj(sjajﬁ)s n ./\/lf;;,ll)k

Moreover the asymptotic expansion of the first kind determines (ac)e uniquely mod-

ulo Ng-o.
Before presenting the proof of Lemma [3.4] we need a technical auxiliary result.

Lemma 3.5. Let {(a;.):}; be as in Deﬁnition and x a smooth function such
that x = 0 on [0,1], x = 1 on [2,00) and 0 < x < 1. Then there exists a zero
sequence {u;}; such that for some fized n € (0,1] we have for every j € N and
a, 8 € N" with |a + 8] < j:

X113 (202) 1)l ()] < 277 1PwlPH (c) 7L Ve € (0,77,

with the same o as in Definition[3.3
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Proof. Using the uniformity condition (3.2]) of the sequence {(a;.)c}; we obtain
that for some n € (0,1] and Vj € N, Vo, 5 € N”, HC(-l)ﬁ > 0 and for all € € (0, 7]

Jra
we have

— —v|B|=1; o\ — m; 1 o\ —
e R P10 |y (y (ew?) T)al" (a.0)] < O px(pj(ew?) ™)

o

_ A1) My ) oy—1y EWe

_Cj,a,ﬁigng(MJ(Ewe) )/~Lj
(1 My

< ijaﬁ Ewg

since x(pj(ew?)™') =0 for p; < ew? and 0 < y < 1. We now choose the sequence
{1;}; in the following way: for all j € N and all o, § € N™ with |a+ 3| < j we have

O suy <2797 (3.3)
and the proof is complete. O

Proof of Lemma[34] In the following proof we basically combine techniques from
the theory of non-linear generalized functions, [I5, Theorem 2.2], and Borel’s The-
orem from the semiclassical approach as in [I1, Theorem 4.11] or alternatively [30}
Proposition 2.3.2]. To avoid overload calculations, we may assume without loss of
generality that £ = 0 in Lemma and therefore also in the uniformity condition
B-2).

We let ¢ € C°(R"™), 0 < ¢ < 1 such that ¢(§) = 0 for [¢] <1 and ¢(§) =1 for
|¢] > 2. Further let x and {u;}; be as in Lemma We introduce functions

b (2, €) = x(y(ew?) e (2, €)
b (2,€) = (1 — x(pj(ewd) ™)) d(Nj€)aj e (z,€)

where {);}; is a strictly decreasing zero sequence such that for all j : A; <1 and
will be specified later. For fixed ¢ € (0, 1] we also define

ac(@,€) = > b (@, &) + b\ (a,€).

=0 Jj=0

By construction the first sum consists of at most finitely many nonzero terms (de-
pending on ¢ € (0, 1] fixed), since p; — 0 as j — oo. Moreover the second sum is
locally finite and we conclude that (a.). € £(R™ x R™)(0:1],

Step 1: In the first part of the proof we show that (a.). € MY Since

Sm,0~
(aje)e € /\/lgf,,lfj)o satisfy the uniform growth type condition with & = 0 we obtain
that there exists n € (0, 1] such that for all j € N, and all a, 8 € N™ we have
o 1 1 v p ma—la
08070} ) (2,€)| < Cfl] gt PHh(g)mo 1l e € (0,m) (34)

and the constant C'J(lo)tﬁ > ( is the same as in the proof of Lemma

Concerning b;QE) we observe that supp(0%¢)(A;€) C {€ : )\;1 < ¢l < 2)\;1} for
every |a| > 1. Accordingly, if |a| > 1, we can assume X\; < 2/|¢| < 4(¢)~! on
supp(0“¢)(A;€) and b;i) can be estimated as follows: In € (0,1] independent of
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a,  and j such that

102026 (2, ) < (&)™ 121> e(x, )4 g\" (a0
<o (3.5)
<C! (2) VWH'ZJ‘ <§>mj—\04|

8
for all ¢ € (0,n]. At this point we choose the sequence {\;}; strictly decreasing
and so that

Vj € N Va, 3 € N" with |a + ] < j we have: CjaﬁA <2771 (3.6)
To show that (a.). € /\/l( w0 We note that
Vo, € N* Jjo € N |a+ 6] < jo, mj, +1 <m (3.7)

and decompose (a)e in an appropriate way, that now is
ac(.8) = > b (2, + ) elbj(x,8) = fo(z,€) +5:(x,6) (3.8
J<jo—1 J=Jjo
where we have set b, .(z,&) := bgle) (x,8) + b;QE) (x,&). Then In € (0, 1] such that for
all a, 5 € N"

0002 fo(x, &) = | Y ogal{b\)(x,€) + b (2,6)}|
J<jo—1
v m—|a o\j 1 2
< WPl 3T (@l P (Ol o + O )
J<jo—1
< Cjowl I (gymlel
for all € € (0,n] by (3.4) and (3.5)). We next estimate the remainder s.. For this
purpose we apply (3.3)) from Lemma and use ) to obtain

wIN0g O s (2,6 < Y (ewZ )Y (€)™ ‘“'2 gt A7)
J=Jjo
< (ewg o (gt olel 7 2 e i
Jj=Jo
< (ewg Yoot < gl ve € (0,1)
for some n € (0,1] independent of the order of differentiation. Note that in the
second inequality we used that ,u;l < (ew?)~t on supp(b§-2 ) and /\;1 < (€) on
eupp(b ) And so, (a¢)e € Mgl)o as required.
Step 2: We complete the proof by showing that for every N > 1 we have

(ae— Y elajo). € MU (R < R™). (3.9)

j<N-—1 SmN‘N
i

Therefore, we let N > 1 be a fixed natural number and write

ac(z,&) = Y Faj(z.) = D & (1—x(pi(ew?) ™)) (6(A€) — 1)y (x,€)

j<N-1 j<N-1

+ > &b (,8) = ge(w,€) + b, §).

J>N
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We first calculate the contribution of g.. For this note that |£] < 2)\;1 on the
support of (¢(A\;€) — 1) and we obtain that 3n € (0,1] such that Vj < N — 1 we
have

10205 (p(X;€) — 1)aj (x,8)]
< D cAb AN plage) gy

<

< (&)™ 1ol 37 e(g, A ARE et hlglm) )

<o
< C o pw?PIH (gyma=lel e e (0,7).

Now taking into account that 1 — x(u;j(ew?)™t) # 0 only if p; < 2ew? we compute
w1 9g 0 ge (x,€)
< Onas(&™ 710 7 (2w?) (1= x(uy(ew?) ™)

JSN-1
o \N—j o
= On ()™ 1l S ™ (L) (1= x(y(ew?) ™)
JSN-1 €
< Cnap(ew)M (™1l Ve € (0,1].

We proceed with the estimation of ¢, in which we again use a decomposition as in
(3.7) and (3.8). Therefore we let N € N, N > 1 be fixed. Then

Vo, € N" Jjo e N: |a+ 8| < jo, mj, +1 <mpy and jo — 1> N;

we write
Jo—1
te(2,8) = Y &b (w,6) + s:(x,) (3.10)

j=N
with s. as in (3.8). As already shown in the estimate for s. we also have
1020 5e (2, €)| < wLIPH (ewg Yo (g) mao 1o,
Furthermore we obtain for the first term on the right hand side of (3.10)

Jo—1 jo—1

10202 3" lb;c(2, €)] < w1l 37 (w2 () S+ ) )

j=N j=N
< Cjy (ew? N wtIFHH gy —lel.

Putting this together we get (3.9) which completes the proof. O

Remark 3.6. Before we proceed we make some observations concerning the con-
struction of the generalized symbol (a.). in Lemma which was given by the

expression
-2 (22 )asete.9) +Zaj{1— (25) o0 6)

Here the first sum is inspired from the semiclassical approach whereas the second
sum is also used in the usual Colombeau framework. Then it is may worth to
mention the following facts:
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(a) To construct the square root of the homogeneous operator L, we also need to
discuss polyhomogeneous symbols. Then the second sum in the definition of a. also
makes sense for homogeneous symbols a; ., but the first sum would induce a finite
number of singularities (at & = 0) for fixed ¢ € (0,1]. To overcome this problem
we will introduce generalized symbols that are smoothed off at the zero section so
that we can require a symbol to have an asymptotic expansion in homogeneous
terms if we allow some additional error terms in the asymptotic expansion. For
the precise description of these so-called polyhomogeneous generalized symbols we
refer to Definition [4.11

(b) Another important property concerns the effect of rescaling. This will be used
in Section [5| where we test microlocal regularity of generalized functions using L2-
boundedness results of zeroth-order y-pseudodifferential operators. To exempﬁ

this let {(a;.)c}; be a sequence with (a;.). € Mg_lﬁ)k

j>0. By Lemma there exists (ae): € M(V[fl such that for all N > 1 we have

and I; as in Definition

(re)e = (a: — Y aje). € Mgfk,w,l. (3.11)

j<N-1

Now using the rescaling (z,&) — (re(z,€£)). we obtain for every N > 1
(z,8) = (re(w,€€))e € M(Vllzv,ka

concluding that the asymptotic expansion of the first kind keeps the order of the
error operator invariant under rescaling but not its growth type. According to the
L?-boundedness it seems suitable to have an asymptotic expansion which preserves
the growth type of the error operator in under rescaling rather than the order
of the same.

Therefore, note that (r¢)e in can also be considered as a symbol of class
N S Then the rescaling does not influence the negligibility of the symbol (r.).
since

(xvg) — (TE(J;7E§))5 S NSO

Using this we now introduce the asymptotic expansion of the second kind to achieve
an invariant growth type under rescaling at least when studying zeroth-order opera-
tors. In detail we will study asymptotic expansions of the form (> >0 gl ajc)e which
are similar those in Definition but where the sequence {(a;.).}; is uniformly
bounded in the generalized symbol class of order m = my.

3.2. Asymptotic expansion of the second kind. To eliminate the rescaling
problem arising in Remark b) we now present the asymptotic expansion of the
second kind.

Definition 3.7. Let m,k € R and {l;}; be a sequence of real numbers of the form
l; = oj +1 for some fixed 0, € R and ¢ > 0, j € N. Further we let {(a;.)-}; be a

v,lj)

sequence with (a;¢)s € M .. satisfying the uniformity condition:

S
In € (0,1] Vj € NVa, s € N* 3C > 0 such that
qg%)(aj’g) < ekl e e (0,7).
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We say that the Y27 (e7aj.)e is the asymptotic expansion of the second kind for
the symbol (a.). € M D, denoted by (ae)e ~ Zj(sjajys)s, it

Swt,k'?
N-—1

(ae — Z sjaj,g)e S ./\/lgjiNN) VN > 1.
7=0

Again we call (ap,c). the principal symbol of (a.). if ag, is not identically zero for
every fixed € > 0 sufficiently small.

Comparing Definition and we observe that any generalized symbol (a.)e
from Lemma [3.4] also admits an asymptotic expansion of the second kind.

Furthermore we note that our notions of an asymptotic expansion are different
from the one used in the semiclassical approach. A crucial difference is that in the
semiclassical setting one uses the Hormander symbol class Sg'; as the underlying
classical space and not S := S{7; as in our case, cf. [24]. As above, the semiclassi-
cal asymptotic expansion provides an invariant character of zeroth-order operators
under rescaling. For more details on the semiclassical asymptotic expansion we
refer to [10, (30, 23].

3.3. Composition of i-pseudodifferential operators. In this subsection we
establish the composition law of two i-pseudodifferential operators utilizing the
method of stationary phase to determine the asymptotic behavior in the occurring
oscillatory integrals. Because of the specific construction of the y-pseudodifferential
operators it suffices to study a corollary of the stationary phase formula which can
be found in [30, Corollary 2.6.3] and [2I, Example 2.2].

In detail, this simplified formula says that given a function a € C2°(R?") then
for every N > 1 one has

)\ " —i)\:cy _ 1 [eZaTe? .
(27r> /e a(z,y)drdy = Z ~Dual (Dg85a) (0,0) + Sn(a; A)
la|<N -1
where the parameter A is considered in the limit A — oo. Moreover the remainder
term Sy (a; A) can be estimated as follows

C (63
[Sn (@) < T S 110800 (0: - 0 Nallpigeny A1
’ la+8|<2n+1

where 0, - 0y = Z;.lzl 0r,;0,,; and the constant C' > 0 is independent of A. In
the application we will work with smooth functions a which are not compactly
supported but are well-behaved at infinity and also depend on the parameter A. For
a more general discussion on the method of stationary phase we refer the reader to
[30, Section 2.6] or alternatively to [2I], Section 2].

Using the above formula we can show the following result.

Proposition 3.8. Let Ay(z, D) and By(z, Dy) be two -pseudodifferential oper-
ators with generalized symbols (ac). € ./\/lg,,lfl)k1 and (be): € ng,ii)k2 respectivelsy.
Then the product Ay By, is well-defined and maps G o into itself. Moreover Ay By is

(v,l1+12)
Smrl +mag,k1+ko

a -pseudodifferential operator with generalized symbol (a.#bc)e in M
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and we have the following representation

clal
(ac#be)e ~ (OADgag(x,g)agbg(m)) : (3.12)

lo| >0 €

Note that in Proposition the generalized symbol (a.#b.). is given by its
asymptotic expansion of the first kind. Hence it can also be reinterpreted as a
symbol having an asymptotic expansion of the second kind.

The following proof is an adaption of [30, Theorem 2.6.5] and [I1, Theorem 9.13].

Proof of Proposition[3.8 Without loss of generality we assume that (a.). and (b.).
are of growth type 0; i.e., k1 = ks = 0, as the proof for more general growth type
assumptions requires only slight changes in the argumentation. Let u € Gg o(R™)
having (u.). as representative and let € € (0, 1] be fixed and arbitrary. Then A, Byu
makes sense as an oscillatory integral and we write

1 . i(z— —o(y)—o
ApeByue() = oy lim [ STV Wa, (@,0)(By cue)(y) dy di

_ 1 lim / ewt/emm O, (x, )i (€/€) dE (3.13)

(271’5)" oc—04,7—04

where we have set
Coe(,8) = (2me) ™" / ¢! =0 e=otvi=e g (3, 1)be(y, &) dy dn.

In what follows we show that ¢, .(x,&) corresponds to a generalized symbol in
M(V,ll-f-lz)

mq+ma,0
as f—> 0 is described by using the method of stationary phase. Finally, by passing
to the limit ¢ — 04, we obtain by Lebesgue’s dominated convergence theorem that
the limit of (cy ) exists in Mg;f,lliffzo
(13.12]).

For that purpose we first split the integral representation of ¢, .(x,€) into three
parts. Therefore, let y € C°(R) such that x(s) = 1 for |s| < 1/4 and x(s) = 0 for
|s|] > 1/2 and set x1(z,y) = x(|z —y|) for x,y € R™. For [¢| > 1 we write

CU)E(.T,E) = dme(ng) + 60,6(37,6) + fU,E(xag)’ (3'14)

where dy ¢, e, and f, . are defined by the additional factors 1 — x(|€ — n|/|&]),
x(1§ = nl/IEN (A = xa(z,y)) and x(|§ — nl/|¢))x1(z, y) in the integrand of ¢g.c. Also
we note that f,. represents the part of c¢,. that will determine its asymptotic
behavior as we meet the critical points of the phase.

In the following we give the proof under the assumption that |£| > 1. In the case
that || < 1 a likewise decomposition as in will lead to the desired result.
Again, this is similar as in the proof of [30, Theorem 2.6.5].

As a first step we check that the integrand of dey ¢ is in Ll(]RZ X ]Rfl) uniformly
in ¢ > 0. Therefore, we introduce the operator

Lo=(1+ € ;2"‘2 LIz ;2y|2)71(1+ 5;77Dy+ “—'p,)

uniformly for all ¢ > 0. Here the relevant asymptotic behavior of ¢, .

and admits a representation as stated in

satisfying the equality
Loet@=nm=8)/e — cilz=y)(n=£)/e
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Using integration by parts we obtain

(2me)"do (2, €)

= / om0/ (e (1= x(lg = I/l 7P a (,m)be (9, €) } dy di.

Further, for every k € N with & > n 4+ 1/2 we obtain
(2me)"dy (7, )

Frtatla )y ma (gyms
_ oY% dy d
/g—nz|§|/4 (<1+|f—m/s+|w—y|/e>k) van

_ n, kv+li+ls mi mo ‘5 N 77| nt1/2—k
- /g—nz|s|/40(6 e Y {1 i } >dn

3

maq mao
_ O (k=172 v+t ()™ (&) dn ase— 0.
/£n>|§|/4 ( ) (1+|€|+\nl)k‘"‘1/2)

Then, by a straightforward calculation one shows that for every k > |mq1| +2n + 1
we have

(27‘(8)"610’5(1[:, f) -0 (Ek_1/2w§V+l1+l2 <£>m1+m2—k+2n+1+\m1|)

for € sufficiently small. Since (w¢)c is a slow scale net we conclude that
(27e) " dy e (2, &) = O (eNwh Tl (gymtm =Ny v N >0

uniformly for every (z,¢) € R?" with || > 1 and 0 > 0 as e — 0.
We next estimate e, (2, ). Using the coordinate change z = y — x and integra-
tion by parts we can write

(27e) e e (2, &) = e~ =9/t L) Yor, (x,2,€,m) dzdn

|z]=1/4
|€—nl<|¢l/2

where we have set Ly . := —ez/|z|*>D,, and

Toe(@,2,6m) = x(1& = nl/I€) (A = x(|2])e T2 Ma (2, n)be (2 + 2,€).
Note that the operator L; . satisfies
tLl,a = —L;. and LLae*iZ(n*E)/E — ¢ #(m=8)/e

Also, the integrand of e, (z,¢) is integrable with respect to z if we take k > n.
To check the integrability with respect to the n-variable we partition the domain
of integration into the two regions

Qu:i={neR":[{—n <1/4}, Qy:={neR":|{—n|=1/4}

and write

2 2
(271'5)”6015(.2,5) _ Z/ eiiz(nis)/s(tLLE)kTgyg(l', Z’&n) dz dn =: ZIJ
=17

j=1
Concerning I; we use the coordinate transformation ( = 1 — £ and by Peetre’s
inequality (£ + ¢)® < 2051/2(&)5 ()15l for every s € R we obtain

h= /Zw Ol 22| H(€) ™ (6 + Q)™ ) dz d¢ = O(Fwl 2 (g)mFma—h)

I¢I<1/4
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for every k > n as € — 0. For the estimation of the second part Iy we introduce

e £—n
L2 = Dz
T E—n)2 e

and let j € N. Again using integration by parts we obtain for |{] > 1

12 = /e_iZ(n_E)/s (tLQ,S)j (tLLE)kTU,E('Ta 2, g) 7]) dz d?’]

x>1/4 O(5j+kwgu+l1+l2 ‘Z|fk<§>m2 <,r]>m17k‘€ - 77|7j) dz dn
1/4<]e—n|<|€|/2
and is integrable with respect to z if we take k > n for sufficiently small . Then

using the coordinate change n = £ + ¢ and applying Peetre’s inequality gives

[2 :/ O(€j+kwgu+l1+l2<§>ml+m2_k<c>lmll+k_j)dC
1/4<I¢I<I¢l/2
— O(€j+kwjy+ll+l2 <£>m1+m2—k)
€

for every j, k € N with & > n and j > |m1|+ k+n as ¢ — 0. Combining the above
yields to
(2me)"eq o(2,€) = O (Nwi (g™ Fm=N) VN >0

uniformly for all ¢ > 0 and (z,£) € R?", |¢| > 1 as e — 0. By the same arguments

as above one can also show that for every o, 5 € N* |£| > 1 and N € N we have
0 0, €)| 10 e (,€)| = O (NutHirste gymaimaiel =N )

uniformly for ¢ > 0 as e — 0. So we deduce that (d, ). and (e, ¢)e are contained in

M‘(Sl.';,lfltffz,h,,,\, for every N € N uniformly with respect to o > 0 and (z,&) € R?",

€] > 1.
So it remains to study the term (27¢)" f, . (x, &) which was given by

[ e~ (o p)e O M bl ) dy dn.
Now writing & = A\v where A = |{| and using the coordinate transformations

C:(nff)/)‘a R=Yy—x

we obtain

fd,s(x,g) = o

AT —iXz(/e .
e tg-, Z,<7x7£ dz dC
(2me)n /|z|§1/2, [¢|<1/2 3 )

where ¢, . is a function in C°(R? x R?) containing (x, ) as parameters and is given
by

toe(2, G 2, €) = x(IC)x(|2])e =7 FH AT D (2, (v + O)be( + 2, W),
Then the method of stationary phase gives for every N € N, N > 1

g‘al o na
foe(@ €)= D~ DEOoe (5 G 8)| o + Sn(tosi A/e)
la|<N-1 ¢=0

and the remainder can be estimated as follows

CeN
ISN (to,e; A /€)] < NN Z 10202(0c - 02)Nto |l L1 (me XRP)
’ la+B]<2n+1
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-0 (ENwé2n+1+N)u+l1+l2)\m1+m2—N)

— O (EN—lw‘lgl—‘rlQ <£>m1+m2—N)

for || > 1 and ¢ sufficiently small. Finally, since similar estimates hold true for the

derivatives and we conclude that (Sy(tsc))e is contained in Mg;illtsz,]\,,,\,,l for

every N € N uniformly with respect to o > 0 for every (z,&) € R*™ with |¢] > 1.
As already mentioned in the beginning of the proof we now pass to the limit
o — 04. Then by Lebesgue’s dominated convergence theorem we have

Coe(2,8) = ce(2,§) aso— 04

so that equation (3.13) reads

Ay By cuc(z) = (2me)™ lim [ e85 & ¢ (x,€)a.(€/e) dE

TH0+

— (2ne) / e (, € (€)<) dé

where the last equation holds in the sense of oscillatory integrals. Moreover the

generalized symbol (c; ). is equal to (a:#b. ). as described in (3.12)) and in particular
(ce)e € Mzhte) Cppig completes the proof. O

Sm1+m2,0 N

4. A FACTORIZATION PROCEDURE FOR Ly

Concerning products of 1-pseudodifferential operators that approximate L, we
make similar considerations as in the smooth setting which can be found in [29,
Appendix II] and [25, Chapter 23]. First we write for Ly = e?L. with L. from the
beginning

Lw(yaDtme;Dz) = (83+A(yaDt7Dm))w (41)
where Ay = Ay(y, Dy, Dy) is the t-pseudodifferential operator with generalized
symbol (a.). and

ac(y,7.€) = co(y)7° — (b-(y)¢,€) € € (0,1]. (4.2)

To recall the requirements made on the coefficients c.(y) and b, (y),1 <j<n-—1
we also refer to Section [I

Before stating the main theorem of this section we give a few more details about
notation. In the following we will study operators on R™*! of the form

2
Sy =Y Sy, Di, D) (9277)y,

Jj=0

with coefficients S; ., € OPy, Mgklj)o for some k;,l; € R, j = 0,1,2. Further we

write

2
Sy =Y Sjw(y: Di, Da)(@37)y  on I’
j=0
when the symbols of the coefficients S;  are restricted to a set I”.
Concerning the factorization domain we make similar considerations as in [37]
and introduce the set

I = {(y,7,6) | 7 #0, (b(y)E, &) < sin(6))c(y)>} (4.3)
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for some 0, € (0,7/2). Then Ij, is an open subset of R™ x (R™\ 0) and conic with
respect to the second variable. Moreover we have chosen I independent of the
parameter ¢ € (0, 1] for simplicity. Note that the main reason for restricting the
analysis to the domain [j is that (a.). is non-negative there.

Further, as already mentioned in Section [3]it is necessary to introduce the notion
of polyhomogeneous generalized symbols that are smoothed off at the origin.

Definition 4.1. We say that a generalized symbol (p:)c is polyhomogeneous in

Mfsl./;i)k, denoted by (pe)e € Mf;,i)k, if there exist a sequence of symbols (P,,_; . )e

phg

in MY j >0 and a cut-off ¢ € C(R™) equal to 1 near the origin so that

Sm J.k 2
VN > 1 we have
N-1
(p- — Z e(l— gp)]?mfj’s)s € ng,ﬁv;]l\,)w for & sufficiently large. (4.4)
3=0

For this we will use the following notation
. - 1)
() D (MPrys), i M
>0
Here the homogeneous part (p,, ). is called the principal symbol of (p.)e if there
exist an m € (0,1] and a constant K > 0 such that p,, . Z 0 for all |{| > K and any

fixed e € (0,m]. In particular a ¥-pseudodifferential operator is polyhomogeneous if
its generalized symbol is polyhomogeneous.

Remark 4.2. First note that the principal symbol is uniquely determined if the
dual variable is sufficiently large. Also (4.4) can be interpreted in the following
sense: VIV > 1 we have

N—1
Z EJ )P 7, s) = (re)e + (se)e (4.5)
j=0
for some (s.). € M(V,: N;r jl\,+k and (r.). is some compactly supported regular gen-

eralized symbol of order —o00 in the following sense:
In € (0,1] Ik € R Vm € R Vo, 8 € N® 3C > 0 such that
02 00rc(x,€)| < CF(gmIel e € (0,n).

We refer to Section [5] where it is essential to distinguish between the two different
types of errors on the right hand side of (4.5)).

The aim of this section is now to factorize L, on Iflh in terms of two first-order
operators of the form L;, = (0, + Aj)y on Iy with A; ¢ a polyhomogeneous
1-pseudodifferential operator with generalized symbol in ./\/l 81 0 on Ig , 7 =12

Here a first rough approximation would suggest A; ., to be the square root of the
operator Ay, = OPy((a.).) given in on the set Iy where £(i,/ac). is described
explicitly, j =1, 2.

We are now going to show the following result.
Theorem 4.3. Let Ly = (02 + A)y and I be as in and respectively.
Then the operator Ly can be factorized into

L¢ = L17¢L27w + Rw on Iél (46)
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where L; ., = (0, + Aj)y and Ajy € OPy M‘(S,ll(ig on Iy whose principal sym-
phg

bol is equal to £(iv/az)e, j = 1,2. Moreover the remainder is given by Ry =

Lo,y +T1,(0:)y for some -pseudodifferential operators T'j ., with generalized sym-

bol (Vje)e in Ng2-i on Iy , j =0,1.

We remark that the product L L2y in is not a t-pseudodifferential op-
erator on R"*!. But one can overcome this by introducing a generalized cut-off
gy (Dy, Dyy) such that the difference L1 y Lo gy — L1,y L2,y is insignificant on some
adequate subdomain of the phase space T*R"*! \ 0 under a microlocal point of
view. For the specification for microlocal analysis we refer to the next section.

Technical preliminaries. Note that a. as in (4.2) is a homogeneous function with
respect to the dual variables (7, ) and so that there exists € (0, 1] such that

lac(y, 7, €)| = C|(m,€)]*  on I, for every e € (0,n]

for some fixed 6 € (0,7/2) with 6; < 03 and the constant C' > 0 independent of .
Moreover we set for some g € (0, 1] which will be specified later

B;?E) (y,T, é.) — {il \/ ae(y77—7 5)7 €€ (0760} on Ié

0, € c (607 1} (47)

2

which in turn gives (5( )) € M(l on I, . We now associate (EEOE) )e to a generalized

symbol ( ) € ./\/l @ O) o (R™ x (]R \ 0) x R"~1) so that the difference (E(O) - B(-?))E is
in N 1 on Iel in the sense of Definition
Therefore, since (ce(y))e is strictly non-zero we can define for fixed e € (0, &1]

L <b5(y)§,§>
Fom ) =" e
Recall that e; € (0,1] is so that infyern |cc(y)| > C for some C > 0 and every
€ € (0,&1]. Furthermore for every fixed € € (0,e1] we let he be the smooth function
defined on R™ x (R\ 0) x R"~1, 0 < h. < 1, which is given by
0, |fe] > sin’ Y2
he(y, 7€) =< L | fe| < sin® (4.8)

1

1 _ —1
(1 + elfel=sinZyy  sin? ’Yz*\fa\) , sin? 71 < |fs| < sin? Y2

on R™ x (R\ 0) x R"~1,

for some fixed v; and 9 with 0 < 7N <7 < 71'/2 For all other £ € (0,1] we
may set he = 0 and we obtain that (h.). € MS“ 0( x (R\ 0) x R*"1) and also
(he). € M(lo o on Ip .

hg

Here and hereafter we let 61,65 be fixed so that 0 < 01 < v1 < 72 < 0 < 7/2.
Then there is an €2 € (0, 1] such that
Iy, C{(y,m ) [ 7 # 0 and [fo| <sin®y} €€ (0,es)]

because of the assumptions made on the coefficients c.(y),b;(y),y € R",1 < j <
n—1
Similar observations yield to the following: there exists €3 € (0, 1] such that

{(yv’rvf) ‘ T # 07 |f| > Sin2 92} C {(y,'r,f) |T 7£ Oa |f€| > Sin272}
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for all € € (0, e3] where we have set f := lim._ fe.
Then with (I)JOE))E as in we set €9 := min;<x<3 € and define its extension
(0

(cj2)e by

(@?), = (EB@) e MR x (R\0) x ™).

Indeed we have that (6( ) b ) € NSI on I since he=1on I, -

VI

Factorization procedure. Our aim here is to decompose the operator L, as
announced in . Therefore we give a construction scheme for the generalized
symbols (@) of the operators A, ., j = 1,2 by means of their polyhomogeneous
asymptotic expansions; i.e., on the set Ié we have

(aje(y,7,€))e~ Z (E”c(“)(y, 7€), in M81103 (4.9)

pn>0

and the sequence {( ) }uen consists of elements ( gug)) e MM oR™ x (R
0) x R*~1) and satlsﬁes the uniformity condition:

In € (0,1] 3K > 0Vu € NVa, 5 € N* 3C > 0 for which
102 6,00 (y, 7, €)] < CwlPle)l=r=lol for 7] > K, € € (0, n]

for j = 1,2. More precisely we will recursively construct a sequence {( ) b of

symbols (b(} ))5 in MSiM),I . on Iy, j=1,2 such that

hg

_ —u7 (1)

(@29, 79). = (b2 (v, 7.€)), on I,.
Recall that on I (4.9) is equivalent to the followmg: there exists a smooth cut-off
equal to 1 near the origin such that for every N > 1 we have on Iél

N—1
(aj.e — Z e(1— go)Eg»’fa))E € MES{;]YJ)\,,N for |(7,&)| sufficiently large.
pn=0

Proof of Theorem[].3. To begin with, we set for j = 1,2 and £ € (0, (]
_ 7(0) .
2 25, i iy o

Qje *= Ojer
where
b;os)(y,T £ = ac(y, 7€) onlpy, j=1,2.
Moreover (a( )) € Mgl ¢ with polyhomogeneous asymptotic expansion (hggg-?e))s

phg

with he as in and (b; )) only prescribed on I, j = 1,2. Asin (4.7) we set 5;?8)
and l§1€) equal to zero for all other € € (0,1]. Furthermore we define the first-order

operator L;liz} through (9, + A§1))¢ where A}l) OPy((a; )) ) for j =1,2.

Now taking L?LL(;L as a first approximation for L, we can compute the error
as follows:

LL8), — Ly = (0:+ AD)u(0: + APy — (82 + A)y
= (A + AN (0.) + OPy ((e0a81)) ) + AV AS) — Ay
=T+ T8 0.)y
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where we have used the Leibniz composition rule for ¥-pseudodifferential operators;
that is, (9:)yA3), = AL} (8.)y + OPy((0:a3)).). Then Fglw — (AD 4 AWy, €
OPy Ng: on Iy . Moreover Féi)b is equal to OPw((aazalE)E) + Aglszélzb — Ay
and is a polyhomogeneous v-pseudodifferential operator with generalized symbol

(ﬂy(()ls))E in Mglll (Iy,) by Proposition In detail (7(() 5))5 admits the asymptotic

expansion

|ex]
1 _(1 € 1
(D).~ (co + X0 S oga) gl)) on i,
|a|>1 ! ¢
To improve this argument we will construct recursively the N-th approximation:
Lg?LéI\;}) — Ly Before, for convenience of the reader, we compute the second order
approximation for L.

Therefore we let € € (0,e0] be fixed and define
6(2) = 7(1 + bj ey l(.z) =i + a(.Q)

(2 )) denotes the symbol with polyhomogeneous asymptotic expansion

j,€
(he 6(2)) and the existence of the generalized symbol (b(lg))g will be clarified im-
z(1 )

where (a}

mediately. Again we set b, . and 1(2) equal zero for all other € € (0,1]. From the
preceding observations we have the approxnnatlon
1) (1 1 1
L)LY — Ly =18, + 18, (8.)  on Ij,.
To obtain a suitable second order approximation we would have to keep the follow-
ing expression small
2) (2 1 (1 (1 (1
L L — Ly = (L7 + B (15 + By — Ly
1 1 1
=T, + 10 (0:)p + (B +B< D) (0:)s (4.10)
1) 1 1) (1

+ 0Py ((e0:65) ) + ALY BY) + BY) AS) + BY) BY)

where in the above step we have used the Leibniz rule.
We now specify (b1 E)E7 (bélg)6 on I as follows: because the the generalized

symbol (a; ( )) satisfies:

In € (0,1]: [af(y, 7€) > Cl(r,€)|  on I, Ve € (0,1 (4.11)
for some constant C' > 0 that is independent of € € (0, 7], j = 1,2, the matrix

1 1
((1) (1)) (4.12)
as ¢ a’l,e

is invertible on 1(32' We denote by (véla) ) and (7%12) the naturally extended top

order symbols on I(',2 of (7(()15) )5 and (’y&) ) on Ie1 respectively. Thus the system

e (1) )
()_b1€+b26

g

e 1)_(1 (1)
()*ble §2+ §2b2€

is uniquely solvable for (5(1 )e in M(lg ; on Ig ,j=1,2.
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Wlth this choice of (b( )e the second-order approximation for the operator L.

in now reads
L LY, — Ly =T, +T7)(9.)y on I,

and F(2 = F(z) (y,Dt, D,) and Ff) = F(2) (y7 Dy, D,,) are the ¢-pseudodifferential
operators with generalized symbols (fy((, 5))5 in MfSlOQQ) on Iy and (71’5)5 is in Ng

[’ el phg
on I, , respectively.

To continue the proof, we assume for N > 1 that (b( )e € Mgly), , on I(’,2 is

determined for all v < N — 1 and j = 1,2. For fixed ¢ € (0,&0] and j = 1,2 we set
(N) (N)
e B

with A( )(y,Dt, D,) = OPw(( ))5) with (a; o )) the symbol with polyhomoge-

neous expansion (h a( )) Agaln for all other € € (0, 1] we set a( ) and L( ) equal
to zero, j =1, 2. Furthermore we suppose an N-th order appr0x1mat10n for Ly of
the form

LML) — Ly, =18 + 110 (0.) on I,

where Fé]\;) and I‘Y\;}) are the -pseudodifferential operators with generalized sym-
bols ('70 . )6 in MO 2 N ~ On 1'91 and (Vi 6))5 in NS1 on I‘9 , respectively.
Again we denote by ('Yo s)) and (’yl s)) the naturally extended top order terms

on I, of (7). amd ("

e
on 19 as follows: since ( 58) )e satisfies (4.11) the matrix in (4.12)) is invertible on
I, and thus the system

on [ . For the induction step we specify (bg )es (bg{?)g

~(N (N) | 7(N)
’Ygs)*b +b26

FM a0 4 gOp)
Ao =il v anlh,

is uniquely solvable for (BEJZ )e in Mgl vy oonlg,j=1,2.

We write BJ(.’]ZJ) for the y-pseudodifferential operator with polyhomogeneous gen-

eralized symbol (bgl)\é))s = (EEEE{Z))E and set L(NH) (L(N) + B(N)) . Then the
following is valid

ng\lf;l)L(NJrl) Ly = (L(N) +B(N))w(L§N) +B§N))w — Ly,

= TGy + 11000 + (B + BYY) (02),,

+OPy ((e0:05),) + AL By + By AL + BB
Indeed we have an (N+1)-th order approximation of the form

Lgfp+1)Lé{Yb+l) - Lw F(N+1) + F(N+1)(8z)w
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and Fé]\ffl) and F(lj\f;rl) are the w-pseudodifferential operators with generalized
symbols (7((){\5[“))5 € ME;;J_V;QH and (’yg\gﬂ))g € NSI on Iy , respectively. This

phg
completes the induction step. ([l

5. THE GENERALIZED INFINITE WAVE FRONT SET

In this section we will discuss an alternative description of microlocality and
regularity theory in Colombeau algebras of generalized functions. We refer to [31]
17, 18] for more details on the commonly used notion of a generalized wave front
set. Therein the generalized wave front set is explained by replacing the standard
C°-regularity by G°°-regularity. In the same manner we can reformulate local
H*°-regularity used in the Sobolev based wave front set in terms of G*>°-regularity.

In the case of generalized pseudodifferential operators that satisfies logarithmic
slow scale estimates this is a straightforward modification of the regularity results
in [I7] within the Colombeau theory in a Sobolev based context as in [42]. But the
situation changes dramatically when working with w-pseudodifferential operators
with symbols of log-type.

For this reason we will introduce the notion of generalized infinite wave front
set describing negligibility of a generalized function at infinite points. For further
studies about the infinite wave front set and the more refined semiclassical wave
front set we refer to [8, 1] and [30, 111 [23].

5.1. Microlocal behavior at infinity. Here we introduce a suitable notion of
asymptotic negligibility of a generalized function u € G o(R™) with respect to
certain regularities on the phase space.

To do so we use the following notation which is similar to [§]. For a non-zero
vector &y € R™ we write for the projection onto the unit sphere £/|¢o|. Moreover,
given such & we say that I'sog, C R"™ is a conic neighborhood of the direction
&o/€o| if T'acg, is the intersection of the complement of some open ball centered at
the origin with an open cone containing the direction.

Furthermore, for (xg,&) in T*R™ \ 0 we say that a generalized symbol p :=

(pe)e € MfSl'j;’(L)’)O is elliptic at (zg, 00&p) or also elliptic at infinity at (zg, &), if there

phg
is an open neighborhood U of zy and a constant C' > 0 such that

Ipe(z,&)| > CE)™ V(x,8) € U xT'ogg, as € = 0.

We denote by Elli(p) the set of all points (z¢, &) € T*R™ \ 0 where p is elliptic at
infinity.

Then the generalized infinite wave front set is defined as follows.
Definition 5.1. For u € Gy 2(R™) we denote by WF'(u) C T*R™\ 0 the generalized
infinite wave front set of u which is characterized as follows. We say that (2o, &o) ¢
WF'(u) at infinity, denoted by (zg,00&p) ¢ WF'(u), if there exists x := (x:)e €
M‘(S?;S?O elliptic at (zg, 00&p) so that

phg

OPw(X)’U, =0 in 9272(]1%”).

Remark 5.2. Let (u:). € My~ and suppose that there exists X, := (Xm,e)e €
M(OLS,)O for some m € R elliptic at (xg, c0&y) with

phg

Vg e N: [|OPy.c(Xm,e)tellr2mny = O(e?) ase — 0.



EJDE-2012/144 FACTORIZATION OF HYPERBOLIC OPERATORS 27

Using [12] Proposition 3.4] then the above line is equivalent to OPy(xm)u = 0 in
Gao.

Furthermore we introduce the notion of an infinite conic support to describe
singularities of 1-pseudodifferential operators. Therefore let p := (pe): € Mg’,i)k
h
be the generalized symbol of P;. Then the infinite conic support of Py is the set
conesupp!(p) C T*R™\ 0 and is defined as the complement (in T*R™ \ 0) of the set
of points (zg, &) € T*R™ \ 0 such that there exist an open neighborhood U of xq,
a conic open neighborhood I'¢, of the direction &y and a constant K > 0 such that

the following is satisfied:

Va,3 € N VN e N: \8?85p5(x,§)|(§)_m+1v+|a‘ =0EN) ase—0, (5.1)

uniformly in (z,€) € U x (T¢, N{€ € R™ : (] > K}). This is again a condition
on the behavior for a generalized symbol at infinity and we therefore say that
(70,&) ¢ conesupp'(p) at infinity and write (xg,0&) ¢ conesupp'(p) whenever
is fulfilled.

The idea here is that conesupp!(p)¢ are the directions on the phase space in
which Py annihilates singularities as they are contained in Ngn (U x I'). To give a
connection to these two notions of wave front sets we state the following theorem.

c

Theorem 5.3. Given u € G2 and Py a -pseudodifferential operator with gener-
!
e

phg

WFi(Pwu) - WFi(u) N cone supp' (p)

alized symbol p = (p:)e € M Then the following statement is valid

and we say that the -pseudodifferential operator Py is microlocal at infinity.

We remark that most of the properties of the infinite wave front set of a gener-
alized function in G2 can be derived from the theorem of Calderén-Vaillancourt
for the class pseudodifferential operators with symbols in S§ .

Proof. We first show the inclusion relation WF'(Pyu) C conesupp!(p). Therefore
we let (zg,&) € T*R™\ 0 such that (z,00&) ¢ conesupp'(p) which in turn implies
that (pe)e is in Ngm (U x I'¢, ) for some open neighborhood U of x¢ and some conic
open neighborhood I'¢, of §. More precisely, we have that 3K; > 0 such that for
all o, e N" and all N € N
1020 pe (2, &)|(€) "N = O(EN) ase — 0,
uniformly in (z,§) € U x Iaeg, with Toogy =T, N{€ € R™ ¢ €] > K1} We will
(7

now construct a symbol (XJ,I?))g € MES.OP)O elliptic at (xg, 00&p) such that

phg
VgeN: | OPw,E(XST[?))Pw,EUSHLZ(]R") =0(?) ase—0.

For that reason let ¢ € C°(R™) such that ¢(z) =1 for |z| < 1/2 and ¢(z) = 0 for
|z| > 1. Now, given (z0,&y) € T*R™ \ 0 we define for fixed J > 0 the function

)‘.(J_m)(xaf) ::¢($_$0>¢({£_570}%)‘5|—m for £ # 0.

J €l [&ol
Further for some fixed K > 0 let
—m 5 —m
W (@,6) = (1= 6) (52 )2 ™ @), (5:2)
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Then for J,K > 0 fixed (x\ 7" (x,€)). € Mfg ) o is elliptic at (o, 00&) and
phg

supported in

lz—= I¢| > K.

£
ERL Vi
€l 1l
So X‘(]}? ) is a cut-off in a conic neighborhood of &, and is supported in a cone of

directions near &;. In particular we have XS}? )#Ps = 0 for [¢] < K. We now
choose J, K > 0 such that

supp(X(JT;(n)) C U x Dg,-

Then by the L2-boundedness theorem of Calderén-Vaillancourt for symbols of class
5870, see [41l, Chapter 13, Theorem 1.3|, there are constants jg,71 € N and C > 0
each of which depend on n but independent of € > 0 such that

| 0Py e (XS ) Pyctiellzz = || OP e (X5 #ope e o
SO sup ROY (x5 K Hepe) e e e 1
ler| <jo, |81 <41
where in the last step we performed the rescaling by means of the asymptotic
expansion of the second kind for the composition formula of the pseudodifferential

operators expressed by using the notation #s5, see Subsection Moreover we
used the following estimation

10202 (12 #ape(,2€))| = €121 (020X 1 #ape) (. <€)

<elol sup (820N Hap) (2, <€)
(z,€)ER?"
=gl ||3?35X,(],_;7<n)#2ps||L<><>(1R2n)~
Now using the fact that (p.). € Ngm (U x T'¢,) one has for every ¢ € N that
sup (10282 (X 1 #ape) | e rany = O(e7)  as e — 0
|a|<go,|B1<41

by Proposition and we deduce that (zg,00&) ¢ WF'(Pyu) which completes the
first part of the proof.

We continue the proof by showing the following inclusion:
Claim. WF'(Pyu) C WF'(u).
Proof of the Claim. We take (g, 00&) ¢ WF'(u) and let U be some open neighbor-
hood of zp and I'g, a conic neighborhood of &;. Then, for some j € N there exists

X = (Xje)e € MSJ o elliptic at (zg, 00&p) such that for some constant K; > 0 we
phg
have

3C > 03 € (0,1]: [xjelz, &) = CE) Ve e (0,1 (5.3)
uniformly on U x I'acg, with I'eey =T'¢, N {(z,&) : |§] > K1} and for all ¢ € N,
[|OPye(xje)tellrze = O(e?) ase — 0.
Then the assumptions in Lemma from the next section are satisfied on U x I'g,

and there is a x_; := (X—j,c)ec € M;LOJ?,O such that

phg

OPy(X—;)OPy(xj) = Iy + Ry onU x T,
where the generalized symbol (r;). of Ry isin MS ~n on U xT¢, for every N € N.
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As in (5.2) one constructs a generalized symbol (kj_p,): € Mg)

phg
(20, 0&p) such that the supp(k;_.,) is contained in the set where (5.3) is valid. We
then write
OPw,e(ijm#2ps)
= OPy c(Kj—m#ap#2X—je) OPy c(Xj.e) — OPy c(Kj—m#FapFore).
Concerning the first term on the right hand side we rescale and obtain by the

Calderén-Vaillancourt theorem that there are constants jg,j; € N and C' > 0 such
that

]’-()_)m,(, elliptic at

|| OPy c(Kj—m#ope#aX—j.c) OPy o(Xj.e)uel L2

<C  sup 0200k _m#apHoX—je)ll Lo (ren)
la|<jo,|B1<J1

OPy e (Xje Jue| L2

and the latter expression is O(e?) as € — 0 for every ¢ € N by assumption. Similarly
we obtain for every ¢ € N:

|| OPy o (Kj—m#ape#are)uc||r2 = O(e?) ase —0
since (7<) € Ngo on the support of £;_,,. Therefore (z¢,008o) ¢ WF (Pyu). O

As a next result we reformulate the infinite wave front set in terms of the Fourier
transform of a localized function.

For this purpose we introduce the space G.(R™) of compactly supported gen-
eralized functions consisting of those u € G(R™) such that for some K € R™ the
restriction u to R™ \ K is equal to 0 as an element of G(R™ \ K). Note that for an
open subset 2 of R™ the space G(2) is defined by the space Gg by setting E = £()
the space of smooth functions on 2 topologized through the family of seminorms
PK,.,;(f) = 8UDP,ek, |aj<;j 0% f(x)] where (K ), is an exhausting sequence of com-
pact subsets of 2.

Proposition 5.4. Let u € G.(R"). If (xo,00&) ¢ WE'(u) then there exists v €
C°(R™) with y(xo) # 0 and a conic neighborhood T' of &y such that for all N,q € N
there exists C' > 0 satisfying

[F(yue)(€)] < Ce€)™ ase—0 (5.4)
for all £ € T with |£| > K/e for some K > 0 independent of .

Note that our notion of regularity is derived from the infinite wave front set and
therefore differs from [28] Section 6] and [I7, Sections 2,3]. It is also different to [31]
Definitions 3.13 and 3.14, Section 3.2.2] if one replaces there the condition of G
rapid decrease by rapid decrease. We remark that a generalized function u € G(R™)
is of rapid decrease if it has a representative (u.). with the property:

AN eNVpeN3IC >03ne (0,1]:
lue(x)] < Ce™N{(z)™P Vo e R" e <€ (0,7

Proof. The following proof is similar to [2I, Proposition 7.4]. First note that G. C

Gan. Since (wo,00&) ¢ WF'(u) we can find a x := (x.). € Mg)f),)n,o elliptic at

phg

(20, 0&p) such that OPy(x)u = 0 in Gy o for some m € R. Furthermore we let
v € C(R™) with y(x) # 0. Then there exists a symbol ¢ € SO(R"),supp(¢) C
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Focgy =Ty N{E - €] > K} for some K > 0 and ¢(¢t€) = 1 for t > 1, € T'eg, SO
that
Py (D)y(x) = Ay OPy(x) + Ry

where A, and Ry is a iy-pseudodifferential operator with generalized symbol in
Mg?;,??o and NV S0 respectively. Then by assumption we deduce that ¢, (D)yu =0
in Go 5. In particular we deduce that ¢ (D)yu = 0 in G since G — Ga o, see
[12, Proposition 3.5]. Using the fact that the Fourier transform is an isomorphism
on G we obtain £ — (¢(e€)7u.(£))e is in N under consideration of the scaling.
Hence we also have that

YN e NVgeN: [[(¢/e)Yo(&)7u.(¢/e)| = = O(e?)
showing (5.4). O

We also study the behavior of the infinite wave front set of a function under the
action of ¥-pseudodifferential operators that are elliptic at infinity.

Theorem 5.5. Let Py be a y-pseudodifferential operator with symbol p :== (p.). in

MESI'/;’?’)“ that is elliptic at (zg,00&p) € T*R™\ 0. Then the following holds:

phg
WEF' (u) € WF'(Pyu) UEI (p)°.

Proof. Suppose (xg,00y) is not contained in the right hand side of the claimed
inclusion relation. Since (z¢, c0&) € Ell'(p) the symbol (p;). is elliptic at (2, 00&)
and therefore there is an open neighborhood U of xy and conic neighborhood T'¢,
containing &g such that

Ipe(x,8)| > CE)™ V(,&) €U x Toce, as e — 0.

By Lemma from the next section there exists an approximative inverse @, so
that
Iy = Qq/jpw + Ry onU XTIy, (5.5)
and (zg,00p) ¢ conesupp'(r) and r := (r.). is the generalized symbol of Ry.
Hence (z9,00&0) ¢ WF'(Ryu) by Theorem
Furthermore, since (29, 00&) ¢ WE'(P,u) we obtain that

(20, 00&0) & WEF'(QyPyu) C WF (Pyu)
and by we deduce that (29, 00&) ¢ WF(u). O

5.2. Microlocal factorization. In this section we use the notion of microlocal
behavior at infinite points of a given generalized function in Gy 2(R™) to give a
microlocal interpretation of Theorem To do so let I be a conic subset of
R™x (R™\0). We then say that two generalized functions u, v € G, o are microlocally

equivalent at infinity on I if and only if there exists (xc)e € ME;;S?O elliptic at

phg

(@0, 0&p) for every (zo,&o) € I such that xy(u —v) =0 in Gg o.
Similar to [37] we introduce a subset of the phase space associated to I; which
is given by
Iy, == {(t,y,m,n) | (y, 7€) € Ig,, || < Verlrl} (5.6)
and ¢ > 0 is the upper bound of the Holder continuous coefficient ¢(y). Note that
in the following Iy, will serve as the adequate space-frequency domain on which we
establish the microlocal factorization theorem at infinite points.
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As already mentioned in the preceding section L, = (0, + A;(y, D¢, Dy))y,
j = 1,2 is not a t-pseudodifferential operator on R**1. To overcome this we are
going to introduce a microlocal cut-off gy (Dy, D) for I, such that

gypLjpu = L;yu  microlocally at infinity on I, (5.7)

where u € Gy and gyLjy is a i-pseudodifferential operator with generalized
symbol in /\/lfs.lloo) Here the microlocal cut-off g, is constructed in the following
way.

First let Ko, K1 be some fixed constants so that 0 < Kg < K; < oco. Then
g € C*®(R"1), 0 < g < 1is defined by

0, ¢l = 3y/el(m, §)] or (7€) < Ko
g(r,n) = 9(7;€), <l < 2yal(r )

5(7,6) 2y/e1|(r,€)| < [¢] < 3y/e|(r, €)

1 1
14e [CI/TO=2e1 3y —ICT/I(7, )] ’

and the function & is a cut-off near the origin given by

Oa ‘(7_,5)‘ S KO

(}(T,g) = 1a ‘(775)‘ ZKI
- K1 —Kg 9 K0<|<T7£)|<K1

Kj—Kg  _
14eTHOT=Kg ~ Ki—1(7,8)]

Then g € S°(R™*!) has the form shown in Figure

[(1, )l
2y/e|(r, )| = <]
g=1
K - 3vetl(r,€)] = K|
Ko /,’// _ g=20
[q
FIGURE 2.

Moreover, gyL; acts as a i-pseudodifferential operator in (¢, x,z) with gen-
eralized symbol in Mgloo) which can be shown by an adaption of [25] Theorem
18.1.35].

Furthermore is satisfied, since conesupp'(g — 1) NIy, = 0. In the same
manner one shows that gy Ly Loy = L1, L2 microlocally at infinity on Iy, .

Summarizing the observations from above we obtain the following main theorem:

Theorem 5.6. Let Ly and Iy, be as in (4.1) and (5.6). Then the operator Ly
can be factorized into a product of two first-order -pseudodifferential operators as
follows

Ly =Ly yLoy microlocally at infinity on Iy,
where Lj 4 = (82 + Aj)w and A; . 1s the ¥-pseudodifferential operator as in Theo-

rem [£.3
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6. MICROLOCAL DIAGONALIZATION FOR Ly

The main issue in this section is to diagonalize the microlocal equation LU = F
using the refined factorization theorem In detail, we will rewrite the equation

LyU = F microlocally at infinity on Ig,
into an equivalent system of the form

(32 —iBy(x, 2, Dt,Dz)) ug = fr microlocally at infinity on Iy, .

P
To show this we will discuss a different approach to the one given by Stolk in [37]
as it turns out that the factorization theorem already contains all the ingredients
for the diagonalization. Let us begin with the following lemma which was already
used in the previous section.

Lemma 6.1. Let m € R and Py be a polyhomogeneous 1-pseudodifferential op-
erator whose generalized symbol is given by (pe)er~ Z;’;O(ejﬁm_j,a)g in Mg/,,?)o on

Iy, for some (p,,_;. ) € M‘S'f,:j)w on I , j > 0. Furthermore suppose that the

principal symbol (P, . )e satzsﬁes an estimate of the form
3C > 03 e (0,1]: [p,, (v, 7.8 > C(1, €)™ on Iy, € € (0,n). (6.1)

Then there exists a -pseudodifferential operator Qy with generalized symbol in

Mfsl.j Om o such that the following is valid

phg
QuPy =1, + Ry only, (6.2)
where I is the identity and the generalized symbol of Ry is in NSo on Ié,l. More

precisely, the polyhomogeneous generalized symbol (ge)e of Qy is written in terms
of its asymptotic expansion as

(6)e D Te). in MG on I, (6.3)

k>0

for some (G_,,_j c)e € M(” vk) “wo only, k>0.

hg
Proof. The proof follows the classical arguments given in [29, Chapter 2| for e-
dependent symbols. We construct the generalized symbol of @, by means of its
asymptotic expansion. Therefore we will recursively define symbols (§_,,_.)e €

M‘(Sl./’,y:),kwu on Ié,l, k >0, so that the symbol of @ is given by (6.3 and satisfies
hg

62
Because of (6.1 we may define for (y,7,§) € Ij, and some 7 € (0, 1],

0, otherwise.

?, —1
qwmwmfy:¥%A%ﬂO ee (0]

Concerning the asymptotic behavior of the derivatives of g_,, . we use the Leibniz
rule and obtain that there exists C' > 0 such that for every ¢ > 0 sufficiently small,

1
o B —
10660y T-m.e| = | Z (375)31; pma) (‘975)311 P e) —1+u|
art...ta,=a P
Bi+...+8.=0

< Cw;’|m|(7',§)\*m*‘o‘| on Iy,
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from which we deduce that (g_,, .). € Mgf’_o,)n,o on Iy . We now proceed by induc-
hg
tion. Therefore we define (g_,,,_ ). on Iy by
_ 1 _ 1
Tk = 7{ Z —‘ng_m_lﬁﬁgpm_j’s}f— k>1only. (6.4)
Iyl+i+i=k, i<k ' Pm.e
Assuming that (§_,, _n.)c € Mgfﬁ)m (Iy,) for N < k then from the construction
hg
given in (6.4) one easily verifies that (7_,, .)€ ./\/lg’,y,]j),k,o(fél).
hg
Moreover by Lemma [3.4] we get the existence of a polyhomogeneous generalized

symbol (gc)e € ./\/l‘(g,o)0 having the following asymptotic expansion

phg

. _ . 0
(ge)e™ Z(&kq_m_k75)s m Mg—r)n,o on Iél.
k>0
Let @y be the -pseudodifferential operator with generalized symbol (g).. Then
(6.3)) is satisfied and it remains to show equation (6.2)). Concerning the asymptotic
expansion of Py, one has for every N > 1

el Nl k

£ _ _ 3 _ —

E ] ngea:’nype = 4—m,ePm,e + § § ﬁng—mfl,ea‘;;ypmfj,s
lyl<n k=1 |y|+l+j=k '

k
€ _ _

b S L,

k>N |yl +ltj=k

[v|<N

on Vi = Iy N(R™ x {(7,€) : |(1,§)| = K}) for some K > 0 independent of . Here
the second term on the right hand side vanishes by (6.4) on Vx. Furthermore the
last expression of (6.5)) is in Ngo(fy ) and g_,, .P,, . = 1 on Vi which establishes
the statement made in (6.2)). O

(6.5)

Similarly one can construct a y-pseudodifferential operator @w with generalized
symbol in M(”LO,)",O having a representation of the form (6.3) and satisfies

phg
Pwéw =1, + Ew on Iél
where the generalized symbol of Ew is in NV, S° on Ij . Furthermore Qy is related
to @w in the following way

Qu = Qu(PyQy) = (QuPy)Qy=Qy  mod OP, Ngm on Ij .

Diagonalization. To get an idea we start rewriting the inhomogeneous equation
LU = F into a first-order system with respect to the parameter z:

[aon, = (% ) 1 o,0) = (7) 9

with U, F' € Ga o(R™"1), Id the 2x 2 identity matrix and A, the 1-pseudodifferential
operator with generalized symbol (a.). as in . For brevity we will drop the
identity matrix Id in the equations from now on. Hereafter we are going to reduce
the operator in to diagonal form. To make this notion rigorous we make the
following arrangements.
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Q2 pll pi12
sz(zl 22) ) Pw=<21 22)
Q Q " P P "
be 2x2 matrices of y-pseudodifferential operators whose entries satisfy the require-
ments of Lemma Also we choose the top order of the symbols of Q%Z}, Qf/}
equal to 1 —m and those of @7, Q77 equal to —m for some fixed m € R.

Using Lemrna we choose Py to be the approximative inverse of @y on I, 51 in
the following sense: with Pél, PJJQ being operators of order m — 1 and le, sz of
order m and one has Py,Qy = Idy + Ey on I for some 2 x 2 y-pseudodifferential
operator matrix Ey of the form

Ell E12
Ey = <E21 E22
P
and Eil, E?f S OP¢N 0, Eiz € OPwNS—l and E?pl S OPdJNSl on Iéf
Then by (5.7) and (6.6) the equation
LyU =F microlocally at infinity on I,

holds if and only if

d, —1 U 0 . P
9o Qy (A 5z>w PyQy ((az)w U) = gy Qy (F) microlocally at infinity on Iy,

where g, is the microlocal cut-off function from the previous section.
Furthermore we will use the following notation: for [ = 1,2 and k € N we denote

First let

by Sé)k’l) operators of the form

> Roju(y, Di, Da)(027)y,
k<j <kt

and the generalized symbol of Ry_; 4 = Ra_; (Y, D¢, D) is in NS?—]‘ for k<j <
k+1.
In the following we assume that Ry, is a ¢-pseudodifferential operator valued 2x2

error matrix with entries in 515)1’1) on I . Also, we let By y = Bx y(y, Di, Ds) €

OP,, Mgi?o) on If/h'
phg

To obtain a diagonalization for the operator in we will search for operators

Py,Qy, Ry and By 4 as above such that the following adapted formulation of the

problem is valid in the region I, élz

Qu [ (@), - (OA é)w}Pw - <‘9Z o . OZ.B_L Ry, (6.7)

To show the existence of these operators we will construct them explicitly. Therefore
we presume that can be solved for some Py, Q,, Ry and By 4 with the above
conditions.

Multiplying equation with Qy (31 ) " from the right we obtain for the left

z

hand side an expression of the form

9. -1 1 Q2% + 4),, + 84 ,
Qw( ' > PyQ ( > = v vy on I (6.8)
A 0.), "Ne ), Q202+ ), + ST ’
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with Sf;’i) S Eéjm’Q) on Iy . Similarly we compute for the right hand side

0.—iB 0 1
[( 0o 8z—iB_>w+R¢}Qw (a)w

= (0: —Z'B+)¢(Q11f(8z)w + Qtlzzl) + Sv(i’ﬂ on I
(0.~iB_) (@22(D.),, + @21) + S 2

where Sf’i) e &M on Iél. Combining and we get an improved
formulation of (6.7)) which reads

QU202 + A)y, = (9 — iBy), (QI2(9:), + Q1) + BT on Ij,
QP2+ A)y = (0. — iB_),(Q%2(0.), + Q) + R on1j,

with Ry € &™) on 1.

We note that is a coupled system of two equations each of which stating
a factorization similar to in Theorem In the following we relate to
which will guarantee existence of the basic approach made in . Now
since Theorem allows two different factorizations (depending on the sign of the
principal symbol) we will modify both of them to deduce the refined reformulation

(6.9)

(6.10)

in (6.10).
Thus, with a view to Theorem we first write Ly, = (92 + A)y in the form

Lw = (az + Au)w(az + A12)w + Fl,w on Iél (6.11)

and for j = 1,2, Ay = A1, (y, D¢, D) is a polyhomogeneous t-pseudodifferential
operator with generalized symbol (aq.). as in Theorem Moreover we choose
Aq1,y and —Aja such that their principal symbols are equal to (—iy/ac)e. Fur-

thermore I'y 4 is in 51510’1) on Iy . Likewise we obtain
Lw = (6z + Agl)w(az + Azg)w + Fg,w on Iél (612)

where Agj = Agj (Y, Di, Dy), j = 1,2 are polyhomogeneous 1-pseudodifferential
operators but at this point the top order symbols of Ajq ., and —Asz, equal to

(iy/Gz)e. Again I'y 4 is in 511(00’1) on Iél.
An expansion in (6.11)) and (6.12)) then gives the following for j = 1,2
(02 + A)y = (82)p + (Aj1 + Aj2)y(02)p + OPy((£02a52) ) + AjipAjap + T

on Iél where we have used the Leibniz rule. By construction of the generalized
symbols of Aj1 4 and Ajz 4 we observe that (aj1,e)e = (—a;2,)e modulo Ng: on

Iy , j =1,2. Using this (6.11]) and (6.12)) then read
(0% + A)y = (0 + A11)y(9: — An)y  mod EV on I,
= (0 + An)p(0: — An)y  mod EXY on Ij .

With m being the fixed real number from the beginning of this section we now
choose ng) € OPy ./\/lfsl,,iJ ?0 and so that the requirements of Lemma, are fulfilled.
phg

(6.13)

Using the same result we obtain the existence of two 1-pseudodifferential operators

(£) with generalized symbols in M(l’_o,)n o satisfying (6.3]) and
) g S g

phg

0EIQH = Q0% = I, mod OP, Ngs on I,
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Inserting @E:)Q;;H into the first line of (6.13)) and @;_)Qgp_) into the second line
yields
(02 + A)y = (0. + A11),057 (Q7(0.) — QP 4y, ) mod £ on 1y,
=(0: + Am)w@&_) (pr_)(az)w - Q;,_)Am,w) mod 512072) on Ifl)l~
Here we define
—iB+,¢ = prJr)An,l/;@E;) - OPw ((63ZQ£+))5)@5/;+)
—iB_ = Qf/j)Am,wa;) - OPw((sazqﬁ_))g)Qg[).
Consequently, By 4 are polyhomogeneous i-pseudodifferential operators with real-
(1,0

S
shows that with this choices for B , we have

(6.14)

valued top order symbol in M on [, él . Furthermore a straightforward calculation
(0 + An) Q4 = Q7 (0: —iBy),  mod £ on I,
(0= + A1) Q%7 = Q4 (0 —iB-),  mod £} on I,
leading to the following decomposition on Iy ,
2 _ W) ; (+) (+) (0,2)
(02 +4), = Q7 (0: —iB1),(Q"(0:)y = Qy A y)  mod €,
_ =) ; (=) (=) (0,2)
=Q, (0. — zB,)d)(qu (02)y — @y A21,w) mod &7
Comparing this with the refined approach (6.10) we make the following choice for
the matrix @), from the beginning
Q%/,l = —Qz(pﬂAn,lpa Qllf = QE:),
Q= -Qy Ay, QF =0,

Qy = e )=, oC) B (6.15)
_Qw Ay, @Q M » 21 »
and fo) are polyhomogeneous 1-pseudodifferential operators of order —m on Iél
and elliptic in the sense of (6.1]).
Since the top order symbol of A;y 4 is given by (+i,/az)., j = 1,2 it follows from

(6.15) that Q. is elliptic in the sense of (6.1). Furthermore, the approximative
inverse matrix Py, of Qy is given by

_( —Cu Cy QW 0 /
Pw - (Agw,Cw 1¢, JrAQLwa) ( 0 Qv(—) . on 191

where Cy, is the generalized parametrix of (A1 — A21)y in the sense of Lemma
We have therefore found an appropriate operator-valued matrix Py, Qy, Ry and
operators By 4 solving (6.7). We have therefore proved the following theorem.

Theorem 6.2. Let Ly asin (4.1) and U, F € Gy o(R™" ™). Then there are operators
Qy as in (6.15) and By 4 as in (6.14) such that the equation

LyU =F microlocally at infinity on Ig, (6.16)

Hence
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holds if and only if

(0: —iB(y, D¢, D)),
(82 —iB_(y, Dt,Dx))wu, = f_  microlocally at infinity on Iy,.

uy = f+  microlocally at infinity on Iy, and
(6.17)

Furthermore, the coupling effect is computed as follows

) mo (o) ()-arft)

Closing remarks. Let us briefly summarize the above. First we explained a fac-
torization procedure for the semiclassical operator L, in the non-trivial case of
generalized coefficients of log-type when acting on G2 2. To overcome the error
made in this factorization we further introduced an adapted notion of microlocal
regularity.

Concerning the motivating part of this paper we want to make the following re-
marks. Because of the lack of an adequate description of propagation of singularities
in this setting it is not clear so far if and how one can derive approximated solutions
to from solutions of a perturbation of the problem as we have seen in
the smooth case in Subsection Even if we allow the operator L. given in
to have logarithmic slow scale regular coefficients this problem remains unsolved.
Once again, we want to mention that in the case of logarithmic slow scale case no
semiclassical interpretation of the situation is necessary and microlocal regularity
is based on local G5%-regularity.

Moreover we note that apart from the microlocal restrictions in the equations
of the operators L;, meet the conditions of Theorem 3.1 of [26], j = 1,2,
if the coefficients in from the beginning are of log-type with an appropriately
chosen exponent r € N which depends only on the dimension n. More precisely
r plays the same role as k does in [26, Remark 3.2]. Therefore if it is possible to
associate to a global description of the same by only slight manipulations
of the operators L = (82 — iBx(y, Dt,Dx))w, j = 1,2 in a microlocal sense (as
in the smooth setting) one can derive well-posedness to the corresponding Cauchy
problems which in turn approximate on Iy, .

However, as already pointed out in Subsection[2.I] we so far only handled the case
where the semiclassical asymptotic regime was restricted to hi(e) = € as e — 0. This
suggests itself to ask for general criteria of other possible choices for the semiclassical
scale h(e). Under the viewpoint of parameter-dependent representation theory for
generalized pseudodifferential operators this will hopefully also give more insight
in the notion of microlocal regularity at infinity. Here a future aim is to obtain a
refined notion of microlocalization which is capable to give a global characterization
and hence has to include regularity results for Colombeau generalized objects also
for finite points.

Acknowlegdments. The author is very grateful to Giinther Hérmann for many
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