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UNIQUENESS AND ASYMPTOTIC BEHAVIOR OF BOUNDARY
BLOW-UP SOLUTIONS TO SEMILINEAR ELLIPTIC PROBLEMS
WITH NON-STANDARD GROWTH

SHUIBO HUANG, WAN-TONG LI, QIAOYU TIAN

ABSTRACT. In this article, we analyze uniqueness and asymptotic behavior of
boundary blow-up non-negative solutions to the semilinear elliptic equation

Au=b@)f(u), @€,
u(z) = oo, x € 99,

where Q C RY is a bounded smooth domain, b(z) is a non-negative function on

Q and f is non-negative on [0, c0) satisfying some structural conditions. The

main novelty of this paper is that uniqueness is established only by imposing a

control on their growth on the weights b(z) near 9 and the nonlinear term f

at infinite, rather than requiring them to have a precise asymptotic behavior.

Our proof is based on the method of sub and super-solutions and the Safonov
iteration technique.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

This article is concerned with uniqueness and asymptotic behavior of boundary
blow-up solutions to the semilinear elliptic equation

Au=>b(x)f(u), u>0, ze,

u(z) =00, =€ IN, (1.1)

where QO C RY (N > 3) is a bounded smooth domain. The boundary condition
is to be understood as lims(,)_ou(z) = oo for d(x) = dist(z,d?). By a solution
to we mean a function u € CL (), which satisfies Au = b(z)f(u) in the
weak sense and limg(;) .o u(z) = oo, such solutions are often referred to as large
solutions, boundary blow-up solutions or explosive solutions.

We now explain our assumptions on the weight function b(z). Let K¢, c¢) denote
the set of all positive, non-decreasing functions k € L'(0,9)NC*(0,4) which satisfy
K(t) i d (K(t) d (K(t)

= — —Z ) = 1' < () — 14
0, limint 2 k(t)) Ce,  limsup dt(lc(t)) "

tirél+ Ek(t)
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where K(t) = fot k(s)ds. When Cy = C* = ¢, denote Ky = K¢, v}, for further
details on /g, we refer to [38] 43|, 12, [5, 26].
The basic structural assumptions of weight function b(x) are the following:
(B1) b e C*(Q) with « € (0,1), is non-negative on €.
(B2) There exist k € Kic,,ctp with 0 < Cp < C* < 1 and positive constants
0 < C) < C* such that

- b,
lim inf = Cg, limsup ——+ =C". 1.2
5(z)—0 k2(5) ; 5(1)—4? k2(8) (1.2)

We assume the nonlinear term f satisfies:

(F1) f(t) > 0, f(t) > 0 for large ¢ > 0, f(0) = 0, f(t) is locally Lipschitz
continuous on [0, 00) and differentiable for large ¢.

(F2) [ 2 < oo for large ¢ > 0.

t o f(s)
(F3) There exist positive constants Ay, Ay with max{1, A;} < Ay < Ay + 1 such
that
> ds > ds

liminf f'(¢ —— =A;, limsup f'(t —— = As. 1.3
R gy e e S g = e (09)

Note that when Ay = As > 1, by (|1.3), we have

< ds

lim f/(t B\, 1.4
SO ) g =h 4

which already appeared in [21], 50} 48] [49] [3 22], 51] in order to describe the variation
of f at infinity. It is worth mentioning that, f is rapidly varying at infinity (see
Definition below) if Ay = Ay = 1. However, f is normalized regularly varying
at infinity (see Definition below) with index A; /(A — 1) if Ay = Ay > 1.

Let us mention that condition similar to have been used to describe the
variation of b(z) at zero. More precisely, set

p+1

B(t)/tooA(ls)ds, A(t)(/otbpfrl)"l’

i (4 [ 505) = iy %y

then

which appears in [38] 27, [2].

Singular boundary value problem arises naturally from a number of dif-
ferent areas and has a long history. Indeed, elliptic boundary blow-up problems
arise in completely different fields as Riemannian geometry [28, [29], population
dynamics[36], 18], stochastic control problem with state constraints[32} [33] and fluid
dynamics[15].

There is a great amount of research devoted to study boundary blow-up prob-
lems related with . Generally speaking, the existence problem is relatively
well understood but the uniqueness problem is only partially understood. Further-
more, besides their own intrinsic interest, the uniqueness results provide us with
the dynamics of the positive solutions in a large number of sublinear and superlin-
ear indefinite parabolic problems in the absence of steady-state solutions, when the
dynamics is governed by the metasolutions of the model, see [36] 37, B9] and the
references therein.
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When f(u) = uP,p > 1 and weight function b(x) was permitted to vanish on 9%,
with a precise rate of the form

11m b(.r)

5—0 0 (l‘)

=0,

for some positive constants «, 3, Garcifa-Melidn et al [23], Du and Huang [I8] ob-
tained the uniqueness of boundary blow-up solutions to (1.1)). Further improve-
ments of the results of [23] [I8] can be found in [9] [§].

Recently, by making use of an iteration technique due to Safonov, the uniqueness
also be established in [16] 4] provided f(u) = wP,p > 1 and b(z) satisfies

C10%(x) < b(z) < Ca6%(z),x € ), (1.5)

where n > 0, 0 < C; < (3, a > 0 are constants and 2, = {z € Q,0 <
0(x) < n}. For more general nonlinear term f, Garcfa-Melidn proved the unique-
ness of with b(z) € C(Q) satisfies (L5), f satisfies (L4)[21], or f satisfies
limy, oo f(u)/uP =1, p>1 and f(u)/u is increasing for v > 0 [20].

In a different direction, by using Karamata’s theory for regularly varying func-
tions, Cirstea and Du [7] showed that uniqueness of boundary blow-up solution to
with f € RV,41, p > 0 still holds provided was relaxed to

C1k2(5(x)) < b(z) < Cok?(8(x)), a € Oy, (1.6)

where C1,Cy, a are positive constants and k € Ky. Zhang and Mi [51] also shown
the uniqueness of with b(x) satisfies and f satisfies (T.4)).

Our main objective of this paper is to establish uniqueness and boundary behav-
ior of boundary blow-up solutions to . A point worth emphasizing is that one
could not expect that the solutions are well-behaved near 052 if the weight function
and nonlinear terms are not. Therefore, we can only obtain a control on boundary
blow-up solutions’s growth near 02 under the assumptions and .

It is worth pointing out that uniqueness of boundary blow-up solutions to elliptic
problems has been obtained frequently in the literature by means of boundary
estimates (with the exception of [14] 38]). More precisely, proving uniqueness is
reduced to showing that every boundary blow-up solution has the same explosion
rate at the boundary, which can be obtained if b(x) has a prescribed behavior near
O and f has a prescribed behavior near infinity. Consequently, the quotient of
any two solutions tends to one as §(x) tends to zero. The uniqueness is the direct
result of an additional monotonicity condition, like

@ is increasing for ¢ > 0. (1.7)
Note that, under the assumption of and (L.3), we only can obtain a control
on boundary blow-up solutions’s growth near boundary, instead of a definite be-
havior of them near boundary, we will overcome the difficulty by Safonov iterative
technique. Furthermore, we only have (see Remark below),

ft)

.. . ﬁ7 A2 > 17
5y Is increasing for t > tg, 1 < g < A, where A = ¢ #2 (1.8)

o0, A2=17

instead of (|1.7) holds. For related but different uniqueness results, see [41], 42] [I3]
20, [19], 17, [14] and the references therein.
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We begin by stating our result on boundary behavior and uniqueness of boundary
blow-up solutions to (1.1)) when there is no competition between nonlinear term f
and weight function b.

Theorem 1.1. Suppose that (F1)—(F3), (B1), (B2) are satisfied. Then (1.1) has
unique positive solution u(x) satisfying,

u() . u()
e em) e e - .

if (A1 — 1)+ Cy > 0, where

* ds
==y, 1.10
L 705 (110
and
—— e =

4N — 1) +2C,° 4(Ay — 1) + 20

Remark 1.2. According to Proposition below, ¢ is the solution of the one-
dimensional problem

¢'(t) = —f((t), te€(0,00),
$(0) = oo,

where f satisfies (F1)—(F3). It is interesting to note that (1.11]) is independent of
the weight function b(x), and is not the one-dimensional version of (1.1).

(1.11)

Remark 1.3. Using Proposition [2.5] below, we have

A1—1711m1nf / ——1 <hm1nff() Ooﬁ
f(s ¢ f(s) (1.12)
f( ) ds Xds N '
< h?l»Song Ty Slimsu (f (t) ] 1) =Ay— 1.
Then, by we find that for large t,
(f’(t) —p@) t fcés) > Ay —p(Ag — 1), (1.13)

while,
() - r0-2),

This fact, combineed with (1.13)), shows that f(¢)/t? is increasing for ¢t > tq if
1 < p < A, where A appears in (1.8)).

Remark 1.4. By Remark we easily get that f(t) satisfies the following Keller-
Osserman condition

*  ds
< oo, F(t /
/t \/2F (s fs
Then, by Theorem 1.1 in [9], we know that (1.1 has at least one boundary blow-up

solution. Other related results on the existence of the minimal solution to (1.1)),
see [311 [0, 6, 47, 2 O] [42] and the references therein.
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Remark 1.5. In particular, according to Proposition [2.5 below, we know that
(,25 S NRVZl_Al if Al = AZ. Then

ck 1-Ay L u(x) . u(x)
(m—sa) <R ey < Ry

_ o 1—A4
- (4(A2—1)+20e) ’
provided Ay = Ay > 1, and

lim ————— =1,

-0 ¢(K2(0))
provided A; = Ay = 1, 0 < C; < C* This fact shows that boundary blow-up
solution to (|1.1) has a exact boundary behavior whereas the weight function not if
f is rapidly varying at infinity (A; = Ap = 1), which differs from the case that f is
regularly varying at infinity (A; = As > 1).

(1.14)

Remark 1.6. If f = uP,p > 1, it is easy to find that
p 1 1/(p—1)
M=ho= o= (L)
p—1 ) (p—1)t
Then, (1.9)) implies that, for small § > 0,

u(z) > (45’;(;):11))@)1/(?1)( )1/(1J 1)

_ —1/(p—1 /(p—1)
= (e Gooew)

Remark 1.7. Let f = e, it follows that A; = Ay =1, ¢(t) = —logt. Therefore,
lim ——
520 log K'(9)
provided 0 < Cy < C*. Note that f = e* does not satisfy f(0) = 0, but this is no
importance for the results.

and

= —27

The next objective is to consider the case that Ao = 1.

Theorem 1.8. Suppose that (F1)—(F3) hold with As =1, b satisfies (B1) and

- b(x) b(z) k
liminf ————~— = %%, limsup—— =%, 1.15
5(z)—0 kz(a)(%)’ B @0 kz(é)(%)' (1.15)

"
where k € Ko with (K—é))) > 0. Furthermore, K satisfies

. (t)
lim ; =0, 1.16
=0 k() (55 1
and
1- 2(t s
mt%ﬁ( Fel& (( )1))) otz () T )) = > % (1.17)
hr?_?(l)lp (1 — Fle(K ((()))f¢(K2(t ) f(S) ) — @t (1.18)
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Then (1.1) has a unique boundary blow-up solution u(x) satisfying (1.14)).

Remark 1.9. As we already said, by a standard argument, the uniqueness of
boundary blow-up solution to will be a direct consequence of boundary esti-
mate provided Ay = 1, since any boundary blow-up solution has the same boundary
behavior near the boundary. Hence we focus on boundary behavior of boundary
blow-up solution to when Ay = 1.

Remark 1.10. Thanks to Theorem we find that when f is rapidly varying
at infinity, which grows faster than any power functions, then the vanishing rate
of weight function b at boundary 0f2 enters into competition with the growth of f
at infinity. This phenomena was firstly studied by Cirstea in [5], where b satisfies

(1.6) with k& € kg, instead of (|1.15]).
Remark 1.11. The transformation u = ¢(v) changes (1.1]) into
2
—Av +TII(v) [Vl =b(z), €9,
v
v(z) =0, x €09,

(1.19)

where
()

MO = =50

Obviously, for small ¢,

* ds
) = e (6(0) = £100) [ 15
o) f(5)
which, together with (1.3), implies liminf; .o II(¢) = Ay, limsup,_,, II(¢) = As.
Here, we will prove Theorem and [1.8|directly, unlike earlier works [34} [35] [21],
considering boundary value problem (1.19)) satisfied by v = ¢ (u), where 1) defined
by

> ds
vt) = | S5
¢ f(s)
The distribution of this paper is as follows. In Section 2, we collect some pre-
liminary results. Theorem will be proved in Section 3. Section 4 is devoted to
prove Theorem Some illustrative examples are analyzed in Section 5.

2. PRELIMINARIES

We start by recalling some definitions and qualities about regular variation the-
ory. For detailed accounts of the theory of regular variation, its extensions and
many of its applications, we refer to [I} [45] [44] 24] [46] [40].

2.1. Regular variation theory.

Definition 2.1. A positive measurable function f defined on [D,o0) for some
D > 0, is called regularly varying (at infinity) with index p € R (written f € RV),)
if forall £ >0
o few
u—oc f(u)

When the index of regular variation p is zero, we say that the function is slowly
varying.

= ¢
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Definition 2.2. A function f(u) defined for u > B is called a normalized regularly
varying function of index ¢ (in short f € NRV,) if it is C'! and satisfies
o f(u)
lim =p
()

Note that f € NRV, 4 if and only if f is C! and f’ € RV,,.

The notion of regular variation can be extended to any real number. We say that
f(u) is regularly varying (respectively, normalized regularly varying) at the origin
from the right with index p € R, denoted by f € RV Z, (respectively, f € NRV Z,),
if f(1/u) € RV_, (respectively, f(1/u) € NRV_,).

Definition 2.3. A positive measurable function f defined on (A,00) for some
A > 0 is called rapidly varying at infinity if for each p > 1,

lim f(w) =

u—oo  UP

For the sake of convenience, we introduce several classes of functions.
Let RV denote the set of all positive measurable function f defined on

p1,p2]
[D, o) for some D > 0, satisfying
o (6w . f(&u)
liminf =22 > &P limsup == < £°2, > 0.
e A e I

In particular, when p; = po, f is called regularly varying at infinity with index p;.
One can show that all regularly varying functions belong to this class. This is also
true for all positive measurable functions which are on (A, co) bounded away from
both 0 and co.

It is sometimes necessary to transfer attention from infinity to the origin. More
precisely, let RV Z,, ., denote the set of all positive measurable function f defined
on [D, o) for some D > 0, satisfy

o f(Ew) , f(&w)
lim inf > &Pt limsup ——- < £°2, > 0.
g 7 W =
Let NRVj,, ,,) denote the set of all C'! functions satisfying
/ /
lim inf uf(w) > p1  limsup uf(w) <p2, peR

u—oo  f(u) u—oo  f(u)
Clearly, when p; = po, f is called normalized regularly varying at infinity with
index p; and NRV, C NRV|,, ) for any p € [p1, p2].
Similarly, NRV Z,, ,,1 denotes the set of all C! functions satisfying

G R )

2.2. Comparison principle. The following comparison principle will play an im-
portant role in the proof of our main theorem.

<pz, peR

Proposition 2.4. Let f be continuous on (0,00) such that f(u)/u is increasing for
u > 0, and b(x) € C(Q) be a non-negative function. Assume that uy,us € C?(Q)
are positive functions such that

Auy —b(z) f(ur) <0< Aug — b(x) f(ug), z€Q,

lim sup(ug — uq)(z) < 0.
6(x)—0
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Then we have uy > ug in €.

The proof of the above proposition can be found in [9, 1], see also [35] for a
version corresponding to the p-Laplacian case.

2.3. General I’Hoépital rule. For the sake of computation, we mention here the
general 'Hopital rule which appears in [34] and is used throughout the paper.

Proposition 2.5. Suppose f(x) and g(x) are differentiable functions defined on
(o, B) for with ¢'(x) # 0 for all x € (o, ), where —o0 < a < f < o0. If
lim inf, g % and limsup,_, g g,—gg exist and lim;_,g g(t) = co. Then

/') f(@) f@®) f'®)

lim inf < liminf == < limsup —= < lim sup .
=6 g'(t) ~ =6 g(t) t—p 9(t) t—p 9'(t)

The proof of this results follows by slight modification of the usual proof of
I’Hépital rule, hence we omit it.

2.4. Properties of f and ¢. In this subsection we quote some results about f
and ¢ which are used in subsequent sections.

Proposition 2.6. Suppose that f satisfies (F1)-(F3). Then
(i) A}\j = liminf; o % < limsup,_, % < Af\jl.

(ii) f is rapidly varying at infinity if Ao = 1.

(ili) ¢ s well defined on (0,00), ¢(t) > 0, t > 0, ¢(0) = 00, ¢(c0) =0, ¢'(t) =
= f(8(t), ¢"(t) = f(&(1)) [ (¢(1))-

(iv) —~¢' € NRVZi_p, _n,py 6 € NRV Zj_pp1-n,-

(v) tPo(t) is increasing for t > to if p > Ao — 1, is decreasing for t > to if

p < A1 —1.
Proof. (i). Direct computations show that
- f@) 7 = @) 7 FE
Aol < iliminfM < liminf/tioof(d:
Ay 9 t—oo t t—oo ¢f!(t) t T
f@) 7 2
= lim inf 1(®) < limsup ()tioof(d)
t—oo tf'(t) t—oo tf'(t) [, f(:)
1 IO A1
< —1 < .
AT TN
(ii). By (i), we find that there exists a positive constant tg, such that for all
t > 1o,
f'(t) 1
> (g+ 1)t .
TR
Integrating the above inequality from ¢y to ¢, we have
t opr
d
F)s ) = n f(to) > (g + 1)(nt — Into).
AT
That is,

£t) _ o)t

P p+1 7
t th

which implies that f is rapidly varying at infinity.
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(iii). For the proof of this results, see [3] 50} 21].
(iv). By (iii), it can be easily seen that, for small ¢ > 0,

10 _ gy / s

¢'(1) sty f(8)
which implies that
Lt (1) : to" (1)
— lim inf =A;, —limsu = As.
() B = ) B

That is, —¢'(t) € RVi_,,—a,]- Consequently, f(#(t)) € RVi_4,,—a,) and
/1 / /
0+ 150

AT =
(1) (1) + (1)

< limsup < limsu =1-As.

ol B T e @' (1)
(v) A simple calculation yields

(o)) = (1) (tj;“) +p)
y

t)
This fact, together with (iv), shows that (¢?¢(t))’ > 0ifp > As—1 and (tP¢(t))’ < 0
if p < A — 1. O

3. PROOF OF THEOREM [I.1]

In this section we prove Theorem As remarked in the introduction, the
main point is that the behavior of the solutions can be characterized in terms of a
one-dimensional first-order equation. For clarity, we divide the lengthy proof into
two steps.

3.1. Asymptotic Behavior.

Proof. We now diminish 1 > 0 to ensure that, for all € € (0,Cx/2), § € (0,1) and
B €(0,9),
(i) E(x) is non-increasing on (0, 2n).
(i) (Ck —e)k?(6(x) — B) < b(z) < (C* + )k*(d + B) in the set Qo, = {z €
2,0 < d(x) < 2n}.
(ili) [[Vo(z)]| =1 for every x € Qo).
(iv) &(z) is C*—function in the set Qo
For 8 € (0,6), define
uj (2) = $(ES K2 (3(2) £ 9)), @ €0,
where ¢ is given by (L.10)), Q; = Q2,\ 03, Qg = Oy, and
e+ = Ck + 2 ¢ = Cr — 2¢
S A4A -1 20, T 4(Ay—1) 200
Then

Auﬁ —b(z)f(u 3)
> A" (KP4 B) K2 (6 + B)K* (5 + B) + 265 ¢/ (ST K (6 + B))K>(6 + B)
+ 265 (6T K2 (5 + B)K (5 + B)K (5 + B)
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+ 263 ¢ (E K2 (0 + B)K (8 + B)k(6 + B)AS — (C* + )k (6 + B) f (u})

= K25+ B)f(uf)[AT (5 + B) + AL (5 + 8) + Af (5 + B) + A (0 + B)AS
—(C*+ ),

and

Aug —b(z)f(ug)

<4029 K0 - B)K* (6 -
+260 ¢ (&K (6 - B))K(6 = B)K' (6 — )
+260 ¢/ (&K (0 = B))K (6 — B)k(6 — B)AS — (Ck — e)k*(0 — B) f(uz)

=k (0= B)f(ug)[AT (6 = B) + A5 (6 — B) + A5 (0 — B) + AL (6 — B)AS
— (Ck —¢)],

where

k26 — ) + 262 ¢' (€ K*(3 — B8))k*(6 — B)
(

2O (EKPW)EA()

+ _ + =
Al (t) - 4(55 ) f(¢(§g:K2(t)) ’ A2 (t)

i¢>'( SR (1)K (LK (t) +o
A =2 e Ry T
By Proposition 2.5 we obtain

liminf A7 (1) = 465As, Jimsup AT (1) = 465 Ay,

e VER()
*FER (1)

O (E KWK

KO SOE K2(0)

lim A5 (1) = —265,  lim AT (t) =0,

o . K@K () L K(t)\'
+ _oct + _
lntn 151f A (t) = —2& lutn 1(1)1f = 2¢2 hgn 151f (( ) 1)

2(0) 0
=2(5(Cy - 1),
. KK (1) , K(t)y
timsup A () = ~26 Timsup =555 = 26 lmsup ((757) — 1)
=26E(C* - 1).

The above computation leads to
ginﬂing[Af(é +B)+ AT (5 +B) + AT (6 + B) + Af (6 + B)AS — (CF +¢)] =

lim suplA7 (0 — ) + A3 (9~ 0) + A7 (6 = ) + 47 (0~ 9)80 — (G — )] = =

Thus diminish 7 if necessary such that
Aug - b(a:)f(u;) >0, z€ Q;,
Aug —b(z)f(ug) <0, z € Qj.
It is obvious that
ug(z) < N(n) +u(@),z € {z € Q:6(z) = 20 - B},
o [y T —
tim [u} () — N(n) — u(a)] = —o0,
where N(n) = ¢(£.K%(n)), u is a positive solution to (1.1]), which implies that
uj(x) < N(n)+u(z), =edy.
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Clearly,
A () - N()) = Au(z) > ) fuh) > ) fuf () — N(3).

This fact, combined with Proposition shows that

u;(x) < N()+ulz), ze€ Qg (3.1)
On the other hand,

u(r) < M@2n) +uy, z€{zeQ:i(z)=2n},

(A (22) + u; — u(@)] = o,
where M (2n) = maxs(;)>2, u(z). That is u(z) < M(2n) + ug,x € 99y, which
combined with Proposition [2.4] and

A(M(2n) +ug) = Aug < b(x)f(ug) < b(x)f(M(2n) + ug),

shows that
u(z) < M(2n) +ug, z€Q5. (3.2)
Using (3.1) and (3.2)), we infer that
uj(z) = N(n) <uz) < M(2n) +ug, =€Q5NQL,
where QEQQE ={z € Q, 8 < 4(z) < 2n—p}. This yields that for any = € Q5 QQE,

a@) M@ :
P(&e K2(3(x) = B)) ¢ K2(5(x) —B)) ~
u(z) n N(n)
P(ETE2((z) +8))  S(EdK2(6(x) +8))
Letting 8 — 0, we arrive at
u(z) M(2)
HERG) e K@) = )
u(z) N oy (3.4)

P(ETE2(0))  P(6IK2(0))
In view of Proposition and boundedness of N(n), M(2n), letting 6 — 0 and
e — 01in (3.3) and (3.4), we derive that ((1.9) holds. O

3.2. Uniqueness. The aim of the present section is proving that any two positive
solutions uy (), uz(z) to satisfy uq(z)/uz(x) — 1 as §(z) — 0, which together
with , leads to uniqueness. The proof is a refinement of the iterative technique
attributed to Safonov, which has been used in [21], 22] B0, [51].

Proof. Step 1. We first remark that, thanks to Proposition [2.5] given any two
positive strong solutions to , it follows that the quotient of any two solutions
is bounded and bounded away from zero.

Step 2. Let uy, up be arbitrary positive solutions to (1.1)). To prove the unique-
ness it suffices to show that

lim w (@) =1.
6—0 Ug (CL’)
Firstly, we show that
A = lim sup () <1
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The argument proceeds by contradiction; that is A > 1. Given a small € > 0 such
that € € (0, max{\ — 1, C}}); thus, there exist é. > 0 and z( such that

u ()
uz ()
(i) () > (Ci — £)2(5).
(i) 24200 > X — ¢, 20 € Q5,3
(iv) (A —e)ua(z) > to, where ¢ is such that f(¢)/¢? is increasing for ¢ > t( and
some p € (1, ﬁ)
(v) u(z) = ¢(ETK2(9)), x € Qs,.
(vi) f(B(K?(0)))K>(6) < (A2 — 1)@(K?(9)), = € Q..
Define

<A+e z€Qs, (3.5)

Qo ={z e Q:ui(z) > (A —e)ua(z)} N By(zo),
where B,(zo) = {z € Q: |z —x¢| < p} and p = §(x()/2. In the set Qy, we find

Alur = (A = e)ug) = b(x)[f(ur) = (A =€) f(uz)]
> b(@)[f(A = e)uz) — (A =€) f(u2)]
> b(x)[(A = &) = (A = )] f(u2)
> (Cr = )[(A =) — (A= ©)]k*(0) f (u2) (3.6)
> (Cr = )X =€) = (A= e)k*(3(2)) f (¢(£7K3(9)))
> (Cr = o)A =) — (A= )k*(p/2)f (€7 ¢(K*(3p/2)))
> C(A = e)K*(p) f(6(K*(Cp))),

where C' is a positive constant which can be taken independently of € varying from
line to line.

Define ¥(x) = (p? — |z — z0|?)/2N. Obviously, J(z) satisfies
—AVY(z) = 1,2 € By(xg), ¥(x) =0,z € 0B,(x0),
which together with , we arrive at
A(ug — (A —e)ug + M19) > 0,2 € Qo,

where M; = C(A—¢)K?(p) f(¢(K?(Cp))). Then, according to maximum principle,
we find that there exists x1 € 02y such that
ul(l‘o) - (/\ - 6)11,2(1,‘0) + Mlﬂ(ﬂl‘o) < ul(wl) — ()\ — E)Ug(.]?l) + Mﬂg(ﬂﬁl). (37)

If 21 € By(xo), then u(z1) = (A — )ua(z1), taking into account (3.7), we infer
that ¥(zg) < 9¥(z1), which is impossible. Thus x; € 0B,(x¢), namely, J(z;) = 0,
this fact, combined with (3.7)), implies

Myp? 2N = My9(x0) < uy(x1) — (A — &)uz(21). (3.8)
On the other hand, by d(z1) < 36(z¢)/2 < dc,
Myp* /2N > C(A = e)K*(p) f(9(E*(Cp))) = C(X — e)uz(a1), (3.9)

which, combined with (3.8)) and ( @, shows that
ul(ml) (1+C)( *6)7.142(%1). (310)
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Thus, taking into account (3.5), we obtain A +& > (1 + C)(A — ¢), letting ¢ — 0,
we arrive at 1 > (14 ('), which is impossible. This contradiction leads to A < 1. A
symmetric argument proves that A > 1.

Step 8. The uniqueness follows from a standard argument. For completeness we
include the short proof. Let tmin (), tmax(z) are minimal and maximal solutions
to (L.1), separately, in the sense that any other solutions u(z) to must satisfy
Umin () < u(x) < Umax(z). Subsequently, we will show that wumin () = Umax ().

Then, taking into account step 2, we have

lim Umin (7)
5(2)—0 Umax (T)

Thus given € > 0, there is 1o > 0 such that

=1

(1 — &)umax(z) < Umin(x), T € Qyy.
By , we have
A((1 = &)umax(z)) = (1 — €) Atupmax(x)
= (1= 2)b(@)f (tmax) = b(@) f (1 = €)tmax(x))-
Let w be the unique solution of
Aw=b(2)f(w), z€O,
W= Umin(z), =€ 00,
where O = {z € Q: §(z,0Q) > no}. By the comparison principle, it follows that
(1= &)thmas (2) < tmin(), @ € O,
On the other hand, in view of the uniqueness of w, we derive that w(z) = wmin (),
x € O. Consequently,
(1 = )umax(z) <w(z), =€,

which implies that tumax(€) < Umin(z), € Q. By the definition of upax(z) and
Umin (2), We have Umax () = Umin (). O

4. PROOF OF THEOREM [.§

Proof. Fix ¢ € (0, max{1 — 2¢*,%}) and choose ¢ > 0 such that
(i) §(x) is a C? function in the set Q.
(ii) k(z) is non-decreasing in (0, J).
! /
(iii) (€, — )k2(6 — 5) (f,jg:g;) <b(x) < (€F + )25 + B) (f,jgjg))) in the
set Q.
Define u%(x) = ¢(Fk(6(z) £8)),x € Q% for any 3 € (0,5), where k(t) = K2(t),
CF + ¢ e = G, — €
S 1-2¢+¢€

S 7
Then

Auzg — b(x)f(u;g)

> (520" (65 R(6(2) + B) (' (3(x) + B))? + €3 &' (€1 w(0 + B))K" (6(2) + )

L (ER(() + B)R (5(x) + B)AS — (€F + K25 + ) (M) fu)
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=& (ETR(O(x) + B))k(0(x) + B) (I((g((:f))))>

x [Bf (64 B) — By (6+ B) + Bf (6 + B)(¢" +¢)],
and
Aug —b(z) f(ug)
<(E)%9" (62 r(0(x) — B))(K'(8(x) — B))? + &2 ¢/ (6 w(8 — B)R" (8(x) — )

+5;w@;m&x»—mwawww—mAa—<%k+sm%a—ﬁ>(kg“éﬁ)fu%>

= £ ¢/ (€ k(0(x) — ) WW@—@)

X [By (6 —B) — By (6 — )+ B; (6 — B)(%x — €)] ,

S~—

=
—

[e9)
—~
&

|
@
N—
7N

where
#(t) 14 eEr)e” (X k(1)
K/ (t o) Kk(t
BE(t) =1 - — 0540, By(t) = N§“>,
(n’(t)) (H/(t))
K(t)\/
+ o kz(t)( k(L) )
5 (1) =

(t
58 ( )( n(t)))
By (1.16)), we have lim;_,q Bf( t) =1, using and (1.18§] -7 we find
lim inf BE(t) = 2%, limsup BE(t) = 2% . lim Bi(t) = —1/2¢E.

We can use the same line of arguments as in the proof of Theorem to obtain
this results, here we omit the details of the proof. |

5. EXAMPLES

We now give some examples of nonlinearity f which satisfy the assumptions of
the main theorem in this paper.

Example 5.1. Let f(t) =t° +sint” 4+ 2, p > 0, thus
f(&t) f(&t)

lim inf =limsup —= =¢”, ¢>0.
t=oo (1)t [(1)
Namely, f(t) € RV,. However,
!/ !/
lim inf 240) =0, lims tF(1)
which implies that f € NRV|g 3,

imsu = 2p,
P 1 M

Example 5.2. Let f(t) is a positive, differentiable function satisfying
Cit"r < f'(t) < Cot??,  £(0) = 0, for large t > 0, (5.1)
where C; < C1, 0 < p1 < po are positive constant. Then, by (5.1]), we find

—L e <) < e s, (5.2)
L+p1 1+ p2
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Taking into account (5.1)) and (5.2)), we obtain

C1(1+p2) _ , > ds Cz(l+p1)
tPr—rP2 L t <
Capo AL ¢ f(s) ™ Cip

which implies that 0 < A; < As, however, we do not obtain a finite upper bound
for As. In particular, if p; = po,
Ci(1 Cs(1
1 +p1)§A1§A2§ 2(1+p1)
Capr Cip1

Example 5.3. Let f € NRV|i1g, 144, satisfies f(0) = 0, where 0 < 0; < 0. It
follows that

pP2—pP1
t .

t
lim — =0,
t—oo f(t)
which together with Proposition 2.5 shows that

1 OGNS
— <liminf ———— < liminf M
> iS00 tf'(t) t—o00 t
F@)
O 1 1
< limsuptif() < limsupﬁ < —.
t—00 t t—o0 }C(E)) -1 6
This inequality, combined with
ds

y > ds _tf’(t)f(t)ftoo 7(s)
L A T B 1) B

implies that
1+6, < < 1+ 6,
0, - 0 ’

Example 5.4. Let f = e9®) where g(t) € NRVjg, g,) with 0 < 61 < 6. Obviously,

A <Ay

M e ®
Hence, in view of Proposition we have

g(t) oo
i < liminf 1 < liminf g(t)te / ds
t

oo )9  tg' (D) — ioo s
5 t g g2(t)9( ) + Z(t)) t e9(s)
g(t)es® /°° ds ) 1 1
< lim sup < —.

t 9(s) = T Ww—g®) | tg't) — ¢
toc ' s®  Tem !

< lim sup

t—o0

Consequently, by

, > ds  tg'(t) g(t)e?d® [ ds
1o fmm ) we

we derive that
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