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EXACT BEHAVIOR OF SINGULAR SOLUTIONS TO
PROTTER’S PROBLEM WITH LOWER ORDER TERMS

ALEKSEY NIKOLOV, NEDYU POPIVANOV

ABSTRACT. For the (241)-D wave equation Protter formulated (1952) some
boundary value problems which are three-dimensional analogues of the Dar-
boux problems on the plane. Protter studied these problems in a 3-D domain,
bounded by two characteristic cones and by a planar region. Now it is well
known that, for an infinite number of smooth functions in the right-hand side,
these problems do not have classical solutions, because of the strong power-
type singularity which appears in the generalized solution. In the present paper
we consider the wave equation involving lower order terms and obtain new a
priori estimates describing the exact behavior of singular solutions of the third
boundary value problem. According to the new estimates their singularity is
of the same order as in case of the wave equation without lower order terms.

1. INTRODUCTION

We denote points in R? by (z,t) = (z1,22,t) and consider the wave equation
involving lower order terms

Lu =ty gy + Ugpzy — Ust + b1y, + bottg, +bup +cu= f (1.1)

in a simply connected region

Qo= {(e,8) 10 <t < 1/2,t <\[e? +a3 <11},

The region Q¢ C R? is bounded by the disk
Yo = {(2,t) : t = 0,27 + x3 < 1}
with center at the origin O(0,0,0) and the characteristic surfaces of ([1.1)):

D= (e 1) 10 <t < 1/2,\[a? + a3 =1 -1},
2270 = {(.’E,t)20<t< 1/2,\/1’%"‘1’% :t}

In this work we will study the problem
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Problem P,. Find solutions to in Qg that satisfy the conditions
ulg, =0, [ug + aullso =0, (1.2)
where a € C1(%g). The adjoint problem to P, is as follows.
Problem PJ. Find a solution of the adjoint equation
L'u = gz, + Ugpzy — Ut — (010)z, — (bott)z, — (bu) +cu=g¢g 1in Qy
with the boundary conditions:
ulg,, =0,  [ur + (a4 b)ullg, = 0.
The following problems were introduced by Protter [31].

Protter’s Problems. Find a solution of the wave equation
Ou=Apu — gt = Ugyzy + Upgay, —Ue = f In Qg (1.3)
with one of the following boundary conditions
P1l: ul|g,us, =0, P1*: u|gyus,, =0;
P2: |y, =0,uls, =0, P2": ulg,, =0,uls, =0.

Protter [3I] formulated and investigated both Problems P1 and P1* in g as
multi-dimensional analogues of the Darboux problem on the plane. It is well known
that the corresponding Darboux problems on R? are well posed, which is not true
for the Protter’s problems in R3 or R%. The uniqueness of a classical solution of
Problem P1 in the (3 4+ 1) — D case was proved by Garabedian [I1]. For recent
results concerning the Protter’s problems with lower order terms — see
Hristov, Popivanov, Schneider [15] and references therein, also see Grammatikopou-
los et al [I2]. For further publications in this area see Aldashev [1] — [2], Edmunds
and Popivanov [10], Choi and Park [§], Cher [I8], Popivanov and Popov [28] — [30].
Let us mention some special orthogonality conditions on f, found in Popivanov and
Popov [28] — [30], which in the case of the wave equation in R3 and R* control the
order of singularity of the generalized solutions of Problems P1 and P2. Unfortu-
nately, we do not know of any such conditions in the more general case of equation
().

On the other hand, Bazarbekov and Bazarbekov [5] gives in R* another analogue
of the classical Darboux problem in the four-dimensional domain corresponding to
Q. Some different statements of Darboux type problems in R? or some connected
with them Protter problems for mixed type equations (also studied in Protter [32])
can be found in Aldashev [3], Aziz and Schneider [4], Bitsadze [6], Kharibegashvili
[17], Popivanov and Schneider [26]. Protter problems for mixed type equations in R?
involving lower order terms are considered in Rassias [33]—[34] and Hristov et al [16],
where uniqueness theorems are proved under some conditions on the coefficients of
the equation. In Lupo and Payne [20]-[21] and Lupo et al [22] one finds results
for mixed type equations including some special nonlinearity with supercritical
exponent term in various situations, namely for the Frankl’ and Guderley-Morawetz
problem in R2? and for the Protter problem in RV*! with N > 2. The existence of
bounded or unbounded solutions for the wave equation in R? and R*, as well as for
the Euler-Poisson-Darboux equation has been studied in Cher [I8], Choi [7], Choi
and Park [8], Grammatikopoulos et al [I3], Popivanov and Popov [30].

According to the ill-possedness of Protter’s Problems P1 and P2, it is interesting
to find some of their regularizations. A nonstandard, nonlocal regularization of
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Problem P1, can be found in Edmunds and Popivanov [I0]. In the present paper
we are looking for some other kind of regularization and formulate the following
problem.

Open Question 1. Is it possible to find conditions for the coefficients by, b2, b, ¢
and «a, under which for all smooth functions f Problem P, has only regular solu-
tions?

Remark. If the answer to the above question is positive, then, using an operator
Ly, with lower order perturbations in the wave equation (L.3)), we can find possible
regularization for Problem P2. Solving the equation Liux = f, with Ly — O (i.e.
b1k, bak, bsk, ck — 0) and «p — 0, we can find an approximated sequence uy. Due
to the fact that in this case the cones ¥; and X3 are again characteristics for Ly,
this process, with respect to our boundary value problem, looks to be natural.

For Problem (L1)), (1.2), i.e. Py and a(z) # 0, there are only few publications
and we refer the reader to [I5] and [I2]. In the case of the equation (1.1]), which
involves either lower order terms or some other type of perturbation, Problem P,
in Qg with a(z) = 0 has been studied by Aldashev [1]-[2].

Next, we formulate the following well known result Kwang-Chang [35], Popivanov
and Schneider [25], presented here in the terms of the polar coordinates x; = g cos ¢,
To = psin .

Theorem 1.1. For alln € N, n > 4; ay, b, arbitrary constants, the functions

3

vp(0,p,t) =to™" (92 — t2)n72 (an cosnp + by, sin nep) (1.4)

are classical solutions of the homogeneous problem P1* and the functions

1
wp(0,p,t) =0 " (92 — t2)n % (ay cosnp + by, sin ny) (1.5)
are classical solutions of the homogeneous problem P2*.

This theorem shows that for the classical solvability (see Bitsadze [6]) of the
problem P1 (respectively, P2) the function f at least must be orthogonal to all
smooth functions (respectively, (1.5)). The reason of this fact has been found
by Popivanov and Schneider in [25], where they announced for Problems P1 and
P2 that there exist singular solutions for the wave equation with power type
isolated singularities even for very smooth functions f. Using Theorem [I.1]} Popi-
vanov and Schneider [27] proved the existence of generalized solutions of Problems
P1 and P2, which have at least power type singularities at the vertex O of the cone
Y20. Considering Problems P1 and P2, Popivanov and Schneider [25] announced
the existence of singular solutions for both wave and degenerate hyperbolic equa-
tions (see Popivanov and Schneider [26]). The first a priori estimates for singular
solutions of Protter’s Problems P1 and P2, concerning the wave equation in R3,
were obtained in [27]. On the other hand, for the case of the wave equation in R™+1,
Aldashev [I] announced that there exist solutions of Problem P1 (respectively, P2)
in the domain 2., which blow up on the cone ¥, . like g (ntm=2) (respectively,
e=(+m=1)) when ¢ — 0 and the cone ¥y . := {o = t + £} approximates S . It
is obvious that for m = 2 this result can be compared with the estimate of
Theorem below. For the homogeneous Problem P’ (except the case « =0 ,
i.e. except Problem P2*), even for the wave equation, we do not know of nontrivial
solutions analogous to and (L5). Anyway, in Grammatikopoulos et al [12]
under appropriate conditions for the coefficients of the general equation , we
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derive results which ensure the existence of many singular solutions of Problem P, .
Here we refer also to Khe Kan Cher [I8], who gives some nontrivial solutions for
the homogeneous Problems P1* and P2*, but in the case of Euler-Poisson-Darboux
equation. These results are closely connected to those of Theorem [I.1

To formulate known results for Problem P, we first recall the definition of gen-
eralized solutions.

Definition 1.2 ([I2]). A function u = wu(x1 z2,t) is called a generalized solution
of problem F, in €, if
(1) u e CHQ\O), [ur + a(x)u]
(2) the equality

/ [wsvs — U, Vg, — UgoUpy + (b1Ug, + botiz, + buy + cu — f)v]dzdaadt
Qo

_ / (@) (uv) (z, 0)da 1 ds
Yo

holds for all v from

Vo :i={v e C*Qo) : [vs + (a+ b =0, v =0 in a neighborhood of ¥5¢}.

Iz,

The Definition assures that generalized solutions of Problem P, may have
singularities on the cone ¥ o.

In [I2] is proved the following existence theorem for solutions of Problem P,
which have singularities on %5 .

In next Theorem we denote a; := by cos ¢+ bs sin p, as = g’l(bg cos ¢ — by sin p)
and we assume that ap,as, b, ¢ are independent on ¢, i. e. they are functions of
(||, t) only and « is function of (|z|).

Theorem 1.3 ([12]). Let a > 0; ay, b, c € C1(Q\O), az =0 and
ar(le),t) = [bl(|z],), ar(lz] t) = 2fzle(lzl] 1), (x,1) € Qo.
Then for each function
Fal,t) = 2|7 (Jz]? — 2)"~1/2 cos n(arctan %) e 0" 2(Qg) N O™ (),

n € N, n > 4 the corresponding generalized solution u, of the problem P, belongs
to C%(Q0\O) and satisfies the estimate

i (2, )] o] > cole| ™| cosn(arctan 22)], 0 < 2| < 1/2, (1.6)
x1

where ¢ = const > 0.

In the same paper one can find a proof of the uniqueness of the treated problem.
Note that the generalized solutions in this theorem have singularities at the vertex
O of the cone X3¢ and that these singularities do not propagate in the direction
of the bicharacteristics on the characteristic cone X3 . For results concerning the
propagation of singularities for solutions of second order operators see Hérmander
[14, Chapter 24.5].

On the other hand, Hristov, Popivanov and Schneider in [I5] (see Theorem 4.4
there in) obtained some upper bounds for all the solutions of this problem, consid-
ering the case that the coefficients by, ba, b, ¢ and « are smooth functions in €y (the
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coefficients of the equation (LI)) in polar coordinates, like it is in Theorem do
not depend on ¢) and also assuming the function f € C(£2g) to be of the form

flo.0,t) = £ (0, 1) cosng + 1P (o, 1) sinngp,n € N. (1.7)
These upper bounds can be written of the form:
lu(z, )] < Co Hgl_zaX{Ifél)\ + [ fP [Ha| PO, (1.8)
0

where Cy is a positive constant,

K::max{sup\bl\,sup|b2|,sup|b\,sup|c\, sup |a(|x\)|}
Qo Qo Qo Qo 0<]z|<1

and ¢(K) is a positive function which blows up as K blows up.
In the present paper this estimate is improved by the following main result

Theorem 1.4. Let the right-hand side function f in the equation (1.1 is of the
form (L7)), b1, ba,b,c € C(Q), a € C1([0,1]), fff) € CO(Q), i =1,2 and a1, az,b,c
are functions of (|z|,t), a = a(|z|), where a1 := by cos(arctan 72 )+bs sin(arctan £2),

as = |z|~1(bg cos(arctan 22) — by sin(arctan £2)). Then for the generalized solution
u(x,t) of Problem P, the following estimate
Ju(z, )] < Comax {| V] + £ [} 7" —7 (1.9)
Qo

holds, where o is an arbitrary positive number and C, is a positive constant de-

pending on o, n and all coefficients of (L.1).

Remark 1.5. A new point here, as distinct from (|1.8)), is the fact that the order of
singularity does not depend on the lower order terms of (1.1)) and on the boundary
coefficient a.

Comparing this estimate with the lower bound of the singular solutions found in
Theorem we see that we have obtained their exact asymptotic behavior.

First, in this work we follow the exposition of Hristov et al [I5] until Theorem
4.4. This takes the next three sections.

In Section 2 Problem P, is reduced to a two-dimensional problem in the following
steps. First, we transform equation in polar coordinates, i.e.

1 1
Lu= E(gug)g + ?uw, — Uy + A1Up + G2Up + buy 4+ cu = f, (1.10)

(a1 1= bicosyp + basing, as = 0~ (bacosp — by sing)), considering, as noted before,
a polar symmetry of aq,as,b, ¢ and «, and a special form of the right-hand side
(1.7). Next, we ask for generalized solution of the form

u(o,¢,t) = ull (0,1) cos np + u? (o, t) sinme. (1.11)
Thus separating the variables we succeed in reducing the problem to a two-dimen-

sional one for functions {ug)(g, t),u%z)(g, t)}, called Problem P, ;. Finally, using
characteristic coordinates { =1 — o —t, 7 =1 — p+ ¢ and new functions

ud(€,n) = 20 (0,1) = 02ul (0,1),i = 1,2, (1.12)

we obtain a system for {ug)(f, ), u? (&,7m)}, called Problem P, 5.
In Section 3 an equivalent integral equation system of Problem P, is con-
structed.
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In Section 4 are presented some results from [I5] which we use in the next
section. Also, here is formulated the main result of [I5], Theorem 4.4, which ensures
the existence of a generalized solution of the two-dimensional Problem P, 2 and
gives upper bounds of possible singularity. Using this theorem, after the inverse
transformation to Problem P,, one comes to .

In Section 5 we prove Theorem [I.4] the main result of this work.

The next Section 6 is dedicated to the singular solutions. Modifying a little the
proof of Theorem we deduce the following result.

Theorem 1.6. Let a > 0; by, by, b, ¢ € C1(Q\O) and
b1 = a1(|z|,t) cos(arctan xo/x1), by = ay1(|x|,t) sin(arctan xzo/x1)

with some function ay(|x|,t) for which ay > |b|,a1 > 2|x|c. Then for each function
of the form

f(z,t) = fru(|z|,t) cosn(arctanzo/x1)  or
f(z,t) = fo(Jz|,t) sinn(arctan zy/z1), n €N

in the right-hand side of the equation, satisfying the following conditions:
fn€C), fn#Z0 inQq, either f, >0 or f, <0 inQq,

the corresponding generalized solution w, of the problem P, satisfies the estimate

|tn (2,t)] > Cola|™"| cos n(arctan ?)L Co = const >0 (1.13)
1

in some neighborhood of O(0,0,0).

The difference between this theorem and Theorem [[.3]is that we have the same
result for a wider class of right-hand side functions and, as well, in (1.13]) we estimate
|t (2, t)], while in is estimated the restriction |un(z,t)|=|s/-

In the case of wave equation without lower order terms and a = 0, Theorem
is in correspondence with the results deduced so far. Actually, in [9] one can
find an asymptotic expansion of the generalized solution at the origin. According
to this work, the order of singularity of the solution is less than n only if some
orthogonality conditions are fulfilled, namely if the function f, is orthogonal to
some solutions of the adjoint homogeneous problem P2*. If f,, does not change its
sign, a necessary orthogonality condition is not fulfilled.

In the case of wave equation with lower order terms, we do not know such
orthogonality conditions “controlling” the order of singularity of the corresponding
solution.

Open Question 2. Can one find some orthogonality conditions in the case of the
equation (1.1]), under which we have a lower order of singularity?

2. PRELIMINARIES

As we noted in the previous section, we consider in polar coordinates (see
(1.10))) in case that the right-hand side of the equation is of the form and we
ask for the generalized solution to be of the form . Here we assume that all
coefficients of depend only on ¢ and t, and we set a(x) = a(o) € C*[0,1].
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Thus from (1.1) we obtain the system

1 n?

E(Qué{é)g — g+ avull), + bull) + (e — g)uw +naguit) = fiV, o)
2.1

1 @) @ .5 @ n? (2) 1) _ (2

E(Qun,g)g - un,tt + alun,g + bun,t + (C - 0 )un — nau,’ = fn .

To deal with singularities on ¢t = g, especially at (0,0), we consider (2.1) in the
domain

G:={(0,t) :t>0,e+t<p<1l—t},e>0
which is bounded by the disc Sy = {(o,t) : t = 0,0 < p < 1}, and
S1={(o,t):0=1—1t}, Soc={(0,t):0=t+¢}
and treat the following problem (omitted the index n):

Problem P, ;. Find solutions u = (u"),u(?)) of system (2.1)) which satisfy
u|s,006. =0, [ut” + ale)u®]|synoc. =0, i=1,2.

Definition 2.1. A function u = (u("),u®)(p,t) is called a generalized solution of

Problem P, ; in G., € > 0, if:

(1) ue CHGe), [u” + alo)ul
(2) The equalities

=0,u =0,i=1,2

] |Soﬁ8G£ @ |smacs

2
[ugl)vl,t — uél)vlyg + (alug) + bugl) + (e— %)u(l) + nasu'? — f(l))vl} odo dt

N

€

/ a(o)uMvipdo,
SoNOGe
(2)

[u§2)v27t - ué2)v279 + (aluf) +bu;” + (¢ — .

= / a(0)u®va0do
SoNOG.

hold for all
v1,v9 € VY = {v e OY(GL) : [ + (e + bv

2
n
—Q)U(z) — nagu — f(2))1)2]gdgdt

S~

Hsomace = 0’”|52,508G5 =0}.

Introducing a new function

2D (0,8) = 02uD (0, 1) = 2 (0(€,m), t(€,m) = UD(&,7), i =1,2, (2.2)
in characteristic coordinates
E=1—p—t, n=1—p+t (2.3)

we obtain the system
v = AUl = BiUM - U DU = Flgm)  in D,
UD — AU — BU® — CU® — DU = F2(€,)  in D,
where D, = {(£,n): 0 <{<n<1l—c}and

Fm@mw:?%@—ffnﬁﬂ%mamxam»i:Lz (2.5)
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1 1
A1=A2=Z(a1+b), B1=Bzzi(a1—b)’
(2.6)

1 1¢ 4n® -1 a,
Pe==bi=gne, == {(2 E-n? T2-g—y }
Note, that Problem F, ; is reduced to the Darboux-Goursat problem for the system
in D.. Note also, that if we consider this problem in Dy , then the coefficients
C;, D;(i = 1,2) are singular at the point (1,1).
To investigate the smoothness or the singularities of solutions at the original
problem P, on X3, we are looking for classical solutions for the system (2.4) not
only in the domain D,., but also in the domain

DM ={(&mn):0<E<n<1,0<E<l—e}, >0,
where D, C Dél). Thus we come to the following question.

Problem P, . Find solutions (UM, U®)(¢,n) of system (24) in DI, which
satisfy the boundary conditions

U9 (0,m) = 0,(U) — UP)(E,€) + a(l - UD(£,) =0, (2.7)
i=1,2,£€(0,1—¢),ne(0,1).
3. A SYSTEM OF INTEGRAL EQUATIONS FOR PROBLEM P 2

We consider a point (£g,70) € DY and rectangle R, triangle T defined by

R:= {(gan):0<£<£0350 <n<770}a
T:={(&n):0<&<&,<n <ol

By use of Green’s theorem in

/ u(e d&dn—/jo(f U (€ ) dn ) e,

(3.1)
o // UL (€, m) dédn /go (/50 ) dn) dg
I = ) = ) )
T T &n 0 ¢ &n
i =1,2, and the boundary conditions ([2.7) we obtain
o )
1) + 2157 = U9 (&, mo) - / a(l - U (& ¢) de. (3.2)
0
We set p() := Ug(i), q" = U(i) and define (See ||
E® (g,n) = [F2 + Aap ® 4 B2q® + U + DaUM] (e, 77) '
Using (3.1) - (3.3) and (2.4)) we obtain six integral equations (i = 1, 2)
) o no $o no
0O om) = [ ([ B an)acr2 [ ([ BV de)n
0 0 o0 (3.4)

o }
4 / a1 — U (€, €)d,
0

) o ) 7o . )
P (€9, m0) = /0 EO(¢, &)de + / ED (¢, mdn + a(l - 6)UD (0, €0), (3.5)

0
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. So
0 om) = [ EO(Emde (36)
The system (3.4)—(3.6)) is equivalent to the system (2.4) with the boundary condi-
tions (2.7)).

Remark 3.1. We recall that in Section 2 the index n in system ([2.1)) was omitted.
We see that in (2.4)) the coefficients C;, D; (i = 1,2) depend on n, where on the
right-hand side we have

FO(g,n) = 4\%@ — £~ LD olE,m), HE )

Therefore for fixed n € N solutions (UM, U)) of the integral equation system
- (3.6) depend on n and will be later marked by (U,gl), U7(12)), which gives functions
(uly ,qu’) by relation pzu(® (o, t) = ,(Li)(ﬁ,n) (see (2.2)).

Furthermore we observe that classical solutions (U", 7(L2)) € Cl(Dél)), vl e

n,&n
C (Dé”) of the integral equation system define functions (ug), ug)) which are gen-

eralized solutions of Problem P, ; in Go\/(0,0).
4. SOLUTIONS OF THE SYSTEM AND FIRST UPPER ESTIMATES

We define in Dél) functions (Uy(rﬁ),psriz), q%)), i=1,2, m € N, by the formulas
@) &o no &o no
U@ = [ ([T ED€man)der2 [ ([ ED€mde)an
0 0 0

&o
€o }
+/ a(l—UW (€, €)de, i=1,2; m=0,1,2...
0
o

) o )
P (60vm0) = /O B &) de+ [ B mdn (41)

+a(l —&)UW (&, &), i=1,2 m=0,1,2...
0 G
qu(so,no):/ EQD(g,mo)de, i=1,2; m=0,1,2...

0

U (€0,m0) =0, 1 (0,m0) = 0,4 (€0,10) =0, i=1,2,
in Dél), where
ER)(€n) = [F' + Aiply) + Bugly) + QLU + DiUR|(€,m),
E(&n) = [F? + App(Y) + BaglY) + CLUL + DU (€, m).

Now we formulate some results from Hristov et al [I5] which we use later.

Lemma 4.1 ([15]). Let for (&,m0) € DM = {&n):0<é&<n<l,0<E<
1—¢c},e >0, and p € Ry define

= T[T eme oo [ (/550(2 ) ) de.

0
Then
1

I, < ———
" e+ 1)

(2—=% —mno)™ "
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As we mentioned in the introduction, we treat in this paper the equation (L.1)
in case that its coefficients are continuous in 2y, so we may set

sup{[b1], [b2], [b]} < K1, suple| < Ko, SUI?|OZ(9)| < Ka. (4.3)
Qo

0 0,

Then, from (2.6)) we obtain the following bounds

2K 3K
5 A] = [Ag] < le

K1 o nK1
20 2—&—7
V<V+ 1) K n Ko
2-¢-m? 202-&-n) 4’
where v :=n — % According to
ES)(€n) = [F* + Aipli) + Bigly) + CUS) + DUSV) (),
with 71 = 2,2 = 1 and thus for ¢ = 1,2 we have

(BD — EY ) (&)

|a1| < 2Ky, |ag| < —

3K1

|B1| = |Ba| < ——,[D1| = |Do| <

|C1| = |Ca| <

v+l Ky Koy 6 _ )
— { 2_ _ +2(2_§-_n) + 4 }|Um Um—1| (44)
(v + 1/2)K1 (i) _ i) |4 3K Gy 3Ky, ) _ ()
92 _ € - |Um Um—1| + 4 |pm | +— 4 | m Qm—l"

Lemma 4.2 ([I5]). Let the conditions (4.3) be fulfilled and there exists a constant
A >0, such that

\(Ué? —USL1) (om0l < A2 = & — mo) ™",
|(pS: pm D(&0,m0)| < A2 = & —mo) ",
(a5 — 5 1) (€0, m0)| < A2 — &0 — o)™,
where p € Ry, u>v =n—1/2,m € N. If the parameter 6, is such, that
(p=—v)(p+v+1)>0,u(p+1)+Bu+2v+2)K; +2(n+ 1)Ky + Ko,  (4.5)
then form € N, i = 1,2 we have
(U, — UD) (o, m0)] < AL —6,)(2 — & — mo) ™™,
|(Pher = P2 (0, m0)| < HA(L = 8,)(2 = &0 —mo) ",
(@1 = a) (osmo)l < AL = 8,)(2 = & — mo) .

Lemma 4.3 ([15]). Let now v = n —1/2,n € N be fized. If the parameter p is
large enough, p > v, then

(w—v)(p+v+1)—[Bu+2v+2)K1 +2(n+ 1)Ky + Ko] >0 (4.6)
and we can choose the parameter §,, > 0, such that the condition (4.5 to be fulfilled.

In [I5] the integral equation system (3.4)—(3.6)) is solved by the successive ap-
proximations method and the following important theorem is proved.

Theorem 4.4 ([I5]). Let n € N be fized. Assume:
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(i) a1 = bycosp+basing, as = 0~ (bacosp —bysing), b, ¢ are functions of (o,t),
a = a(p); .
(i) b1, ba,b,c € C(o), ale) € CH([0,1]), £ € C(So), i =1,2;
(iii) the parameter p = uy, is such large, that

(p—v)(p+rv+1)>@Bu+2v+2)K1 +2(p+ 1)Ky + Ko

(see Lemma[{.9).
Then there exists a classical solution (Uy(Ll), U7(L2)) € Cl(Dgl)), Ur(:)éono
Problem P, 2 and the following estimates hold:

U (€,m)] < Aud, (2 —€—n)7H,
UL )] < pALS, (2 — € —m) ™Y, (4.7)
|Ur(f,2;(f»77)\ < /iAH‘S;l(Q - f - 77)_“_1,

e 0(DMY of

where
1 .
A, = 20)413 £ (g, 1)),
" u(u+1)né‘:%x|4\/§( 0)" "2 £y (0, t)]
1
5, = —— L(u— 1) — [(3u+2v + 2)K; +2 VK, + K,
u(/H_l){(M v)(p+v+1) = [(Bu+2v+2)Ky +2(p+ 1)Ko + Kol}

After the inverse transformation to Problem P, (using the relation (2.2))), we see
that the first estimate of (4.7)) is equivalent to (1.8). Next, we aim to refine this
result.

5. NEW (EXACT) UPPER ESTIMATES

Theorem 5.1. Let n € N be fized and the conditions (i) and (ii) from Theorem
[£4) be fulfilled. Then for each number o > 0 there exists a positive constant C,,
such that the inequalities

U m)| < Cy max IFO|(2—¢—n)7"77,
0

Vel < v+ 0)Comax| FO2 =g —m) ™7, (5.1)
0

(%) (4) ¢\ v—o—1
[Unin(&m)] < (v + 0)Comax | FH(2 = & = m)
0

hold in Dél), 1=1,2. C, >0 depends on the numbers v,o, K1, Ky and K.

Proof. Let us choose and fix some p > v satisfying Lemma [I.3] Next, we choose
and fix an arbitrary positive number o, such that v + ¢ < u. Further, we choose
0, € (0,1) satisfying the condition from Lemma From Lemma |4.3| we see
that it is possible. Now we introduce the positive number

7:=max{(l —4,),0} <1, (5.2)
where
_ viv+1)
(o2t o/2+1)
For shortness in the further calculations, we denote
bv+30+2)K1+ Ko+ 2(v+o0+1/2)K, + 1
v+o-1/2)(v+0+1/2)

N(KhKo,Ka) =
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Note that N(K7, Ko, K,) > 0 and

viv+1)

vrarorDn O

Next, we divide Dél) by the line

2
1 1
2—5_77: 2(9— (V+ ) >
N(K, Ko, Ky) v4+o)(v+o+1)
and obtain two parts:
D1 := {(g,n):o<§<n<1, O<é<l—e,

N(K7, ;OyKa) <9 v+ og(yl/—:—lc)f + 1))}’

2-¢-n)t/?>
and

:{(E,n):0<£<n<1, 0<é<l—e,

1 (v+1)
2 12 < (0~ )}
S (1 N | (s gy
It is possible that D1 = () or D2 = {).
Finally, for A > 0 we denote
1

I 9 e p A2 () .
O+ 1) (50,;??;155” [(2 =& —10) (§0,m0)] (5.3)

A)\ =

and

C1 = max {Al,+g, H_LUA# n%x(Q —& — no)wﬂ/w} <Cpuo max |F(i)|7 (5.4)
DO

where C), , > 0 do not depend on F. If D1 = () we set maxp1(...) = 1. Now, we
are ready to prove Theorem [5.1] by induction.

(i) For m = 0:
Uff;%(f, n) = pff,)o(/f, n) = qff,)o(& ) =0in DM,
Efy(&m) = FP (€
(ii) For m =1
UZ, U 7,0 ) (€0, m0)
o ul y &o ;
= [ ([ Eheman)ac 2 [ ( [T em ) an
0 e

0 </£n°2 £ 22 ¢ n)A+2F(1 (€, W)dn)df

+ 2/060 (/ 2 - =) 22— €= )RR (g, ) dE) dn.

Applying Lemma and recalling ([5.3]), we obtain
(U = U)o, m0)| < An(2 = &0 —m0) ™. (5.5)

)
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Likewise we have

) &o ) o .
W =P o) = [ PO+ | FO o,
0 0

and with integration

|(PS)1 PS,)())(§07770)| < AANE2 =& —m) M, (5.6)
respectively
\(qr(:,)1 - qy(lz,)o)(§0>770)| <ANE2 =& —m) M (5.7)

For A = v + o we have
‘(U’r(;%. - Uﬁfé)(fo, m0)] < Avio(2 =8 —n0) "7,
[(63h =P Eom) < (v +0) Ao @ =G0 —m0) T (5)
(a5 — 4420) (€00 < (v + U)Awra(? ~ G- 770)_”_“_1~
(iii) For m = 2,3,... Now with Lemma the mequahtles . ) for

A = p and induction, there exist sequences {Umm}, {pnm} and {q ‘m }, m € N, of
continuous functions and the estimates

(U1 = U ) (Eoym0)] < Ap(1—6,)™(2 = & — no) ",
(i1 = P (Eos o) < pAL(L = 8,)™(2 — & —mo) 7, (5.9)
)

@)1 — D) (Eovmo)| < pAL(L = 6,)™(2 — & — o) T+

hold for m =0,1,2,....
For the points (£y,70) € D1 from (5.9) we obtain:

\(Ur(finﬂ — U (€0, m0)]
<A =8)"2-& —m) "7 H%%X (2 — & —mo)HTVHe,

7('1)777,-'1- pg)m)(§07770)|
(v+

H s ym(g ¢ o \—v—o—1 ¢ o \—utvto
)y+aA“(1 8,)™(2 =& —no) I%EXX(Q §o — o) ;

i1 — a0 (€. m0)]
L _ m _ _ —v—0o—1 _ - —ptvto
(”+”)V+GA“(1 8,)™(2 — & —no) I%B;XQ §o —1Mo) :

(p
<

(

Thus using (5.2)) and ( in D1 for m € N we obtain
(U1 — U“ 1€, m0)| < Crr™ (2 — & —mo) V77,
‘(pg)mﬁrl pn m)(g()a 770)‘ < (V =+ U)ClT (2 - 50 - 770)71170717 (510)

(@i — a$2) (E0smo)| < (v +0)CrT™(2 — &0 —mo) ™"~

For (&,m0) € D2 we will show that such estimates hold too.
Our induction hypothesis is that for some m € N is true

(U, = U ) (Eoymo)| < Cir™ (2 — & —mo) ™07,
(%, =P ) (E0umo)| < (v + )T N2 = &0 —mo) VT, (5.11)
1@ — a2 ) (Eosmo)l < (v + o) Crr™ 1 (2 — €9 — o)}
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in D, which for m = 1 is fulfilled according to (5.8) and C; > A,.,. Now, we
are trying to approve (|5.10)) in Dél), which is already known in D1.
By setting the inequalities (5.11)) in (4.4]) we derive

(B — B )I(Em)
v(vr+1) K

3K
T3 St o)Cirm T2 — g — )T

<Oy + 1)@ =€) ™ R 4 (5 + 30 + 2K (2 - € — )T
b Ko(2 6o )

everywhere in Dél). Now we are ready to apply Lemma u for all the terms in the
brackets, since they are of power less than —2. We substitute the last inequality in
the formulas (4.1)) and with integration and Lemma we obtain:

(U1 = U (Eoym0)|

m—1 V(V+1)
s Gir {(V+U)(1/+J+1)

(5V+30' + 2)K1 +K0
Wto—1/2)vto+1/2)
Ry ()
Ko [0, - U0, )€l
0
v(v+1)
v+o)(v+o+1)
+(2—§o—770)1/2N(K1»K07Ka)},

(2—8& —no) "7

(2—¢& — 770)7'/7[”1/2}

<G 2 -6 - no)_u_a{ (

(81— D5) (€0, 0)]
viv+1)
v4+o)(v+o+1
(5v+ 30+ 2)K; + Ko v—o—1)2
2 _ _ V—Oo
Cto—12wtoriz M) }
+ 2K, C (2 = 26,) Vo2

<(v+ O‘)Cle_l{

)—I/—o’—l

)(2_60_770

viv+1)
(v+o)v+o+1)

< (U + O')Cle_l(Q _ fO _ T]O)—y—a—l{

+ (2 - 50 - n0)1/2N(K17K07KO¢)}7

1641 — a$h) (€0 0)]
- o viv+1
S(V+U)Cle 1(2—60—’170) 1{ ( )

v4+o)v+o+1)
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+ (2 &0 —m) 2N (K1, Ko, Ka) }

in Dél). Since
v(r+1)

2 — & —n0)*N(K1, Ko, Ko) <O <7 in D2
(V+U)(V+U+].)+( &0 = o) (K1, Ko, Ko) <O <7 in

by definition, for the points (£y,70) € D2 from the last three inequalities we obtain
|i Then by induction we conclude that the estimates ) hold in D ) for
=2,3,.
The functions {Un‘m,pgf)m, an m}m 0 belong to C’(D( )) and we have uniform
convergence to some functions {Un , pn ,q(Z el ( ) as m — oo and

U (€0, m0)] = | Z (U i1 = U)o m0))|
< 01(1 -7 2-%—-m)"7,
U, (€0.m0)| = | Z P s = 20 (Eou o)
< (V + 0)01(1 —7) N2 =& —m) T,
U (€0, m0)| = | Z ¢y — a0 (€os o)

= (V + O')Cl(l — 7’)_1(2 — 60 — 770)_”_0_1.
In view of (5.4), these estimates coincide with (5.1)) with C, =C,, (1 —7)~'. O

Proof of Theorem[I.]]. First, we note that the conditions (i) and (ii) of Theorem
are fulfilled, hence we can apply Theorem Using the relations and
(2.3), we make the inverse transformation from Problem P, o to Problem P, and
we see that the generalized solution u(x,t) belongs to C1(€,\O) and the estimates

lu(z,1)] < Ch o max {FO1+ 1D a7,

> ID%u(a t>|<ncmmax{\fﬂn+\f<2)\}|w| o
181=1

hold, where C,, , > 0 depends on n, o and all coefficients of (1.1 ([
It is easy to generalize this result in the following way.

Theorem 5.2. Let the right-hand function f(o,¢,t) of (L.10) be a trigonometric
polynomial
l

f= Z (o, t) cosng + [P (o, t)sinng, 1eN. (5.12)

n=0

If conditions (i) and (ii) of Theorem are fulfilled, then there exists one and
only one generalized solution u(z,t) € C'(Q\O) of Problem P, and the a priori
estimates

fua.1)] < Cromax {|fV]+ | £ |7+ O(la| 1),
0
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> D%ule,t)] < Cromax {|f7] + £}l 77 + O(a] ')
161=1 ’

hold.

6. ON THE SINGULARITY OF SOLUTIONS OF PROBLEM Pa’z

In this section we derive some sufficient conditions on the coefficients and the
right-hand side of for the existence of singular solutions of the problem we
treat. We follow Grammatikopoulos et al [I2] (see Theorem and making some
modifications we extend this result.

First, we represent an important lemma

Lemma 6.1 ([12]). Consider Problem P, . Let F', A;, B;,C;, D; € C’(Dél)), i=
1,2,
A; >0, B;>0, C;>0, D;>0, a(l1-€&>0 amDY, i=1,2 (6.1)
and
FO >0 inDWY, =12 (6.2)
Then for the solution (UM, U®)) of Problem Py 5 we have
UD(En) 20, UDEn =0, UPEn) =0 for (&) €DV, i=1,2. (6.3)

Note that in view of D; = —Ds (see (2.6])) for (6.1) to be fulfilled is necessary
Dy = Dy =0, so in this case we may consider the system (2.4)) as two independent
single equations

Usy — AU — BU, — CU = F(£,1) (6.4)
with boundary conditions
U,n) =0, (Uy—Ug)(& &)+l =U(EE) = 0. (6.5)

Next, we formulate the main result in this section.

Theorem 6.2. Consider the problem , , Let for the coefficients we assume
A,B,C € C(DM),a(1 - ¢) € C'([0,1 —¢]) and
4n? —1
A2-E6-n)*’
Additionally, let F(&,n) € C’(Dgl)) does not change its sign (that means either

F>0o0rF<0)and F#0 in D§".

Then for n € (0,1] and € € (0,er), where ep € (0,1) is a number depending on
F, holds

A>0, B>0, C> a1 —€)>0in DY, (6.6)

U1 —e,m)| > Coe™""2),  Cy = const > 0. (6.7)

Proof. We will consider the case F' > 0. The case F' < 0 is obviously analogous. In

[12] was shown the existence of classical solution U(&,n) of the problem we treat.
We introduce a function

(1 _ f)"_l/Q(l _ 77)n_1/2

2-¢—n)

We see that W (&, n) > 0 in D, Next, since F # 0 in Dél) and it is continuous

in each Dél), we conclude that there exists an open ball in D((]l) where F' > 0.
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Therefore, if we consider € small enough (smaller than some er), we have the
inequality

/ (FW)(&,n)dédn > K, K = const > 0. (6.8)

D,
Recall that D, = {(&,7):0< £ <n<1—¢}, D. c D,
Using (6.4) we transform in the following way:

0< K< / (FW)(€,m)dédn

- / (UeyW)(E, m)dedsy — / (AU + BU,)W](€, n)dédn

£ DE
- | cowyemagan= 1~ &~ 1.
D,
Since Lemma is fulfilled (consequently, U > 0,U¢ > 0,U,, > 0) and W > 0, we
see that Iy > 0 and we may neglect this term:
O<K<IL—1Is. (69)

Taking into account the first boundary condition from (6.5) and integrating by
parts we compute:

L :/ (UenW)(&, m)dEdn

=

1—¢
- / (UWey) (6, m)ded — /O (UW + UW,)) (€, €)de

1—¢
+/ (UW)(E,1 —e)dE := Ip. — Io1 + Ipa.
0
Next, we calculate

2 _
W&n(ﬁ,n):4 1 W(&,n).

2-¢—n)?
From here and it follows that
4n? -1
Ip. — I :/ (770) UW)(€,n)dedn < 0.
Using this conclusion, from we derive
O< K<L —-Is3=1Ip. —Ip +1p2 — I3 < =11 + Ioo.

A calculation shows that

1
On the other hand, using the second boundary condition from we compute
1 1
Ue(6:) = U + 5a(l - QU ©). (6.11)

Then substituting (6.10) and (6.11]) in the expression for I, gives

1—e
Loy = /O (UW + UW,) (€, €)de

= /0 B {%[U(&E)kw(é,&) - %a(l —OUEOW(E,€)
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+ SUEOIV(E O Je
1 1-¢

3| Oweskds g [ at-gwwe e

1 1 [tE
W -e1-a+3 [ at-9uwie oo
0
where in the last inequality we use the sign of « from . Thus becomes
0 < K < Igo. (6.12)

It is easy to check that W < 0 in D, and we can estimate Iz,
l1—e
o= [ (WeW)(E 1 e
0
1—¢
—- [ wwog - g+ @wy-e1-2)
0

<U(—e1- 5)/1_8 [We(€,1 - 2)de
=U(1-¢,1- e)I/I;J(O, 1—¢)
U1 —e,1—e)(1+¢e) "33,
We set this estimate in and conclude that
Ul—-egl—-¢)>(1+ )" IKe ("3, g€ (0,ep).

Recalling once again that Lemmaimplies U, > 0in DS) we see that U(1—e,n) >
U(l—e,1—¢)in DY for n € (0,1].

From this fact and the last estimate immediately follows the assertion of this
theorem. (]

Proof of Theorem , First, we transform Problem P, to Problem P, ; and in
view of the relations

a1 =bycosp+bysing, as = gfl(bg cos ¢ — by sin )
we see that the following relations hold
as =0, a1 >1b], a1 >20c a(o)>0 in G

for the coefficients of system (2.1). Next, we reduce Problem P, ; to Problem P, »
and recalling the relations

1 1
A1:A2=Z(a1+b), Blngzz(al—b),

1 1¢ 4n?-1 a,
Dy=—D1 =7 naz, C1=0Cr= 4{(27577])2 +2*f*77 C},
we see that D1 = Dy = 0 and the inequalities hold. Furthermore, it is easy
to check that the remaining conditions of Theorem [6.2] are also fulfilled, hence for
n € (0,1] and ¢ € (0,eF) the estimate holds. From this, making the inverse
transformation from Problem P, > to Problem FP,, we obtain the estimate in
some neighborhood of 0(0,0,0). O
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