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MULTIPLE POSITIVE PERIODIC SOLUTIONS FOR A
FOOD-LIMITED TWO-SPECIES RATIO-DEPENDENT
PREDATOR-PREY PATCH SYSTEM WITH DELAY AND
HARVESTING

HUI FANG

ABSTRACT. By using Mawhin’s coincidence degree theory, this paper estab-
lishes some sufficient conditions on the existence of four positive periodic solu-
tions for a food-limited two-species ratio-dependent predator-prey patch sys-
tem with delay and harvesting. Some novel techniques are employed to obtain
the appropriate a priori estimates. An example is given to illustrate our re-
sults.

1. INTRODUCTION

Since the exploitation of biological resources and the harvest of population
species are related to the optimal management of renewable resources (see [5]),
many researchers pay much attention to the study of population dynamics with
harvesting in mathematical bioeconomics. For example, Brauer and Soudack [11 2]
analyzed the global behaviour of some predator-prey systems under constant rate
harvesting and/or stocking of both species. Xiao and Jennings [I5] studied the
Bogdanov-Takens bifurcations in predator-prey systems with constant rate har-
vesting. But all the coefficients in the system they studied are constants. Recently,
some researchers studied the existence of multiple positive periodic solutions for
some predator-prey systems under the assumption of periodicity of the parameters
by using Mawhin’s coincidence degree theory (see [4} [7, 14, [17]). These papers only
focused on predator-prey systems without diffusion. However, due to the spatial
heterogeneity and unbalanced food resources, the migration phenomena of biologi-
cal species can often occur between heterogeneous spatial environments or patches.
On the other hand, as pointed out by Huusko and Hyvarinen in [12]: ”the dy-
namics of exploited populations are clearly affected by recruitment and harvesting,
and the changes in harvesting induced a tendency to generation cycling in the dy-
namics of a freshwater fish population”. So, it is very important to describe the
potential role of harvesting as an external factor in producing and maintaining the
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periodic fluctuation of population of species. Mathematically, this is equivalent to
the investigation of harvesting induced periodic solutions.

In this paper, we consider the following food-limited two-species ratio-dependent
predator-prey patch system with delay and harvesting:

oo z1(t) a13(t)z1 ()y(t)
40 = Bt ammm 00 0RO - S e

+ D1 (t)[z2(t) — z1(t)] — Ha (1),

= $2(t) a —a X xX — X —
= k;g(t)+cQ(t)m2(t)[ 2(t) — aga(t)xo(t)] + Do(t)[x1(t) — z2(t)] — Ha(t),

/ azi ()zi(t — 1)
V0 =y —as0) + o),

(1.1)
where x7 and y are the population numbers of prey species x and predator species y
in patch 1, and x5 is the population number of species = in patch 2. Prey dispersion
is included in the model to allow for prey refuge from predation. So, the predator
species y is confined to patch 1, while the prey species x can diffuse between two
patches. For biological relevance of allowing for prey refuge from predation, see
Yakubu [I6]. a1(t)(az(t)) is the natural growth rate of prey species x in patch 1
(patch 2) in the absence of predation, as(t) is the natural death rate of predator
species y in the absence of food, ay3(t) is the death rate per encounter of prey
species x due to predation, agy(t) is the efficiency of turning predated prey species
2 into predator species y. k;(t) (i = 1,2) are the population numbers of prey species
in patch 1 (patch 2) at saturation, respectively.

When ¢;(t) # 0(i = 1,2), #(Ct)(t) (i = 1,2) are the rate of replacement of mass
in the population at saturation (including the replacement of metabolic loss and
of dead organisms). The effect of delay 7 refers to the dynamics of a predator
being related to the predation in the past. m(t) is the half capturing saturation
coefficient. a;;(¢t) (i = 1,2) are the density-dependent coefficients. D;(t) (i = 1,2)
are diffusion coefficients of species z. H;(t) (i = 1,2) denote the harvesting rates.

a13(t)x1(t)y(t) az1(t)z3(t — 1)
m(t)y?(t) +=3(t)"  mt)y*(t —7) + 23t —7)

are ratio-dependent Holling type I1I functional responses. When ¢;(t) = 0 (i = 1, 2),
H;(t) =0 (i =1,2), Dong and Ge in [6] showed that has at least one positive
periodic solution under the appropriate conditions. When ¢;(t) # 0 (i = 1,2),
system is a food-limited population model. For other food-limited population
models, we refer to [0, [10, 111, 13] and the references cited therein.

To our knowledge, a few papers have been published on the existence of multiple
periodic solutions for (|1.1)). In this paper, we study the existence of multiple positive
periodic solutions of by using Mawhin’s coincidence degree. Since system
involves the diffusion terms and the rates of replacement, the methods used in
[, [7, 14, I7] are not available to system . Our method of defining the operator
N(u, A) facilitates the computation of Brouwer degree degp(JQN (-, 0)|ker, 2 N
ker L, 0).
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2. EXISTENCE OF FOUR POSITIVE PERIODIC SOLUTIONS

To give the proof of the main results, we first make the following preparations
(see []).

Let X, Z be normed vector spaces, L : dom L C X — Z a linear mapping, N :
X x [0,1] — Z is a continuous mapping. The mapping L will be called a Fredholm
mapping of index zero if dimker L = codimIm L < +o00 and Im L is closed in Z.
If L is a Fredholm mapping of index zero, there then exist continuous projectors
P:X — X and Q: Z — Z such that ImP = ker L,Im L = ker@Q = Im(I — Q).
If we define Lp : dom L Nker P — Im L as the restriction L|qom rrkerp of L to
dom L Nker P, then Lp is invertible. We denote the inverse of that map by Kp.
If Q is an open bounded subset of X, the mapping N will be called L-compact on
QO x[0,1] if QN (Q x [0,1]) is bounded and Kp(I —Q)N : Q2 x [0,1] — X is compact;
i.e., continuous and such that Kp(I — Q)N(Q x [0,1]) is relatively compact. Since
Im @ is isomorphic to ker L, there exists isomorphism J : Im Q — ker L.

For convenience, we introduce Mawhin’s continuation theorem [8, p.29] as fol-
lows.

Lemma 2.1. Let L be a Fredholm mapping of index zero and let N : QOx[0,1] — Z
be L-compact on Q x [0,1]. Suppose

(a) Lu # AN (u, \) for every u € dom L N9 and every A € (0,1);
(b) QN(u,0) # 0 for every v € 0QNker L;
(¢) Brouwer degree degg(JQN(+,0)|ker ., 2 Nker L, 0) # 0.

Then Lu = N(u,1) has at least one solution in dom L N (2.

For the sake of convenience and simplicity, we denote
e ,
g=— t)dt = mi t Y= t
g T/o g)dt, g = min g(t), g% = max g(t),
where g is a nonnegative continuous T-periodic function. Set
Ny = ma (L (22, = L
a1 ’ a2 ’ 2\/’/7?7
For the rest of this article, we assume the following:
(Al) T > 0, kil(t) (Z = 1,2), ai(t) (Z = 1,2,3), aii(t) (’L = 1,2), alg(t), a31(t),
m(t), D;(t) (i = 1,2), H;(t) (i = 1,2) are positive continuous T-periodic

functions, ¢;(t) (i = 1,2) are nonnegative continuous T-periodic functions.
(AQ) (Lél —az > 0.

ki a u Qi \u U (; —
(A3) kg+c}Nl(E)l > D! +bi+2,/(,7i) HY (i=1,2).

(A4) H! > D¢Ny (i =1,2).

For further convenience, we introduce the 12 positive numbers:
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It is not difficult to show that
7 <z <u; <uf <af <If (i=1,2) (2.1)

?

Now, we are ready to state the main result of this article.

Theorem 2.2. Assume that (A1)-(A4) hold, then (1.1) has at least four positive
T-periodic solutions.

Proof. Since we are concerning with positive solutions of , we make the change
of variables,

zj(t) =e"® (5 =1,2), y(t)=e=®.
Then is rewritten as

1 ayz(t)etr®Meust)
1 — _ up(t) M3 }
uy (1) (D) + o1 (e ai(t) —ayi(t)e m(t)e2n T 2
e2(t) Hi(t
eu(t) eu(t)
/ _ _ uo(t _ _
) = oo e laa(t) — an)e ) + Da(0) Sy = 1) - T2
, - as (t)eQ'U.l(t—T)
us(t) = —as(t) + m(t)e2u3(t—7') + g2ui(t—7)"
Take
X =27 =A{u=(u1,uz,us)” € C(R,R®) : u;(t +T) = u;(t),i = 1,2,3}
and define
= t t t
[[ull e, |ua (8)] + ax, |u2 ()] + e, lus ()],
for u = (u1,uz2,u3)’ in X or in Z. Equipped with the above norm || - ||, it is easy
to verify that X and Z are Banach spaces.
Set

ki(t) + (1= Ny (t)eul(t)} [al(t) _ au(t)eul(t)
k1 (t) +c1 (t)e“l(t) k1 (t) k1 (t)
My (t)flalg (t)eul(t)QUS(t) euz(t) H,(t)
B m(t)e2us(t) 4 e2ur(t) ] +AD(1) [eul(t) o 1] Ceur(t)’

Ar(u,t,\) = {

o kg (t) + (1 - )\)CQ (t)€u2 ®) as (t) as2 (t)e“Z(t)
Aol t,A) = [ ko (t) 4 co(t)eu=® } {kg(t) k() }
eul(t) 5
+ ADQ(t)[m -1] - fT((f))

agl(t)e?ul(tfr)
m(t)e2u3(t—‘r) + e2ui(t—7)°
For any u € X, because of the periodicity, we can easily check that A;(u,t,\) €
C(R2%,R) (i = 1,2,3) are T-periodic in t.
Let

A3(u7ta )‘) - 7a3(t) +

L:domL={ueX:ucCRR)}su—u €Z,
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1 /7
P:XBuHT/ u(t)dt € X,
0

1 T
Q:ZBuH—/ u(t)dt € Z,
T 0
N:X x[0,1] 3 (u,\) — (A1 (u, t,N), Ag(u, t, N), As(u, t,\)T € Z.

Here, for any k € R?, we also identify it as the constant function in X or Z with
the constant value k. It is easy to see that

T
ker L = R?, ImL:{uGX:/ u;(t)dt = 0,i=1,2,3}
0

is closed in Z, dimker L = codimIm L = 3, and P, () are continuous projectors such
that

ImP =ker L,Im L =kerQ = Im(I — Q).
Therefore, L is a Fredholm mapping of index zero. On the other hand, K, : Im L
dom L N KerP has the form

Ky(u) = / ds——/ / s)dsdt.
Thus,
ON /Alut/\ /AQUM /Agut)\)dt>,

Q)N (u, \) = (®1(u,t, \), Po(u, t,\), ®3(u,t,\))7,

i(u,t, ) /A us)\ds——//A (u,s,\)dsdt

f(ff%)/o Aj(u,s,N)ds, j=1,2,3.

Obviously, QN and K,(I — Q)N are continuous. By the Arzela-Ascoli theorem, it
is not difficult to show that the closure of K,(I — Q)N (2 x [0,1]) is compact for
any open bounded set Q@ C X. Moreover, QN (Q x [0,1]) is bounded. Thus N is
L-compact on €2 x [0, 1] with any open bounded set Q C X.

To apply Lemma [2.I] we need to find at least four appropriate open, bounded
subsets Ql, QQ, Qg, Q4 in X.

Corresponding to the operator equation Lu = AN (u, A), A € (0,1), we have

(0 = AP0 0= N0 o) _ ol
k1(t) + c1(t)ewr® k1 (t) k1(t)
My (t)’1a13 (t)eul(t)eus(t) 6”2(t) ANH, (t)
O m(t)e2us® 4 2u®

where

)

} + )\2D1(t)[eu1(t) —-1] - (0

’ kg (t) + (1 — )\)CQ (t)e“Q(t) a9 (t) as2 (t)6u2 ®)
0 =1 Ik ]
ko (t) =+ co (t)@uz’(t) ko (t) ko (t) (2 4)
() AH,(t) '
2 € 2

+A D2(t){eu2(t) - 1} T n®
agl(t)e2u1(t77)

m(t)€2“3(t_T) + e2u1 (t—7) i| :

dy(t) = A[ —az(t) + (2.5)
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Suppose that (u1(t),us(t), u3(t))T is a T-periodic solution of (2.3)), (2.4) and
([2.5) for some A € (0,1). Choose tM,t™ € [0,T], i = 1,2, 3, such that

1 7

J(tM = J(),  w;(tT) = min u(t), i=1,2,3.
ui(t;") gﬁX]U() ui(t7") tgggﬂ() i

Then, it is clear that
w(tM) =0, u(t")=0, i=1,23.
From this and , , we obtain that
B {/ﬁ(t{w) F(1- A)cl(ty)eul(tff)] [a1(t{w) — gy (tH}1)em ()

k(1) + e (¢ )ern (1) k(t17)
Ak () tag (e (Pen Dy e @D )
m(t)e2us(117) 4 e2ua (t1) } it )[ GO ] ECOK
(2.6)
0— [kz(téw) +(1— )\)CQ(téw)eW(téw)] [ag(téw) B a22(té\/[)€u2(t§4):|
ko (8)7) + co(t3T)ev2 13" ka(t3") ke (t3") 2.7)
ew (2 Hy(t)
+ ADz(téw)[W - 1] - eqi((éu)),
0= [lﬁ(tﬂn) +(1- )\)01(t{”)e“1(t5n)} {al(fl") — ayy (£7)er ()
Ky (87) 4 c1 () e () G
Nk ()~ ang (17) e (1) s (047) my ez Hy(t1)
O m(t)eus () 4 2u () ] +ADL(H )[em(t;ﬂ) S em)
(2.8)
0= [k2(t 5) + (1= Nea(ty ez H B 022(t72n)eu2(t;n)]
ko (5Y) + c2(t5?) e“z(tm ko (t5) (2.9)
v (45
FADR ) [y — 1] - Zf((f))

For u(tM) (i = 1,2), there are two cases to consider.
Case 1. Assume that uy(t}) > ug(t)), then uy () > ug(¢}). From this and

(2.6), we have
a1(B) — ayy (B1)em M > 0,
which implies

That is a
ug (137 < uy (1) < ln(a—l)“ <InN;.
11

Case 2. Assume that u;(t}7) < uo(t)), then ug(t)’) > uy(td). From this and

(2.7), we have
as(t37) — aga (t31)e2 ") > 0,
which implies

eu2(ty") Lté”) < (22 N,
azn () ~ tax’

That is,

ur () < up(837) < 1n(;£)u <In M.
22
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Therefore,
max{ui (£)7), ua (t5")} < In Ny. (2.10)

It follows from (2.6)) that

[kl(t{W)Jr (1 7)\)61(15{\4)67“( 1 } [ 1(#M) all(t{W)em(ﬂV)} B Hy(tM)

ki (81) + ¢q (M) em (D) kq (1) kq (t01) et (t17)
R+ (L Ner(ethen () kn(ed) Tana(ef)en e )
k() + e (@)en @ 1T ()2l 4 2l
eu2(t{w)

e“l(tiw)

— AD{(t)) + AD; ().

Therefore,
[kl(t{”)Jr( — Mea(t)en )} ()1 = (S yreme] Hi
kl( ) + Cl(t{w)eul (29 k1 k1 e“l(t{\ )
)

< [0+ 0 V(e )
ey (1) + ey (31 )era (1) 2k (117)/m(t2")

+ Dl(t{w)a

which implies

[kl(t{\/[) ( )\)Cl( ) ][ a1y (a11 )u u1(tM)} HY
ke (t17) + ex (1) )e“l(“”) ky ky eur (1)
< [RED U= Na e @),
ke (80) + ey (£M)em @D Toy/mt 7
From this and noticing that
kq(t31) - ki (£M1) + (1 — N)eg (#M) e (0D -
R +a@)en @ = k@) ta@hend
we have
(i) (A (Ahyugu () Hy (m> -+ DY.
kl(t{w)—FCl(t{w)eul(t{w) k1 k1 eu1(tM 9 /
Therefore, we have
kll ﬂ l E)ueul(tiw) o Hf < (%13)“ D
]{Ill +C¥N1 k‘l ]{/’1 eul(t{u) 2v/m!

that is,
(et - [ Ry pp - ]ent 4 a0
From (A3) and the above inequality, we have
ur () > Inuf or uy (M) <Inwuy (2.11)
Similarly, we have
wr () > Inuf or w(t7) < Ilnuy (2.12)
By a similar argument, from , it follows that

l
a22 4 2uo (t37) _ |: k2 % l —D¥_} :|eu2(téw) L HY>Q
(kQ) e ké‘i‘C%Nl(kQ) 2 2 2 :
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By (A3) and the above inequality, we have
up (1) > Inugd  or up(td) < Inuy .
Similarly, we have
us(ty") > Inug  or wus(th') <Inw, .
Again, from ([2.6) it follows that
[W) (1= Ner (e f”>] ald) au(t{”)e““th)}
kr(8M) 4 ¢ (M) eur (117 ke (£31) k1(t}M)

1
Hy (1)) a2
eul(tM) _Dl(tl )eul(tiw).

Hence, we have

(2.13)

(2.14)

! M M
F an(h )62“1“% — L(tl )eul(t{w) + Hy(t") — D1(t{w)eu2(t% <0,

ky + ¢ N1 ki (8]7) ki (1)
which implies
Kt a
il _|_; (klll)l et _ (ki)u en )+ H} — DYN; <0.
1

From (A3), (A4) and the above inequality, we have
iy <u () <Inly.
Similarly, we have
Inly <wup(tP) < Inif.

By a similar argument, it follows from ([2.7) that

Ry 02231 dua(udt) (92 yugua(edh)
S - u ugu H. — DUN; < 0.
kl+62N1 k2) (k2) + 2 24V1

From (A3), (A4) and the above inequality, we have
Inly <ux(td’) <Iniy.
Similarly, we have
Inly, <us(th') <Inif.
It follows from ([2.11), (2.12), (2.15)), (2.16) that
ur(tY7) € (Iniy, Inwuy) U (Inuf, Inly),
ur(t7) € (Inly , Inwuy) U (Inuf, Inly).
It follows from ([2.13), (2.14), (2.17), (2.18) that
up(t3") € (Inly, Inuy ) U (Inug,Inly),

ua(ty") € (Inly , Inwuy ) U (Inug, Inl).

From (2.5)), we have

D= [ et
o 3 - 0 m(t)eZU3(t—T)+)\€2u1(t—‘r) :

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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Therefore,
T T T 2u1 (t—7)
p a31(t)e 1
/0 ‘us(t)|dt</o &3(t)dt—|—/0 m(t)e2us(t=7) 4 \e2ui(t—7) dt

T T (2.20)

_ / as(t)dt + / as(t)dt
0 0

< 2Tagz :=ds.

By (2.19)), there must be n € (0,T) such that

asi (77)62711(?7*7)

a3 = m(n)eQuii('fl_T) + )\62“1(77_7') ’ (221)
From ([2.21)), we have
e2u3(n—7) _ asi (77) — A&g eZul(n—‘r).
azm(n)
Therefore,
2us(n—7) 981 N2 . 2.22
e < v SAER D, (2.22)
l —
2uz(n—7) 5 #3817 43 g—y2 . _ 2.23
i) > BBy (233)
Since u3(t) is a T-periodic function, there exists 1, € [0, 7] such that
uz(m) = us(n — ).
Again, it follows from (2.20)), (2.22)), (2.23) that for any ¢ € [0, 7], we have
¢
1
us(t) = us(ny) —|—/ ub(s)ds < §lnp—|— ds,
Lot
! 1
us(t) = uz(ny) —|—/ us(s)ds > 5 Ing — ds.
m
Set ) .
H= max{|§ Inp + ds|, |§ Ing — ds|}.
Then
max |uz(t)] < H. (2.24)

te[0,T)
Clearly, I+ u-i(i = 1,2), H are independent of A. Now, let us consider QN (u,0)

7 7

with u = (uy,u2,u3)” € R®. Note that

) - Caen — &

k1 1 ev1
QN(u,0) = | (32) - ()™ — 3%
—a3 + (%)
Letting QN (u,0) = 0, we have
(%4%Wu§:a (2.25)
H,

(%z) - (%7)6“2 -2y, (2.26)
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—_— 2u1
_ asi, €
—as + (W) i (2.27)
From ([2.25)), we have
(E)eml _ (ﬂ)eul +H =0, (2.28)
k1 k1
which implies that (2.28) has two distinct roots In zF. From (2.26)), we have
(222)e2u2 _ (D2yous 4 f1, — ), (2.29)
ko ko

which implies that (2.29) has two distinct roots In x2i Again, it follows from ([2.27))
that

NG
xy = o xi
Therefore, QN (u,0) = 0 has four distinct solutions.
Uy = (lnxf,lnx;,lnx;)T, Ug = (lnxi",lnm;,lnx;‘)T,
17,3:(1HSC1_,1H1';—,1HSC§)T, 124:(1n:z:1_,1nx2_,1nx3_)T.
Choose C' > 0 such that
(=) =)
C>max{|ln m -], [ In . xf|} (2.30)
asz as

Let

0 = {u = (u1,ug,uz)’ € X : max uy(t) € (Inuf,Inly),
t€[0,T]

tér[loi%] up(t) € (Inwuf,Inif), tg%&% us(t) € (Inud,Iniy),

i t) € (Inug,Inlf t) <H C},
tg[lol)r%]m( ) € (Inuy,Iniy), ax, lus(t)] < H +

Qy = {u = (u1,uz,uz)’ € X : max ui(t) € (Inuf,Inl}),
t€[0,T]

té?gg]ul(t) € (Inuf,Inl), trer[ﬁ);] uz(t) € (Inly, Inwuy ),

i t Inly, Inuy ), t H },
ity a0 € nle ). g a0l < H €

O3 = {u = (uy,ug,uz)’ € X : tg%oa?] ui(t) € (Inily,Inuy),

té?&%]ul(t) € (Inly,Inwuy ), trer[lé?;] ua(t) € (Inud ,Inid),

- t) € (Inud,Iniy < H C},
té?éf}]W( ) € (Inug,Inly), max, |ug(t)] < H +

Qy = {u = (u1,ug,uz)’ € X : max ui(t) € (Iniy, Inuy),
te[0,T]

tg[lg’r%] ui(t) € (Inily,Inuy), tgﬁ);] uz(t) € (Inly,Inwuy),

i t Ini; , Inu, ), t H }
tg[lolg]uz( ) € (Inly,Inuy) tg[l(%}%] lus(t)| < H +C
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Then Qy,...,€y are bounded open subsets of X. It follows from and
that 4, € Q; (i =1,2,3,4). It is easy to see that Q; NQ; =0 (4,7 =1,2,3,4,i # j)
and ; satisfies (a) in Lemma for i = 1,2,3,4. Moreover, QN (u,0) # 0 for
u € 0Q; Nker L.

Set

hz)=b—ax — g, z € (0, 400),

where a, b, ¢ are positive constants. When b > 2+/ac, it is easy to see that h(z) =0
has exactly two positive solutions
x__b—\/b2—4ac x+_b+\/b2—4ac
N 2a ’ N 2a
such that A'(z~) > 0, h'(z") < 0. From this, a direct computation gives
deg{JQN(-,0),Q1 Nker L,0} = —1, deg{JQN(-,0),Q2 Nker L,0} =1,
deg{JQN(-,0),Q3Nker L,0} =1, deg{JQN(-,0),Q4 Nker L,0} = —1.

Here, J is taken as the identity mapping since Im @@ = ker L. So far we have proved
that 2; satisfies all the assumptions in Lemma Hence, has at least four T-
periodic solutions (u? (t), u(t), u4(t))? (i = 1,2,3,4) and (ul, ub, ui)? € dom LNY;.
Obviously, (uf,uy,ub)” (i = 1,2,3,4) are different. Let ' (t) = e (5 =1,2),
yi(t) = e (i = 1,2,3,4). Then (2}(t),z5(t),y'(t))" (i = 1,2,3,4) are four
different positive T-periodic solutions of . The proof is complete. O

Theorem 2.3. In addition to (Al), (A2), (A4), assume further that (1.1)) satisfies
u K} a; aii \u :

(A3)* H < ity [y (89)' — (39)" = 0] (i=1,2).

Then (1.1) has at least four positive T-periodic solutions.

Proof. Tt suffices to verify (A3) in Theorem Indeed, it follows from (A3)* and
(A4) that
Qi H! Qi k! a;
DY 4 by 42, [ (2)eHY < =L by + (=) + H < ——— ()}
Z+’L+ (kz) Z<N1+Z+(ki) + 1<k£+C?N1(kZ)7
fori=1,2. O

Finally, we describe the biological meaning of (A1)—(A4) and Theorem In
realistic world, the environment is always varying periodically with time. This
motivates us to consider system under the condition (A1). (A2) indicates that
the efficiency of turning predated prey species = into predator species y is higher
than the natural death rate of predator species y, which is the necessary condition

for the survival of predator species y. Note that , /(%)quu is the geometric mean

of (%) and H}* (i = 1,2), which describes the mean effect of the intra-species
competition and harvesting. Hence, (A3) indicates that the natural growth rate of
prey species x with a food-limited supply in patch 1 is higher than the decay rate
due to the intra-species competition, predation, dispersion and harvesting, and that
the natural growth rate of prey species x with a limited food supply in patch 2 is
higher than the decay rate due to the intra-species competition, the dispersion and
harvesting. Since Nj is the environmental carrying capacity of prey species x, (A4)
indicates that the effect of harvesting on populations is stronger than the effect of
the dispersion during each time period. From the ecological viewpoint, Theorem
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[2:2) indicates that a food-limited two-species ratio-dependent predator-prey patch
systems with delay and harvesting can lead to four different periodic fluctuations
in a periodic environment if the regulated harvesting on prey populations is made
according to (A1)—(A4).

3. AN EXAMPLE

Take 7 = 2, T = 2, k1(t) = 4 + sin(nt), ko(t) = 3 + sin(nt), ¢ (t) = 0.2 +
0.05sin(rt) (i = 1,2),

1 +sin®(nt) 1 +sin®(nt) _ 1+sin®(nt)

Hl(t) o s HQ(t) =10 D1(t) = DQ(t) =0
. 4 + sin(nt))? 4 4 sin(mt))?
ai(t) = (4 +sin(nt))?,  ay(t) = %’ ars(t) = %,
()2
m(t) = 1+ sin®(rt), ax(t) = (3 +sin(nt))?, agn(t) = W’
as1(t) =4 +sin(nt), az(t) = 2 + sin(nt).
Then we have k} =3, kb =2, % =0.25 (i = 1,2),
1 1 1 1 1
HY = — HY = = H — — H! — u_ pu_
YT 2Ty o 2100 T 27100
aiyg A11 \y 5 A13 |4, 5 !
N =4, (By—g (M2 W8y _ 2 _
1 ) (kl) ) (kl ) 47 (kl ) 47 m 9
0 azy; a22 ! 3
=2 (=2 (o1 od =3 a=2
1 87 (kZ) 9 (kg) ’ 0'31 ) as

It is easy to see that the conditions in Theorem are satisfied. By Theorem [2.3
system ([1.1)) has at least four positive 2-periodic solutions.
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