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MULTIPLE SOLUTIONS FOR A Q-LAPLACIAN EQUATION ON
AN ANNULUS

SHIJIAN TAI, JIANGTAO WANG

ABSTRACT. In this article, we study the g-Laplacian equation
—Agu = ||z —2|"P", 1< |z| <3,

where Agu = div(|Vu|?~2Vu) and g > 1. We prove that the problem has two
solutions when a is large, and has two additional solutions when p is close to
the critical Sobolev exponent ¢* = NN—fq. A symmetry-breaking phenomenon
appears which shows that the least-energy solution cannot be radial function.

1. INTRODUCTION

This article concerns the g-Laplacian equation
—Agu = d,uP"! in Q,
u>0 in (1.1)
u=0 on 01,

where Ayu = div(|Vul|9=2Vu), Q@ = {z € RY|1 < |z| < 3} is an annulus in RY,
N >3,a>0,p>¢qg>1and ®, is the radial function

a
D, (x) = |\x| — 2| .
Equation (|1.1)) is an extension of the problem

~Agu = |z in x| < 1,
(1.2)
u=0 onlz|=1.

Equation (|1.2)) can be seen as a natural extension to the annular domain € of the
celebrated Hénon equation with Dirichlet boundary conditions
—Au = |z|"P~! in |z| < 1,
(1.3)
u=0 on|z|=1.
This equation was proposed by Hénon in [I3] when he studied rotating stellar
structures.
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Fora > 0,2 < p < 2* = 2N/(N — 2), we generalize to the case of g-
Laplacian. In fact, the weight function ®,(x) reproduces on ) a similar qualitative
behavior of |- |* on the unit ball B in RV,

A standard compactness argument shows that the infimum

Vul|?d
N — (1.4)
0#ueH)(B) ( [ |z|e|ulpdz)™”
is attained for 2 < p < 2* and any a > 0. Ni [I6] proved that the infimum
Vul?d
inf Jp|Vuld (1.5)

0#uEH] 00 (B) ( [ |a]®|ulpdz)>”

is attained for any 2 < p < 2* 4 2a/(N — 2) by a function in Hy,q(B), the
space of radial H}(B) functions. Therefore, radial solutions of also exist for
supercritical exponents p. Indeed, H&,rad(B) shows a power-like decay away from
the origin (as a result of the Strauss Lemma, see [Il 2I]) that combines with the
weight |2|* and provides the compactness of the embedding H&,rad(B) C L*(B) for
any 2 < p < 2*+2a/(N —2).

When a > 0, Smets, Su and Willem obtained some symmetry-breaking results
for in [23]. They proved that minimizers of could not be radial, at least
for a sufficiently large. Consequently, had at least two solutions when a was
large (see also [24]).

Serra [20] proved that had at least one nonradial solution when p = 2*, and
in [4] Badiale and Serra obtained the existence of more than one solutions to
also for some supercritical values of p. These solutions are nonradial and they are
obtained by minimization under suitable symmetry constraints.

Cao and Peng [8] proved that, for p sufficiently close to 2*, the ground-state
solutions of possessed a unique maximum point whose distance from 0B
tended to zero as p — 2*. And they also proved the same results in the case of
g-laplacian of the Hénon equation (see [9]).

This result was improved in [I8], where multi-bump solutions for the Hénon
equation with almost critical Sobolev exponent p were found, by applying a finite-
dimensional reduction. These solutions are not radial, though they are invariant
under the action of suitable subgroups of O(N), and they concentrate at boundary
points of the unit ball B in RV as p — 2*. However, the role of a is a static one
(for more results for p ~ 2*, see also [19]).

When the weight disappeared; i.e. a = 0, Brezis and Nirenberg proved in [3]
that the ground state solution of —Au = u? in HZ () was not a radial function.
Actually, they proved that both a radial and a nonradial (positive) solution arise
as p ~ 2*.

When the weight in disappeares; i.e. a = 0, Li and Zhou [I4] proved that
existence of multiple solutions to the p-Laplacian type elliptic problem

—Apu(z) = f(z,u) inQ,

u=0 on 09, (16)

where 2 was a bounded domain in RY (N > 1) with smooth boundary 0, and
f(x,u) went asymptotically in u to |u[P~2u at infinity.
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When ¢ = 2 in (L.1), Calanchi, Secchi and Terraneo [10] obtained multiple solu-
tions for a Hénon-like equation on 1 < |z| < 3. For more results about asymptotic
estimates for solutions of the Hénon equation with a large, one can see [5] [6].

This paper is mainly motivated by [I0]. We want to extend the results in [10] to
a general g-Laplacian problem. We consider the critical points of

Jo IVul?dz
(Joo alulrdar) ™

which is the Rayleigh quotient associated with ([1.1]).
Our main results are as follows.

u € Wy (Q)\{0}, (1.7)

a,p =

Theorem 1.1. Assume that p € (q,q*). For a large enough, any ground state uq
is a nonradial function.

Theorem 1.2. Assume that a > 0. For p close to ¢* the quotient R, has at least
two nonradial local minima.

Theorem 1.3. There exist @ > 0 and ¢ < p < q* such that for all a > @ and
P < p < q*, it results that the mountain-pass level c(defined by (2.14)) )is a critical
value for Rq , and it is attained by a nonradial function.

To the best of our knowledge, the results we obtain in this article are new. To
prove Theorem the key is to give the energy estimates of both ground solutions
and radial symmetry solutions when p is fixed. Applying these estimates, we can
prove that ground solution is not radially symmetric when a — oo. Using the same
arguments in [I0], we can prove Theorem and Theorem We would like to
point out that our problem is more complicated than the problem in [10].

This paper is organized as follows. In Section 2 we prove our main results. In
Section 3 we describe the behavior of ground-state solution of when p < ¢* is
fixed and a — +o00. Although the conclusion is not as precise as in the case p — ¢*,
we can nevertheless show that a sort of concentration near the boundary 0 still
appears.

2. PROOFS OF MAIN RESULTS
2.1. Proof of Theorem 1.1. Denote

Sap = inf Ry p(u). (2.1)
uEW, 1(2)\{0}

It is easy to prove that up to a scaling for p subcritical S, , is attained by a
function u, , that satisfies (L.1)). To prove that for a is large any solution u, , is
not radial first we need an estimate from above of S, ;.

Lemma 2.1. Assume that p € (q,q*). There exists a such that for a > a,
Sap < Cat™ N5 (2.2)

Proof. We use the same techniques as in [23]. Let ¢ be a smooth function with
support in the unit ball B. Let us consider ¢,(z) = ¢(a(x — z,)), where x, =
(3 — %,O,...,O). Since ¢, has support in the ball B(z,, %), by the change of
variable y = a(z — z,), we obtain

i = x| — 2|"¢P (z)dx —gaa_N P
Jewst@ae= [ el -2 ez (12 [ S 23)

Lasq
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Furthermore,
/ Vo |9dz = a? / Vé(a(z — 24))|%dz = a®N / Voltds.  (2.4)
Q Q B

It follows from (2.3)) and (2.4]) that

V a qd aN
Rap(9a) = Jo [Véu["da < Ca® N,

(Joy @al)ha) ™"~

Hence we obtain N
Sap < Rap(da) < Ca?t™ N
for all a large enough. ]

Let Wol,’r(gd(ﬂ) be the space of radially symmetric functions of W, %(Q). In the
sequel, we denote u(z) = u(|z|) for u € Wol)’rqad(Q).
Consider the minimization problem
S = inf R p(u). (2.5)
uEWS A (\{0}
It is well known that any minimizers of (2.5 can be scaled so as to be solutions of

(1.1). Thus, we will use freely this fact in the sequel.
In the following lemma, we obtain an estimate of the energy Sfl‘?;} as a — 0.

Lemma 2.2. Let p > q. As a — oo, there exist two constants Cq, Co depending
on p such that

rad

0<C < qfaiiﬂ < (Cy < +o0. (26)
a P

Proof. Let ¢ € C§°(Q2) be a positive, radial function, and set
¢a(z) = da(|z]) = dla(lz] — 3 + 3/a)).

/ b, Pl dx > (1 — g)aa_l/ Pdx
Q a Q

Then

and

3
| Vouttds =y [ @y
Q 52

= WN_1 /13 aq(gb/(s))q(Z +3- %)N_laflds

3
— ga! rgna(E3e =3\ v
ey RO ) s

sa
<310t [ vopuds,
Q
since 1 < % < 3. Therefore,

Rrad L) = fQ |V¢a\qu
a,p (d) ) (fﬂ (Da(.%‘)(bgdx)qm

3Vt Jo IVo|idz
(1= 2ysalo( [, drda)”"

< C(a,p)a?™ "7,

where

C(a,p) =
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for any p > g and a > 1, C(a,p) < Cs. So we obtain S0 < Coa? 115,
To find the lower bound C4, we will do some scaling. Let us define the functions
é1:[1,2] — [1,2] and ¢2 : [2,3] — [2, 3] as follows:
pr(r)=2—(2—7)" ¢o(r) =2+ (r —2)°,

where b € (0,1) will be chosen later. It is obvious that we can obtain a piecewise
C' homeomorphism ¢ : [1,3] — [1,3] by gluing ¢; and ¢». Now, for any radial
function u € W, (), setting v(p) = u(¢(p)) and choosing b = 1/(a+1), we obtain

/‘I)a(x)|u(|x|)|pdx
Q
3
:wN,l/l o () u(r)[PrN " dr
3

N=1lon_1 o () |u(r)|Pdr

<3Vl [ @)
3

:3N—1WN_1( /1 B, (01(p))|v(p) [P (p)dp + /2 %(@(p))lv(p)l%’z(p)dp)
3
=5t [ Jo(o)Pdp

d
3
/|Vu|qu=w1v_1/ [/ ()| 9N ~tdr
Q 1

3
Zwal/ o/ (r)|?dr
1
=N / VO G 1d”*/ VO )
S / (o) lp — 210D

I -
sz\ulb?l/ [V (p)|*]p — 2| Vdp.
1

Therefore,

. )9 21(a—1 g
Rop(u) > Ca® '3 inf S 1 (@)l ~2)

; (2.7)
vEWF )\ {0} (f1 lu(p)|pdp)™”

where C' depends only on N. To end the proof, we will show that the right-hand side
of is greater than zero. This follows from some general Hardy-type inequality
(see [I7, Theorem 11.4]), but we present here an elementary proof for the sake of
completeness. Indeed, given v € VV0 P 1(Q), for p € [1,2], we can write

lv(p)] = |v(p) —v(1)]
1
/ o ell2 -4 1)/q| a7 %

/q L | (¢—1)/q
"()]92 — t|2 dt / dt
([ wrz =) ([ o i)
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3 1/q (a-1)/q
< (/ |v’(t)|q|2—t|q_1dt) (—1n|2—p|) .
1
Hence,

2 2 pla=1)
[ 1oordp < / o= efrtar)”™ [ (=mlz—pl) T dp
1 1
/ T M A
0

(M) ([ o)

IN

and in a similar way,

p/
/|U \pdp<r(( D+a /| niriz —grtar)""

Therefore,

3 3 q/p 1
"1)72 -t tdt > / Pd .
/1 CAO/ | - ( 1 [v(e)] p) 2q/pr(p(q—q1)+q)Q/p

This implies that the infimum in (2.7)) is strictly positive. There exists a constant
Cy > 0 such that Srd > Cya? 7. 0

We are now in position to prove Theorem

Proof of Theorem[I.1. Note that ¢ — N + IN < gq—1+ 1. Then it follows from

(2.2) and (2.6) that S,, < Sffg when a is large. So any ground state u,, is a
nonradial function. O

2.2. Proof of Theorem Now we consider any minimum u,_,. The following
proposition describes the profile of ug 4, as p — ¢*.

Proposition 2.3. Let p € (¢,¢*) and a > 0. Any minimum u,, of Rqp(u) in
Wy \{0} satisfies for some o € O,

(1) |Vugp|? — péy, weakly in sense of measure as p — ¢*;

(2) |Uapl? — vOy, weakly in sense of measure as p — q*,
where j1 > 0 and v > 0 are such that i > So ~v¥7 and &, is the Dirac mass at x.

Since the result can be proved by using the same arguments in [8], with some
minor modifications, we omit its proof here.

Remark 2.4. Proposition implies that any ground state solution concentrates
in a single point at the boundary as p — ¢* and consequently this solution is
not radial. This symmetry breaking can be also proved by using a continuation
argument as in [3]. Indeed, limy_g- Sap = Sog-, and since Spq+ < SHio we
conclude as in [3] that ground state of S, , cannot be radially symmetric as p — ¢*.

Let
“={zeRV:l1<z[<2}, QF={zeRV:2<|z|<3},

S={ue WP ()\{0} : /Q_ |Vul!dz = /Q+ [Vu|dz},
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AN={uce WyP(Q) : / |Vu|ldr > / |Vul?dz}.
Q- o+

We already know that any global minimizer of R, , yields a first solution u, . From
Proposition[2.3] we know that this solution concentrates at precisely one point of the
boundary 92. Noting that this boundary has two connected components, we will
minimize R, , over the set A of VVO1 'Y functions which concentrate at the opposite
component of boundary. We need a careful estimate to show that minimizers fall
inside the interior of A.

To obtain a second local minimizer, we assume without loss of generality that
any u, , concentrates at some point on the sphere |z| = 3. After a rotation, we can
even assume that any u,, concentrates at the point (3,0,...,0).

Lemma 2.5. Ifa > 0, then there exists 6 > 0 such that
liminf T, , > So,q+ + 0, (2.8)
pP—q*

where T, , = infyex Ra p(u).

Proof. First we prove that T, , is attained by a function v,, € X. Consider a
minimizing sequence {u,} for T, ,. We can apply the homogeneity of R, , and
assume that fQ |[Vu,|%dx = 1. Passing to a subsequence, u,, converges to v = v,

weakly in W,?(€2) and strongly in L*(Q), for all s € (g, ¢*). What we have to check
is that v € ¥ (proving that the convergence of u,, to v is strong). From the strong
convergence in L*(§) we have that

1
/
(fQ <I>a(z)|v|1’dx)q P
and particularly v # 0. We may assume that v > 0 in 2. For the sake of contra-

diction, assume that
1
/ [Vou|tde < .
o+ 2

Fix a nonnegative smooth function ¢ € C§°(Q1), ¢ # 0 and § > 0. Setting
u = v + dp1 from the positivity of v and 11, we have, for § > 0,

/Q By (@) |0]Pdz < /Q By (2)|ulPdz. (2.10)

R, p(v) < =Tap (2.9)

Now,

/Q+ [Vul?de = /Q+ Vo + 6V |%dx, (2.11)

if we define f; : [0, +00] — R by
£1(6) :/ Vv + 6V |7da,
O+

we know that fi is continuous and f;(0) < 3, lims_ f1(8) = +oo. Hence there ex-
ists 01 > 0 with f1(d1) = 1/2. We can reason in an analogous way if [, [Vou|%dz <
1 in order to find 65 > 0 and ¢ > 0 such that Joo V(0 + d21p2) [%da = 1/2.

From , this implies that there exists w = v 4 0191 + dotvy € X such that
R, p(w) < T, p, which yields a contradiction.
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Finally we must have that v, , € ¥ is a minimum point. Moreover for any a > 0
and ¢ < p < ¢*, we have T ,, > S, . We want to prove that the inequality is strict
at least for p — ¢*. In fact assume on the contrary that

liminf 7, , = liminf R, ,(va,p) = So,4+-
p—aq p—a

By the definition of Sy 4« and Hoélder inequality we obtain, for a subsequence p =
Pk — 4",
Vug.p|ldx
S(Lq* S fQ‘ a;?i' -
(fQ |[Va,p|? dx) !
< |Q| (q’;:;:)q fQ |Vva7p‘qd$/
(fQ |Ua7p|pdm)q :
(Q’;:::)q fQ |Vva7p‘qu
(fQ (I)a(x)|va7p|pd$)q/p

since the weight satisfies &, < 1. In particular, we obtain
Jo [Vvap|tda
* &
(fg |Va,p? dm) !
and v,,p is a minimizing sequence of Sp g=.

By the same argument as Cao and Peng [8, Theorem 1.1], we can prove that v,
concentrates at precisely one point of the boundary 0f2. This yields a contradiction

<|9] = Soq- +o(1),

0,q*

since [ |Vuap|lde = [ |Vugp|ide. O
Now we consider the points
1 1
Zoe = Xo = (37 M,O,...,O), Tle =21 = (1+ m,o,...,()),

and the function

Uz) = )
(@) (1+ |z|7T)N=0)/a

We recall that Sy 4~ is not achieved on any proper subset of RY, and that it is
independent of 2. However, it is known that Sp 4= (RY) is achieved, and all the
minimizers can be written in the form

1

Up.,, = , 0>0, yeRY.
T2 1 o — ) (N Y
We set .
i P | T — Ty o
Ue(z) =7 U(g(q—l)/Q) - N

(e + o — il 77)
and denote by ¥;(i = 0,1) two cut-off functions such that 0 < ; < 1, |V <
C|Ine| for some constant C' > 0, and

1/).: 1 if|$*l‘i|<m,
’ 0 if |z — 2] > =

[Ine|”
The following lemma shows that the truncated functions

ul = (x)Ul(x), i=0,1, (2.12)
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are almost minimizers for So 4-. Since it is an easy modification of the arguments
of [8], we omit the proof of this fact.

Lemma 2.6. If a > 0, then
lim R, ,(ul) = S, + K(e), (2.13)

P—aq”
with lim._o K (¢) = 0.
As a direct consequence of Lemma [2.6] we obtain the following result.

Corollary 2.7. Sy g+ = Sq,q+-

Proof. On one hand, Sy 4« < Sg ¢+ since @,(]z]) < 1. On the other hand by Lemma

[2:6] we have

Ra,q- (UE) = plLHqK Ra,p(ué) = So,¢- + K(e),
which implies that Sy 4+ + K(g) > Sq,4- for every € > 0. Letting ¢ — 0, we infer
S0, 2> Sa,q=- Therefore So ¢« = Sq,q+- O

Now we are ready to prove Theorem [1.2

Proof of Theorem[I.3. Let u,, be a ground state solution. Let us suppose that it
concentrates on the outer boundary. The infimun of R, ;, on A is attained. However
it cannot be attained on the boundary A = ¥. In fact, from Lemma[2.5, we obtain

inf Rop(w) > Sog- +6, asp—q°

and
in R, p(u) < Rayp(u;) — Soq+ + Ki(e), asp—q~,

since ul € A for ¢ sufficiently small. Then the infimum is attained in an interior
point of A and is therefore a critical point of R, . O

2.3. Proof of Theorem Now we prove the existence of a third nonradial
solution, in the previous section we proved the existence of two solutions of
which were local minima of Rayleigh quotient for p near ¢*. We would expect
another critical point of R, j, located in some sense between these minimum points.

For ¢ sufficiently small let ul = v;(z)Ui(z),i € {0,1}, be defined as in (2.12).
We will verify that R,, has the mountain-pass geometry. Let us introduce the
mountain-pass level

¢=c(a,p) = inf e Rap((1)), (2.14)

where
I = {y € C([0,1], Wy '(Q)) : 7(0) = u,»(1) = ul}

is the set of continuous paths joining u? with ul. We claim that c is a critical value
for R, p.

We start to prove that c¢ is larger, uniformly with respect to e, than the values
of the functional R, , at the points u? and u!.

Lemma 2.8. Set M. = max{R,,(ul), Ry p(ul)}. There exists o > 0 such that
¢ > M. + o uniformly with respect to €.
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Proof. We prove that there exists o such that for all v € T,
max R, ,(7(t)) > M. + o.

A simple continuity argument shows that for every v € I' there exists ¢, such that
v(ty) € X, where

5 = {u e WEP(@Q)\{0) : /Q, Vultdz = /m Vul?dz).

In fact the map

tel0,1] — /Q+ [VA(t)|%dx — /Q_ |V~(t)|%dx

is continuous and it takes a negative value at ¢ = 0 and a positive value at ¢t = 1.
It follows from Lemma that for p near ¢* there exists § > 0 such that

trél[gﬁ] Rap(v(t) 2 Rap(y(ty)) > igg Rgp(u) > Soq+ +9.

On the other hand, for e small enough, we have
)

M, < Spq + 2

This completes the proof. (Il

By the previous estimates, we can show that c is a critical level for R, ,. As a
result a further nonradial solution to (|1.1)) arises.

Proof of Theorem[I.3 By the previous results, we can apply a deformation argu-
ment (see [T}, 22]) to prove that c¢ is a critical level and it is achieved ( since the
PS condition is satisfied ) by a function v. By the asymptotic estimate for
the radial level S{l?;‘, we know that there exists a constant C independent of p such
that

Sred > Cat™

Particularly, we obtain S;?S — +ooasa — +00. Therefore we can choose ag such
that
Si2 > 3804+ Va > ao.

Define ¢ € T by ¢(t) = tul + (1 — t)u for all ¢t € [0,1], and let 7 € [0, 1] be such
that
Rap(C(7)) = max Rq,(C(1))-

t€(0,1]
Noting that u? and u} have disjoint support one has, for ¢ small enough, we have
R p(v) = ¢ < Rop(C(7))

Jo IV(rul + (1 = 7)ud)|%dx

- (Jo @almul +(1— T)ug|de)Q/p
Jo T Vul|ida + [, (1 — 7)1 Vul|'dx
(77 [oy ®alul|Pda + (1 — 7)P [, Bolullpda)”’”

T4 fQ |Vul|?dz (1-—1)4 fQ |Vul|?dx
T (7 fy Balullpds) T (1= )P [, Balullrda) "
= Ra,p(“é) + Ram(“?)




EJDE-2012/16 MULTIPLE SOLUTIONS 11

<2M. < 3807,1*
< S

3. BEHAVIOR OF THE GROUND-STATE SOLUTION FOR a LARGE

In this section, we mainly analyze a ground state solution as a — +o00. Even in
this case this solution tends to “concentrate” at the boundary 0€2. However, this
concentration is much weaker than concentration as p — ¢*.

We use the notation C(p1, p2) = {z € R¥|p; < |z| < p2}. Let & be sufficiently
small (say 6 < % ) and ¢ be a smooth cut-off function such that 0 < ¢ <1 with

(1, zeC1+6UCE-43),
‘p(x)_{o, 2 C(2—62+96). (3.1)

From now on, since p € (q,¢*) is fixed we denote a ground state solution of
problem (1.1)) uq p with ug.

Lemma 3.1. Let u, be such that Ry p(us) = Sap. If ¢ is defined in ([3.1)), then
Rop(pug) = Sap + 0(Sap)asa — +00. (3.2)

Proof. By the homogeneity of R, ;,, we may assume fQ |Vug|?dx = 1. We will prove
it by two steps.
Step 1. We claim that

/@a(tpua)pdz:/@augdas—ko(/ ‘Pauzdm). (3.3)
o o Q

Actually, if we assume
Jo Paub (1 — @P)dax

li =b>0
121_}501(1? Jo Pauadx > 5
which implies that, up to some subsequence,
S ul(1—P)dr b
Jo ( - ") > = >0.
Jo Paubda 2
Since 1 — P =0 on C(1,14+ ) UC(3 — 4,3), we have
/ S, ub (1 — pP)de = / D ul (1 — pP)dx
Q C(1+68,3—0)

<=0 [ -

<(1- 5)“/ ubdx.
Q
Hence,
/ ubdr > (1 — 5)_“/ D, ub (1 — ¢P)du.
Q Q
Thus,

P
Jo ubda > (1—4)

D, uP (1 —P)d
> 7an ua( ' ) < > (1 _5)7ab
Jo Pauadx 2

Jo Pauadx =

|
—~
©
N
N
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Since S2/4 = (Jo ®aubdz)~!, (3.4) can be written as

g b(L=0)

b
—_ 7 > _ 1_6—aSP/q
“P =2 [quadr T 2( )

0,p >

where
20 (i urda)"”
On the other hand, from (2.2)), it follows that

SO,p

pN
—EN4N
Spla < Cab™ N,

which gives a contradiction for a large. Hence ([3.3) is true.
Step 2. Now we prove that

/ [V (pug)|tdz = / [Vug|9dx + o(1) = 1+ o(1). (3.5)
Q Q
It is easy to prove that u, satisfies the problem
—Aguq = SEIPul in Q,
Uq >0 in €, (3.6)
ug, =0 on 0N.

Since fQ |Vug|%dx = 1, up to subsequences, as a — oo, we have that:
u, — u weakly in W, 9(Q), and strongly in L*(Q) é. in Q.

Now we prove that v = 0. In fact, multiplying problem (3.6) by a smooth
function ¢ with supp ¢ € 2 and integrate, we obtain

/ |V |7 2Vu,Vedr = / Sg’(];l@aug—1¢dx — 0, asa— oo, (3.7)
Q Q
since, by (2.2), Sgé;qua — 0 uniformly on supp ¢ and wu, is uniformly bounded in

L* for ¢ < s < ¢*. Hence [, |Vu|?2VuVepdz = 0 for all ¢ € C5°(2). Since
u € Wy9(Q), this implies that u = 0.

Note that
| [ 1Vualtda — [ 19Gou,)j1ds]
Q Q

= ’ / |Vug|'dx — / [Vuge + Vnpua|qu’
Q Q
< / [Vug|?(1 — p?)dx + / |Vou,|ldx
Q Q
+ C’/ ‘|Vuacp|q71V<pua + Vua<p|Vg0ua|q*1’dx.
Q
Due to the strong convergence in L® for all s € (g, ¢*), the last terms tend to zero.

To estimate the term [, |V (uq)|9(1 — ¢?)dz, we multiply (3.6) by uq(1—¢?) = uan
and integrate. Since suppn = supp(l — ) € ), we have

/|Vua|q_2VuaV(uan)dx:/Sgé?@augndx.
Q Q
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Therefore,
| [ 19ualtna] < | [ 190290 e +| [ Sttt
Q Q Q

< anno@/ IVt ualda + | SP/93,uPndz| — 0.
supp n suppn

Hence (3.5)) holds. O

In Lemma we proved that the infimum of the Rayleigh quotient R, ) is es-
sentially achieved by the function ¢u,. From the definition of ¢, we can decompose
PUq = Uqg,1 +Uqg,2, Where u, 1 vanishes in C(2—4, 3) and u, 2 vanishes in C(1,2+4).
The following proposition is the key step in order to prove that the function ¢u,
concentrates at the boundary.

Proposition 3.2. Let ¢u, = ug1 + Ug2, where suppu,1 C C(1,2 — §) and
supp a2 C C(2+6,3), and No = [, ®aul, 1dx/ [ Paul ydz. If limy oo Xa, = L
for a sequence a,, — oo, then either L =0 or L = co.

Remark 3.3. For the quantity A, = [, ®qul, 1dz/ [, Paul, ydx, we cannot exclude
the case limsup,_,.o A\ = +00 and liminf, ,c A, = 0. If a uniqueness result
for the minimizer u, were known, then it would be easy to infer that a — wu, is
continuous. Hence A\, would be continuous too, and we could replace both the
lower and the upper limit by a unique limit. Generally, one does not expect such
a uniqueness property for any p and any a. However, when p =~ ¢* we conjecture
that the uniqueness argument of [I9] may be used to our setting.

Proof. By the definition of uq; and u, 2 we have

. fQ |Vua71|qu + fQ |VUG’2|qd$

fealone) (fQ ‘I)aU§,1dI + fQ ‘I’aUﬁ,le’) “ .
Since u, is a positive solution, we can say that A\, > 0. We get
Ra p(pua)
 JoVuaa|tdz + [ [Vuao|ide
 a Sy Patl?pda + [y pul pda)
_ Jo [Vua,|%dz Jo [Vtap|?ds (3.10)
(Ao +1D)/2( [, @aug’zdx)q/p (Ao +1)9/P( [, @auzadx)q/p
AP [ Vg |9da oy |Vta2|9da

(A +1)/2( [, @aug’ldx)q/p (Ao +1)0/P( [ @auz’zdx)q/p-

By the definition of S, , each quotient R, ,(uq,1) and R, ,(uq2) in the last term
is greater than or equal to S, . Therefore by Lemma and equation ([3.9) we
obtain

1427
(Ao + 1)a/p 0"

1+$q/p
(z+1)q/p

x>0, g(0) =1 and g(z) — 1 as & — 4oo. Further it is increasing in [0, 1] and
decreasing in [1,400) and max,~g(z) = g(1) = 2'-9?, Let L € A and {a,} a

Sap +0(Sap) 2 (3.11)

We notice that the function g(z) = is strictly greater than 1 for every
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sequence such that A\,, — L as n — +o0. Taking to the limit in (3.11)), we obtain

that 1 > % and so either L = 400 or L = 0. O

Corollary 3.4. With the notation of Proposz'tion for any sequence {a,} such
that A\a,, — 0 one has

Vg, 1]%d
lim Jo [V, a|*dz =0. (3.12)
n—-+oo fQ|V’u,an’2|de

Proof. Denote
Jo Vg 1|9dz

JoVuazalide ~— ™

and suppose that limsup,,_, ., k¢, > 0. Passing to subsequences, k,, > & > 0 for
some k. Therefore we have

fQ \Vuam1|qu + fQ \Vuan72|qu
( fQ ‘Pan’Mﬁn,ldw + fQ (I)anuzn,zdx)q/p
(1+ Ka,) Jo |Vua, 2|%dz
(fQ @anugnadx)q/?(l + /\an)Q/p
1+ kK

> "

= Ranyp(uan72)1 +0(1)

> (14 £)Sa,,p + 0(Sa, p),
which is a contradiction. Therefore,

q
Ra, = fiﬂ |vua7“1| du —
Jo [ Vua, 2|9dx

Sa,.p +0(Sa,p) =

|
The following result is an immediate consequence of the previous results.
Proposition 3.5. For any a,, such that \,, — 0,
nll)rfoo/ﬂ |Vug, 1|dz = 0. (3.13)
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