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NONEXISTENCE OF ASYMPTOTICALLY FREE SOLUTIONS TO
NONLINEAR SCHRODINGER SYSTEMS

NAKAO HAYASHI, CHUNHUA LI, PAVEL I. NAUMKIN

ABSTRACT. We consider the nonlinear Schrodinger systems
1
—i0ru1 + §Au1 = F(u1,u2),
1
1Orun + §Au2 = F(u1,u2)

in n space dimensions, where F' is a p-th order local or nonlocal nonlinearity
smoothuptoorderp,with1<p§1+%forn22and l<p<2forn=1.
These systems are related to higher order nonlinear dispersive wave equations.
We prove the non existence of asymptotically free solutions in the critical and
sub-critical cases.

1. INTRODUCTION

We study the nonexistence of asymptotically free solutions for the nonlinear
dispersive wave equations

1
(0 + EAZ)U = Mow|P~ 0, (t,x) € R x R™,
u(0,z) = uo(z), Ou(0,z) = us(z), =z €R"

(1.1)

and
1
(07 + ZAZ)U = uV(|VolP~'Vo), (t,2) € R x R™,

v(0,z) = vo(z), 0pv(0,2) = vi(z), z€R",

(1.2)

Where)\,ué(C,1<p§1—|—%forn22,and1<p§2forn:1. When we
consider the large time asymptotic behavior of solutions for the above equations, it
is known that the critical power of the nonlinearity p is 1+ %, sothat 1 <p < 1—1—%
is called the sub-critical one.

Related to and , the equations
(02 + (—A)™u = A(=A)"“T T5 (uP), (t,z) € R x R",
u(0,2) = up(x), Owu(0,x) =ui(z), x€R"

(1.3)

2000 Mathematics Subject Classification. 35Q55.

Key words and phrases. Dispersive nonlinear waves; asymptotically free solutions.
(©2012 Texas State University - San Marcos.

Submitted November 16, 2011. Published September 21, 2012.

1



2 N. HAYASHI, C. LI, P. I. NAUMKIN EJDE-2012/162

and

m

(02 + (=A)™)u = A(~A)“T P(dyu, (~A)¥u), (t,2) € R x R”,
u(0,2) =up(x), Ou(0,z) =ui(z), z=eR",

(1.4)

were studied in [7], with m > 1, and P a homogeneous polynomial of order p in
two variables. If p is an integer and satisfies
2
p>1+——r,
n—1
with n > 2, it was shown in [7] that (1.3) and (1.4) have a unique global solution
for small regular data. The number 1+ % is the well-known critical exponent for
the nonlinear wave equation. However, taking into account the time decay rates of
solutions to the linear problem for (1.3) or (1.4) with m # 1, the critical exponent
1+ % should be replaced by 1+ =. Indeed, a closely related problem to (1.4))
written as
1
(02 + —(—02)™)u = Moul "0, (t,5) ER xR,
m
U(O,i) = UO(x)a atu(oa‘r) = ul(gj)a z € R,

withO<m<2 m#1, A€C,andp>3for0O<m<1l,p>2+miforl<m<2
was studied in [5], and the existence of asymptotically free solutions was shown.
Thus p = 3 is a critical exponent for the problem (|1.5)) from the point of view of the
scattering problem. Other problems related to (1.2]) in one dimension were studied
in [T0] (see also the literature cited therein for the case of the initial-boundary value
problems). Therefore, we call p =1+ % the critical exponent and 1 < p < 1+ %
sub-critical exponents for our problems and (1.2)).

Equation may be transformed into a system of nonlinear Schrodinger equa-
tions. In fact, let us define new dependent variables by

1 1
Uy = (z’@t—i—iA)u, Uy = (—i@t+§A>u.
Now (1.1)) becomes

(1.5)

(—i@t + %A)ul _ F(ul,uz) (1 6)
(th + %A)Ug F’(’LL]7 UQ) ’ ’
where
F(Ul,UQ) = —27pi)\|u1 - ’LL2|p71(U1 - UQ)7
since u = —(—A) " (uy + u2) and dyu = 5 (ug — uz). We write (L.6) in the form
Lu = F(u), (1.7)
where

F(u) = —ia2 PA|(b- u)["L(b - u).

Similarly, if we define

1 1
vy = |V (—id; — §A)U, vy = |V|7H(i0; — iA)U’
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where |V| = (=A)Y2 |V|7! = (=A)~'/2 and

vV / V v
(= p—1_Y
p|v|(|w|(@1+v2)| |v|(vl+v2)),

then ([1.2)) can be reduced to the following system of nonlinear Schrédinger equations
with nonlocal nonlinearities

(i) = (G

We write this equation in the form

Lv =G(v) (1.9)

G(’Ul, 7.)2) =

with o v v . v
v = (U2>’ G(V):—uaﬁ<ﬁ(a-v)| ﬁ(a-v)).

Multiplying both sides of (|1.7) by (UU1>’ taking the imaginary parts and inte-
2

grating in space, we obtain

d _
Zi(ullze + llusllz) = 277 (Red) [lur — ug|| 4 (1.10)
Therefore there exist C' > 0, independent of ¢ > 0 such that

[u(t)|lr2 < C (1.11)

if Re(A) < 0. The Strichartz estimate and (1.11]) imply that there exists a unique
global solution of (I.7) for 1 < p <1+ 2 such that

u= <51> e ((CmLOO)(R; L) NL’

+1 2
2 IOC(R;LP )) ’

where 8 = %Z—ﬂ (see Appendix . Note that the identity (1.10]) can be written as

d 1
S (19l + Tl Aulzz) = 2(Re)[|9pull s

V2

In the same manner, multiplying both sides of (1.9) by (_vl), taking the imagi-

nary parts and integrating in space, we obtain

d
2 (IvllEe + llvz1g2)

= 2e(iin [ (o + o)l (o +00) (7 = 79)) d),

from which we obtain the estimate

d \Y \Y
S lonlEe + ||v2||iz> < 2\ulllﬁ(v1 + U2)||€,p+l||ﬁ(v1 —v2)llLeer (L12)

Estimate (|1.12)) is not sufficient to ensure the existence of global solutions to (1.9)).
We again multiply both sides of ((1.9) by (8,51)1

~ ], take the real parts and integrate
(05

in space to obtain

= (Vv + V02 ) = ——= 2l pt 1.13

g IVorlis +19el:) = - =5 flig et elighh, (13)
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for 4 € R. This identity is equivalent to

d o 1 2 2p +1

g (1wl + Aol + 2 Iveliih ) =o.

If we assume that p > 0, then (1.13)) yields a-priori estimates for ||Vv1 |32, |Vua|[3s,
and H%(vl + v2)||lLe+1. Applying the Sobolev imbedding theorem to ([1.12]) we
obtain

d \Y%
$(||Ul||i2 + [lo2]lz2) < CHW(W = v2) e+
v =" 3 (55
< CHW(W —v2)lp2 * T V(v — v P

—1
%(erl)

1,&(&) 1—
S CH'U1||L2 2 + C”UQHLQ
Therefore we have the estimate
n —1
(Ivlle + loallee) T2 G0 < € + Ct. (1.14)

Thus by the method in [9], Equation (1.9) has a unique global solution for pu > 0,
1<p<1+%suchthat

(R; Lp+1))2,

Vo loc

v = (”1) e ((CHLO")(R; L) NLY

where g = %% (see Appendix . However, as far as we know, the large time

asymptotic behavior of such solutions is not well established.
We denote the weighted Sobolev space by

2
H™ = {f = (f1, f2) € L2 X L2 | fllume = > | filmme < o0,

j=1
where

£ lleme = [[(1 = A)™2(1 + [2[*)*/2 || .
We write H™ = H™O for simplicity. As usual, let the Fourier transform be defined
by

Fo= () = s [ e oo

and the inverse Fourier transform be given by

1 .
Flo= oy /]R e Og(g)de.

it

Denote by U(t) = F~le™ 2 I€1° £ the free Schrédinger evolution group.

In what follows, we assume that (1.7)) or (1.9) has a unique global solution. To
solve the usual scattering problem we need to find a solution of (|1.7) or (1.9 in a
w1

) of the linear equation
w2

neighborhood of a free solution w = <
Lw =0 (1.15)

with some initial data w(0) = wg = (w1’0>.
w2,0

The purpose of this paper is to show that it is impossible to find a solution to
(1.7) or (1.9) in any neighborhood of any free solution w. We use the functional
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used in [I] for the Schrédinger equations which is a version of the one used for the
nonlinear Klein-Gordon equation in [3] and [6].
Our main results are the following.

Theorem 1.1. Let ImA #£0, = %%, and let

((c NL®)(R;L%) N LY

loc

(R; L”“)>2

be a solution of (L.7) with1 <p <1+ 2 forn>2 1<p<2forn=1. Then,
there does not emst any free solution w of with the initial data wo # 0 such
that wo € (H®1 NLY)? and

tlim lu(t) — w(t)||Lz = 0.
For the case of the system (|1.9) we have
Theorem 1.2. Let Rep # 0,06 = %% and let

€ ((c NL=)(R;L?) N Ly (R; LP+1))2

be a solution of (1.9) with 1 < p < 1—|—%forn2 2,1<p<2forn=1. Then,
there does not exist any free solution w of (1.15)) with the initial data wo # 0 such
that wo € (H' NLY)? and

lim [[v(t) = w(t)[lL2 = 0.

For (1.1) and (1.2]), we define free solution to be a solution u4 (t) to the linear
dispersive equation

(af + £A2)u+ —0 (1.16)

with initial data u4(0) = w14, 5‘tu+( ) = uaz4+. As a consequence of the above
results we have the corollaries for and ( .

Corollary 1.3. Let Im\ # 0, 3 = 4p+1 and let u be a solution of . with
1<p§1+nf07"n22 1<p§2f0rnflsuchthat

Au, 0 € (CNL2)(R; L) NLY

loc

(R; L.

Then, there does not exist any free solution uy(t) of (L.16) with the initial data
(u14,usy) # 0 such that Auiy,usy € H>' N LY and

Jimn (104 (u(t) — e (8) 2 + [ Au(t) — 1wy (1)) lz2) = 0.

Corollary 1.4. Let Reuy # 0, 8 = %il and let v be a solution of (1.2) with
1<p<1+ form>2,1<p<2 forn=1 such that

[V]v, |[V|~'00 € (CNL®)(R;L*) NLY

loc

(R;L7H).

Then, there does not exist any free solution uy(t) of (L.16) with the initial data
(u1+,u24) # 0 such that |V|uiy, |V| tugy € HYI N LY and

Jim (HIVI’lat(v(t) = uy ()2 + [V(0(t) - U+(t))IIL2) = 0.
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To prove our results using the methods in [3] and [6], we need a-priori lower
bounds for the solutions to the linear problem. Our main point in this paper is to
prove the lower bound of time decay estimates of solutions to the linear problem
which is a main tool on the proof of [3] and [6]. To get these estimates in the case
of nonlinear Klein-Gordon equations, the finite propagation property of solutions
was used in [3] and [6]. However, the equations considered in this paper do not
have this property, so instead we study the large time asymptotic behavior for a
linear combination of two types of free Schrodinger evolution groups to get the
lower bound of solutions. We note that the lower bound of time decay estimates of
solutions was shown in [I] for a single free Schrédinger evolution group.

2. A-PRIORI ESTIMATES OF SOLUTIONS TO THE LINEAR PROBLEM FROM BELOW

In this section we prove the estimates ||a - w||pr+1 > Ct™ 3% and b w1 >
w (t)
wao (t)

Lw =0

w(0) =wg = (Z;g) .

_ (U(—t)wip
w(t) = ( Uty > .

Since a-w = w; + wy and b-w = w; — ws do not have the finite propagation
property which was used in papers [3] and [6], we need to find the large time
asymptotic behavior for U(—t)¢ + U(t)p. Denote M(t) = ezl and D(t)p =
(n)%/?(b(%) We only consider the case t > 0, since the case ¢ < 0 can be treated in

Ct~ 35+ for the solution w(t) = < ) of the linear problem

with the initial data

Note that

the same way.
Lemma 2.1. Let 0 < < 1. For any ¢ € H*
lt(t)¢ — M(H)D(t)F|lr2 < Ct |||z
fort>0.
Proof. By the identity U (t) = M (¢)D(t)FM (t) we find
Ut)p = M@)D)FM(t)p = M) D) Fo+ ME)D@)F(M(t) - 1)¢.

The L2-norm of the last term in the right-hand side of the above identity is esti-
mated by

IM () D(t)F(M(t) = 1)ollLz = [[(M(t) = 1)6|L>
< Ct ¢l = Ct 7|6 v
This proves the lemma. ([
In the next lemma we find a lower bound of the norm [|U/(—t)¢ £ U(t)y||Lr+1-
Lemma 2.2. For ¢, ¢ H>' NL!,
e (=t)¢ U@ |Lr

2

]. n/ 2 __ -~ -~
> 5(2“) 2> -1 (||¢||L2(|g|gk) + W||L2(|g|gk))
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— CR) (RO (|G + [l + [l + [Pl )

forallt >0 and k > 0, where2§r§oo,a<%f0rn:1 anda:%fornZZ
and C(k) is a positive constant depending on k.

Proof. By Hélder’s inequality
[U(=t)d £ UE)P[|L2 (2| <kt)

< U (=) U@L (a1 <ke) (/

27r
dx)
|| <kt

= (2kt) EO= DU (~t)d £ UG |Lr (o <hr)

< (2kt) FO DU (=) £ UE)Y|Lr-

Hence in order to get the desired estimate from below we need to find a lower bound
for the norm [|U(—t)¢ &+ U(t)||L2(jz)<kt)- By Lemma [2.1{ with v = & we find

-~

(=) £ U — (M(—t)D(—t) % M () D(£)) 12 (ol <r)
< |U(=t)p Ut} — (M(=t)D(~t)§ £ M(£)D()P) 2
< 2072l + 1 e)-
Therefore changing the variable of integration by § = ¥, we obtain
[U(=t)¢ £UB)PIL2 (e <kt)
> | M(=t)D(=t)¢ = M(E) D) |2 (aj<key — Ct ([l + 10l)  (2:2)
> [l # 1 (=) d(—€) + PO L <y — O 2Bl + [19]0).

By a direct computation we have

~

le™ % (=) 3(—€) + e F ()| (g1 <
~ _ (2.3)

= 18112 1<y + 1 E2e1<h) iQRe/ngk(i)"(ﬁ(5)1#(6)6”5 dg.
Integration by parts and using the identity

1

—it|e|? _ L eo—it]E[?
¢ S e &e
yields
. 2 ]_ . 2
F(¢ eIl d¢ = F()———V- geﬂtlél d¢
/|s|<k © €1<k ( )”—2“5|f|2

() e
/£<kv- (nfﬁ;we tl¢] )dg

—itle)? F(§)
_ e v 5 e,
/ESke ¢ n — 2it[|? ¢

for any F' € L™ with VF € L!. Therefore,

. L(ﬁ) —it|€)? —1/2
|/§§kv (anit|g|2e t )df\g(}(k)t ([ ||
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and by a direct calculation

€.V F(§) _ 4it|gPF(g) §-VF(E)
n—2it|€)2 (n—2it|¢]2)2  n — 2it|€]2

Hence

| F(&)e Ml gg|
[€1<k

/ 2IF(©)[+ 1€ - VFE)|
l€l<k

<
n + 2t|¢|?

dé + C(k)t 3 ||F |

ccre [ s wr@hie+ o
el<k €]

< Ct_a||FHLoo/
4

<Ot (CR)[Fllee + IVF(L),

<k €72 dE + Ct ||V F||p: + C(k)t /|| F|pe

where a < 1/2forn = 1and o = 1/2 for n > 2. Therefore taking F(€) = ¢(—&)(€)
in the above estimate, we obtain

| B(—E)D(&)e Ml ag |
[€1<k

B i + IVE-OFE) D
< CR (10l + 18l ) (1Bl + [l ).
We apply to and use to obtain

[U(=t)p £ UYL (|| <ke)

N - 1/2 ~ = 2 1/2
> (1812 + 1902200<0) ~ — (2\/ H=€)b(e)e " ag))

[€1<k

< O (72 4+ 1) 9(—¢)

— 20|72 (|| llzxr + [1¢]]5x:)
> 1||<$\|L2(\£\s1c) + %WHL?(I&IS@
— Okt (1Bl + Bl + Gl + [Pl )-
Finally by we obtain
ed(—t) £ UL > (2kt)2FDU(—1)¢ £ U] L2 (o)<t
> %(th)%(%_1)(H$|IL2<|5|§€> + 1 PllLaqe<r)

— C(k)(kt) 2Dt 2(||gllg + D]l + [ llne + [Pl|ne),
which proves Lemma [2.2] O

3. PROOF OF THEOREM [I.1]

By the contradiction, suppose that there exists a free solution w of (1.15]) defined
by the initial data such that wq # 0: wo € (H%! N L!)? satisfying

Jim [Ju(t) — w(t)l|ge = 0. (3.1)
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Define the functional

H,(t) = Re/

n

2
W - udx = ReZ/ 1w U dr
j=1"R"
as in [I]. By (1.15) and (1.6) we have
d B i 0 _ -0, 0
dtH"(t)_Re/n((O Z.5,t)w~u—i—w~< 0 i3t> u)dx
A0 _ —id;, 0
_ 2 : .
Re/Rn((O _§A>w u+w( 0 —id, u)dx

- (—i0+ 5A 0
Re/Rnw( 0 —(i(“)t—i—%A) udzx

.(—2_pi/\|U1 — uplP " (ug — U2)>dx

2_pi/\|u1 — Ule_l(ul — UQ)

I
=
@

T
g

Letting
W=w; —wz, U=1u;—us,

from the above identity we have

*Hu (t)

=2"PRe (ZX/ \UP~tow d:c) (3.2)
— 2P Re (zx/ (UP=TW — W+ )dr) +2*P(1mx)/ WP da
RrR™ R»
Due to the inequality
[lalP~a — [bP~ 6| < C(la|P~" + [bP~")]a — b]
< C(la =Pt + [pP~ )] —b],
where a,b € C and the Holder inequality we obtain
277 Re (ZX/ (U= TW — W]+ )e )|
]R'n,

— 27 Re (zx/ (U0 — (W= )W d )|
-

< c/ (U = WP[W| + U — W||W[P)d
RTL
<CIU - W||iz||W||Lﬁ + CIU = W |2 (W]} 25

S CENECPNU =Wl (1+ U = WIES),

since 1 < p < 1—1—% <2forn>21<p<2forn =1, and [|[W|Lr <
C’|1f|%(%_1)||w0||LT7:1 for r > 2, where C(0) is a constant depends on d=||w||L: +
||W0||H0,1.

Since wq # 0, there exists a k > 0 such that ||w1 o||L2(je|<k) +|@2,0/lL2(jg|<k) > 0.
We apply Lemmawith r = p+ 1 to the difference wy (t) — wa(t) = U(—t)w1 o —
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U(t)wg,o to find
lwr (8) = wa () |71

1 n — —
> (5)7 @2k E0) (o

_ P+
L2(j¢|<k) T ||w2,0||L2(|§|§k))
(3.4)

n(]_ _aPtl
= C(R) () F P8 (Jlwollfgsh + [wo [7T)

p+1
A=

> Ck,)t20P) — O(k, 6)t3(1-P)-

for all ¢ > 0, where C(k,7) is a constant depending on k and v =||wy o|lL2(jej<k) +
lw20llL2(¢j<k) and C(k,9) is a constant depending on k and §. Integrating (3.2)

in time, and using (3.3)) and (3.4]), we obtain

2T
|H,(2T) — H,(T)| > 2_p|Im)\||/ / |W (t, )|PT dadt|
T n

2T
—c/ P
T

2T
> 20t [ )~ w0l
T

() /T e

2T
> 2_p|Im)\|/ (C(k,7)t 5070 — C(k, 5)t (1-P)—amsm ) gy
T

2P U - WL+ U — W|ge)dt

0P Ju(t)—w(t)|Ip dt

2T
— @) /T (0=D2 () —w(t)||25 .

By (8.1)), it follows that for any e satisfying 0 < ¢ < 27P=2|Im \|C(k,v)/C(9),
there exists a 177 > 0 such that

[a(t)—w(t)||> < e7r
for t > T7. Let T > 0 be such that

Ok, )t EEP) — Ok, )tE P =0 > ~ Ok, 7))

DN | =

for t > T5. Hence

|H,(2T) — H,(T)| > (2777 Im M| C(k,v) — C(0)e) /QTtS(l—p)dt
T
> (277 HIm A C(k,v) — C(6)e) /2T tLdt (3.5)
T

> 2772 Im \|C'(k, ) log 2 > 0
for T > max{T1,T>} > 0. On the other hand, by the definition of H,(¢) and (3.1)
we find

H.(t)] = IRe/ (iw - (W —W))dz| < Cllw(t)|L2 [lu(t)—w(t)]|L> (3.6)
< Cllwollrz[[u(t)—w(t)[|rz — 0
for t — oco. From (3.6)) and (3.5) we have the desired contradiction. This completes
the proof.
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4. PROOF OF THEOREM

As in the proof of Theorem suppose that there exists a free solution w of
(1.15) defined by the initial data such that wo # 0, wo € (H®! N L')? satisfying

tlim lv(t) — w(t)||rz = 0. (4.1)
Define the functional

Gv(t) = Re/ (iwlﬁl — iwzﬁg)dz

and denote v v
Q= (w1 + ’wg) V = (’Ul + Ug)
M V]
Then by (1.15)) and (|1.8)) we obtain
d

%GU (t) =Re . w-Lvdx

= —Re (ﬁ/ (a- )W||V|p Ide) — Re (ﬁ/ Q|V|P*17dx) (4.2)
= Re (ﬁ/ VPV — |Q|p*1§)d:r) +(Reﬁ)/ QP+ dz.
R™ Rn
As in (3.3) we find
| Re (ﬁ/ VIV~ P D)
]Rn
< CIV = QL2 2, +CIV — QA 120 o (4.3)
CENECPV = QT A+ |V - Q|e2).
Applying Lemma to Q= %(wl + ws), we obtain
n(]_ n _qbtl
1|5 = Ok, 1)t — Ok, 6)¢ 277" (4.4)

Le+l =

for all ¢ > 0, since the norm ||ﬁ~||Lp+1 is equivalent to ||-||L»+1 (see [§]). Integrating

(4.2) in time, and using (4.3) and (4.4), we obtain
G (2T) — G (7))

2T 2T
> |Rey| / 1) 74, dt — C(5) / t
T T

2T
T

0P v (t)—w(t)|I " dt

2T
) /T £2 0D |y (1) —w(t) |25 dt.

By (4.1), it follows that for any e satisfying 0 < & < 272|Re u|C(k,~)/C(d), there
exists a T7 > 0 such that

lu()—w(t)ee < 7
for t > T1. Again, let T5 > 0 such that

Clk, )t 2P — Ok, 0)t 2P =" > SOk, y)t2 (P
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for t > T5. Therefore,
2T

|G, (2T) — Go(T)| = (27" | Re u|C(k, ) — 0(5)5)/ ;2 (1-p) gy
T
> (27| ReulClk) — C2) [ T (45)
T

> 272 Re pu|C(k,v)log2 > 0

for T > max {T1,T>} > 0. On the other hand, by the definition of G,(t) and (4.1)
we find

|G1,(t)| = |Re/ (iwl(ﬁl 7@1) — Z"LUQ(@Q 7@2))611“

< Clw(t) |2 v (£) = w(t) |2 (4.6)
< CIv(t)=w(t) g2 — 0

as t — oo. Therefore we have the desired contradiction by (4.5) and (4.6). This
completes the proof.

5. APPENDIX

In this section we prove the existence of global solutions to the systems (1.7))
and (|1.9). We introduce the following space-time norm

[élla@ary = o @)y Ly

where I is a bounded or unbounded time interval.
To prove the local existence of L2-solutions, we write (1.7)) as a system of integral
equations

Ul(t)zmqﬁ +ZA Z/[(t—T)F(Ul(T),UQ(T))dT,
(5.1)

us(t) = Ut by — i / Ut — 7)F (ur (1), us(7))dr,

where U(t) is the free Schrédinger evolution group. As in [9], we treat the problem
in L2 space by applying the results for a single nonlinear Schrédinger equation with
power nonlinearities.

Define the space

X(I) = (CNL®)(L; L% N L°(I; LPTY)

with the norm
2
iy = D (sl iz + oo gz )
j=1

4

on a time-interval I = [T, T], where § = -

following result.

%, 1 <p<1+2. Wenow prove the

Theorem 5.1. For any p > 0 there exists a T'(p) > 0 such that for any initial data
¢ = (¢1,¢2) € L? with the norm ||¢|r> < p, the Cauchy problem for (L.7) has a
unique solution u = (uy,us) € X(I) with I = [-T(p),T(p)].
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Proof. We denote the right-hand sides of (5.1) by ®,(u) for j = 1,2. Applying the
Strichartz inequality

t
|| / Ut — gL ans < Clollusams
0

for2§r§oo,1§s§2,é:%—%,%:%+%(1—%) (see [2]), we estimate

®;(u) via the Holder inequality in space and in time. We choose r = 3, ¢ = p + 1,

1 1
s=%,l=%and6:%%,then

19, (@)llx) < Clllles + CIF@ o
1

< Cllos +C( [ Il ir)

1_p
< Olgllne + CT=77 [|ullk -

/s

Note that § — ps > 0 since p < 1+ %. Similarly, we find the estimate for the
difference

1_p _ _
1 (w) — @, () < CT 5 (Jullfd + %)l — ' xc.

Therefore the conclusion of the theorem follows from the contraction mapping prin-
ciple if we take T' > 0 sufficiently small which depends only on the size p of the
initial data. O

The existence of global solutions for (1.7 follows from Theorem [5.1{and a-priori
estimates (1.11]). Similarly, a-priori estimates (1.14) and Theorem ensure the
existence of global solutions to (|1.9)).
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