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INFINITELY MANY SOLUTIONS FOR CLASS OF NAVIER
BOUNDARY (p,q)-BIHARMONIC SYSTEMS

MOHAMMED MASSAR, EL MILOUD HSSINI, NAJIB TSOULI

ABSTRACT. This article shows the existence and multiplicity of weak solutions
for the (p, ¢)-biharmonic type system

A(AuPT2Au) = AFy(z,u,v) in Q,
A(|Av]T2Av) = AFy(z,u,v) in Q,
u=v=Au=Av=0 on 9.

Under certain conditions on F', we show the existence of infinitely many weak
solutions. Our technical approach is based on Bonanno and Molica Bisci’s
general critical point theorem.

1. INTRODUCTION

In this paper we are concerned with the existence and multiplicity of weak solu-
tions for the (p, ¢)-biharmonic type system

A(|Au|P~2Au) = AF,(z,u,v) in Q,
A(|Av|T2Av) = AF,y(x,u,v) in Q, (1.1)
u=v=Au=Av=0 on 09,

where €2 is an open bounded subset of RY (N > 1), with smooth boundary, A €
(0,00), p > max{1, 5}, ¢ > max{1,4}. F : Q xR? — R is a function such
that F(.,s,t) is continuous in €, for all (s,t) € R? and F(z,.,.) is C! in R? for
every x € (), and F,, F,, denote the partial derivatives of F', with respect to u,v
respectively.

The investigation of existence and multiplicity of solutions for problems involving
biharmonic and p-biharmonic operators has drawn the attention of many authors,
see [B, O 12| 5] and references therein. Candito and Livrea [5] considered the
nonlinear elliptic Navier boundary-value problem

A(AulP72Au) = Mf(z,u) inQ,
u=Au=0 on 0.

There the authors established the existence of infinitely many solutions.

(1.2)
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In the present paper, we look for the existence of infinitely many solutions of
system . More precisely, we will prove the existence of well precise intervals
of parameters such that problem admits either an unbounded sequence of
solutions provided that F'(x,u,v) has a suitable behaviour at infinity or a sequence
of nontrivial solutions converging to zero if a similar behaviour occurs at zero. Our
main tool is a general critical points theorem due to Bonanno and Molica Bisci [2]
that is a generalization of a previous result of Ricceri [11].

In the sequel, X will denote the space (W2P(Q) N WP (Q)) x (W24(Q) N
W, /(2)), which is a reflexive Banach space endowed with the norm

[ (w, v)[| = [lullp + [[vllg,
where
1/p 1/q
fully = ([ 18urar) ™" and o, = ( [ 80far) "
Q Q
Let
max|u(z)|? max|v(z)|?
K = max{ sup IEQip, sup 2l g
wewzo@owir@noy Ul ewza@awii@ngoy vl

(1.3)
Since p > max{1, %} and ¢ > max{1, %}, the Rellich Kondrachov theorem assures
that W2P(Q) N WyP(Q) — C(Q) and W4(Q) N Wy4(Q) — C(Q) are compact,
and hence K < co.

Definition 1.1. We say that (u,v) € X is a weak solution of problem (1.1)) if

/|Au|p*2AuAgadx+/ |Av|972 AvAv) dx
Q Q

—)\/Fu(x,u,v)godx—)\/Fv(x,u,v)wdx:(),
Q Q

for all (p,¢) € X.
Define the functional Iy : X — R, given by
I)\(U,U) = @(U,U) - )‘\II(U7’U)a

for all (u,v) € X, where
1 1
Q(u,v) = —||ull) + =|lv]| and Y(u,v) = / F(z,u,v)dx.
p q Q

Since X is compactly embedded in C°(Q) x C°(Q), it is well known that ® and
¥ are well defined Gateaux differentiable functionals whose Gateaux derivatives at
(u,v) € X are given by

@ (0,0, () = [ |8uP~Buspds+ [ [Aofr*A0aids

(' (u,0), (9, ) = /Q Fo(2, u, v)pdz + / Fy(z,u, v)pde,

Q

for all (p,1) € X. Moreover, by the weakly lower semicontinuity of norm, we
see that ® is sequentially weakly lower semi continuous. Since ¥ has compact
derivative, it follows that ¥ is sequentially weakly continuous.
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In view of (1.3)), for every (u,v) € X, we have
sup [u(z)|” < K|lul[j and  sup[v(z)|* < K[v]]F,
e e
thus 1 1 1 1
sup(fuxp—&—fva:q)SK(fup—&—qu). 14
sup pl ()] ql ()] pll [54 qll 13 (1.4)
Hence, for every r > 0

® (] —oo,r]) 1 = {(u,v) € X : ®(u,v) <1}

1 1
= {(u,v) € X : —|Jullp + —|lv||¢ <
{(u,v) Sl =+ ol < 7 (1.5)

1 1
C {(u,v) € X: ];|u(x)|p + 5\v(:c)|q < Kr,Vz € Q}.

Let us recall for the reader’s convenience a smooth version of a previous result
of Ricceri [I1].

Theorem 1.2. Let X be a reflexive real Banach space, let 2, ¥ : X — R be two
Gateauz differentiable functionals such that @ is sequentially weakly lower semicon-
tinuous and coercive and V is sequentially weakly upper semicontinuous. For every
r > infx ®, let us put

. (SUPyea-1(—cop T(v)) — ¥(u)
= f
4,0(7') uG‘I’_llﬁfoo,r[) r— <I)(u)
and
~v:=lminf p(r), 0:= liminf (r).

r—+00 r—(infx ®)+
Then, one has
(a) for every r > infx ® and every X €0, ﬁ[, the restriction of the functional
Iy=® - \VU to @ 1(] — oo, r[) admits a global minimum, which is a critical point
(local minimum) of Iy in X.
(b) If v < 400 then, for each X €]0, %[, the following alternative holds: either
(b1) Iy possesses a global minimum,or
(b2) there is a sequence (uy) of critical points (local minima) of I such that
limy,— 400 P(uy) = +00.
(c) If § < +oo then, for each X €]0, %[, the following alternative holds: either
(cl) there is a global minimum of ® which is a local minimum of Iy,or
(c2) there is a sequence of pairwise distinct critical points (local minima) of I
which weakly converges to global minimum of ®.

2. MAIN RESULTS

Fix 2° € Q and pick Ry > R; > 0 such that B(2?, Ry) C Q. Set

L, = I‘(1+N/2). (R%—R%)p 1
((Kp)i/r + (Kg)/a)™™ @9 zn2 A 2N/ Ry — Ry o)
I L(1+N/2) (R%—R%>q 1 '
((Kp)i/p + (Kq)/a)™" "0 zn2 A 2N/ Ry — RY

where I' denotes the Gamma function and K is given by (1.3). Now we are ready
to state our main results.
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Theorem 2.1. Assume that
(i1) F(x,s,t) >0 for every (z,s,t) € Q x [0, +00)%;
(i2) There exist 2° € Q, 0 < Ry < Ry as considered in (2.1) such that, if we

put
o JoSuD <o F(@, s, t)de ] fB(;EO roy P, s, t)dx
o = lim inf = , [ :=limsup = 7 ,
o—4o0 omin(p,9) RPN ELAN )
' p ' q
one has
a < Lj, (2.2)
where L := min{L,, L,}.
Then, for every
1 1 1
)\EA: min(pq)]f’i[
((Kp)!/7 + (Kq)/a)™ "0 LG a

problem (L.1)) admits an unbounded sequence of weak solutions.

Theorem 2.2. Assume that (i1) holds and
(i3) F(2,0,0) =0 for every x € Q.
(i4) There exist 2° € Q, 0 < Ry < Ry as considered in (2.1 such that, if we

put
sup, o F(z,s,t)dx " F(x,s,t)dz
a’ ;= liminf Jasup L+fI= ( ) , (% :=limsup fB( D’R;,? 7 ,
70" omin(pa) s,t—0+ s+
one has
a® < L3 (2.3)

where L := min{L,, L,}.
Then, for every
1 1 1

)\ S A = . o1
((Kp)'/r + (Kq)l/q)mm(m)} L3O ab [

problem (L.1)) admits a sequence (uy,) of weak solutions such that u, — 0.

3. PROOFS OF MAIN RESULTS

Proof of Theorem[2.]. To apply Theorem we set

(r) = (Sup(wvz)eq”l(]—oovr[) \I/(w,z)) — ¥(u,v)
e (uv“>€‘1>12(]—oom[) r—®(u,v)

Note that ®(0,0) = 0, and by (i1), ¥(0,0) > 0. Therefore, for every r > 0,

. (Sup(w,z)etb*l(]foo,r[) \I/(w,z)> — ¥(u,v)
(u,0) €31 (]—00,r]) r—®(u,v)
SUPg 1 (] —oo,r)) ¥ (3.1)
T
SUD (u,0) <1 Jo F(z,u,v)da
T

p(r) =
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Hence, from (|1.5)), we have
1
p(r) < - sup / F(z,u,v)dx
r {(u,v)EX:L(i)‘p +7‘U(2)‘q <KrVzeQ}/Q
Let (0,,) a sequence of positive numbers such that ¢,, — +oo and

Jo 5D 11t <o, F(2, 8, t)d

i SR TEEOE < 2
On
Put
B ( On )min(p,Q)
T\ ®p) I+ (Kg)/a

Let (u,v) € ®71(] — 0o, 7,]), from (1.5 we have

u@)p , [o(@)
p q

< Kr,, forall xe€q.

Thus
u(x)] < (Kpro)V/P and  |o(z)| < (Kgr)'Y,
hence, for n large enough (r,, > 1),

u(@)| + |o(@)] < (Kpra) /P + (Kqrq)'

< ((Kp)"7 + (K)"/*) 17777 = g,

Therefore,
< SUP{(u0)eX u@)|+]o(@)|<on, ¥ 20} Jo F(z,u,v)dz
#lrn) < - min(p,q)
(g a) (3.3)
min(p.q) [, Sup, o, F(z,5,t)dx
< ((Kp)l/p + (Kq)l/q) = | |+‘tr|n<in(p,q)
On
Let
:= lim inf .
=i el
It follows from (3.2)) and (3.3]) that
v < liminf o(rn)
min(p,q) Jo supy, F(z,s,t)
1/p 1/q Q |s|+[t|<on » <
< ((KP) + (KQ) ) neshoo J,Tin(p’q) (3.4)
min(p,q)
(e ) <o

From (3.4), it is clear that A CJ0, %[
For A € A, we claim that the functional Iy is unbounded from below. Indeed,

since + < ((Kp)Y/? + (Kq)l/q)mm(p’Q) L3, we can consider a sequence (7,,) of posi-
tive numbers and 1 > 0 such that 7,, — +o0o0 and

min(p,q) fB(rO,Rl) F(.’E,Tn,Tn)dl‘

W4 T
p q

T <n< L ((Kp)? + (Kg)) . (35)



6 M. MASSAR, E. M. HSSINI, N. TSOULI EJDE-2012/163

for n large enough. Define a sequence (u,) as follows

0, x € Q\B(zo, Ro)
up(z) = RgT_"LR% [R3 — (Zil(xl — x6)2)], x € B(zg, R2)\B(xo, R1) (3.6)
Tn, €T € B(’JJQ,Rl)

Then (uy,u,) € X and

/2 ONT, \P
P _ n N _ pN
aN/2 ONT, \4
q _ n N _ pN
lunll = S5 w7y (R = 7e) (R — R

This and (2.1)) imply that

1 TP T4
D (up, up) = IO (—" + —") (3.7
((Kp)l/p 4 (Kq)l/q)mm(lﬂ»q pr qu

By (i1), we have

U (ty,, Up,) = / F(z,upn, uy)dx 2/ F(x, 1, T)dx. (3.8)
Q B(IO,Rl)
Combining (3.5)), (3.7) and (3.8)), we obtain
I)\(u'ruun)
= O (U, Un) — AV (up, uy)
1
< ( )(7—1-7 /\/ F(x,Tn,Tn)dx
((Kp)l/p + (Kq)l/q)m‘n P,q pL (20,Ry)
(3.9)
1 Tr ]
S min(p,q) (7 + ) A F(Z‘,Tn,Tn)dﬂf
L ((Kp)'/» + (Kq)'/1) Pa)\ p q B(x°,Ry)

1—XAn TR T
< w ()
L((Kp)'/r+ (Kq)t/a) "0 AP d

for n large enough, so

lim  Iy(up,u,) = —00,
n—-+o0o

and hence the claim follows.

The alternative of Theorem case (b) assures the existence of unbounded
sequence (uy) of critical points of the functional I and the proof of Theorem
is complete. (Il

Proof of Theorem[2.3. First, note that
m)}nq) = ®(0,0) =0. (3.10)
Let (0,) be a sequence of positive numbers such that o,, — 07 and

Jo SUD(s 11t <o, F (2,8, 1)d

i = _ 0
TLEIEOO 0_;nin(p,q) = < +oo. (3.11)
Put o
On min(p,q B
= ((Kp)l/p+(Kq)l/q) ;0= liminfe(r).
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It follows from (3.1) and (3.11) that
0 <liminf ¢(r,)
n—-+o0o

mina) . JoSUPL <o, F(255,1)
1m

min(p,
nstoo o" (p9)

< ((Kp)"7 + (K9)"/7) (3.12)

min(p,q)
=a’ ((Kp)l/p + (Kq)l/q) < +00.
By (3.12)), we see that A CJ0, §[.

Now, for A € A, we Claim. that I has not a local minimum at zero. Indeed, since
1 < (Kp)/P + (Kq)l/q)mm(p’q)Lﬁo, we can consider a sequence (7;,) of positive
numbers and 1 > 0 such that 7,, — 0% and
min(p,q) fB(rO,Rl) F(Z‘, Tn, Tn)d$

Wy Ta
p q

for n large enough. Let (u,) be the sequence defined in (3.6). By combining (3.7]),
(3.8) and (3.13]), and taking into account (i3), we obtain
I)\ (’U,n, un)
= O (tp, Un) — AV (Up, Up)
1 ( TP T

, (3.13)

T <n< (KD + (o))

< -
((Kp)l/p + (Kq)l/q)mm(PaQ)

1 p q
L ((Kp)Y/» + (Kq)/a)™™ P9 A p g B(z,Ry)
1-\ poora
< eyl Gy
L((Kp)t/r+ (Kq)t/a)™™ "0 2 P4
< 0=1,(0,0)

7”_1_7"

— A F(x,Tn, Th)dx
pr qu> B(z°,R1)

IN

for n large enough. This together with the fact that ||(un,u,)|| — 0 shows that I
has not a local minimum at zero, and the claim follows.

The alternative of Theorem case (c) ensures the existence of sequence (uy,)
of pairwise distinct critical points (local minima) of Iy which weakly converges to
0. This completes the proof of Theorem O

Example. It could be possible to consider the same example given in [I4] for the
p-Laplacian system. Let Q C R?2,p =3,¢ =4 and F : R? — R be a function defined
by

1
F(s,t) = {(a”+1)56 im0 e T (508) € Ups1 B((ang1, @ng), 1)
0 otherwise,
(3.15)
for all x € 2, where
a1 :=2, Gpy1:= n!(an)5/4 +2
and B((an+1,an+1),1) is an open unit ball of center (an41, @n41)-
We see that F is non-negative and F' € C'(R?). For every n € N, the restriction
of F on B((ap41,an+1),1) attains its maximum in (@41, @n4+1) and

F(ant1,an41) = (an41)’e ",
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then -,
Apit,
lim sup —(3 ntl f“) = to0.
n—+oo Int1 + Gt
3 1
So,
S F(s,t)dx
0 )
B : = limsup Bl ’f;) t4
s,t—-+o0 3 + 7T

F(s,t
= |B(2°, Ry)| liinsilp ﬁ = +o00.

3T 7
On the other hand, for every n € N, we have
sup F(s,t) =a’e™ for alln € N.
s[+]t|<ant1—1
Then
SUD| |4 |t|<ani1—1 £ (85 1)

lim =0,
ntoe T (anr — )P

and hence
_ SUP g pp <o (5, 1)
lim 3 =0
o——+0o0 o

Finally

o sup <o F s, t)da
o : = liminf 3
o——+00 o

su F(s,t
= |Q| lim inf p's"“'t'gg" (s,
o——+00 o
=0<Lp
So, applying Theorem [2.1} we have that for every A €]0,4o00[ the system
A(JAulAu) = AF, (u,v) in Q,
A(|Av]2Av) = AF,(u,v) in €, (3.16)
u=v=Au=Av=0 on 0,

admits an unbounded sequence of weak solutions.
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