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GLOBAL SOLUTIONS FOR 3D NONLOCAL GROSS-PITAEVSKII
EQUATIONS WITH ROUGH DATA

HARTMUT PECHER

ABSTRACT. We study the Cauchy problem for the Gross-Pitaevskii equation
with a nonlocal interaction potential of Hartree type in three space dimen-
sions. If the potential is even and positive definite or a positive function and
its Fourier transform decays sufficiently rapidly the problem is shown to be
globally well-posed for large rough data which not necessarily have finite en-
ergy and also in a situation where the energy functional is not positive definite.
The proof uses a suitable modification of the I-method.

1. INTRODUCTION AND MAIN RESULTS

We consider the Cauchy problem for the Gross-Pitaevskii equation with nonlocal
nonlinearity in three space dimensions:

i%—szv(W*(l— [v[?)) (1.1)
v(x,0) = vo(z), (1.2)

under the condition
v—1 as|z| = 400, (1.3)

where v : RT3 — C.
More generally one could also consider the condition

|| = 1 as|z| — +o0, (1.4)

but for simplicity we restrict ourselves to . This problem was introduced by
Gross [9] and Pitaevskii [19] for modeling the kinetic of a weakly interacting Bose
gas. Here W describes the interaction between bosons. The original equation reads
as follows

9 h?
19, t) + o A, 1) = (1) | V= y)lenldy

and is equivalent modulo normalizations to equation , provided W x 1 is well-
defined and positive, which in the cases we consider (under the assumptions (A1)
and either (A2) or (A3) below) is obviously true. For a detailed derivation of our
problem from the original Gross-Pitaevskii form we refer to [17].
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The most studied case is W = ¢ (= Dirac function), which occurs in theoreti-
cal physics e.g. in superfluidity, nonlinear optics and Bose-Einstein condensation
[5],[12),[13],[16]. For further references we also refer to the introduction of [17].

Using the energy conservation law which in the case W =§ is

B(u(t) = [(Volw O + 5ol O ~ 12)dz = Eun)

it was shown by Bethuel and Saut [2], Appendix A, that the problem is globally
well-posed for data of the form vy € 1+ H'(R?). Gérard [7] proved the same
result for data in the larger energy space in two and three space dimensions. Gallo
[6] generalized these results to a class of local nonlinearities for data with finite
energy and space dimension n < 4. Global well-posedness for the Gross-Pitaevskii
equation in the case n = 4 in the (critical) energy space was proven by Killip, Oh,
Pocopnicu and Visan [I5], a case which was not considered in Gallo’s paper. The
author [I§] showed that global well-posedness holds true even for data with less
regularity, namely vy = 1 + ug, where ug € H*(R?) for 5/6 < s < 1. To prove
this result one uses Bourgain type spaces and the so-called I-method (or method
of almost conservation laws), which was introduced by Colliander, Keel, Staffilani,
Takaoka and Tao [4] and successfully applied to various problems.

We now want to study the problem for two types of nonlocal nonlinearities.
Nonlocal nonlinearities were as mentioned above already introduced by Gross and
Pitaevskii. In the case of three space dimensions Shchesnovich and Kraenkel [21]

|]

consider W (z) = % exp(—2) for ¢ > 0 with Fourier transform W\(f) =

dme?|z| €

Heiélﬁlz‘ The case W = x{|z|<a} (Xa = characteristic function of the set A) was used
in the study of supersolids [T, 111 [20]. These examples are included in the class of
nonlocal nonlinearities with suitable mapping properties and positivity conditions
on W considered by de Laire [I7] such that the Cauchy problem ,, is
globally well-posed in the space ¢ + H*(R™), where ¢ has finite energy and fulfills
suitable boundedness assumptions, in particular |¢p(z)| — 1 as |z| — oo.

Our aim is to give similar results for less regular data. From now on we consider
the case of three space dimensions and make the following assumptinos:

General Assumption on W:

(A1) W : R® — R is even, W € LY(R?), |W(§)| < ()72 for all € € R3 and
either

(A2) W(€) >0 for all £ € R3 or

(A3) W(z) >0l zeR3.

Let us remark, that W is real-valued and even, if W has the same properties.

We have especially the following two examples in mind, which we mentioned
above: .
Case A: W(z) = ﬁe“”'. We have W () =
are satisfied. .
Case B: W = X{jz|<a}- Obviously (A3) is satisfied. We also have W(§) =

a2 |§|_%J% (2mal¢|), where Js is the Bessel function of the first kind of order 3

ﬁ7 so that (A1),(A2) and (A3)

27
which has the properties Js (|¢]) ~ 1€]3/2 as |¢] < 1 and Ja(€]) < IE'I%/Q as [£] > 1.
Thus (A1) is also satisfied.

For simplicity we assume ¢ = 1 and consider (1.1)),(1.2),(1.3). As usual we
transform the problem (1.1)),(1.2)),(1.3) by setting v = v — 1 into the equivalent
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form
Ou
v —Au+ F(u)=0 (1.5)
u(xz,0) = up(x) (1.6)
where
F(u) = (1 +u)(W * (Ju|* + 2 Rew)) (1.7)
under the condition
u—0 as x| — 4o00. (1.8)

Assuming W to be real-valued and even the conserved energy is given by
1
E(u(t)) = / |Vu(t)|?de + 3 /(W * (Jul* + 2 Rew))(|ul* + 2 Reu)dr.  (1.9)

We remark that no L2-conservation law holds.

Under our hypothesis on W de Laire’s results [I7] especially imply that the
Cauchy problem ,,, is globally well-posed in C°(R, H!(R3)) for
data ug € H'(R®). We now show that this problem for data uy € H*(R3) is
globally well-posed in C°(R, H*(R?)), i.e. (L1)),(L2),(L3) for vy € 1+ H*(R3), if
1/2 < s < 1 by application of the I-method. As usual the energy conservation
law is not directly applicable for H*°-data with s < 1. However there is an almost
conservation law for the modified energy F(Iw), which is well defined for v € H*®
(see the definition of I below). If we assume (A1) and (A2), this leads to an a-
priori bound of [|[VIu(t)| 2, if s is close enough to 1, namely s > 1/2, because the
energy functional is positive definite, a property which is usually assumed when
the I-method is applied. If we assume (Al) and (A3) however it is not obvious
that the H'-norm of the solution can be controlled by the energy, because it is not
definite. Nevertheless it is possible to modify the I-method in this case suitably, but
the argument to get the required bound for ||VIu(t)| 2 is more involved. Once a
bound for ||V Iu(t)| .2 is achieved we can also deduce an a-priori bound for ||u(t)|| 2,
which together gives an a-priori bound for ||u(t)|| g-.

The main results (cf. the definition of the X *°-spaces below) are summarized in
the following three theorems:

Theorem 1.1 (Unconditional uniqueness). Assume (Al) and moreover (A2) or

(A3), up € L3(R3). The Cauchy problem (1.5)),(1.6),(1.7) has at most one solution

u € C°[0,T], L*(R?)) for any T > 0.

Theorem 1.2 (Local well-posedness). Assume (A1) and moreover (A2) or (A3),

s >0 and ug € H*(R®). Then the Cauchy problem (L.5)),(1.6),(1.7) has a unique
4

local solution u € X*3[0,8], where § can be chosen as & ~ |uo||z=*" . This
solution belongs to CY([0, 6], H*(R?)) and is also unique in this space.

Theorem 1.3 (Global well-posedness). Assume (Al) and moreover (A2) or (A3),
T >0,s>1/2 and uy € H*(R®). Then the Cauchy problem (L.5)),(1.6),(1.7) has a
(R?

unique global solution w € X*=+[0,T]. This solution belongs to C°([0,T], H*(R
and is also unique in this space.

)

We use the following notation and well-known facts: the multiplier I = I is for
given s < 1 and N > 1 defined by

— ~

INF(&) == mn(§)f (&),
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where ~ denotes the Fourier transform with respect to the space variables. Here
my(§) is a smooth, radially symmetric, nonincreasing function of |¢| with

m(e) = {IN M

(B J¢ = 2N

We remark that I : H® — H'! is a smoothing operator, so that especially E(Iu) is
well-defined for u € H*(R?). This follows from W € L', Young’s inequality and
Sobolev’s embedding H!(R?) c L*(R3).

We use the Bourgain type function space X™" belonging to the Schrédinger
equation iu; — Au = 0, which is defined as follows: let ~ or F denote the Fourier
transform with respect to space and time and F~! its inverse. X" is the comple-
tion of S(R x R3) with respect to

1Fllgme = [™ ()P F (™™ fla, )z = Q)™ (7 + €7 F (& m)llrz
For a given time interval I we define

m, ;= inf mb .
llmeqry = inf lgllcns

We recall the following facts about the solutions u of the inhomogeneous linear
Schrodinger equation (see e.g. [8])

iuy—Au=F, u(0)=f. (1.10)
Fort +1>b6>0>0 > —1/2and T <1 we have
ullxcmoor) S N Flam + T PUF o 0,77 -

For1/2>b>0 >00r0>b>b > —1/2:

[fll xm 0,17 S " | £l xm-070,77

(see e.g. [10, Lemma 1.10]).
Fundamental are the following Strichartz type estimates for the solution u of
(1.10) in three space dimensions (see [3, [14]):

lullzacr,r @)y S Nfllz2@s) + 1Fl| Lo (1,0 m2y)

with implicit constant independent of the interval I C R for all pairs (g,7), (¢, 7)
Withq,r,d,FEQand%—l—Q—?’T:%,%—I—%:%,Where%—&—%zland%—l—%:l.
This implies

ez e S 1l go. e -

For real numbers a we denote by a+, a + +, a— and a — — the numbers a + ¢,
a+ 2¢, a — € and a — 2¢, respectively, where € > 0 is sufficiently small. We also use
the notation (z) := (1 4 |z|?)/? for z € R®.

The paper is organized as follows: in section 1 we prove the uniqueness result
Theorem and two versions of a local well-posedness result for (|1.5)) ,,,
namely u € X*2%[0,4] for data ug € H® with s > 0 (Theorem [1.2), and a modi-
fication where VIu € X%2%[0,6] for data VIuy € L? (Proposition , which is
necessary in order to combine it with an almost conservation law for the modified
energy E(Iu). In section 2 we use these local results and bounds for the modified
energy given in section 3 in order to get the main theorem (Theorem . Under
the assumptions (A1) and (A2) it is namely shown that the bounds for the mod-
ified energy immediately give a polynomial bound for |VIu(t)| r2, which can be
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shown to imply a uniform exponential bound for ||u(t)|/z2, and as a consequence
for ||u(t)|| g=, which in view of the local well-posedness result suffices to get a global
solution. Under the assumptions (A1) and (A3) we cannot immediately get a bound
for [|[VIu(t)| 2 from the bound for the modified energy, but first we have to show
an (exponential) bound for ||[Tu(t)|| 2, which together with an energy bound gives
the desired (exponential) bound for |[VIu(t)||2 and after that as in the previous
case the global well-posedness result. In section 3 we first calculate %E (Iu) for any
solution of the equation and estimate the time integrated terms which appear
in %E(I u), which is the most complicated part. In section 2 these estimates are
shown to control the modified energy E(/u) uniformly on arbitrary time intervals
[0,T], provided s > 1/2.

2. UNIQUENESS AND LOCAL WELL-POSEDNESS

Proof of Theorem[1.1. Let u,v € C°([0,T], L?)) be two solutions. Using Strichartz
type estimates in order to control

lu—vllgzps + [[u—vllpere

we have to estimate the various terms of F(u) — F'(v). By (Al) and the Hausdorff-
Young inequality we have W € LP for 1 < p < 3 so that by Young’s inequality we
obtain

OV )= ) - I e e o= ol
S Wil e- HUHQL;HLgH“ —vllr2Le

ST ulf e pallu = vllz2 s

IOV s (Jul® = [oP)vll e 2= S IW o (ul* = [0l 2 o ull 2+ 1
SIW gl = [0l 2 g2 llull L2+ 12
1_
ST (lullerz + ol r2)llv = vllpz e llull gz

(W Reu)(u — U)||L,%L?T S W Reu”L,%Lgo [|luw— U||L;>OL§
SIWLTllullpserz [u — vl|Ler2 5
W Re(u —v)llpire S IWllp Tllu — vl pgerz -
Similarly the remaining terms can be estimated. Therefore, choosing 7' small
enough, we obtain u = v. O

Next we prove the local well-posedness results.

Proof of Theorem[1.4 We want to apply the contraction mapping principle in the
Bourgain type space X*2%[0,48]. We have to estimate

|(W # (Juf + 2Rew)) (L + w)ll ..y -

We denote by D' the operator with symbol |£|' and similarly by (D)! the operator

with symbol (£)!. To estimate the cubic term by 62+~ Hu||:; we have to show

s 5+

(ignoring complex conjugates, which play no role for the calculations):

3
[0 (D) 2 wruayuas dwt 65 Tl oy 1910y

i=1
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This is sufficient, because we can assume without loss of generality that the Fourier
transforms 4;(§;, 7;) and 12({,7) are nonnegative, so that using the fundamental
assumption |W(§ )| < (€)72 it is possible to replace here and in similar situations in
the following the convolution with W by application of (D)~2. Using the Leibniz
rule for fractional derivatives we reduce to the estimates (assuming without loss of
generality |&a] > |€1]):

3
_ s 1
(D)~ (ur (D) uz)uzhl| s, S 62 [T will oy 190 03—
i=1

and

3
_ s 1y
(D)~ (urug) (D) ustp 11, < 62+ HHWIIXS@IWI\XO,%”.

i=1

‘We obtain

(D)~ (ur (D) uz)usl| 1, S IKD) ™2 (ui (D) uz)us |l i+ pa [[9]] oo 12
and

(D) =2 (ur (D) u)us|| 1+ 2 S D)~ (ur (D) ua)ll yr+ po sl oo 0
S llur(D) w1+ o llusl Lo s

S lluall e o KDY uel| g 12 l|usl| oo

< Nl g gt ol g sl . 3

o1
<0 o luall oy sy

3
1_
Soote H ||ui||XS,%+ :
i=1

1 _1_ s 1 _ s 1 _ 2, s s q 1 _ 1 E
Herevvesetq—2 S,ﬁ—s,7:—3+3,sothatHICLI,andﬁ—6+3,
1 1,2 t 0 1 1 1 3 3 :
2 =¢+43s,so0that H3' C LY, and finally — = 5 — s, so that — + 57 = %, which

allows to apply Strichartz’ estimate in the last line. Similarly we obtain

(D)~ (uruz)(D) | 2+ 12 < (D)~ (uruz) || 2+ oo [1(D) us| e 22
S Hulu2”L%+L§+Hu3||Xs,%+

< HulnLi*Lg ”U?”L;?OLQ, Hu?’”Xs,%Jr

1_
S0 2 uall o pyove 2l e mg sl o pe

3
S
<o [ il gy
i=1

Here % = %—%, % = é—i—%—, % = %—l—%s—, % = %—s—&-, so that i—&—% = % allows
to apply Strichartz’ estimate again.

The quadratic terms are handled as follows (assuming again |£a| > |€1]):
(D)= (wauz) | pr+ g2 S KDY (wrua)ll o+ o S NluadD)*uallprs

< unll e 22 10D) el zre 6l ooyl ooy
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and

I(D)* (D)~ us )uz)l| 1+ 2
S NUD) > ur)uz| i+ o + (D) "2ur (D) ua| 1+ 12
S ||<D>72+Sul||Li+Lgo||U2||L?0L% + ||<D>72U1HL§’°T||<D>SUZHL,1+L§

S OTIDY un || e 2 luall poo 2 + 6 luall oo 2 (D) *ua | oo 12

<8 urll g el g

Similar estimates hold for the difference F(u) — F(v), so that a standard Picard
iteration under the conditions 0572 |lug||%. < 1 and 6 |lugllze < 1 shows the
existence of a unique solution in X*2%[0,8] € C°([0,4], H*). It is also unique is
this latter space by Theorem [T1] O

Remark: This Theorem shows that in order to get a global solution it is sufficient
to give an a-priori bound of ||u(t)| g--

We next prove a modified local well-posedness result involving the operator I
(recall that I depends on s and N).

Proposition 2.1. Assume s > 0 and VIug € L?. Then the Cauchy problem

(1.5),(1.6),(1.7) (after application of I) has a unique local solution u with VIu €
X%24(0,6] and ||VIu||XO Y0 < VM| VIug|pz, where M > 1 is independent of
ug, and § <1 can be chosen such that

(62" N2 4 6'7)||VIug|?. ~ 1.
Proof. The cubic term in the nonlinearity will be estimated as follows (dropping

[0, 4] from the notation):

sh-
IVI(W * (uguz)us)| S 7+51 HHVIWH 14

gt

%
-
*
1
N

This follows from

3
/ JRIEES [T 6 000 ) des des des des

53~

< Sz +00) H||u7uxol+||¢||xol+7

where
m(&1 + & + &3) . |&1 + & + &5
m(§)m(&2)m(&3) (&1 + &2)%[&l|Eall€s]

and * denotes integration over the region {Z?:l & = 0}. We assume here and
in the following again without loss of generality that the Fourier transforms are
nonnegative, and also without loss of generality that |{1] > |£2]. We again used the
property [W(£)| < (§) 2

We make a case by case analysis depending on the relative size of the frequencies.

M(&1,62,83) =
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Case 1: [&1] > [&] = (&3] 2 N.
la. |& + & + &3] > N. We obtain

3
\gl Ni-s &1+ & + &
<
M8 3 O™ o5 Tam= il + &
1 |§1|S < 1

<
NN 6 |7 |&2]5 (€8] (6 + £2)? T N2(&1 + &2)?
This implies by Sobolev’s embedding and Strichartz’ estimates:

ANN2||< )" (wrun)ll e s llusll g oo 19l g 2

1 1_
5ﬁHUlWHLwL%HU3||L2L652 [Pl o2

S 20t H laill oy Il oz
1b. |§ + & + &3] < N. We have

N
|§1\|52||€3|<§1 +&2)?
< N 1
~ N3O |36 ]5 (€35 (€1 + £2)? < N2 +62)2

51752753 SH |£Z
i=1

as in case la.

Case 2: &3] > [&1] > [€ | This case can be treated similarly as case 1.
Case 3: [£1| > |&] Z > |&3].
3a. |6 + & + &| > N. We obtain
M(&,6,65) < |€1|1_S |52|1_s N'i=s |61 + &2 + &3]
N1=s N7 6+ & + &' [61[€2l[Ss] (61 + &2)?
(ST < 1

<
~ &1 |5]Eal® |3 NI (E 4+ €2)? T N|E3|(&1 + €2)?
so that

A<*H< )" (urug)|| Lo s (1D us| oo o 9l 12 2

< N517||U1U2HL°°L1 lusllLge 2 |91 oo r2

¥ H el o g el g3 -

3b. |& + & + &3] < N. Similarly we obtain
ST N < 1
~ONTTs NI |G|6|€](6r + 62)% T N(E[(€r + €2)?

2/\

(6176 63)

as in case 3a.
Case 4: [£1], &3] 2 N 2 |&2|. Similarly as in case 3 we obtain

1
M(&:.6:.8) S ye e 162
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so that by Sobolev’s embedding and Strichartz’ estimates

1

AS DY 2 D™ o)l e poo sl ge 2 1901 2+ 12

1 1— —1
S 50 Dl g sl 9o

1 4 _
sﬁgl lurll oo g2+ 1D~ szl ge rs llusll g p2 1] oo 12

3
1 4
S 70 Il ol oy

Case 5: |3 2 N > |&1] > [€2]. We have

< &3l N'=s |61 + & + &3]
~ONITS e 4 & + &3P0 |61 ][€2]€s] (61 + €2)?
1

<+
~ &6l (6 + £2)2

M(&1,862,83)

leading to
A S (DY 2(D™ uy D™ ug) || pge oo [|usl oo 2 1] 1 12
S 517”D71UID71U2HL§OL§ lusl Lo L2 ||¢||L;?°*Lg

ST ID  uallpge e 1D Mzl ge po llusll ge 2 19| oo 12
3
S8 T uall oy 1460 oy -
i=1

Case 6: 1| 2 N > |£2|, |€3]. Similarly as in case 5 we obtain

1
< -
M(&,6,8) 3 FiaiE v ar

which implies
A< TID) " (wr D™ ua) |l pge e | D™ | e e 9]l oo 12
< 8 D uall o el 22 96 - 2

S0 urllzerz 1D unllpge rs lusl| e 2 [ 9 oo 12
3
x| llwill o1+ 191l o1 - -
=1

Case 7: N > [&1],]&2],|€3]. We easily obtain

€1 + &2 + &3] 1 1

M(§17§27£3)§ S or 5 )

&1]|€2][€3] (&1 + €2)% ™ [&2]I€s (61 + &2)2 €1 1€2](61 + &2)2
which can be handled like case 6 or case 5. This completes the claimed estimate
for the cubic term.

Next we consider the quadratic terms in the nonlinearity. They turn out to be
less critical. First we prove the estimate

53~

IVIW  (uauz)ll o, 340 S (57 + SNV Iull o34 |V Tuz]|

XO,%‘F .
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This follows from

2
B - //M&@H (6, )D€, ) déy dés desdt

5i-
~S (T +4' H ||ui||X0,%+Hw”Xo,%+ )
i=1

where

_ma+&)  Ja+&l
MEL&) = emE) &+ &rialal”

and * denotes integration over the region {E?Zl & = 0}. We assume without loss
of generality |&1| > |&2].

Case 1: [£| > |&] > N.

la. |§ + &| > N. We obtain

M(E,6) < &' 5 &) s NE €1 + &2
~ N1 N1=s & + &1 |6 [&](6 + &2)?
&1+ &2° < 1

<
Y& s N5 (61 + &2)2 ™ N(& + &2)?
so that by Strichartz’ estimates

BS *||< )" (uruz) || 229l 2 2

1
S N||U1u2||Lng/2|W||L$Lg
1 1
S woe lullLgep2 lluallpzpe ¥l oo 12
< 1 5i-
S 307 Ml o g lluzll o3+ 190 o - -

1b. |£ + &| < N. This case is similar to case la.
Case 2: N 2 |&| and |&1] > |€2]. One has

€1 + &of 1
M S S
(51752) ~ <£1 + §2>2|§1||§2‘ ~ |§2|<€1 + §2>2

so that
B < (D)™ *(wr D™ uz)ll 22 ¥l 22 2
S HulD_l'U'?”L%L:Z/ZkuLfLi
S8 urllpge 2 | D™ usl npe e 191l poe- L2
51 ”UlHXo 1+||u2||X0 1+|W’”Xo P—

Case 3: N > |&]| ~ |&|. This case can be handled like case 2.
Finally we show

IVI((W * ur)us) | S 0T IVIull o g4 [V Tuz |

X0 gt~ X0 5+

Here B is as in case 2 with
m(§1 + +
M(61,6) = (61 + &) 161+ &

m(E)m(&)  (&)2ale]
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Because the estimates are similar to the previous case we only consider the most
critical low frequency cases.
Case 1: [£1| > [&| and N > |& ] (or N > [&1] ~ |&2]). The estimate

1
M8 S o]
implies
B < (D) 2D un | pee, lusll 22 19 222
S ||U1||L;>°L§HU2HL§L5W)”Lng
S 517Hu1||X0,%+||u2HXo,%+||7/’||X0,%—— .
Case 2: || > |&] and N > |&]. The estimate
1
MEL8) S el
implies
B < D) urllpge s ID ™ ual s 9]l 122
S0 unllzgenz luzll g pa 91l oo 2
S 517||u1||Xo,%+||u2HXo,%+ HQZ}”X“?%" .
We remark that similar estimates can be given for the difference terms in order

to use Banach’s fixed point theorem. In order to get a contraction we have to fulfill
the estimates

(03" N2+ 6"7)||VIugl%, <1 and (67 N~' 4 6"7)|| Vw2 < 1.
The latter requirement is weaker, so that the claimed result follows. O

Remark: We want to iterate this local existence theorem with time steps of equal
length until we reach a given (large) time T'. To achieve this we need to control

IVIu(t)||p2 <c(T) YO<t<T. (2.1)
This will be shown under the assumption ug € H® with s > 1/2.

3. PROOF OoF THEOREM [L.3]

In this section we first show that the bound ([2.1)) implies global well-posedness
and after that we derive such a bound from the estimates for the modified energy
E(Iu) in the next section.

Proof of Theorem[I.3 So let us assume for the moment that (2.1) holds. This
means that on any existence interval [0, 7] we have an a-priori bound (for fixed N)
of

IV Iu(t)|| 2 ~ |[1€JaE, ) z2cqie1< vy + NEPTE O 2 e >np N2, (3.1)
especially
1€ a(E, )l L2(qie1>1y) < (). (3.2)

If we can show that this implies an a-priori bound for ||u(t)||rz, which is done in the
following lemma, we immediately get an a-priori bound for ||u(t)||gs ,0<t < T,
thus a unique global solution in XS’%JF[O,T] C C°([0,T), H?) for any T using our
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local well-posedness result (Theorem , which is also unique in this latter space
by Theorem [1.1 (Il

Lemma 3.1. Assume (2.1) and s > 1/2. On any ezistence interval [0,T) of the
solution u € X*27[0,T] we have |[u(t)||r2 < (T).

Proof. We decompose & = Uy +us smoothly with suppuy C {|¢] < 2} and suppus C
{|¢] > 1}. Then we have by Gagliardo-Nirenberg

1/2 1/2
lullzs < urllzs + uzllzs S [V |1 a7 + 1 DI us| 2

L 1—L
SV [ |12+ 1D us | 2 sl =

2 2 2
SIVurllze + lluallz + luzllfz + 11D uzl| 2%
so that by (2.1)),(3.1) and (3.2]) we obtain on [0, T]:

() 12 < NIERE D% + lun (O3 + lua(0)]32 + gl (e DI ™
< (M) (Ju®)z> +1).

Multiplying the differential equation (L.5)) with iu and taking the real part we obtain
by Young’s inequality, because W € L is real-valued:

d
%Hu(t)HQLz = /(W # (|u)® + 2Rew))uds + Rei/(W * (Jul* + 2Rew))|u|?dx

S/|W*(|u\2)||u\dx+2/|W*Reu||u\d:r

S AW s Jul [l sz llull s + llulZ:

< llullzs + llulZ.

< (D) (lu@®)lz= +1),
so that Gronwall’s lemma gives

lu(®)1Z: +1 < (luol|Z2 + 1)e” T
on [0,T]. O
We recall our aim to give an a-priori bound of ||VIu(t)|/zz (cf. (2.1)) on [0, T

for an arbitrarily given 7. We want to show this in the rest of this section as a
consequence of Proposition [2.1]and the estimates for the modified energy which we
give in the next section.

Let N > 1 be a number to be specified later and s > 1/2. Let data ug € H® be
given. Then we have

IV Tuoll 22 S NIEl@ )2 qej<ny) + INTIEP @ T2 ((1e1> vy (3.3)
SN2 T () 172 sy = N2 o). S N2 (3.4)

This implies an estimate for |E(Iug)| as follows: we have by Young’s inequality,
using W € L':

\/(W*(lIUO|2+2ReIUO))(|1uo|2+2RGIUO)dw| < IHuollzs + [ Tuol7s + 1 Tuol|Z- -

Now by Sobolev’s embedding

o]l 7
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3 I=s 5
S ||IU0||2g S €A Tl 72 (1)< ny) + |||§|?|€|4u0”%2({|§|2N})

~ ER sl els
S @0l z2crie1<ayy + MEFE 1€ ol T2 (reie<nyy + N2 NIEP D0l T2 (e )
S lluollzz + (N)? = [luoll3y. S N0 |uol|

using in the last line the assumption s > 1/2. Moreover

[Tuoll7s S [Huollfae < luollFpye < ol
[ TuollZ> < [luoll32
so that
|E(Tug)| < coN2(—9)

The local existence theorem (Prop. [2.1)) implies that there exists a solution u on
some time interval [0, 6] with

|V I < M||VIugl|22 < coMN2(A=s)+2¢ (3.5)

XO3+0.8) ~
under the assumption ||VIU0||L2 < ¢gN2(=5+9) where € > 0 and

1
Now we use the results of the next section. We have the following estimate

[E(Iu(8)) — E(Iuo)|

< 51/2 St— 1 4 51/2
S Grm + 3+ o IV Tl g o S IVIulay 37)
1 é
""‘(F"i' )”VIUHXO 1 0,6] NQ, HV uHXo 1+[0 6]
If we use (3.5 and ( we easily see that the decisive term is
51— A § N4(1fs+e) NG(lfSJrE) -
F”VI“HXO’%JTO,(S] + N2-— ”XO 1+[0 5~ ( N1- + N2- )6 :

This is the bound for the increment of the modified energy from time 0 to time J.
Similarly we obtain the same bound for the increment from time ¢t = kd to time
t=(k+1)for 0 <k <T/§, k €N, provided we have a uniform bound

|V Iu(kd)|22 < 2¢oN2Es+) (3.8)

which implies

|V T 2co M N2(1=s+9) (3.9)

<

X0 5T kS, (k+1)8] —
by the local existence theorem. The number of iteration steps to reach the given
time T is T'/§, so that the increment of the energy from time ¢ = 0 to time t =
(k+1)5,0<k< %, is bounded by

T N4(1fs+e) N6(175+e)

A =
independent of k, if TN~ N*(1=ste) « N2(1=5) and TN -2+ NO6(I—ste) « N2(1-s)
These conditions are fulfilled for N sufficiently large, if

)617 < CONZ(lfs)

1 s—%
S>§+2€<:>€< 5 (3.10)
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as one easily calculates. Choosing e sufficiently small this condition is fulfilled under
our assumption s > 1/2. We recall again that we used (3.8]). We arrive at

T
|E(Tu(t))| < 2coN?1=%) Wt € [0,(k+1)d], 0 <k < 5 b fixed. (3.11)

Now we consider the cases where either (Al) and (A2) or else (Al) and (A3) hold
separately.

If (A1) and (A2) hold we have W(g) > 0, which immediately implies that the
energy functional is positive definite, both terms in are namely nonnegative,
so that one gets

IV Tu(t)[2: < B(I(u(t)) < 26,N%0)
for0<t<(k+1)dand 0 <k < %, where ¢ is independent of k and where we can
choose € = 0. Remark that on the right-hand side the same constant 2cqy appears
as in . Thus step by step after ~ % steps we obtain the desired a-priori bound

IVIu@)||r2 < e(T) YO<t<T.

Thus we are done in this case (modulo the results of the next section).
If (A1) and (A3) hold, the energy functional is not necessarily positive definite
and it is more difficult to obtain a bound for ||VIu(t)||r2 from energy bounds.
We follow the computations of de Laire [I7] in this case and obtain

1
E(Iu) = ||VIu||2, + 3 /(W s (|[Tul? + 2Re Iu))(|Tu|? + 2 Re Tu)dzx

(3.12)
= |VIul[3s + I (Tu) + Iy(Iu) + I3(Iu),
where
I (Tu) == /(W*Relu) Re Iudz
~ 1
L(1u) =5 /(W « |Tul2)(|(Tu)r 2 + 4 Re(Tu) )dz
~ 1
Bt =5 OV « | TaP)((Tu)af + 4Re(Tu)2)de
Here
(Tu)1 == Tuxqrul<sy s (Tu)2 := Tux{|ru>5} -
We used that W is even which implies
/(W * |Tul?) Re Tu dx = /(W * Re Tu)|Tu|*dx .
Using W € L'(R3) we easily see that
|1 (L) + [ La(Tw)] S [ TullZ- -
Moreover using (A3) we obtain
~ 1
I3(Tu) > 3 /(W * [ Tul?)(|(Tu)2]?* — 4|(Tu)s])dx (3.13)
1
=5 OV TP (Tl (T - 4)d (3.14)

> %/(W « [Tul?)|(Tu)a|dz =: Js(Iu) > 0. (3.15)
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This implies by (3.12))
IV Tul72 + Is(Tu) < |E(Tu)| + al| Tul|7- - (3.16)
In order to estimate ||Iu/|?. we apply I to the differential equation , multiply
with ifu and take the real part. This leads to
d
%HIUHQLQ =Im(F(Iu) — IF(u), Iu) — Im(F(Iu), Tu) . (3.17)
Let us consider the first term on the right-hand side. We obtain
Im(F(ITu) — I F(u), Tu) = Im{(W * |Tu|*)Tu — T(W * |u|®)u), Tu)
+ 2Im{((W * (Re Tu))Iu — I((W * Reu)u), Tu)
+ Im{(W = [Tu|?) = I(W = |u|?), T'u)
+ 2Im(W * (Re Iu) — I(W x Reu), Iu)
= Im{I(W % |u*) — (W * |Tu|?), Tu) .

Now we claim

(k+1)8
2\ < 2
/ké (FOV s [uf?) = (W < [Tuf?), Tudt S N0Vl y 0 (38)

Using [W(6)| S 75z and defining

[m (&1 +&2) —m(&)m(&2)| 1
m(&1)m(&2) (61 + &2)%61]|621€3]

M(§1752) =

we have to show
(k+1)8

3
A= JRLGES L6t e < - 26H||u1\|
ké * i=1 =1

where * denotes integration over {Zi=1 & = 0}. We assume without loss of gener-

ality [&1] = [&2].
Case 1: |£1| > |&] 2 N: We have

[Salyio 2l 1
Mens) S O O e reTal
Thus

AS Nz, Iluzllpz (D) "*D ™ us | e,

SN7lu || nge 2 lluall ez 1D sl ge

3
S N_25H ”ui”Xo,%+
i=1

Case 2: & 2 N > |&] (= |&] ~ |&1] 2 N). By the mean value theorem we
obtain

|€2] 1

M(&1,6) S €] (€1 + &)21&1]|&2]|E3]

Thus

A S N73UD) " (urug) | e lusl ooz S N 736 luauallpeo o1 [Jus| poe 2
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3
S N_36H Hui||XO,%+ )
i=1
which completes the proof of (3.18).
Next we estimate the last term in (3.17). We have

[Im(F(Iu), [u)| = |Im/(W* (|[Tu|?* + 2Re Tu))(1 + Tu)ludz|
= |Im/(W>k (|Tu|* + 2Re T'u)) Iudz|

2/|W*Re[u||[u\dm—|—/(W*|Iu|2)|(1u)1|dx+/(W>k|Iu|2)|(lu)2|da:

S IIIUII%z + J5(Iu) S |[Tul|2e + Is(Tu) S || TulZz + [E(Tu)]

by @13 and 15

From we conclude for kd <t < (k + 1)4:
||Iu(t)||%2 — [ Tu(kd)||7
(k+1)8 ¢
< 2 2
AN i B [ ).
Now we have

( 26||VIU||X0 < 01(260)3/2]\7725]\]3(175)4’36 < 025N2(175)’

2T k6, (k+1)8)

provided (3.8 . ) holds (and therefore (3.9)) and e is sufficiently small. Using the
uniform energy bound (3.11)) we obtain for ¢ € [kd, (k + 1)d]:

t
1Tu(t) |32 < [[Tu(ko)[|32 + c26 N2 + 2¢00 N2 4 ¢ / I Tu(s)|22ds
1379)

Gronwall’s lemma implies

sup  [[Tu(t)]|72 < (|[Tu(k6)]|72 + cad N> =))er?
k6<t<(k+1)§

under our assumptions ((3.11)
|E(Tu(t))| < 2¢oN?=%) on [0, (k4 1)d]

and (3.8)
|V Iu(kd)||%2 < 2¢oN20—5Fe)
Here ¢; and ¢z are independent of k. Using the bound for |[Tu(kd)||3. this implies

sup  |[Tu(®)]|22 < [(||[Tu((k — 1)8)||22 + c30 N2 7))ee10 4 g N2(1=5)| 10
ko<t<(k+1)6

= [[Tu((k — 1)8)||22 €20 + cgdN2(1=9) (g2€10 4 pe1dy
[ L

Iterating this procedure after k < T'/§ steps we arrive at

T
5
sup [|[Tu(t)[72 < [[Tuol|72 €547 + cad N9 Y (1)
k6<t<(k+1)8 P
< ||UO||%2 eclT + C4N2(175)6c1T
< 070N2(1—s+e)

a
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choosing N so large that e“*” < N€¢ with a small € > 0, which fulfills (3.10]), and
N also so large, that [lug||3. < N*(!7%). We used
T

z c
i(eclé)l _ ()7 1 et

ecd—1 ~ 4§

1=0
This bound for || Tu(t)| 2 for t € [kd, (k + 1)d] implies by (3.16)),(3.8),(3.11):
IVIu@®)]Z: < [E(Tu(t))] + allTu(t)|Z:
S 260N2(1_S) 4 CON2(1—5+E) S 2CON2(1—S+€)

for t € (k6, (k + 1)6] (and choosing N so large, that N?¢ > 2), the same bound
which we had for t = k¢ (cf. (3.8])). By iteration we thus get

sup || VIu(t)]|2: < 2¢oN2175F9) = ¢(T).
0<t<T

This completes the proof of the a-priori bound for ||VIu(t)|r2 for the problem
under the assumptions (A1) and (A3), so that now (2.1]) holds in both cases. Thus
the global well-posedness result is proven (modulo the results in the next section).

4. ESTIMATES FOR THE MODIFIED ENERGY

In order to estimate the increment of the modified energy E(Iu(t)) of a solution

u of the Cauchy problem (1.5]),(L.6)),(1.7) from time to to time ¢y + J, say to = 0 for
ease of notation, we have to control its time derivative. We calculate

%E(Iu) = 2Re(—ATu, Tus)

+ % /(W * (Tultg + Tuela + 2 Re Tug) ) (|[Tul? + 2 Re Tu)da

+ % /(W * (|[Tul® + 2Re Iu))(Tult; + Iulu; + 2Re Tu;)da

= 2Re(—ATu, Tuy) + 2Re((W * (|Tul? + 2Re Tu))(1 + Tu), Tu;)
where we used that W is even, so that the second and third term coincide. Now
—AlIu = —ilu; — IF(u),
so that
d
%E(Iu) = 2Re(F(Iu) — IF(u), Tus)
=2Im((V(F(Iu) — IF(u)),VIu) — (F(Iu) — IF(u), [F(u)))
and
d
|5 EUw] < 2({V(F{w) = IF(w), VIw| + [(F(Iu) = IF(u), [F(w))])  (4.1)
with (cf. )
F(u) = (14+u)(W * (Jul* + 2 Rew)) .
This especially shows the standard energy conservation law (setting I = id).
The estimates which now follow are given in terms of bounds of Fourier trans-
forms of the corresponding functions. The only property of W which we use is the

bound |W(§)| < (€)72, so that both cases, namely assuming either (A1) and (A2)
or else (Al) and (A3) can be handled in the same way. The most critical cases
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are the terms of fourth and third order of the first term on the right-hand side of
(4.1) and the term of sixth order of the second term. In fact we shall refer to the
estimates in the case of the local Gross-Pitaevskii equation, where W= 1, in our
earlier paper [18] for the remaining terms of lower order on the right-hand side of
(1),

We start with the terms of highest order in the first term. Taking again the time
interval [0, d] instead of [kd, (k + 1)d] just for the ease of notation we claim

s
\ /(V((W s [Tu*) Tu — I(W * [u*)u)), VIu)dt|
0 (4.2)
51— 51 /2
S (F +
Here and in the following we use dyadic decompositions with respect to the space
variables &;, where |&;| ~ N; with N; = 2% k; € Z. In order to sum the dyadic

parts at the end we always need a convergence generating factor I?V]X%t", where
Npin and Npqe is the smallest and the largest of the numbers NV, Feaszpectively.
Nimaz = N(> 1) can be assumed in all cases, because otherwise our multiplier M
is identically zero. We have to take care of low frequencies especially, because we
need an estimate in terms of VIu. Assuming without loss of generality that the

Fourier transforms are nonnegative we have to show:

s 4 ~ §1- 51/2 4
a= [ farteg e TLa€ 0 gt Gt 1o Tl

where * always denotes integration over {>_&; = 0}, and

M€, €2, 65) = Im (&1 + & + &) — m(§)m(§2)m(&s)] & + & + &3
m(&§1)m(&2)m(&s) (& + &) all&lIE]
Case 1: N3 > N; > N,. In this case we have N3 ~ Ny 2 N, Ny = N, and
N3 ~ Npaz- By the mean value theorem we obtain

Ny 1

)HVI HXO 1+[0 5]

1,62,83) X N e L2
ME&8) S N, Miala + &7
and by Holder’s inequality, Sobolev’s embedding and Strichartz’ estimate we obtain
A5 D)D)z gz Nl oo Nl o
51*
S WIID g Loo- i sl e paelluallzse s
o=
< WllD Mgl oo por lunll poo- p2+ lusll poe g2+ luall ge 22
_O AN T
N Nr%-ngl H Hu7f||X0 §+ 9

usmg ||D u2||LooL5+ < N0+ Hu2 ||LooL2 and HU3HL°CL2+ < N0+ ||U3||LooL2
Case 2: N1 > NQ,Ng and Ny 2 N. We have Slmllarly as in case 1:
N3 1
£1,62,83) S (VAT S AT RIWAY]
M )5 Ny &l Ns(& + &)
and get the same estimate as in case 1 interchanging the roles of N; and N3.
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Case 3: Ny ~ N3 (= Np, N3 = N). In this case we obtain

Nii_ N3 1i_ ,N; 1

(51)52,53) (N) (N )2 <W>§_m
#<NQ>% v
M NSENI=UN T No(€r + )2

a. No 2 N. We have
1 _
AS WH(@ 2(U1U2)HL§L3* lusllpge 2 lluall p2 o+
2N+
WHWWHL%LH||U3||L°°L2 [Jaall

A

X0 5+

_ OV AN ﬁ il
B

~

using ||u4||L%L2+ < N£+HU4HL$L2 < ||u4||XOéJr by Strichartz’ estimate.
b. Ny < N. In this case we obtain

< - —2 -1 - oo
~ N%thl— (D)~ *(us D UZ)HL}L;" HUSHLt L§||U4||L;>°L§+

—1
S NN [|[ur D U2HLOCL3+|| us||Lge 2 [luall poo 2+
S NN lurllnge 2 (1D~ ol e po+ lusl pge nz luall oo 2+
max

S(1ANOHY 2

S N0+ Nn;m H ”quXo 1
Case 4: Ny ~ Ny 2 Nj (:> Ni, Ny = N). In this case we obtain

Ni1_  No1i_ N3 o1_ 1

2 )2 — )2 e —
(61352753) (N) (N) <N> |€1H§3|<§1+§2>2
L Ney 1
~ NotNI= N N3(& +&2)2
The case N3 2 N is handled like case 3a, whereas in the case N3 < N we obtain

1 _ _
N WH@) 2(wrup)ll g o 1D gl oo por Jual oo 2+

S(LANOH)
S WHU1U2”L§°L§HUSHL;”L?EHLMHL’;”Li

S(1ANOHY &

S Nr?i;anim H il o3+

Case 5: Ny ~ N3 (= N Z Ny ~ N3). If Ny > Ny we are in the situation of
case 2, otherwise Ny ~ Ny ~ N3 2 N, so that

N No 1 Na 1
M(&,&,8) S (Nl) —(ﬁ)g—(ﬁz)r
<1 1
~ NpfN2~ Na (6 + &2)?

1
NoN3(&1 + &2)2

1
2
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as in case 3a.

Dyadic summation gives estimate (4.2]).

We next consider the cubic part of the first term on the right-hand side of (4.1)).
We claim

5 1/2
}/0 (VW s ([Tuf?) = IW s+ [ul?)), VIu)dt| S <=V Iul?, g (43
We have to show
3 3 51/2
B [ [ e ] 6 ) des deadad £ = H il o+
with
M(&r, &) = [m (& + &2) — m(&)m(&2)] &1 +2§2\ .
m(&)m(&2) (&1 + &2)%[&1 1€
Case 1: N; > Ny 2 N. We have
Ny No 1
M(&,, < (Eyvzlzyyp o
so that by Strichartz’ estimate:
1 _
~ m”@» 1(u1u2)”L}Li’Hu3HLt°CLi+
1
~ WHWWHL%L?H“SHLchi*
51/2
~ m”ulnL;’"L%||u2HLfL§+Hu3HL§°Li+
_OVPAANSD T
R T H il o3+
Case 2: N; > N > N,. Similarly, by the mean value theorem we obtain
No 1 1
<
M(&,6) 5 Ny NiNz (& + &) ™ NYN2= (€ 4 &)
leading to the same bound as in case 1, thus (4.3) is proven.
Concerning the second cubic term we claim
|/ (W s Tu)Iu — I(W xu)u)), VIu)dt| < N1 ||VIu||X0 0 (4.4)

We again have to consider a term like B but with

m(& 4+ &) —m(E)m(&)| |6+ &
M(sla 52) = . 3 .
m(§1)m(&z2) (&1)%[&11162]
‘We concentrate on the more difficult case No > N; and have to consider
Case 1: Ny ~ Ny 2 N. We have

Me &) < (G2

Lo
N}~ NRLNT ™
Thus

B < W (|1 ||L§°Lg°* ||u2||L,‘?°L§ ||u3||Lt°°L§+
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3
S(LANCHY 4
S e | (T
max4Vq

S(LANOEY 2
S 0 mm H llusll o, 1+
Nm-ng i= X

Case 2: N2 > N; (= Ny 2 N). By the mean value theorem we obtain
N 1 1

M(6,62) < N (£1)2NV, N2<§1>2
so that
5 —2
NWW@ ut||pgepee |uzl oo pe |lusllLoe 2
SAANS) T
S N°+ = H||uz||L°°L2-

Thus (4.4) follows.
We now have to consider the sixth order term on the right-hand side of (4.1)).
Our aim is to show the following estimate:

[ 4OV Py HO Py, 1O < e

) 1 (4.5)
S (G + ) IV Tl o 5.
We have to show
s 6
C = M(&,. .., int)dé ... déedt
/(; /* (§1 {6 1:1 § 51 56
5 1L
S (F + W) H Hui”xo’%ﬂo,é}
i=1
with
M(gla tee 'a€6>
_ Im(& + &+ &) —m(&)m(&)m(&)] m&a+ & + L) f[|£| t

m(&)m(&)m(&) (& +&)2  m&om(&)m(&) (& +&)?

We assume without loss of generality N; > Ny and Ny > Ns.
Case 1: N > Ny > N5 and N > Ng.
a. N; > Ny 2 N 2 Nj. In this case we obtain

N 1/2 Ny 1/2 -2 -1
Cg(ﬁ) (W) m”(D) (U1U2)||L%L§7||D U3||Lt°°L2+
x (D)~ (D™ us D™ s )| Lge e | D™ Mt e o+
%HUIUQHL?L;||D_1u3||L0°L2+||D_1U4D_1u5||L°°L§+||D_1u6HL°°L§+
~ NmaxN2 t t t
) _ _ _
5W||U1||L:°L§HU2HL§°L§||D gl poe por 1D uall pgo e | D™ s | o o+

X ||DilU6||L<;°L§+
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S(LANOHY E
< N0+ N“;m ||||quXol
max

b. N1, N3 2 N > N;. The estimate

Mg, &) S (A Ry M.
N N7 Ni(€a+ &)2&l162|N3l&all€5]|€s]
implies
g -1 -1
NWIID U1||L;><>Lg||D UzHLtngJr”uB”Lf"Lg
max
X ”<D>72(D71U4D71u5)”L§°L§°*“D71u6||L;?°Lg+
) _ _ _
NWHMHL?@HD 1U2HL§OL§+||U3||L§°L§||D Yuy D 1u5||L§oL2+
max
X ||D71u6||Lng+
§(1 ANy £
S —oF "éf“ H”W”Xol
NmaxN

C. Nl,NQ,Ng z N.
In this case we obtain
Ny No . 1/9,N3
< (21 2Y2y1/202Y%3
O (GRS
x [{D)"* (D™ ua D™ us )| Lo 1o | D™ | e o+

1 _
)3( )1/2J\71T2N3H<D> ?(uruz)|| g po- luslpeer2

4 -1 -1 -1
NWHUIWHL;’OL}CHU3HL;?°L£||D ug D u5HLg°L2+||D U6||L;>°L2+
S(LANOH) &
N ONSEN H”“Z”X“

Case 2: N > Ny > N5 and Ng = N.
a. N3 2 N 2 Ny > N,. By the mean value theorem we have

N1 617
C < _ . — (D —2 Dfl — .
~ N3 N1N3N6||< > (ul UZ)HL,, L2 ||u3||Lt L2
X ||<D>_2(D_1U4D_lu5)“Lchi°HU'6||L§°L§
1—
<07
~ Nr?ngxN37
1—
<0
~ Nr(‘()l—nggi

X ||D_1U5HLOOL2+||U6||L§°L§

HU1D71U2||LOO,L3+ [us| pee 2 | D™ ug D™ u5||LooL&+ l|lus|Loo L2

[ullpee- g2+ D™ izl poe o+ lusl| gor2 [ D™ sl e g

1— 0+ 6
_ (AN Hllul\ N
™~ NREN3- Tx03

b. N1 2 N> Ny > N3 (or N; 2 N > N3 > Ny by exchanging us and ug).
Similarly as in a. we use the mean value theorem and obtain
Ny 1)

C’NN NZN,

||D ulHLooL6||u2||LacL2||D U3||LOQL6+
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< [(D) (D™ ua D™ us) || poo oo | D™ ]| o 16
1

< FnulHL;"’Li||u2||L§°L§||D71U3”L?°L§+HD71U4D71U5”L?°L§+HUGHLE’CLQ%

S(AANI) 6
< N0+ N HIIMHXO 1
max

c. Ny > Ny 2 N > N3. We obtain
Ny 1_ Ny 1_ 1
N>2 (W)Q mm

x (D)2 (D™ ua D™ us )| 2 oo [lus Lge 22

C5( D) (uruz) || 203 | D™ s oo o+

d -1 —1 -1
NWHUIWHL?QHD USHLfCL?j”D usD U5HL§OL2+||U6”L,‘?"L§
S(LANOT) &
N UNQE N H”%”X“

d. Ny > Ny > N3 2 Nor Ny > N3 > Ny 2 N. This case can be handled similarly
as case c¢. with an additional factor (JX;)
e. N3 2 Ny 2 N2 Ny (or Ny >N3 2 N > N5 by exchanging the roles of u; and

uz). We obtain

N3y 1 Ny 1i_ 0 _ _
Cﬁ(ﬁ)Q (W)Q m”<D> *(ur D™ ug) || Lo poe l|usl| poe 2

X (D) *(D™ us D™ us)|| oo Lo llug | oo 2

1) _
NmHUlD 1UzHLOOL?wr||’L63||L°°L2||D tuys D™ U5||LocL3+||U6||L°°L2
) _ _ _
57N°+ V- |t |l poe 2 ([ D 1U2HL§°L2+||U3HL?’L§”D Yy Lo s |1 D 1U5||L;>0L2+
max

X ||uellLoo L2

S(1LANCH)
Nr%'ngrgm H HUZHX0 3

6

Z/\

f. N3 > N; > Ny 2 N (or Ny > N3 > Ny 2 N). This case can be treated as case
a. with an additional factor (%)%_
Case 3: Ny > N5 2> N.

a. N1, Ny, N3 < N and Ny < N. We obtain
1 Ny

(D,

M(&,..08) S (&1 + &)2 <g4+§5>2N4N5|€1||€2H€3||56|(N

so that

<« 0
~ NotxN2-
X (D)~ (uaus) || e 52| D™ ]| e o+

5
~ Nk N2-

I(D)~*(D™ ur D™ ug) || oo oo 1D g e g6+
t t

||D_1u1D_1u2||Lg°L2+ ||D_1U3||L;>°L2+ lugus || Leers 1D~ u HL;’"L?{*’
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S(LANOHY E
< N0+ N“;m ||||quXol
max

b. N1, No, N3 < N and Ng > N. We argue similarly as in case a with an additional

factor (42)2~ and get
)
™ NimbxN3—
X (D)2 (uqus)|| Lo 13 |ug | oo L2

S(LANOHY
5 No+ A}E’;“ ||||uz||Xol
max

(D) *(D™ w1 D™ ) HL?L:“ ||D_1u3||L$°L2+

c. N3 2 N and Ny, No, Ng S N. Replacing HD‘1U3||L?¢L2+ by [|[D™ us|| e rs we
obtain the same result as in case a.

d. N3 2 N, N;,N» SN and Ng 2 N. The additional factor (2)/? leads to the
bound

1)
~ NYN3-

X (D)2 (uqus)|| Lo 13 |ug | oo 2

I{D)~*(D™ us D™ ug) || Lo oo | D~ Mg oo s

0+ ) 6
< N LIl o
max

e. Ny > Ny 2 N and N3, Ng < N. We obtain

(33~ (3)= (- (3)h-

M 617 e 766 5 )
( ) (€1 +£2)% (64 + &5)2 N1 Na Ny N5 €516
so that
g —2 -1
~ WWD) (U1U2)||L;>°L2*HD Ui%HLfCLﬁ+
max
X H<D>_2(U4U5)||L3°Lg||D_1U6||L;>OL§+
1)
S NN |uruzl|Lee 1 usll Lge 2 |uaus || oo o lus| oo 2
max
S(1ANOTY L
g N0+ an];m HHU’LHXO 1
max

f. Ny > Ny > N, N3 SN and Ng 2 N. The additional factor (42)!/2 leads to

J -2 -1
~ WWD) (U1U2)||L;>°L§* 1D u3HL§>°L2+
X H<D>_2(U4D_1U5)||L§°Lf;°‘HUGHL?"LE,
) _
~ 7NS$XN4— ||U1U2||L§°L;HU3||L,?°L3||U4||L,?°L§||D 1U5HL§°L2||U6||L§°L3

6

S(LANOT)
~ No+ ]\}Z‘” ||||uz||Xol
max
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g. N1 > Ny 2 N, Ng¢ <N and N3 2 N. This case can be treated as case f. with
uz and ug exchanged.
h. N3 > Ny 2 N and N3, Ng 2 N (= Nyin 2 N). We obtain

N;. 1 1
AR 5 72 2 N_
M-8 S 11 H ETAREAL,
so that
1 _
CS —or—oo G (D) (uyug)|| Lo s llusl 21
max

x (D) ~? (ugus)|| Lo s |uel| 2 o

1
S WHU1U2||L§°L;||U3HX0 o luaus |l e oy llusll 0.1+

1
< - -
~ NILNO- H”“ZHX"I

i. Ny 2 N> Ny and N3, Ng < N. We obtain

()4t ()h- (-
N7 (€a + &5)2N1 No|€3| Ny N5 |€6| 7

M(fla"'agﬁ) 5

so that
1 _
S WHWHL%L@||U2||L3Lg+||D 1U3||LtooLg+

% (D) ™2 (uaus) e pa- |1 D™ il oo o+

_IANDL T
No+ N6— H”quXol
max

j- N1 2 N > Ny and N3, Ng Z N. We obtain
—(N5\i—/Ng %_
<§ +§o> |§1H§2|N3N4 5 N6
thus using N7 < max(Ns, Ny, N5, Ng):

1 _ _
NWHD 1U1||L;><>Lg‘;||D 1U2HL§L€;+||U3||L§L3
x ||<D>72(u4u5)”L§°L§’||U6HLng+
1ANOH B
< 0+ mén HH l” 0,3+
NmaXN X

k. N1 2 N> Ny, N3 < N and Ng < N. This case can be handled like j. without
the factor (%)%_ by exchanging u; and ug.
l. Ny 2 N> Ny, N3 < N and Ng 2 N. The mean value theorem gives the bound
1_ 1_ 1_
o< Mo (BB (B
~ N N2N3yN4N5Ng

x |(D) " (uaus) || e 13-l 2 e

D s || poe 1o | us 2 Lo+ ||D71U3||L50L2+
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IAND F
N0+ N6— HHU’HX" 2
max

Case 4: Ny > N > N5,N6.
a. N3 2 N 2 Ny > N,. The mean value theorem gives

Nl ) B
S N, Mm@ D7 )l e g fusll e 22

x (D)~ (uaD™ u5)||LfCLg’||D71U6”L§°L§+

s [lusllper2

1
lurD u2||LOOL2

5
~ NpbeN3-

-1
X [Jua D™ us || D™ UGHL;?OL‘;‘,+

3
cor 2
t Lz

—1
NWHWHL?@HD U2||LgoLg+HU3HLf°L§

X |uallLgor2 ||D_1u5||L°°L2+||D_1UGHL§°L2+

6

< 0A NOH)
N NO+ ]\;I:l;n I I ||u1||X0 %-F
max

b. N; > N > Ny > N3. The mean value theorem implies

Ng 1
NN WHU1||L2L6||U2||L2L6||D U3||L00L6+

x (D)~ (D Yug D™ U5)HL;>°L§’,*||D USHL;OLEZ+

AN L
N0+ Ara— H ||Uz|| 0,1+
NmaxN4 X
c. N1 > N> N3 > Ns. ThlS case can be treated like case b. with us and ug
exchanged.
d. N3 > N; 2 N > Ny. We obtain
Ny 1/2 N3 1/2 1 -1
(O (W) / <W) / WHWHL‘;’LQHD U2|\LgOL2+||U3||L§Lg
X ||<D>72(1)71U4l)71U5’>)||L<;<>L§f|u)71u6||L§cL?C+
1ANS
S ~ NOT Na- HHW”XO 1

e. Ny > Ny 2 N 2 N3. We obtain in this case
(S)d- (3
(&1 + &)2NZ N1 No|&5)|Eal|E5] 6]

M(fla"wfﬁ)s

so that
1)

™ NdoN4-
X ||D_1U4||L§°Lg HD_1US||L§°L2+ ||D_1U6||Lt°°L§1+

(D)~ (uruz) HL;NL@* ||D_1U3||L;>°L§Z+

§(1 A NOH) o
N WH“IUQHL?L; g llwill oo 2
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SAANS) T
~ N0+ NA- HHU'%HXO L
max

f. Ny > N3 2 N = N,. We obtain
Ny

1, N3 1_ )
< (/=) (=) ———
CN(N) (N) NleNg,”

X HD71u4||L§°L§ ||Dilu5||L§<>L,§§+ HD71U6HL§OL2+

<D>72(U1D71U2)”L;/X>L;°* Hu?)”LfCLg

g —1
S mHUlD UQHL?oL§+”u3”L§°L§
X | D™ uallpge s 1D sl e po 1 D™ ]| oo o+

|t llLoer2 ||D71U2|\LgoLg+ lusllLoer2

~ NpfN4-
X HD_1U4||L§°L2||D_1U5||L°°L2,+HD_1U6||L§OL2+
SAANS) T
S o Hnuznxol

g. Ny > Ny 2 N and N3 = N. This case can be treated as case f. with an
additional factor (]X,z) .

Case 5: Ny, Ng > N > Ns.

a. N3 2 N 2 N; > N,. This case can be treated as case 2a, because the additional
factor (%)l_(%‘ )2~ is harmless, when one uses Ny < max(Ns, Ng).

b. Ny 2 N> Ny > N3 (or Ny 2 N > N3 > Ny by exchanging us and us). We

have by the mean value theorem

2\/2 INg 1 _ N6 1_ 1 -1
C< 2T ()2 o D o
S E)T T e Ml gD uall e e

X (D)~ (ua D™ u5)| e poe- Il | 3 g

~or oo lullzerz luall oy 4 1D sl oo o+

X%

gl gl

X0+

luillnge 2 luall o+ 1D~ usll e po+ lall Lo r2 [ D™ s | oo o+

1
~ 0 — 0,1
NIt N6 X%

X Hu6||Xo,l+
6

0+
Fe | (I
max

c. N1 > Ny 2 N > N3. This case is treated like case 2¢, because the additional
factor (%)%_(%)%_ can be handled using Ny < max(Ny, Ng).

d. N3 > Ny 2 N> Ny or N; > N3 2 N > N,. This case can be handled like case
2e, using Ny < max(Ny, N3, Ng).

e. Ny > N, Z N and N3 2 N. This case is also treated like case 2e, because
the additional factor (42 )%’(%4)” (%)2* is acceptable, using No < N; and
N4 ,S max(Nl, Ng, N6)
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Case 6: N4, N5,N6 Z N.
a. N3 = N > Ni, N>. The mean value theorem allows to estimate

& 1_ & 1_ & 1_
M(&lv"'a€6>r\/& (2]\[)2 (N2)2 (N)2 S—‘ O-‘rl ’
N3 (61 +&2)%(€a + &5) N1[&2|[€3| NaNs No ™ Ninhe N4—
thus
5 -2 —1 —1
GBS NN (D) “(u1 D™ u2)||l Lo ree [ D™ usl| oo
X [[{D)~? (ugus)|| Lo 13 [luel| oo 2
0 1
SNBQQXN“ (w1 D u2||L?OL§+||u3||L§°L§Hu4u5”Lt°°L;||u6||L;?°L§
o _
S NI N il g2 1D ual| o pot lusl pge r2 ual | L n2 llusl| e £z e | oo 2
S(1 AN L
S NOT nA— mm HHUZH 0.1+
NmJQXN4 X

b. N, Ny, N3 2 N and without loss of generality N; > Ny and Ny > N5. We have

6
51 DU
c< 1;[1 mll@ (w1 D~ ) | oo p e 3| v 12
X (D)2 (ua D™ us)l| o~ ol 5o 2
1= B 3
§W||ulD uQHLi"’*LJ%*”uSHL?"LiH“4D “5||L:°*L§+||u6||L‘;°Li
§1- ) )
S woevas Ml e 1D il e g sl s sl o 3 1D s e g

X ||U6||L°°L2

_OCANT) T
S TNOENA- H Hui”XO 1

c. Nl,Ng 2 N 2 N;. This case can be treated as case b. without the factor
(3)2
d. Ny > Ny 2 N 2 N3 and without loss of generality Ny > N5. We obtain

1)
C < % ) -2 - D_1 .
g T 0 ) e 1D sl e
X (D)~ (usaD ™ us) || Lo 1o e poo 12
5(1/\Nr?jn)
S NI
0+
< O A Nyyiy)

~ 0
Nt N4=

X HU6||L°CL2

luruzllpeep1 ||uslle L2 ||U4D71u5||L?oLg/2 lusl e L2

llull oo 2 luall oo 12 llus| Leo 12 luall oo 2 1D~ us | e 1o

6

S(LANOT)
S N0+ ]\}‘;‘“ ||||uz||Xol
max
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This completes the proof of (4.5).
‘We now start to consider the fifth order terms and claim

y/ (W | Tuf®)Tu — I((W # [ul?yu), I(W = [ul?))d¢| <

(4.6)

‘We have to show

0 5
D:=/OAM(§1,...,§51_I (€ 1)dr . desdt S - H|| Mlgodos

with

[m(&1 + &2 + &) — m(&)m(€2)m(Es)|
m(§1)m(§2)m(€3) (€1 + €2)?

m(&s + &) .5 .
(€0 m(€s) (€1 + &)2 1211 I3

We assume without loss of generality N7 > Ny and Ny > Np.
Case 1: N > Ny > Ns.
a. Ny > Ny 2 N = Nj. In this case we obtain

M(fl,....,€5) =

Ny Ny
D< 1/2/4V2v172 L

* (D) "2(D™ us D™ us) || oo oo

o 1 ~1 -1 (4.7)
§W||U1U2HL$CL;||D U3||L,?0L§+||D us D U5||L,{><>L2+

(D)~ (U1U2)”L%L§HD71U3”L§°L2+

S(LANOHY 2
O A No) H il o1+

s N&:;XNQ
b. Nl,N32N>>N2 We have
Ny N3 _ _
D < 1/2 1/2 D 2 D 1 - -
O 5 3 D) 2D ) ez sl 22
X |{D)"*(D™ ug D s ) || Lo 1o
1) _
NNI%XNQ,HUlD 1U2||LOOL3+||U3||L°OL2HD tug D™ s | oo pat
SAANSE)
S Syt Huuznxol
c. N1, No, N3 2 N. This leads to
Ny Ny N3 6 _
D < (M2 V2y12 N3v12 0 -2 I o
O G e [T B (TS PSP P

x [(D)~2(D™ usa D™ us) || pge oo

5
SAANDE)
S N(H_ N3— HHuz”Xo 1+
max

Case 2: Ny > N5 > N. The additional factor (%)%*(%)%* can be compensated
by replacing the last factor in (4.7]) by

Ny NS IDT Py DT s | e S NSNS e s e 2

~
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leading to even an improved bound.
Case 3: Ny > N > N5. We argue as before replacing the last factor in (4.7) by

—1/2) y— - -1/2 _
Ny /||D Y2uuD 1U5||Lg°L§+§N4 /||u4||Lf°Li||D 1“5||L;?°L2+~

This proves (4.6]).

Next we claim

s
)
}/ (W s [Tul?) Tu = T((W s [uf*)u), (W + Rew)u))dt| S 5= VIl - (48)
0 2
We again consider D with
M(&,.. &)
5

_Im& + &+ &) —m(&)m(§)m(Es)]  m(§a+&5) [Ter

' m(&1)m(&2)m(€3) (61 + &2)° m(§a)m(&5)(a)? v
We argue similarly as in the previous case and consider only the more difficult case
N5 > Ny.
Case 1: N > N5 > N4. The last term in with a suitable change of the
Holder exponent in the first factor can be replaced by

I{D) D us D us || Lo po S (D) > D gl pgo oo 1D~ s || oo 1

=1

S ||D_1U4HL;>°L<;+HU5||L§°L3

leading to the same bound.
Case 2: N5 > Ny 2 N. The additional factor (%)%’(IX; )2~ is compensated by
replacing the last factor in (4.7)) by

Ny PN D) DT D s e

—1/2 A7—1/2 — —
SEAP /Ns /||D 1/2U4||L,?°L§||D 1/2U5||L§°Lg

—1/2 \—1/2
< NN g pe na lus | e 22 -
Case 3: N5 > N > Nj. Replace the last factor in (4.7) by
H<D>_2D_1U4D_1U5I|Lt°cL2+ S ||D_1U4HL§OLS+||D_1u5||L§°Lg
S N2+||U4||L;>°L§ HU5||L§°L§ .

Thus (4.8) is proven.

The next claim is

0 b
\/0 (W s [Tuf?) = TOW s ul®), T((W s Ju*)u))dt| S 5= IV Tuloyp o (49)
We again consider D with
M(&1, ... &)
_ImE &) -mE)m&)  mE &t H o
- m(&)m(&) (& + &2 m&)m)m(&) (€ + &0 2170

We assume without loss of generality No > Ny and N3 > Ny.
Case 1: N > N3, Ny, N5 (= N1 ~ Ny 2 N). In this case we obtain

M &)1/2 J

A e e L2 e CIT ] [

D < (=) A Lep
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x| <D>72(D71U3D71U4)HL;?OL;°* ||Dilu5||L;>°L§i+

] _ _ -
NWWUUQHL?L;”D YugD 1U4||L§CL2+||D 1“5||Lt<>°L§";+
max
< S(LANGE)
S Nr%-ngQ H Hul”Xo 1

Case 2: N3 > N > Ny, Ns.
a. N3 > N > N;. We obtain

(D) ~*(D™ urua) || Lo 2 (D) 7 (usD ™ ua) | e g2~ 1D~ 5| o 6+

S Ny N3
1)

S oI, D~ urus|| wL,_,+||U3D U4||LOOL3+||D Y oo o+
S(1ANOTY L2

~ 0+ n;m HH 1” 0,3+
NmaxN X

b. Ny > N; 2 N. We obtain an additional factor (%)%*(NW)%*, which is
acceptable, when one estimates as in a.

Case 3: N5 > N > N3, Ny (:> No ZN)

a. N1 < N. We obtain

(D)"2(D™"uqug)| s 2 [[(D) "> (D™ us D™ ug) || oo o s || Lo 12

1
S No N D™ ugus| OOL2+||D fus D™ gl e pa Jlus || pge 2
SAANSE)
S NI(I)I:XNQ HHul”Xo 1

b. N; > N. We obtain an additional factor (%)% (%)% which can be compen-
sated as in a.

Case 4: Ng,N4 Z N Z; N5.

a. Ny > N > N;. We obtain

N3 1/2 N4 1/2 0 —2 - —2
Ds(w) / () / m“@) (D™ ugua) || pge r2 (D) ™2 (ustua) | e p3-
X ||Dilu5||L;><>LSJr
Nioig Niisy & B B
N(W)l/ (W)l/ mHD U1U2||L?OL§+HU3U4||L;>°L;||D Yus | poe ot
S(1 AN L
N0 A mm H”UZH 0.3+
~ Nm—ngS X

b. N1 > N. We obtain an additional factor

( N
sated by replacing the term ||D_1U1U2HL .3
t T

Nuy3—(N2)3, which can be compen-
+ in a. by

D™ uyus | pee s S N, ~lluallpeepz fluz|| Loz -
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Case 5: Ng,N5 Z N Z N4.
a. No > N > N;. We have

EJDE-2012/77?

N312N512 J —2/1—1 -1
X (D)~ (us D~ u4)HLt°°L2’||u5HLf°L§
0 _ _ _
SwﬂD Yus D™ | e g3+ [|us D 1u4||LxL%+||U5||Lt°°L§
SAANS) T
S N0 Ao HHulH 0.1+
NmaxN2 X

b. Ny > N; > N. We obtain an additional factor (%)%’(%)%’, w
compensated by replacing the term |\D‘1u1D_1u2||L?oLi+ in a. by

1D~ ur D™ g | oo 1t vy Il ez uallgrs
2

Case 6: N3, Ny, N5 > N.
a. Ny > N > N;. We have

hich can be

N3 Ny N ) o _
D<71/271/271/2 D2D1 Dl -
S GGG 5w D) 2D D ) e
X (D)2 (ugua) || Lo 13 |us | Lge 22
0 _ _
~ NI%;XN?)’_HD 1U1D 1U2||L$°L2+Hu3u4”ﬂt’°L;||u5HLf°L§
_OAANSE) T
S NENS H lusll o34
b. Ny > N; > N (= Npin = N). We obtain an additional factor (%)% (NW)% <
(52)1~ leading to
1) _ _ _
Dﬁm”@» 2(U1D 1U2)||L;>°Lg||<D> 2(U3U4)|\L;>°L¢3Hu5||Lf°L§
é _
S WHMD 1u2||L§oLi/2||u3u4||L$°L;Hu5HL?°L?E
S(1ANOEY) S
S nin) Hllqu 0L+
Nr%txzv‘l X
which completes the proof of .
Next we want to prove the following estimate:
s
{/O (WsRe Tu)[u—I(W+Reu)u), I(Wx|u|*)u))dt| < N2 ||v1u||5 . (4.10)
We again consider D with
M- &5)
5
_ Im(& + &) —m(&)m(&)] m(&s + &+ &) N

m(§1)m(§2)(1)? m(&s)m(8a)m(&s)(Es +&a)* 1]
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and treat only the more difficult case Ny > N7, and assume without loss of gener-
ality N3 > N,. We consider the same cases as for (4.9).
In case 1 we replace ||(D)~2(ujuz)|| by

6
T, 5
t EY

||<D>_2U1U2H S ||U1||L§°Lg||u2||L§°Lz .

Lf°L§
In the cases 2, 3 and 4a we replace ||(D)~?(D ™ ujug)||pr2 by
(D) "D ugus |l pgerz S 1D~ un || poe o lluzll ez -
In case 4b. estimate
(D) 2D~ uyusl| Loz S llunllpgo 2|l Lo r2 -
Case 5a is essentially unchanged, whereas in Case 5b replace
||<D>_2(D_1UID_1U2)HL§CL§+||<D>_2(UBD_1U4)||L;>°L2*
by
(D)2 D™ us D™ p| e 2+ (D) 7 (us D™ Mt )| ey o

S unllzge 121D~ ual| oo g2 lus D™ a5

3
L°L2

—1
< WHUlHLgoLg||U2||L$°Lg|\u3\|L;?CL§||D Uyl poo po+ -

In case 6a estimate

I{D) 2D~ us D™ ug || Lo s S (D) "D~ | oo 2o || D™ M| pge Lo

S ||D_1u1HLt°°L2+ luallpgorz -

Similarly case 6b can be handled, so that is complete.

The forth and third order terms in [(F(Iu) — [F(u), IF (u))| turn out to be less
critical. We omit any detailed calculations here and just refer to the recent paper
of the author [18], where the following estimates were given even under the weaker
assumption |W(§)| < 1 (compared to the property |W(§)| < (€)% which we have in
the present study). We have to remark that the assumption s > % in that paper is
not really necessary for these forth and third order terms, but could be replaced by
s > 1/2, because the factors (%)% can everywhere be replaced by (%)%_ without
significance for the results. We have ([18], section 4.6, 4.7 and 4.8):

§
3y _ 3 < N3t N
/o|<f<u> ()’ Tupldt S NIV Iull 0y o

bl

0
2y _ 2 2 < N3+ 4
) = i S NI I

5
2y (7.2 < N-3tgl/2 3
/o (1) = (T)?, Twldt § N™5462 [V IulS 0y

Summarizing all our estimates in this chapter we arrive at (3.7)).
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(1]
2]
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