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UNIFORM DECAY FOR A LOCAL DISSIPATIVE
KLEIN-GORDON-SCHRODINGER TYPE SYSTEM

MARILENA N. POULOU, NIKOLAOS M. STAVRAKAKIS

ABSTRACT. In this article, we consider a nonlinear Klein-Gordon-Schréodinger
type system in R™, where the nonlinear term exists and the damping term is
effective. We prove the existence and uniqueness of a global solution and its
exponential decay. The result is achieved by using the multiplier technique.

1. INTRODUCTION

We consider the nonlinear system of Klein-Gordon-Schrodinger type with locally
distributed damping

Wy + KAY +ia) = pox,, x € Q1> 0,
br — Ad+ ¢+ ANx)p, = —Re(F(x) - Vo), z€Q, t>0,
Yv=¢=0 onT x (0,00),
$(0) = o, ¢(0) =¢o, ¢:(0) =1 (

where 1o € HE(Q) N H?(Q), ¢o € HI(Q) N H?(Q), ¢1 € HI(Q), Q is a bounded
domain of R", n <2, k > 0, a > 0, I' is the smooth boundary of 2, w is an open
subset of  such that meas(w) > 0 and A € W1°°(Q) is a nonnegative function.

In what follows x,, represents the characteristic function of w; that is, x = 1 in
wand x =0 in Q\ w. So that the nonlinearity term ¢ exists, where the damping
A(z) ¢ takes palce and reciprocally.

Systems of Klein-Gordon-Schrédinger type have been studied for many years.
For example in [3, [, [8, [, [@, 10] the authors studied problems such as existence
and uniqueness of solutions, exponential decay, the existence of a global attractor
and its finite dimensionality in one or higher dimensions, in bounded or unbounded
domains.

The majority of works in the literature deals with linear dissipative terms, acting
on both equations. Very few is known about the polynomial decay of a Klein-
Gordon-Schrodinger type system. In [2] the author proves the polynomial decay
when dealing with a localized dissipation in the wave equation and in [I] the authors
prove a similar result when dealing with a KGS system, idea that inspired this work.
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The rest of this article is divided into four sections. In Section 2, the basic
notation is given and the main assumptions made are quoted. In Section 3, the ex-
istence and uniqueness of global solutions are proved. Finally in Section 4, integral
inequalities for the energy of the system are proved using the multiplier method
combined with integral inequalities that can be found in [6] (See also [7]).

2. NOTATION AND ASSUMPTIONS

Let us introduce some notation that will be used throughout this work. Denote
by H*(2) both the standard real and complex Sobolev spaces on 2. For simplicity
reasons sometimes we use H®, L for H*(Q), L*(Q)). Let |- ||, (,-) denote the norm
and inner product in L?(£2) respectively, as well as the symbol - denotes the inner
product in R™. Finally, C' is a general symbol for any positive constant.

Let 2° € R", n < 2 and n(x) be the unit exterior normal vector at x € T,
m(z) =z —2° z€ R", n<2and

R(2") := sup m(x) = sup |z — . (2.1)
z €Q x €Q

We set the norms
fully = [ e, ulf, = [ u@PPr, e = esssup,cq fu(z)l
Some of the basic tools used are: the embedding inequality
llulls < c1||Vull2, for all u € HJ(Q);

Gagliardo-Nirenberg inequality for n = 1,

lulla < callull[Vully*,  for all u e H3(9);
Gagliardo-Nirenberg inequality for n = 2,

lulla < esllul2|Vul /2, for all u € Hy(Q);

and Young’s inequality
1 1.
ab< —a? + b, for all a,b > 0.
p p

Assumption 2.1. Let A € W1>°(Q) be a nonnegative function such that \(z) >
Ao >0, ae inw. If A(z) > Xg>0in Q, then x, =1 in Q (See [9]).

Assumption 2.2. Let w be a neighborhood of I'(z9), where I'(2°) := {z € T :
m(z) - n(x) > 0}.

Assumption 2.3. We assume that F' € C1(Q) and F € L*°(Q) with ||F|le =
M < +o0.

Assumption 2.4. Let there be a neighborhood & of I'(z%) such that © N Q C w
and a vector field h € (C*(Q2))", such that h =n on I'(z°) h-n >0 a.e. in[, h=0
on Q\ .

We conclude this section with the following lemma which will play essential role
when establishing the asymptotic behavior of solutions in Section 4.
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Lemma 2.5 ([6, Lemma 9.1]). Let E: RT — R{ be a non-increasing function and
assume that there exist two constants p > 0 and ¢ > 0 such that

“+oo
/ E(p“)/z(t)dt < cE(s), 0<s< +o0.

Then, for allt > 0,

cE(0)(1+ )72~ jfp>1,
B(t) = {cE(O)el_“’t ifp=1,

where ¢ and w are positive constants.

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

In this section we derive a priori estimates for the solutions of the Klein-Gordon-
Schrodinger system - (1.4). Let us represent by w,, a basis in H}(Q) N H%(Q)
formed by the eigenfunctions of —A, by V,,, the subspace of H}(Q) N H?(2) gener-
ated by the first m vectors and by

Z gzm wz; ¢m Z himw,

where (¢, (t), pm (t)) is the solution of the Cauchy problem

1(WVr,m, u) + K(AY, u) + ia(Ym, u) = (dm¥mXw,u) Yu € Vi, (3.1)
(¢tt,ma U) - (Agbnu U) + (¢m:v) + ()\(%)Qﬁt’m,?]) = - Re(F(x) . Vwm,v), Yv G(Vm5
3.2

with
wm(x70) :wOm _>'(/J07 ¢($,0) :¢Om _)(bO in Hol(Q)mHQ(Q)7
th,m(o) - d)lm - ¢1 in H(:)L (Q)
Next we have the following existence and uniqueness result.

Theorem 3.1. Let (v, o, ¢1) € (HE () N H?(Q))? x HY(Q) and Assumption[2.]]
and- hold. Then, there exists a unique solution for the problem (L.1))-(1.4) such
that

(3.3)

¢ € L®(0,00; Hy(Q) N H*()), 4 € L=(0,00; L*()),
¢ € L°(0,00; HYH(Q) N H?()), ¢ € L>=(0,00; Hi(Q)),
¢ € L>(0,00; L*(2)),
U(x,0) =vo(z), ¢(,0) =do(x), dro0(2,0)=0di(z), z €l

Proof. The main idea is to use the Galerkin Method. Setting as u = t,,(¢) in (3.1)
and by integrating and taking the imaginary part of the equation we obtain

N m I + algm? = 0. (3.4)
Applying Gronwall’s Lemma produces
[9m ()] < [$m (0)lle™. (3.5)

Therefore,
m| < R forall t > 0. (3.6)
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Next, by setting u = —; ,,, in (3.1)) and by integrating and taking the real part,

becomes
5o TP+ ot [ b = —Re [ b

For the right hand side of the equation above we have

535 | 0ol =5 [ Guntinl +Re [ niii

But from equation (3.1)) we also obtain

ot [ bnibimds =ka [ (Vonfdota [ onlin Pl
Q Q w

Therefore,

d
’;dt/ |Wm|2+m/ \Vwm|2dx+a/¢m|wm\2dx

=57 | ol +5 [ unluml®
Next, letting v = ¢ m, equation (3.2) gives

= [H@mn? 16l + lom] } +allbenl < = [ (F@)- V)61
Now, by adding (3.4] and the above inequality, we have

s [men? + ][ Vb >||2 1 unll? + 1901+ 10mlP + [ émlin ]

+altml? + Xollgem 1 + ral Vipm 1 + a/ G|V |*dz
w

1 bl

< —/< (&) - Vo)t mil.
Q

Evaluating these integrals by using Assumption [2.3] Gagliardo-Nirenberg inequality
and Young’s inequality, we obtain

1 2 @ 2 c? 2
- < =
5 [ ornltmbie| <5 [ 1imldo+ T [ (V0P
M?
| [P @) Vombumds| < 5 [ fornPdz+ 5 [ 1V Ps,
Q 2 Jo 2a Jo

2
a/ ¢m|¢m‘2dx‘ < a/ ‘¢m|2d$+£/ |V¢m|2d$
w Q 4 Q

Integrating the above expression over (0,t) and applying Gronwall’s Lemma we
obtain the first estimate

1Dl + &I Veml* + demll* + IV om|* + ml* + / Gm|m|*dr < L1, (3.8)

where L; is a positive constant independent of m € N. Let

B = [l + 60 + [l + 190m I + lémlP+ [ omlindo
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evaluating the integral

1 K
/ S l[m*dz < [|pmll[¢mlF < Cllopm IV mleom]l < §||V¢m||2+§||v¢mll2+0
one can deduce that
K 1

E(t) > |ldmll® + §||V1/)m||2 + [lpeml® + §\|V¢m||2 +lléml? + C,
and

Et < 2 Sj V 2 2 § v 2 2 C

(1) < Wl + 2N+ B0l + [Vl + 6l +C.

so from (3.8 we have

1o 1+ Vo | + | Stm1* + 1 Vbm |* + [ ¢ml* < Ly + C.

Next, let u = Azﬁtm + aAt,y,, in (3.1). Taking the real part and integrating over
Q produces

1d
TN R P
B B (3.9)
:Re/ QﬁmwmAwt’mdx—I—aRe/ O WY Ay dx.
Furthermore, by letting v = —Ad¢; 1, in (3.2) and integrating, we also obtain
1d
577 (190t |2 + [180m2 + [Véml?) + Aol Vorml

< Re /Q (F() - Vo) Ay
Analyzing the right hand side of produces the equation
Re/ G Aty da
= %Re/w G om Ay dz — Re/w GtV Athydr — Re/wquwthz/;mdx,
while by ¥4 = —i(—A¢p, — iam — PmPmXw),
— Re/ ¢m¢tﬁmA1/7dex = Re/ 1O |~ AUy, — 10 — G tbm | A da
=aRe / Gmtm A dr + Im / 2 Py Athyd.

Substituting the expressions above into (3.9) yields
1d
2dt
= 2@/ (bmql}mAlZ}mdx'*'Im/ ¢72n¢mA"Lmdx _Re/ ¢t,mwmA1Z}mdx~

(KA = 2Re [ G Aiind) + ra A
w (3.11)
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Next, adding (3.10) and (2.1) gives

1d
535 (18U =2Re [ 60 e + V61,17 + 186+ [90,17)

+ HO‘”A'l/)mHQ + >\0||v¢t,m||2

< 2@/ ¢m¢mA7Lmdx+Im/ anwmAimdm

- Re/ th,mq/}mAq/jmdz + RG/Q(F(J?) . vwm)Ath,mdz
’ (3.12)

Estimating the integrals on the right hand side of (3.12)) using the Sobolev embed-
ding theorem and Young’s Inequality

[Re [ bt S| < 16l sl Al < F1AIP + T IV
10 [ 6265 nde] < Bl St < F1AYI? + IV | [T 2
|~ Re / HrntomSTmdz] < 6 lallom s Abnll < 318G+ CITS 2T 7
Now evaluating the last term of (3.10)),

/Q(F(x) Vi) Ay mdax

= /Q V(F(z) - Vo)V mda

= /Q (F(x) - A)Vy mdx — /Q (VF(x) - Vb))V mda

- /Q(WJm x (V x F(x)))Vor mdz

and taking into consideration Assumption produces

- / ) - Ab)Vrmdz] < CllAG IVl
- / 2) - Vi) Vérmdz] < CVpa ||Vl

- / Vi % (V X F(2)) Vot mdz| < C| Vbl IV eml.

Integrating over (0,t) and applying Gronwall’s Lemma we obtain the second esti-
mate

A0 [12 + [Vormll* + [A¢m [ + [Vom|* < Lo, (3.13)
where L» is a positive constant independent of m € N. The rest of the proof follows
the same basic steps as the one of [3, Theorem 3.1]. O

The energy associated to the problem is defined by

1
B i= 5 (11 + sVl + [ olulda+ [ + V67 + JolF). (310



EJDE-2012/179 UNIFORM DECAY 7

4. EXPONENTIAL DECAY

Let {1(t), 0(t), ¢+ (t)} in HY(Q) N H? x HY(Q) N H2(Q) x H () be a solution
of the (L1)- (L.
M2

Lemma 4.1. Let &, a, A\g be large and € be small enough. Then for 8 := ka— g

i > 0 the first order energy satisfies the inequality

B0 < ~a [ Wde =5 [ [VoPde+cloeno) [ loPde =5 [ Ao

Proof. Substituting into (3.1)) u = —y, taking the real part, next substituting also
v = ¢4, into (3.2)) and integrating both over 2, we have

th/ [V dx+aIm/wwtdx——Re/¢z/)¢tdx

1d

§£/§2(|¢t|2dx+ V|2 + |¢|2)dx+/9)‘($)|¢t|2d$: —Re/Q(F(w)-Vilf)qﬁtdx.

The right hand side of the first equation becomes

331 | ooz =3 [ avPda s Re [ ovida,
Also from we have

aIm/ Ypeda = Iia/ |V |2de + a/ BlY|*d.
Q Q w
Taking u = 1, in (3.1]) integrating over © and taking the imaginary part yields

33 |1k a [ uPdz o

Adding the above equations gives

<) +a/ \¢|2dx+m/ |V¢|2dx+a/¢|w\2dw+/ A(@) |2 de

= §/w¢t|w| dr — Re/ﬂ(F(m) - V) oida.

Evaluating the integrals by using Assumption 2.3} Gagliardo-Nirenberg inequality
and Young’s inequality produces

3 [ o < ¢ [ s@lotars - [ [wopas
‘/Q(F(g;)-wp)o;tdx‘ < %/QA(x)|¢t|2dx+—/ IV |2de,
‘a/wq§|w|2da:‘ Sc(a,cl,e)/Q|q§|2dsc+£/9|vw|2da:.

Hence for k, a, Ay large, € small enough and § as above, it holds that

E(0) < ~a [ [Pdo -5 [ [Volde+claene) [ loPde 5 [ Aa)lorfds,
Q Q Q 8 Ja
(4.1)
which concludes the proof of the Lemma. O
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Lemma 4.2. Let {11, ¢} be solutions of (1.1) - (1.4), 8 > 0 and Assumptions
- hold. Then there exists Ty > 0 such that if T > Ty we have

2 (., e Op\ 2 1
— < — . — —
o/ E*(t)dt < 2/S E(t) /F(zo)(m n)<6n) drdt + a|X| + CoE(s),

where

1

x= 7] E®) (/Q (11 + KV + dagu(m - V) + adp (46, + 2\(2)6) ) da

) T
+ [ dlupaz)]
0<s<T <+ and Cy depends on o, B, \, R, M, k,n,c;.

Proof. Multiplying (3.1)) by E(t)i, taking the imaginary part and integrating pro-
duces

;[E(t)/ﬂqudx}j;/STE’(t)/Q|1/)|2d:U+a/STE(t)/Q|w|2dxdt—0.

Next, multiplying (3.1]) by f%E(t)d—Jt, taking the real part and adding the previous
equation produces

sEo( Lo mvvmias [ opra)] % [ e [ 1voraa

o b [ ka2 [ e [ vopaa
" j/STE@) IR i/T B0 [ 1 deds

T T
=5 [ F0 [avpaasy [ B0 [owpaa
(4.2)

Multiplying the second equation by aE(t)(q - V), where ¢ € (W1>°(Q))", inte-
grating by parts and using Green’s identity we obtain

B0 /Q oulq-Vo)a] —a / "B /Q ou(q - V) d dt

a [T 4 9¢ dqi, 0¢
s E i 2 E -7
+ 2/S (t)/ﬂdlv q|o¢|” dx dt—f—oz/s (t) \, 9u, O, D dz dt

- Z/T E(t)/ﬂdiquWIdedt— Z/T E(t)/r(q-n)(g¢)2d1“dt (4.3)

n

T T
—|—a/ B(t) ¢(q~V¢)dwdt+a/ E@®) [ AM2)éi(q- Vo) dadt
s Q s Q

I, / B(t) /Q (F(x) - Vi) (q - Vo) da dt.

Adding relations (4.2)) and (4.3)), we obtain

T[EO( [ (0 +5I90R + 00u(a- Vot + [ alvpan)]

T
s
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a [T . 2 2 T ¢ g, 09
+5/5 E(t)/levq[|¢t| — |Vl ]dxdt+a/s E(t) | 9 e, By, 20

K

T ) T
_Z/s () [ vl da:dt—i—oz/s B) [ oa- Vo) do
T T
—a/ E’(t)/ﬂqﬁt(q-ng)dxdt—i—a/ E(t)/Q)\(x)qSt(q~V¢)dxdt
T T
@ 2 ha 2
+2/S E(t)/ﬂ o2 dar it + 7 / B) | (V02 ot

2 " B [ o aa—3 [ 0 [ o azar
o [ e
—;/STE(t)/w@¢|2dxdt—a/sTE(t)/Q(F(x).w)(q.w)dxdt

+2 / " B / (q- n)(g¢) drdt. (4.4)

Considering that ¢(x) = m(z) = « — xg, relation (4.4)) becomes

LB [ Qo + wiTof + daguim - Vi + [ oipan)]

/ ) [ Vo dit+ 5 / 0 [ 61 = Vo] de a
_g/ E'(t /\w|2dxdt+ / /|1/)|2dxdt

+a/ /(bm VqS)dxdtJra/s E(t)/Q () (m - Vo) dar it
_O‘/s E’(t)/ﬂ@(q.Vqﬁ)dxdt—i/STE’(t)/Qw|2dxdt (4.5)

RO

T
+ = E(t)/ V|2 da dt
2 s Q

< _‘;‘[E@)szmH /8TE<t)L¢tlw|2dxdt

+;/STE/(t)L¢|¢|2dxdt+Z/STE(t) /F(wo)(m'n)(g(s)Qdth
—a/STE(t)/Q(F(x)-Vz/;)(m-v¢)d:rdt.

Now multiplying (3.2) by aE(t)£¢, where & € W1°°(€2), and integrating we obtain

(1) /Q s€(0+ D) 1] o / 0 /Q lon[? da dt
—|—a/STE(t)/Q¢(V§-Vqﬁ)dxdt—i—a/sTE(t)/QﬂV(bdedt

DN | =
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T T
2 @ / 2
+a/s E(t)/ﬂ§|¢| dx dt + 2/5 E(t)/ﬂf)\(:v)hzﬂ dx dt
T T
—a / B(t) / €OV dadt + a / B [ etpdudt. (4.6)
s w s Q

Taking £ = 26 € R and adding (4.5) and (4.6) produces the expression

T T
X—i—oz(g—%)/ E(t)/ |¢t|2d:cdt—|—a(1—|—25—g)/ E(t)/ |Vo|? dx dt
s Q s Q

—Z/STE'@)/Q|vw|2dwdt+a/STE(t>/Q¢><m~W)dxdt
—i/fE'(t)/Q|w|2dxdt—a/STE%t)/Q@(m-vw dv di
+2a6/sTE<t>/Q|¢|2dxdt+Z/STEu)/QWda:dt
+a/TEt /qustm-vgb)dxdw’?/TEt /Q|v¢\2dmdt
+a5/ E'(t / \¢|2dxdt+2a5/ /qSVq/)dxdt
<+s / 2(0) [ oo dear -5 / B0) [ oluf do i

+;/fE(t)/w¢t|¢|2dxdt+26/STE'<t>/Q¢t¢dxdt

.

“a / B(t) /Q(F(x)-vw)(m-qu) da dt

T
o 8(;5
— E(t drdt.
Choosing § = 21, if n =2 or § € (0,1/2), if n = 1 relation (4.7) becomes

x+a/STE2<t>dtZ/STE'@)/Q|w2dzdt+aLTE<t>A¢<m-w)do:dt
—a/fE’(t)/Q@(m~V¢)dmdt+a/sTE(t)/QA<x)¢t(mwmxdt
w0 [ was O [T pe [ @ik aa

o[ e [ a0 e [ op ara

+ “("2’ D /STE(t)/wqﬁvwdxdt

< ;/STE’<t)L¢|w|2dmdt+;/STE<t>L¢t|w2dxdt

(4.7)
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T
—a/ E(t)/g(F(x)-Vzb)(m-V@ dx dt (4.8)
a [T O an—1) (T _,
+§/S E(t)/r(xo)(m n)((9 ) dth—l—T/S B'() | 606 d .

In order for the proof to be completed we need to estimate some of the terms

appearing in ({4.8). Let I} = —; f E'(t) [o(5]V[* + |]?) da dt. Then taking into
3.14]

consideration (3.14
N R 1
|| < 1 |E'(¢)|E(t)dt < —3 (E=(¢))'dt < gE(O)E(s)
S S

Let I = O‘(" 2) f E(t) |, |¢|* dz dt. Then taking into consideration (3.14)),
(n—2) (n—2)

alg 2a )\

)

T
|| < — / E@)E'(t)dt < E(0)E(s).
Let I3 = af E(t) [, ¢(m-V¢) dx dt. Then taking into consideration (3.14), ([4.1)
and Young’s inequality gives

R2a2 [T T
I < 7 /E(t) |¢|2dxdt—|—e/ E@) [ Vol dodt
€ s s Q
R?
< 2 E2(t)
746/\0 + 6\/

Let Iy = —« fs E'(t) [ ¢¢(m - V¢)dx dt. Then taking into consideration (3.14)),

T
Il <ak [ IE@IEG: < 5 EOE).
Let I5 = af E(t) [o Mx)¢i(m - Vo) dx dt. Then taking into consideration
and and Young’s inequality produces

? R[N
3€

T
15| < E(0)E(t) +2e/ E%(t)dt.

Let I = 2= [T E/(1) [, A()|¢|? dz dt. Then taking into consideration (3.14),

6| < a(n_;)\w/s |E(t)|E(t)dt < %

Let I7 = W ng E(t) [, #Vipdz dt. Then taking into consideration (3.14), (4.1)
and Young’s inequality produces

2(n —1)°
|17|g0‘(’;6 / /|¢>\2da:dt+2e/ E2(t

(n— 1) 2
o PO)B(s) + 2 / E2()dt

Let Is = 1 ng E'(t) [, ¢|¢|* dz dt. Then from relation (3.14) and Young’s inequality
we obtain

C
ni< % [ 1Bl [ oIver < ©

E(0)E(s).

IN

G 4+ Y p0)B(s).
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Let Iy = 3 f E(t) [ ¢|¢|*dxdt.  Then taking into consideration (3.14) and
Young’s inequality we obtain

Iy < — 166 /|V1/J\2dxdt+2e/ E2(t

< 2 E3(t
- 3265 )+ 6/

Let I1g = —af E(t) [o(F(z) - V§)(m - V¢) dxdt. Then using (3.14), (£.1]) and

Young’s inequality we obtaln

2R2M2
[To] < ———— / /\v¢|2dxdt+2e/ E%(t)

4e
< 281%:;4212(0)1@( )+2e/ E%(t)dt.

Let Iy = 2D [T E/(1) [ ¢y da dt. Then relation (B-14) implies

a(n—1)

— EO)E(s).

|I1] < @ /ST |E'(t)|E(t)dt <

Hence, the following inequality holds, with e = 1/12,

2 (T, e P\ 2 1
A E*(t)dt < 5/5 E(t) /F(wo)(mm)(an) dth+E|X|+COE($)’ (4.9)

where
a(n —1)2 + 803 R2||A||sodo + 6aR2 + (n —2)  3c2 + 1202 R2M?
Co = [ +
Ao 80
2a(n — 1)(1 + [|Alo) + 2¢1(k + 1) + 1 + 4aR
+ . }E(O).

O

Lemma 4.3. Let the assumptions in Lemma[{.9 and Assumption hold. Then
there exists Ty > 0 such that if T > Ty, we have

1 T

— E?(t)dt
51 (t)d

1 R RC 3 T
< SR+ LY+ (Cot DB + SR [ E@) [ V0P dode

where
y — = [E(t)(/Q (J0]? + K| VY|* + dagi(h - Vo)) dx + /w ¢|1’/}|2dx)]j

and C1 depends on o, B, \, R, M, K, h,c1,co.
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Proof. For ¢ = h expression (4.4) becomes

T T
Y—a/ E’(t)/¢t(h-v¢)dmdt+%/ E(t)/divh[\¢>t|2—|v¢|2]dxdt

1 ¢ Ohy 0o k[T
+ oz/s (t) . Oz, O dx dt 1 /S (t) ; |Vp|* da dt

T T
—|—a/ E(t)/¢(h-v¢)dxdt+a/ E(t)/A(x)d)t(h~ng)dxdt
(0% T RO T
+§/S B) | |¢|2dxdt+7/s E(t)/ﬂ|vw|2dxdt
1 T T
_1/5 E’(t)/Q|1/J|2dxdt+%/S E(t)/wmp\?dxdt
T T
5] 20 [ owpaa—g [ 5o [ ok

T
+a/ E(t)/(F(x)-w)(h.w) da dt

a [T oo}
> 5/3 o) /F@O)(h-n)(an) drdt.
(4.10)

Evaluating some of the terms in the previous expression, we have

3 /STE(w /w div Alloif* — Vo[ da dt|

allh|lwr.e

T
< : E(o)E(s)+aHh”7W“’°/ E(t)/ V|2 da dt,
20 2 s @
T d¢ Oy 99 r 2
’a/S E(t) /8% e dt’ <a||h||Wloo/ E(t)/@\Vqﬂ dz dt,

‘Z/ E/(t)/ V| — |1/J|2dxdt‘ <

’oz/s /gbt (h- V) da dt’ ME(O)E(S),
‘a/TE(t)/)\(:v)gbt(h.Vqﬁ dazdt‘ i L wi oo g E(s)+2e/TE2(t)dt

& 66
%/ /|V¢\2dzdt’ <—E (0)E(s),

B / / ol de dt| < S5 B(O)B(s) + 2¢ / e
’f/ B () /|w|2dxdt‘ SiE(O)E(s)
’%/ /¢t|¢|2dxdt‘ i 5350 (s)+2e/sTE2(t)dt

LB E(s),
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and finally
o / " B /Q (F(z) - Vo) (h - Vo) dmdt‘
P 55 o / -
‘a/STE(t)/Q¢(h-V¢)dq;dt‘ ”hi'VK;“ +26/ E2(t

;/STE’(t)/wgi)WFdxdt‘ < i/STE’(t)/Q|¢|2dxdt+/S E’(t)/g|1/)|4d:cdt

< 1+c3

E(0)E(s).

Taking into consideration the evaluations above and substituting them into (4.10]),
we obtain

R
a / Et/ dth<R|Y|+106R/ E?(t)dt + RCyE(s)
T (4.11)
3al|lh||wi.~ R
1 Selhllw: =R ”2W / /\v¢|2dxdt
where
O e |:K/+3+C%+20[||h‘|wl,oo a?ct + 402 (|h|Z o M? by
L 4 32¢03 20
[Pl we @@ [[Aff A ]
46/\0 4ﬂ + 6e ] (0)
Combining (4.9)) and ( and choosing € = g5, we deduce
RC
/ ()it < T+ CI¥] 4 (Co+ Tt B(s)
(4.12)
+§||h|W1,ooR/ E(t)/ Vo da dt,
which completes the proof of the Lemma. [l

To evaluate f E(t) [, V| dx dt, we construct a function n € W (Q) such
that

0<n<1, ae inQ withn=1,ae. inw, (4.13)
n=0, ae. in Qw, (4.14)

\V4 2
| ;' € L®(w). (4.15)

Finally, we state and prove the main result of the present work.

Theorem 4.4. Let Assumptions and [2.9 hold and 8 > 0. Then there exists
some positive constant C = C(E(0)) such that the following decay rate holds for

each solution (v, d, p+) of ' ’

B(t) < CE(0)
1+t

, forallt>0. (4.16)
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Proof. To prove the Theorem it is sufficient to prove that
T
/ E%(t)dt < CE(S), forall0<s<T < +oo,
S

for some positive constant C' independent of T'. Letting £ = 7 in (4.6) we obtain

[op(t) [ on(or+ M09 10" / " [ oz

S

—l—a/sTE(t)/qu(Vanﬁ) dxdt—i—a/sTE(t)/wandexdt

- 0 T (4.17)
+oz/ E(t)/n|¢|2dxdt+§/ E’(t)/n)\(x)|¢\2da:dt
S - w S - w
= —a/ E(t)/n¢v¢dxdt+a/ E’(t)/ntﬁgbda:dt.
Evaluating the integrals above produces
T
a/ E(t)/mw\?dxdt
s @ (4.18)

T T
< |Z|+CQE(5)+26/ Ez(t)dt+%/ E(t)/n|V¢|2dxdt,

S

where

Z .= [aE(t)L¢n(¢t+ A(;)(b)dx}j

| A ] so |Vn|? 1 1 a? 4o a]
o — 2 4 2 E(0).
2 | n I +2a)\0+a)\0+86ﬁ+3/\0+2 (0)

Therefore combining (4.12) and (4.18)), choosing ¢ = m and taking into
consideration
T T
/ E(t)/n|v¢\2dzdt:/ E(t)/ |Vo|? dx dt,

RC,y
(0%

C’g::[ + |

we obtain

I 1 R
" / EX(t)dt < x|+ [V |+3l| oo RIZ]+ (Co+ L+ hl| o« RC)E(s). (419)
Note that the following estimate holds

1 R

x|+ < Y]+ 3l RIZ] < CEO)E()

where C3 = C5(R, , K, d, A, €1, ||| 0o, [[A||oo). Then
T
/ E%(t)dt < CE(0)E(s),

where C' = C(R, a, k,0,mn,¢1, 3, ||h]|oos [[M|loo) is independent of T. Then employing
Lemma [2.5] we deduce the desired decay rate. O
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