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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR
NONLINEAR ELLIPTIC DIRICHLET SYSTEMS

GABRIELE BONANNO, ELISABETTA TORNATORE

ABSTRACT. The existence and multiplicity of solutions for systems of nonlinear
elliptic equations with Dirichlet boundary conditions is investigated. Under
suitable assumptions on the potential of the nonlinearity, the existence of one,
two, or three solutions is established. Our approach is based on variational
methods.

1. INTRODUCTION

The aim of this article is to establish the existence of solutions to the system
—Au = AV, F(z,u) in
(1.1)
u=0 on 0,

where Q@ C RY (with N > 3) is a non-empty bounded open set with smooth
boundary 0f2, A is a positive parameter. In the statement of problem 7 u
Q — R™ (with m > 1) and F : Q x R™ — R is a C'-function, F(z,0) = 0 for
every x € Q and V,F' = (Fy,)i=1,..,m where F,, denotes the partial derivative of
F respect on u; (i =1,...,m).

Existence results for nonlinear elliptic systems of type have received a great
deal of interest in recent years. We refer the reader to [6] for a complete overview
on this subject, and to [§] and the references therein for more recent developments.

In this article, at first, we prove the existence of a non-zero solution of problem
, without assuming any asymptotic condition neither at zero nor at infinity
(see Theorem and, as a consequence, we obtain the existence of one solution,
by assuming only that the potential F' has a suitable behavior at zero (see Corol-
lary . Next, we obtain the existence of two solutions, possibly both non-zero,
assuming only the classical Ambrosetti-Rabinowitz condition; that is, without re-
quiring that the potential F' satisfies the usual condition at zero (see Theorem [3.3]).
Finally, we present a three solutions existence result under appropriate condition
on the potential F (see Theorem [3.4).

It is worth noticing that in [8] the nonlinear elliptic Dirichlet system involves
the (p, q)-Laplacian with p, ¢ > N, since in a such result the compact embedding of
the Sobolev space in C°(€) is a crucial point in the proof; while in our results, the
case p = q = 2 < N is investigated. Some examples illustrate the obtained results
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(see Examples and [3.9). Our approach is based on critical point theorems
contained in [3] and [5]. The paper is arranged as follows. In Section 2 we recall
our main tools, while Section 3 is devoted to our main results.

2. PRELIMINARIES

In this section, we recall definitions and theorems to be used in this article. Let
(X, |l - 1) be a real Banach space and ®, ¥ : X — R be two continuously Gateaux
differentiable functionals; put

I=o-V
and fix r1, ro € [—00,+00], with 71 < r2. We say that functional I satisfies the

Palais-Smale condition cut off lower at r1 and upper at ro ("1(PS)[2l-condition)
if any sequence {u,} € X such that
e {I(uy)} is bounded,
o limy oo |1/ (12) | x- = 0,
o 1 < D(uy) <ry VneN,
has a convergent subsequence.
If 11 = —oco and ry = 400 it coincides with the classical (P.S)-condition, while
if 1 = —o0 and 7y € R it is denoted by (P.S)["2l-condition.
Now we recall a result of local minimum obtained in [3], which is based on [2
Theorem 5.1].

Theorem 2.1 ([3| Theorem 2.2]). Let X be a real Banach space, and let &, U :
X — R be two continuously Gateauz differentiable functionals such that infx ® =
®(0) = U(0) = 0. Assume that there exist r € R and u € X, with 0 < ®(u) < r,
such that

SupuE@*l(]—oo,r[) \Ij(u) \I}(ﬂ)

< 2.1

T () (2.1)

and, for each A € A := ]ig;, SUPuetp—l(]iw,T[)‘I’(u)[ the fzfnctz'onal Iy = o - \U

satisfies the (PS)!"l-condition. Then, for each A € A := ] igg;, sip 1(]7« NI [;
wed—1(]—oo,r

there is uy € ®71(]0,7]) such that Ix(uy) < In(u) for all w € ®71(]0,r]) and
I (uy) = 0.

Now, we also recall a recent result obtained in [3] that ensures the existence
of two critical points and which is based on [2, Theorem 3.1] and on the classical
Ambrosetti-Rabinowitz Theorem (see [1]).

Theorem 2.2 ([3, Theorem 3.2]). Let X be a real Banach space and let &,¥ : X —
R be two continuously Gateaux differentiable functionals such that ® is bounded from
below and ®(0) = ¥(0) = 0.

Fix r > 0 and assume that, for each A € ]O o W [, the functional

7 SUP,cgp—1(]—oo,
Iy = ® — AU satisfies (PS)-condition and it is unbounded from below. Then, for
each A €]0 , the functional I admits two distinct critical points

n X.

- [
?SUP,cq—1(] - oo,rp) ¥ (W)

Finally we point out an other result, which insures the existence of at least three
critical points, that has been obtained in [5] and it is a more precise version of [4,
Theorem 3.2].
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Theorem 2.3 ([0, Theorem 3.6]). Let X be a reflexive real Banach space, ® : X —
R be a continuously Gateaux differentiable, coercive and sequentially weakly lower
semicontinuous functional whose Gateaux derivative admits a continuous inverse on
X* U: X — R be a continuously Gateaux differentiable functional whose Gateaux
derivative is compact, moreover

®(0) = ¥(0) = 0.

Assume that there exist r € R and u € X, with 0 <r < ®(a), such that
(i) MPuer=i@ocor) e O wga)
(ii) for each A € A := ]‘I’E
coercive.
Then, for each X\ € A, the functional Iy = ® — AV has at least three distinct critical
points in X.

e
Sﬁl

T - .
IR —— O [ the functional ® — AU is

S

Throughout in the article we assume the following conditions:
2N

(HO) there exist two non negative constants a;, az and a constant ¢ €]1, 35|
such that
|Fti(x,t1,...,tm)|§a1—|—a2|ti|q_1 i:l,...,m
for every (z,t1,...,tm) € Q X R™.
We consider the Sobolev space Hi(£2) endowed with the norm

L.\ 12
Julliyoy = ([ IVuto)Paz) " (22)
Q
for all u € H} (D).

Now, let X be the Cartesian product of m Sobolev space HJ(); ie., X =
[T, H} () endowed with the norm

m
lall := D luill g ey
i=1

for all u = (ug,...,um) € X.
A function v = (uq,...,uy) € X is said a weak solution to system (1.1)) if

m

/ ZVuz -V (z)dr — )\/ Z Fu,(z,u1(z), ..., um(z))v;(x)de =0
for every v = (v1,v2,...,0m) € X. Moreover, a weak solution u € X is called non

negative if u;(z) > 0 for every i = 1,...,m and for each x € Q.
Now, put 2* = % and denote by I' the Gamma function defined by

+oo
I(s) = / 25 le*dz, Vs > 0.
0

From the Sobolev embedding theorem, for every u € H}(2) there exists a constant
¢ € Ry such that

[ull 2+ () < cllull o (2.3)
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the best (smallest) constant that appears in (2.3) is
1 ( N! ) 1/N
N(N —2)m \2I'(1 + &)

CcC =

(2.4)

(see [1]).
Fixing ¢ € [1,2*[ in virtue of Sobolev embedding theorem, for every u € H} (1),
there exists a positive constant ¢, such that
ull Lae) < cqllullmo) (2.5)

and, by the Rellich theorem the embedding is compact.
By using ([2.4)), we have

Q) = NI \UN
N(N —2)r \2I'(1 + 3)
where 1(£2) denotes the Lebesgue measure of the set Q2. Moreover, let
D := sup dist(z, Q). (2.7
€N
Simple calculations show that there is xg €  such that B(zq, D) C Q.
Finally, we set
D ra+4% 1/2
= I 2)N> : (2.8)
V2rt \DN —(D/2)
and
2v2me; (2N — 1 2% maci(2N — 1
K, = 2V2mel ) k- A ) (2.9)

D2 qD?
To study system (1.1]), we will use the functionals ®, ¥ : X — R defined by
putting

O(u) = %Z ||ui\|§{3(9)7 U(u) = /QF(:E,ul(;E)7 e U (2))da (2.10)
i=1

for every u = (u1,ug,...,uy) € X.

Clearly, ® is a coercive, continuously Gateaux differentiable and weakly sequen-
tially lower semicontinuous, whose Gateaux derivative admits a continuous inverse
on X*. On the other hand ¥ is well defined, continuously Gateaux differentiable
with compact derivative. One has

m

&' (u)(v) = /Q > Vuila) - Vu(e)da

V(@) = [ 3 Ful@n(a) . ()(a)ds,

for every v = (v1,v2,...,Um), = (U1, U, ..., Up) € X.
A critical point for the functional I := ® — AV is any v € X such that

' (u)(v) — AV (u)(v) =0 Yo e X,

Hence, the critical points for functional I := ® — AW are exactly the weak solutions

to system (|1.1)).
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3. MAIN RESULTS

In this Section, we present our main results. First, we establish the existence of
one non-trivial solution.

Theorem 3.1. We suppose that (HO) holds and assume that

(J1) F(x,t) >0 for every (x,t) € Q x RT" where R = {t = (t1,...,t,) € R™:
>0 i=1,...,m);

(J2) there exist a positive constant v and a vector 6 € R with |§| < vk, such
that

K, _
HE > a17 + as Kov? 27

where a1, a2, q are given by (HO) and k, K1, Ko are given by (2.8) and

(2.9)-
Then, for each A\ € ] 2(222—1) infze‘(f‘;(w75)’ 2(2;]2_1) 1 [, the system (1.1))

R -
a1 =t +az Kaya=2

has at least one non-zero weak solution.

Proof. Our goal is to apply Theorem Consider the Sobolev space X and the
operators defined in (2.10). By using (HO) one has

m

i Qa
|F(2,t1,. .. tm)| §alz\ti|+;22|ti|q, (3.1)
i=1

i=1
for every (z,t) € Q x R™. Taking into account (3.1)) it follows that

¥ = [ Feade <oy lulloe + 23wl (32

i=1 i=1

Let r €]0, +o00], then for every u = (uy,...,un) € X such that ®(u) < r, by using

(2.5) from (3.2)) we obtain

U(u) < areymV2r + %chgﬁ/?rq/?. (3.3)

Hence, from (3.3)), the following relation holds

su (oo P(u 2 292miclay
Puca—(—cer) () _ \[mclal TR s (3.4)
r r q
for every r > 0. Now, we choose the function @ = (41, ..., u,) € X defined by
0 if x € Q\ B(zo, D)
ui(z) = 2:(D - \/Zj.vzl(mj —xj0)? if 2 € B(xo, D)\ Blag, L) (3.5)

1) ifr € B(l’o,%)
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fori=1,...,m. Clearly u € X and we have
1 m
d(a) = EZ/Q |V (2)|*dx
=1
1« / 467
== Ldx
2 ; B(z0,D)\B(z0,%) D2 (3.6)
2|52 D
=z (W(B(zo, D)) = u(B(zo, 7))
2|6 ul N N
= — (D" = (D/2)").
i (0
Put r = 2, bearing in mind that |§] < yx, we obtain
0<®(u)<r
and by using (J1) we have
> DN
\Ilﬂ:/F;v,ﬂx de/ F(x,0)dx > inf F(x,0)————. (3.7
W= [ P> [ o o Fe g g 67

Hence, by (3.6) and (3.7)), one has
U(a) _ D2infyeq F(z,0)
(u) — 202N - 1)[6?

By using (2.9)), (3.4), (3.8) and taking into account (J2), we obtain

SUP -1 (]—oo,r]) P (1) - @mcml N 24/2chga2

r y q
D? K
- - K. q—2)

202N —1) (a1 5 + az o7y

D?inf,cq F(x,6) < U(a)

202N —1)[6)2 — d(u)’
Moreover, by using [2, Proposition 2.1], it is easy to prove that the functional

I, = & — \U satisfies (PS)["-condition.

Therefore, all the assumptions of Theorem [2.1] are satisfied. So, for each \ €

202N -1 512 202N -1 b(a 2
] ( D2 : inf, |Q|F(w 9)? ( D? : K] 1K q—2 [ < ] \IJEZ;’ sup 1 - 21 W(u) [ ) the
z€ » a17+a2 27y u€P 1 (]—o00,v2)

functional I, has at least one non-zero critical point that is weak solution of system

(). O

We now point out the case when F' does not depend on z € €2, we consider
problem

(3.8)

q—2

—Au = AV, F(u) in ),

u=0 on 0N (3.9)

we have the following result.

Corollary 3.2. Let F : R™ — R be a non-negative and C'-function satisfying
(HO) and assume that
F(t
lim sup *)

ltl—o+  [t]?

= +4o00.
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Then, there is \* > 0 such that, for each A €]0, \*[, problem (3.9)) admits at least
one non-zero weak solution.

Proof. Taking into account condition (HO), fix
1

A= .
V2a1e1m + 2’1/2%2cgmq
From
. F(t)
limsup —== = +00
it—o+ |l

for all A €]0, \*[, there is a vector 0* € R with |6*| < k such that
D?  F(*) 1
22V 1) 5P X
Put w € X asin , and by choosing v = 1 we obtain
F(5*) _ 22N —1) _ 202V -1)
|6%|2 D2 \* D2
All the assumptions of Theorem are satisfied and the proof is complete. O

= a1 K +axK>

The following result, in which the global Ambrosetti-Rabinowitz condition is also
used, ensures the existence at least two weak solutions.

Theorem 3.3. We suppose that (HO) holds and V,F(x,0) # 0 for every x € Q.
Assume that there are two positive constants u > 2 and R such that

0 < puF(z,t)<t-V,F(x,t) (3.10)
for all x € Q and |t| > R. Then, there exists \* > 0 such that for each X\ €]0, \*],
problem (L.1)) has at least two non trivial weak solutions.

Proof. Put
1

= b
V2aicym + 24/2 %cgmq

and fix A < A*. From (3.10)), by standard computations, there is a positive constant
C such that

A*

F(z,t) > C[t|* (3.11)
for all 2 € Q, [t| > R. In fact, setting a(z) = ming—g F(z,§) and
vi(s) = F(x,st) Vs >0, (3.12)

by (3.10), for every x € Q and |¢| > R one has
0 < ppi(s) = puF(x,st) < st-VF(z,st) = spy(s) Vs> 0.

1 / 1
/ %(S)ds 2/ Hds.
R/|t| @i (s) R/It| S

R
ee(1) = @t(m)ﬁw
Taking into account of (3.12)), we obtain
R

F(z,t) > F(:c mt)w > a(z)[t]* > Ot

Therefore,

Then
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and (3.11)) is proved. From (3.11)) it follows that I is unbounded from below.
Now, to verify the (PS)-condition it is sufficient to prove that any sequence of
Palais-Smale is bounded. To this end, taking into account (3.10) one has
P (un) = 13 (un) | x [[n | = 3 (un) = Ty () (un)
= p®(un) — AW (un) — @' (up) (un) + A’ (un ) (un)

= (g -1 ; [winll* — A/Q(/UV(%,un(x)) - ;Fui(w,m(x), ces U () )ui ()

(3.13)

If {u,} is not bounded from (3.13) we have a contradiction. Moreover, from (3.4))
by choosing r = 1 one has

Sup U(u) < V2are0m + Qq/zgcgmq =
w1 (|=o0,1) q A

Hence, Theorem [2.2] ensures that problem (I.I), for each A €]0, \*[, admits at least
two weak solutions. g

Now, we point out the following result of three weak solutions.

Theorem 3.4. We suppose that (HO) holds and assume that
(H1) F(x,t) >0 for every (z,t) € Q@ x R where RT = {t = (t1,...,tm) € R™:
>0 i=1,...,m);
(H2) there exist two positive constants b and s < 2 such that

F(x,t) < b(1+ zm: [t]*)

for almost every x € Q and for every t € R™;
(H3) there exist a positive constant v and a vector § € R such that |§| > vk,
such that
infxeg F(l‘, (5)
1]
where ay, az, q are given by (HO) and k, K1, Ko are given by and
29).

N N
Then, for each \ € } 2(2D{1) infwe;fF(I,is)’ 2(2D2_1) L [, system (1.1)) has

K Z
alTl—&-ang’yq 2

K
> a171 +agKyy72,

at least three weak solutions.

Proof. Our goal is to apply Theorem Consider the Sobolev space X and the
operators defined in taking into account that the regularity assumptions on
® and U are satisfied, our aim is to verify (i) and (i¢). Arguing as in the proof
of Theorem put 7 as in and 7 = 42, bearing in mind that |§| > vk, we
obtain

®(u) >r>0.

Therefore, the assumption (i) of Theorem is satisfied.
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We prove that the functional Iy = ® — AV is coercive for all positive parameter,
in fact by using condition (H2) we have

(1) = (1) — AU (u) > %nun‘l _ /\/QF(x,u(x))dx

1 ) / "
—ul|* =X [ b(1+ w;(x)|®)dx
IR RS ITEIS

1 s 2=s s
] * = Abja(€2) = Abe3 (€)= ul|*.

2m
Then also condition (ii) holds, hence all the assumptions of Theorem are sat-

. . 202NV —1) 162 202N —1) 1 A
isfied. So, for each X in | =53 Srca P D7 o Fie ko [, which is a
vy

Y

v

®(a) 7
P(@)? SUPycp—1(—o0,42))

critical points that are weak solutions of system (|1.1)). (|

subsect of ] o) [, the functional I has at least three distinct

An immediate consequence of Theorem is the following result.

Corollary 3.5. We suppose that (HO) holds and assume that
(H1') F(t) > 0 for every t € R} where R = {t = (t1,...,t,m) € R™ : t; >
0 i=1,...,m};
(H2") there exist two positive constants b and s < 2 such that

F(t) <b(1+ Zm: [t:]*)
i=1

for every t € R™;
(H3’) there exist a positive constant vy and a vector § € R} with |0] > vk, such
that
(%)
1]2
where a1, ag are given by (H1) and k, K1, K5 are given by and ,

Then, for each A € ] 2(222_1) F‘S(zé), 2(2;2_1) 1 [, system (3.9)) has at least

K _
ai 7,# +ag K4 2

K
> a1+ k",

three weak solutions.

Remark 3.6. If we assume that F,, : Q@ x R™ — R (i = 1,...,m) are non
negative, continuous functions then the previous theorems guarantee the existence
of non negative weak solutions. In fact, let @ = (41, ..., U, ) be a weak solution of

system (|1.1). Fixed 4, we consider the problem

—Au; = AFy, (T,01, .-y Ujy ooy Upy)  I0 €,
‘ (3.14)
ui{ag =0 ¢1=1,...,m.

Clearly, one has u; € H} () and it is a weak solution of (3.14). Hence, the Strong
Maximum Principle ensures that either u;(z) = 0 or @;(z) > 0 on .

Now, we present some examples that illustrate our results.

Example 3.7. Let Q be an open ball of radius one in R3. Consider the function
F :R? — R defined by

F(t1,t2) = [t1]*/? + [t2]/



10 G. BONANNO, E. TORNATORE EJDE-2012/183
for every (t1,t2) € R%. We observe that
3, 3_
Ftl(t17t2) = §|t1‘2 2t17
3. 4,
FtZ(tlth): §|t2|2 to.

Then, choosing ¢ = 3/2, a; = 0 and ay = 3/2 the condition (HO) holds. Then by
using Corollary [3:2] put
33/2,1/4
= T ol9/4

for all A €]0, A*[, the system

—Au = MF,(u,v) in Q,

—Av = AF,(u,v) in Q, (3.15)

u=v=0 on dN

admits at least one non-zero weak solution in X = H{(Q) x H}(Q).

Example 3.8. Let Q be an open ball of radius one in R®. Consider the function
F : Q x R? — R defined by

1 1 1
F@me):6h+6m+1Uhﬁ+ﬁﬂﬂ

for every x € Q and for every (t1,t2) € R%. We observe that
1
Fyy(@,t1,t2) = ¢ + |1 %41,
1
Fiy(w,t1,t2) = st [to]ta,

therefore, V,, F(x,0) # 0 for every x € Q, choosing ¢ = 4, a1 = 1/6 and as = 1 the
condition (HO) holds. Moreover, choose p = 3 we have

0< SF(Z‘, t1, tg) < tlFtl (.13, t1, tg) + t2Ft2 (.23, t1, tg)
for every x € Q and for every t € R2. Then, by using Theorem [3.3] put
27/1237/3

AT = 217/6(73/4  2237/4)

for all A €]0, \*[ the system
—Au = MF,(x,u,v) in Q,
—Av = AF,(z,u,v) in Q, (3.16)
u=v=0 on 0N
admits at least two non-zero weak solutions in X = H{} () x H ().

Example 3.9. Let Q be an open ball of radius one in R3. Set ¢ = 5 €]2,6],
s =3/2 < 2, choose a1 =1, as = 10/3 and

Ky + apKy\1/3
T:9>(4Q;13>
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where K; and K are given by (2.9). Consider the function F : R? — R defined by

b1+t + (8] + 13) ift; <9, t2 <9

o to— 2304 L5 4230665 if e, <9, > 9
F(tlth) = 799 145 9643/2 .

t1 + to 53 +5t2+2 3t1 ifty >9, t5 <9

ty+ o — 39 423587 4 57) if > 9, 1> 0.
Clearly (HO) holds. Moreover, for each (¢1,t2) € R?, one has
F(ti ta) <2(9+2-35)(1 4 [t1>/2 + [to]*/2
therefore, if we choose v = 1, b = 2(9+2-3%) and 6§ = 1(99
6
7

,9) the hypotheses of
Corollary are satisfied. Then, for each \ €] 232 %

S

Iy

O‘w w‘»—- O ~—

P = [, th t
65667 (32.0% 127 )2% [, the system

—Au = \F,(u,v) in §,
—Av = AF,(u,v) in Q, (3.17)
u=v=0 ondf

admits at least three non negative weak solutions in X = H}(Q) x HJ ().
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