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EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS FOR
FRACTIONAL DIFFERENTIAL INCLUSIONS WITH M-POINT
BOUNDARY CONDITIONS AND TWO FRACTIONAL ORDERS

NEMAT NYAMORADI, MOHAMAD JAVIDI

ABSTRACT. We study boundary-value problems of nonlinear fractional differ-
ential equations and inclusions with m-point boundary conditions. Several
results are obtained by using suitable fixed point theorems when the right
hand side has convex or non convex values.

1. INTRODUCTION

Fractional calculus is the field of mathematical analysis which deals with the
investigation and applications of integrals and derivatives of arbitrary order, the
fractional calculus may be considered an old and yet novel topic.

Recently, fractional differential equations have been of great interest. This is
because of both the intensive development of the theory of fractional calculus it-
self and its applications in various sciences, such as physics, mechanics, chemistry,
engineering, etc. For example, for fractional initial value problems, the existence
and multiplicity of solutions were discussed in [3, [13] 43} [44], moreover, fractional
derivative arises from many physical processes,such as a charge transport in amor-
phous semiconductors [42], electrochemistry and material science are also described
by differential equations of fractional order [I4 [I7, [I8] [30} [31].

The existence of solutions of initial value problems for fractional order differential
equations have been studied in the literature [1} 26} 34 [35], 36 37, B8] 140} 41] and the
references therein. The study of fractional differential inclusions was initiated by
El-Sayed and Ibrahim [2I]. Also, recently several qualitative results for fractional
differential inclusions were obtained in [5] 9] B3], B9] and the references therein.

Bai and Lii [4] considered the boundary-value problem of fractional-order differ-
ential equation

Dgru(t) + f(t,u(t)) =0, te(0,1),
u(0) =u(l) =0,

where D, is the standard Riemann-Liouville fractional derivative of order 1 < a <
2 and f:[0,1] x [0,00) — [0, 00) is continuous.
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Hussein [20] considered the nonlinear m-point boundary-value problem of frac-
tional type

Dga(t) +q(t) f(t,z(t)) =0, ae. onl0,1], a € (n—1,n], n>2
2(0) = #'(0) = 2"(0) = -+ =2"7D(0) =0, w(1) =} &a(m)

where 0 < 1 < +++ < N2 < 1, & > 0 with 27:12 fmio‘fl < 1, q is a real-valued
continuous function and f is a nonlinear Pettis integrable function.

In the past few decades, many important results relative to equation with
certain boundary value conditions have been obtained. we refer the reader to
[10, 221 28] 29, [45] and the references therein.

Motivated by the mentioned works, our purpose in the first part of this paper is
to show the existence and multiplicity of positive solutions for the boundary-value
problem of the fractional differential equation

D (Dgu)(t) = f(tu(t)), te(0,1),

m=2 1.1
D& u(0) = DSu(1) =0, u(0) =0, wu(l)— Z a; u(&) = A, (1)

where Df, is the Riemann-Liouville fractional derivative of order o, m > 2, 1 <
o0,3<2,2<a+8<4,0<E <Ea < < &ma <1, a; >0fori=
1,2,...,m—2 and 221712%5?71 <1, A > 0is a parameter and f:[0,1] x R - R
is a given continuous function.

In the second part of this paper, we consider a nonlinear fractional differential
inclusion of an arbitrary order with multi-strip boundary conditions

DJ (Dgu)(t) € F(t,u(t)), € (0,1),

m_2 1.2
D u(0) = Dgu(l) =0, w(0) =0, u(l)— Y au&)=A\ (12
=1

where D, is the standard Riemann-Liouville fractional derivative and F : [0, 4+-00) x
R x R — P(R) is a set-valued map.

The aim here is to establish existence results for the problem , when the
right-hand side is convex as well as nonconvex valued. In the first result (Theorem
we consider the case when the right hand side has convex values, and prove an
existence result via Nonlinear alternative for Kakutani maps. In the second result
(Theorem , we shall combine the nonlinear alternative of Leray-Schauder type
for single-valued maps with a selection theorem due to Bressan and Colombo for
lower semicontinuous multivalued maps with nonempty closed and decomposable
values, while in the third result (Theorem, we shall use the fixed point theorem
for contraction multivalued maps due to Covitz and Nadler.

The rest of the article is organized as follows: in Section 2, we present some
preliminaries that will be used in Sections 3 and 4. In Section 3, we give the
existence of one and three positive solutions for the problem by using the
Leray-Schauder Alternative, Leggett-Williams fixed point theorem and nonlinear
contractions. The main result and proof for the problem will be given in
Section 4. Finally, in Section 4, an example is given to demonstrate the application
of one our main result.
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2. PRELIMINARIES

In this section, we present some notation and preliminary lemmas that will be
used in the Sections 3 and 4.

Definition 2.1 ([40]). The Riemann-Liouville fractional integral operator of order
a > 0, of function f € L*(R™) is defined as

1 t
I8 ft) = — [ (t—3s)*""f(s)d
PO = e [ = s
where I'(+) is the Euler gamma function.

Definition 2.2 ([25]). The Riemann-Liouville fractional derivative of order a > 0,
n—1<a<n,n €N is defined as

n [t
D5 0) = morag () =9 o,
where the function f(¢) has absolutely continuous derivatives up to order (n — 1).
Lemma 2.3 ([25]). The equality D], I, f(t) = f(t), v > 0 holds for f € L*(0,1).
Lemma 2.4 ([I5, 25]). Let a« > 0 and u € C(0,1)N LY (0,1). Then the differential
equation
Dfiu(t) =0

has a unique solution u(t) = c1t® L + cot® 2+ - 4t " c; €R, i =1,...,n,
wheren —1 < a < n.
Lemma 2.5 (([25]). Let a > 0. Then the following equality holds for u € L'(0,1),
D¢ ue L'(0,1);

I§y Dgru(t) = u(t) + At et f et
GgeER,i=1,...,n, wheren—1<a<n.

In the following, we present the Green function of fractional differential equation
boundary value problem. Let

y(t) = —(Dgu) (D), (2.1)
then, the problem
Dy (Dgu)(t) = h(t), 1<B<2, te(0,1),
D§,u(0) = Dgru(l) =0,
where f € C[0, 1], is transformed into the problem
DJy(t) +h(t)=0, 1<B<2 te(0,1),
y(0) =y(1) =0,

Lemma 2.6. Suppose that h € C|0, 1], then the boundary-value problem (2.2) has
a unique solution

(2.2)

1
o) = [ HE s, (2.3)

where

NG

e

1 (1-s)P "1 —(t—s)" ! 0<s<t<l
H(t,s) = ’ - ’
T'(B) ’ - ==
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The proof of the above lemma is similar to that of [4, Lemma 2.3], so we omit it
here.

Lemma 2.7. Let A = Z?;Q aiff‘_l # 1. Then, for y € C[0,1], the boundary-
value problem
Dfu(t)+yt) =0, te(0,1),l<a<2,

w2 | (2.5)

has a unique solution

! PV
/ Gt S d8+ 1_ ZGZA Gfl, d8+m7 (26)

where

to=1(1—g)@" 1 (f—g)@~? 0<s<t<l
G(t,s) = { P oo (2.7)
T 0<t<s<1,

Proof. By applying lemma , equation is equivalent to the integral equa-
tion
u(t) = b /t(t —5) Yy (s)ds — et — cpt* 2
F(O{) 0 1 2 )
for some arbitrary constants c;,ce € R. By the boundary condition , one can
get co =0 and

Cc1 = —

1 ! a—1
T / (1— )2 Ty(s))ds

1 m—2 & o1 >\j
+F(a)(1—A);ai/0 (& — ) y(s)dsfl_A.

Then, the unique solution of (2.5) is given by the formula

u(t)
__L t 1%L (s) ds ; 1(1_1 V.
- F(a)/o(t )" y(s)d +F(o¢)(1—A)/0t (1= )" ly(s)d
ta—1 m—2 &i ot Jgot
R O Er DI MR C LS ey

__rr —s_afl s)ds
g [, =9 )

1 ! a—1 _ el
+—)/Ot (1= )" Yy(s)ds +

A ! a—1 A"
o A)/0 71— 5)" Ty(s)ds

[(a)(1 -

‘ 3 e-l )\t(x—l
o [ (6= o) s+ T

_ L /0 (ta*u —r (- s)a‘l) vlo)ds + [ 1071 = 9" ots)
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toz—l m—2

CT(a)(1—A)

‘ i o S )\toz—l
o A L e

i=1

= % [/Ot (ta71(1 — ) —(t— S)O‘_l)y(s) ds + /t1 11— ) y(s) ds}

ta—l m—2 i 1 o1 a1
+ e m | A G e e PO
! A1
a—1 a—1
+ s &Y (1 —s)"y( )dS}Jr(l—A)
1 a—1 m—2 1 )\tozfl
= G(t, s)y(s)ds + a; G(&,s)v(s)ds + .
|| a5 S [ Glesswisris + 35
Thus, the proof is complete. O

Lemma 2.8. The functions H(t,s) and G(t,s) defined by (2.4) and (2.7)), respec-
tively satisfies the following conditions:

1 t,s) >0, t,s) < G(s,s) < == foranyt,sec|0,1];

i) G 0,G G ol 0,1

(i) H(t,s) >0, H(t,s) < H(s,5) < s for any t,s € [0,1];

(ili) there exists a positive function g € C(0,1) such that min,<i<5 G(t,s) >

g(s)G(s,s),s € (0,1), where 0 <y <d <1 and
5 (1—s)* - (6—s)> L

g(s) = (s“*l)(l—s)g‘*1 : s € (0,mq] (2.8)
(3ot s € [ma,1)

@R

with v < mq < 4.

Proof. First, we define
tocfl(]_ _ 8)0171 _ (t _ S)afl

t = <s<t<l1
gl( 35) F(a) 5 0 s> ’
toc—l(l _S)a—l
t = 0<t<s<1
92( 78) I‘(a) ’ S

One can obtain

gi(t,s) =
-t e (=92t = =9 )] =0,

On the other hand, it is obvious that go(¢,s) >0, 0 <t < s < 1. Thus, G(t,s) >0
for any ¢, s € [0,1].
Now, we show that G(¢,s) < G(s,s) for any ¢,s € [0,1]. Also, we have
1

0g1(t,s)

—_

(e A R L

o T
- ﬁ(a — 2 [ (1 5]
1

(o — 1)¢2 [(1 sl o1 S)H] <0,

=
£
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then, g (¢, s) is non-increasing with respect to ¢ on [s, 1], hence, we obtain
g1(t,s) < g1(s,8) VO<s<t<1.
On the other hand, we obtain
dga(t,s) 1
ot I'(«)
then go(t, s) is increasing with respect to t on [0, s], therefore,

g2(t,s) < ga(s,s) VO<t<s<I.

[(a 1)1 - s)a—l] >0,

Then, we have
G(t,s) < G(s,s) Vt,se€][0,1]. (2.9)
(ii) Since g1(., s) is non-increasing and g¢s(.,s) is non-decreasing, for all s,t €
[0, 1], we have

min, <¢<s g1(t, s) s €[0,7]
'ylgtigé G(t7 3) = min'ygtfé{gl (ta 5)7 92 (t7 S)} NS [73 5]
T min'ygtgé QQ(t, S) s € [67 ]-]

miny<;<s5 g1(t,s) s € [0,my]
miny<i<s g2(t,8) s € [ma, 1]

- g1(0,8) s €[0,my]
- s €

gQ(V’S) [mla 1]
et —s) = (6 —s5)*t s € [0,m4]
et = s)e ! s € [mq,1]

where v < mj < ¢ is the solution of
60[71(1 o ml)afl o ((5 o ml)afl _ ’ya71(1 o ml)afl.

It follows from the monotonicity of g; and g» that

_ _ (s —s)t
Jnax, G(t,s) = G(s,s) = T T s € (0,1),

The proof is complete. (I
Remark 2.9. If v € (0,1/4) and 6 =1 — ~, then Lemmaholds.

In this article, we assume that v € (0,1/4) and 6 = 1 —+. Now, we consider the

system ([1.1). By applying lemmas and u € C(0,1) is a solution of (1.1)) if

and only if u € C[0,1] is a solution of the nonlinear integral equation

ut) = =0+ [ Gt / * H(s,1) £y ulr)dr ) ds

ja—1 M2 1 1 (2.10)
+ (1-A) ; ai/o G({i,s)(/o H(s,r)f(r,u(r))dr) ds,

1

where \t*~1/(1 — A). Let 2(t) = ’\fj; and C := sup,¢; |2(¢)| = ||2]|

3. MAIN RESULT FOR THE SINGLE-VALUED CASE

Now we are able to present the existence results for problem (1.1).
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3.1. Existence result via Leray-Schauder alternative.

Theorem 3.1 (Nonlinear alternative for single valued maps [19]). Let X be a
Banach space, C' a closed conver subset of X, U an open subset of D and 0 € U.
Suppose that T : U — D is a continuous, compact (that is, F(U) is a relatively
compact subsets of D) map. Then either

(i) T has a fized point in U, or
(i) there is a u € OU (the boundary of U in C) and A € (0,1) with u = AT (u).

Theorem 3.2. If the continuous function f: I x R — R satisfies:

(B1) There exist a function p € L*(I,RY) and a continuous nondecreasing func-
tion ¢ : [0,400) — (0, +00) such that

[F(t,2)] < e(O)¢(llz]]),  for all (t,x) € I xR.
(B2) There exists a constant M > 0 such that

C+w /Gss /Hsr dr)ds
1“Z/Ggl, /Hsr )ds“1>1.

Then ) has at least one solution on I.

Proof Consider F' : E — E with u = F'(u), where
(Tu)(t /Gts /Hsr ru())dr)ds
ta 1 m—2

Z%/G&, /Hsr ru())dr)ds

for all ¢ € I. We show that 7" maps bounded sets into bounded sets in C([0, 1], R).
For a positive number 7, let B, = {u € C([0,1],R) : |lu|]| < 7} be a bounded set in
C(]0,1],R). Then

[(Tu)(@®)] < |2(&)] + D([[ull) / (s,5) / H(s,r) )ds

i=1 i
+ ﬁ /0 G(é-z, 3) ‘/0 H(S,T)(p(’r)dr) ds}
Consequently,

||Tu||§C+w(r) /10(575) /1H(s,r)<p(r)dr)ds

Zlal/G@, /Hsr )ds}.

Next we show that 7' maps bounded sets into equi-continuous sets of C([0, 1], R).
Let t1,t9 € [0, 1] with t; < t3 and © € B, where B, is a bounded set of C([0, 1], R).
Then we obtain

|(Tu)(t1) — (Tu)(t2)]
/ |G(t1,8) — G(t2, s) / H(s,r)f(r,u(r ))dr)d
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m—2 1 1

1
S/ |G(t1,8) — G(t2,5) / H(s,r)y(r)e(r )dr)d
0
221_126” a—1 a—1
P Zm ey 660 H(s,rw(r)so(r)dr)ds
0 0
On the other hand,

/1 |G(t1,5) — G(t2, s) / H(s,m){(r)e(r )dr)d
/ / / |G(t1,5) G(t2a3)(/OlH(S,T)w(r)Lp(r)dr)ds

v(r) / (57 =)0 =9+ (1 — )27 = (0 = )™

/ H(s,r) dr)ds

1
w0 [ -0 -0 - ) [ HGs )i

t1

+¢(m)/1[(t3_1—t? D —s)Y / H(s,r) dr)ds

to
— 0 uniformly as t; — to.

I A

Therefore,
[(Tu)(t1) — (Tu)(t2)] — 0 uniformly as t; — to, for u € B,.

As F satisfies the above assumptions, it follows by the Arzeld-Ascoli theorem that
T:C([0,1],R) — C(]0,1],R) is completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative (Theorem
3.1)) once we have proved the boundendness of the set of all solutions to equations
u= AFu for X € [0,1].

Let u be a solution. Then, for ¢ € [0, 1], and using the computations in proving
that T is bounded, we have

) = @] < 0]+ o] [ 6.0 ( [ Hsreeir)a

Consequently,

[|lul] {C-Hﬁ flul) / G(s, s) / H(s,rT) )dr)d

R [t [ o) al] 1

In view of (B2), there exists M such that ||u|| # M. Let us set
U:={ueC,R):|ul| <M}
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Note that the operator 7' : U — C([0, 1], R is continuous and completely continuous.
From the choice of U, there is no v € U such that v = AT (u) for some A € (0,1).
Consequently, by the nonlinear alternative of Leray-Schauder type (Theorem [3.1)),
we deduce that has a fixed point w € U which is a solution of the problem
This completes the proof. O

3.2. Existence result via Leggett-Williams fixed point theorem. In this
section, we assume that v € (0,1/4) and § = 1 — 4. To establish the existence
of three positive solutions to system , we use the following Leggett-Williams
fixed point theorem. For the convenience of the reader, we present here the Leggett-
Williams fixed point theorem [27].

Given a cone K in a real Banach space F, a map « is said to be a nonnegative
continuous concave (resp. convex) functional on K provided that o : K — [0.+ 00)
is continuous and

alta + (1 —1)y) = taa) + (1 - Haly),
(resp. a(tx + (1 —t)y) < ta(z) + (1 —t)aly)),
for all z,y € K and t € [0,1]. Let 0 < a < b be given and let o be a nonnegative
continuous concave functional on K. Define the convex sets P, and P(«,a,b) by
P ={z € Klllz]| <r},

P(a,a,b) = {z € Kla < a(x), ||z| < b}.
Theorem 3.3 (Leggett-Williams fixed point theorem). Let A : P. — P. be a com-
pletely continuous operator and let o be a nonnegative continuous concave functional

on K such that a(x) < ||z|| for all x € P.. Suppose there exist 0 < a <b<d<c
such that

(A1) {z € P(a,b,d)|a(z) > b} # 0, and a(Ax) > b for x € P(«a,b,d),
(A2) |Az| < a for ||z|| < a, and
(A3) a(Az) > b for x € P(a,b,c) with ||Az| > d.

Then A has at least three fized points x1, x2, and x3 and such that ||z1]] < a,
b < a(z) and ||zs]| > a, with a(zs) < b.

Also, we introduce the following notation. Define

n= 7?325{g(t)}, o = min{n, 7'},

and

ai/o G(&,S)( H(s,r)dr)ds,

0
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Note that 0 < m < M. The basic space used in this paper is a real Banach space
E = C([0,1],R) with the norm |lu| := max;c[,1] [u(t)|. Then, we define a cone
K C E, by

K={u€E:u(t) >0 min(ut) > Zlull},

and an operator T : E — E by

t) = /1 G(t, s) /1 H(s,r)f(r,u(r))dr)ds
tal mzfal/Gfl, /Hsr (ryu(r ))dr)ds—k)\taAl

(3-2)

Lemma 3.4. The operator T is defined from K to K; i.e., T(K) C K.
Proof. For any u € K, by Lemma T(u)(t) > 0, t € [0,1], and it follows from

that
17 ()

1
/ H(s,r)f(r, u(r))dr) ds
0

(1 A)Zal/OGfl, /Hsr ryu(r dr)ds—i—(l_)\A)

) (et
+(1_1 22@(/07/ / G(&, ) /Hsrf(ru())dr)ds)

Thus, for any u € K, it follows from Lemma and (3.2 that
in T
Jnin T(u)(t)
1 1

= min { ; G(t7s)< ; H(s,r)f(r,u(r))dr)ds
m—2 1 a—1
2 al/o G(&,s) / H(s,r)f(r,u(r ))dr) ds+(i\t_A>}

> /01 g(s)G(s,s)(/o1 H(s,r)f(r,u(r))dr)ds
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: (17021) igai /01 G S)(/Ol H(SaT)f(T,u(r))dr) ds + 3?17(’_;)

> 77/;S G(s,s)(/o1 H(s,r)f(nu(r))dr)ds

-1

+ (17(1:1) sz:_fai [{6 G (&, s)(/o1 H(s,r)f(r,u(r))dr) ds + 3()\17(1 A)

> o[/j G(s,s)(/o1 H(s,r)f(r,u(r))dr)ds

1 m—2

oA

i=1

a; /yé G(gus)(/ol H(S,T)f(?“,u(r))dr) ds+3(1/\_A)

Therefore, from the above, we conclude that T'(u)(t) € K; that is, T(K) C K. This
completes the proof. O

It is clear that the existence of a positive solution for ([L.1)) is equivalent to the
existence of a nontrivial fixed point of T" in K.
Next, we define the nonnegative continuous concave functional on K by
a(u) = min (u(t)).
(w) = min (u(t)
It is obvious that, for each v € K, a(u) < ||lu].
Throughout this section, we assume that p, ¢, are two positive numbers satisfying
% + % < 1. Now, we can state our main result in this section.

Theorem 3.5. Assume that there exist nonnegative numbers a,b, ¢ such that 0 <
a<b< Ze, and f(t,u), j = 1,2, satisfy the following conditions:

(H1) f(t,u) <-4, for allt €[0,1],u € [0,d];
(H2) f(t,u) < % a7, for all t € 0,1],u € [0,a];
(H3) (i) f(t,u) > L for all t € [y,d], u € [b, 2].
Then, for
0< A< C(lq—A)7 (34)

problem (1.1) has at least three positive solutions uy,us,us such that |ui] < a,
b < min,<i<s(uz2(t)), and |Jus|| > a, with min,<;<s(usz(t)) < b.

Proof. First, we show that 7' : P. — P. is a completely continuous operator. If
u € P,, then |Ju|| < ¢. Then, by applying condition (H1), we have

T w)]| = max, [T(w)(e)

= max {/01 G(t,s)(/o1 H(s,r)f(nu(r))dr)ds
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a—1

i (fa_;) gai /01 G(gi’s)(/ol H(S’T)f(r,u(r))dr) ds + (1)¢A)}

i=1

gé-&{ﬁuw@m/uﬂwwﬁm

1 m—2 1 A
H(
—I- AZGZ/OG&, / srdr ds} N
1

—-c<ec.

<

@\H
+
<

Therefore, ||T(u)|| < ¢, that is, T : P. — P.. The operator T is completely
continuous by an application of the Ascoli-Arzela theorem.

In the same way, condition (H2) implies that condition (A2) of Theorem is
satisfied. We now show that condition (A1) of Theorem is satisfied. Clearly
{u € P(a,b, 3)|a(u) > b} # 0. If u € P(a, b, 22), then b < u(s) < 32, s € [v,4].

By Condltlon (H3), we obtain

a(T(u)(t))
— min (T(u)(t))

Y<t<o
:%g%{ ;G@JX%TH@JMQWQDW%k
a—1 m—2 1 1 -
! (1t_7A1) P ai/o G(&’s)</0 H(Sﬂ")f(ﬁu(r))dr) ds + (i\t—iA)}
b
L

Therefore, condition (A1) of Theorem is satisfied.
Finally, we show that the condition (A3) of Theorem is also satisfied. If
u € P(ayb,c), and ||T(u)|| > 3b/o, then

o(T(w)(®) = min (T(w)(®) = FIT@W] >

Therefore, condition (A3) of Theorem [3.3]is also satisfied. By Theorem there
exist three positive solutions wuq,ug, ug such that |lui]| < a, b < min,<i<s(ua(t)),
and ||us|| > a, with min,<¢<s(us(t)) < b. we have the conclusion. O

3.3. Existence result via nonlinear contractions. Now we present the exis-
tence results for problem ([1.1)).

Definition 3.6. Let X be a Banach space and let T': X — X be a mapping. T is
said to be a nonlinear contraction if there exists a continuous nondecrasing function

1 : RT — R such that ¢(0) = 0 and ¥(£) < £ for all £ > 0 with the property:
1T(u) =T )| < 9(u—2l), Vu,velX.

Lemma 3.7 (Boyd and Wong [6]). Let X be a Banach space and let T : X — X
be a nonlinear contraction. Then T has a unique fixed point in X .

Theorem 3.8. Assume that [ satisfy the following conditions:
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(H4) |f(t,u) — f(t,0)| < h(t)% for allt € [0,1], u,v > 0, where h : [0,1] —

RT is continuous and

9/1 G(s,s) /1H(s,r)h(r)dr) ds
lal/sz, /Hsr )ds, te0,1].

AUTHORS: IT SEEMS THAT PART OF THE THEOREM IS MISSING 777

(3.5)

Proof. We define the operator T : (F = C([0,1],R)) — E by

N /1 G(t’s) /1H(5a7“)f(7“7u(r))dr>ds
T Za’/% ([ mnsutar) as+ 27

for t € [0,1]. Let ¢ : Rt — RT a continuous nondecreasing function such that
¥(0) =0 and (&) < & for all £ > 0 be defined by

be) = 2

gre o0

Let u,v € E. Then

£ (s u(s) ~ £, 06N < "o,

Thus

|T(u)(t)—T(v)(t>|S/ (s,5) /H” 9J|:L|(uz) (sz

”az/Gf“ /H” T )

for all t € [0,1]. In view of (3.5), it follows that || T(u) — T'(v)|| < ¥(|lu — v||) and
hence T is a nonlinear contraction. Thus, by Lemma the operator T has a
unique fixed point in E, which in turn is a unique solution of problem (|L.1J). a

4. EXISTENCE RESULTS OF THE MULTI-VALUED CASE

4.1. The upper semi-continuous case. To obtain the complete continuity of
existence solutions operator, the following lemmas and definitions are needed.

Let (X, d) be a metric space with the corresponding norm || - || and let I = [0, 1].
Denoted by £(I) the o-algebra of all Lebesgue measurable subsets of I, by B(X)
the family of all nonempty subsets of X and by P(X) the family of all Borel subsets
of X. If AC I then x4 : I — {0,1} denotes the characteristic function of A. For
any subset A C X we denote by A the closure of A.

Recall that the Pompeiu-Hausdorff distance of the closed subsets A, B C X is
defined by

dy (A, B) = max{d*(A, B),d"(B,A)}, d'(A,B)=sup{d(a,B),a € A},
where d(z, B) = inf,cp d(z, y). Define
PX)={Y CX:Y#0},



14 N. NYAMORADI, M. JAVIDI EJDE-2012/187

Pp(X) ={Y € P(X) : Y is bounded},
Pa(X)={Y € P(X) : Y is closed},
Pep(X) ={Y € P(X) : Y is compact},
Pey(X) ={Y € P(X) : Y is convex}.
Also, we denote C(I,X) the Banach space of all continuous functions z : I — X
endowed with the norm |z|. = sup,c; |z(¢)| and by L'(I, X) the Banach space of
all (Bochner) integrable functions x : [0,1] — X endowed with the norm |z|; =
Jy la(®)de.
A subset D C L'(I,X) is said to be decomposable if for any z,y € D and any
subset A € L(I) one has xx4 + yxp € D, where B=1\ A.
Let (X,d;) and (Y,d3) be two metric spaces. If T : X — P(X) a set-valued
map, then a point = € X is called a fixed point for T if € T'(z). T is said to be

bounded on bounded sets if T(B) := U,cpT(x) is a bounded subset of X for all
bounded sets B in X. T is said to be compact if T(B) is relatively compact for

any bounded sets B in X. T is said to be totally compact if T(X) is a compact
subset of X. T is said to be upper semi-continuous if for any open set D C X,
the set {x € X : T'(z) C D} is open in X. T is called completely continuous
if it is upper semi-continuous and and, for every bounded subset A C X, T'(A)
is relatively compact. It is well known that a compact set-valued map T with
nonempty compact values is upper semi-continuous if and only if T" has a closed
graph.

We define the graph of T to be the set Gr(T) = {(z,y) € X x Y,y = T(z)}
and recall a useful result regarding connection between closed graphs and upper
semi-continuity.

Lemma 4.1 ([12, Proposition 1.2]). If T : X — Py(Y') is upper semi-continuous,
then Gr(T) is a closed subset of X x Y; i.e., for every sequence {xy}neny C X
and {Yntneny C Y, if when n — 00, Ty, — T, Yn — Y« and Yy, € T(xy), then
Yy« € T'(24). Conversely, if T is completely continuous and has a closed graph, then
it 1S upper semi-continuous.

For convenience of the reader, we present here the following nonlinear alternative
of Leray-Schauder type and its consequences.

Theorem 4.2 (Nonlinear alternative for Kakutani maps [19]). Let X be a Banach
space, C' a closed convex subset of X, U an open subset of C' and 0 € U. Suppose
that T : U — Peeo(C) is a upper semi-continuous compact map; here Py e (C)
denotes the family of nonempty, compact convex subsets of C. Then either

(i) T has a fized point in U, or

(ii) there is a u € OU and X € (0,1) with u € XT'(u).
Definition 4.3. The multifunction 7' : X — P(X) is said to be lower semi-

continuous if for any closed subset C' C X, the subset {s € X : T(s) C C} is
closed.

If F: IxRxR — P(R) is a set-valued map with compact values and z € C(I,R)
we define
Sp(x) = {f € L*(I,R) : f(t) € F(t,z(t)) a.e. T}.
Then F' is of lower semi-continuous type if Sg(-) is lower semi-continuous with
closed and decomposable values.
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Theorem 4.4 ([7]). Let S be a separable metric space and G : S — P(L*(I,R)) be
a lower semi-continuous set-valued map with closed decomposable values. Then G
has a continuous selection (i.e., there exists a continuous mapping g : S — L'(I,R)
such that g(s) € G(s) for all s € S).

Definition 4.5. (i) A set-valued map G : I — P(R) with nonempty compact
convex values is said to be measurable if for any x € R the function ¢t — d(z, G(t))
is measurable.

(ii) A set-valued map F' : I x R — P(R) is said to be Carathéodory if t — F(t, z)
is measurable for all x € R and x — F (¢, x) is upper semi-continuous for almost all
tel

(iii) F is said to be L!-Carathéodory if for any [ > 0 there exists h; € L'(I,R)
such that sup{|v| : v € F(t,z)} < h(t) a.e. I for all z € R.

The following results are easily deduced from the theoretical limit set properties.

Lemma 4.6 ([2, Lemma 1.1.9]). Let {K,}nen C K C X be a sequence of subsets
where K is a compact subset of a separable Banach space X. Then

@(lim sup Kn) = ﬂN>0@( Un>nN Kn),

where T0(A) refers to the closure of the convex hull of A.

Lemma 4.7 ([2, Lemma 1.4.13]). Let X and Y be two metric spaces. If G : X —
Pep(Y) is upper semi-continuous, then for each xo € X,

limsup G(z) = G(zp).

r—Xo

Definition 4.8. Let X be a Banach space. A sequence {z,}nen C LY ([a, b], X) is
said to be semi-compact if
(a) it is integrably bounded; i.e., there exists ¢ € L'([a,b],RT) such that
|z, (t)|E < q(t), for ae. t€ [a,b] and every n € N,
(b) the image sequence {z,,(t)}nen is relatively compact in E for a.e. ¢ € [a, b].

The following important result follows from the Dunford-Pettis theorem (see [23]
Proposition 4.2.1]).

Lemma 4.9. Every semi-compact sequence L'([a,b], X) is weakly compact in the
space L'([a,b], X).

When the nonlinearity takes convex values, Mazur’s Lemma may be useful:

Lemma 4.10 ([32, Theorem 21.4]). Let E be a normed space and {zy}ren C E
a sequence weakly converging to a limit x € E. Then there exists a sequence of
conver combinations y,, = ZZLI AmkTk With apme > 0 for k = 1,2,...,m and
Y opeq Qmk = 1 which converges strongly to x.
Theorem 4.11. The Carathéodory multivalued map F : I x R — P(R) has non-
empty, compact, convexr values and satisfies:

(H5) There exist a continuous nondecreasing function ¢ : [0,+00) — (0,400)
and p € LY(I,RT) such that

IF(t,2)llp = sup {[o(®)] : v € F(t,2)} < o],
for a.e. t € I and each x € R.
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(H6) There exists a constant M > 0 such that

C—&-w /Gss /Hsr dr)ds
“‘“/G@, /Hsr )ds”1>1.

Then problem (1.2)) has at least one solution.

Proof. Let X = E and consider M > 0 as in (3.1)). It is obvious that the existence
of solutions to problem (|1.2)) reduces to the existence of the solutions of the integral

inclusion
1

u(t) = 2(t) + ; G(t,s) / H(s,r)F(r,u(r ))dr)ds

Zaz/Gfl, /Hsr (r, u(r)dr) ds.

1
u(t) € () + /0 G(t,s) H(s,r)F(r,u(r))dr)ds

m—2

Z az/ (&,S)(/l H(S,T)F(r,u(r))dr) ds, tel,

i=1
where G(t7s) and H(t,s) defined by (2.4) and ., respectively. Consider the
set-valued map T : E — P(X) defined by

T(u) = {’UEX u(t /Gts /Hsr )d
+(1ta_1A)Zai/O G(fi,S)(/O H(s,r)f(r)dr)ds, fem}.

We show that T satisfies the hypotheses of the Theorem [1.2]
Claim 1. We show that T'(u) C X is convex for any u € X. If vy, v2 € T'(u)
then there exist f1, fo € Sp(u) such that for any ¢ € I one has

1 1
v (t) = 2(t) +/O G(t,s) / H(s,r)fi(r)dr>ds
m—2
Zal/GQ, /Hsrfl dr) 1=1,2.
Let 0 < XA < 1. Then for any ¢t € I we have
(Avr + (1 = N)we)(t)

+ /1 G(t,s) /1 H(s,r)[Afr(r)+ (1 — )\)fg(r)]dT)ds

m—2

Zal/ G(&;, ) / H(s,m)[Af1(r) + (1—)\)f2(r)]dr) ds.

The values of F' are convex, thus Sp(u) is a convex set and hence vy + (1 —N)wvg €
T(u).

tal

ta | (4.2)

(4.3)

tozl

tozl
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Claim 2. we show that T is bounded on bounded sets of X. Let B be any

bounded subset of X. Then there exist m > 0 such that ||u|| < m for all uw € B. If
v € T'(u) there exists f € Sp(u) such that

4 / i) / H(sr) F(r)dr) ds

m—2

Zaz/sz, /Hsr )ds.

t(xl

One may write for any ¢ € I,
1 1
o] < =0+ [ Gl [ Hnlrar)ds
0 0
2

P ZEo “Glens) (/ 1 H(s,r>|f<r>\dr) ds

|+/ (s, s) / H(s,7) (||uH)dr>ds

+(Zl o et ([ e as

<)o) [ G ([ Hemptrar)as
+(Z“C§Z/ (&, 9) /H.w )ds].

= t
o)l = max fo(t)

Therefore,

< C+yY(m /Gss /Hsr dr)ds

P2 oo [ B i

for all v € T'(u); i.e., T(B) is bounded.

Claim 3. We show that T maps bounded sets into equi-continuous sets. Let
B be any bounded subset of X as before and v € T(u) for some v € B. Then,
there exists f € Sp(u) such that v(t) is defined as (4.5). So, for any t;,t € [0,1],
without loss of generality we may assume that ¢35 > ¢; and one can get

lv(t1) —v(t2)] < /01 |G(t1,8) — G(ta,s) / H(s,r) dr)ds

m—2

§/01|G(t1, Glts, ) / H(s, 7)o (m)e(r )dr)ds

Y0 a1 e
+ﬁ‘t1 Pt 1|/o G1(&, ) /()H(S,T)1/J(m)<p(7’)dr)ds
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On the other hand,

/1 |G(t1,5) — G(ta, 5) / H{(s, r)(m)p(r )dr)ds
/tl / / |Gt 5) G(t275)| /OlH(57T)¢(m)<P(T)dr)ds

P(m )/ (57" =771 =)+ ((t2 = 9) 7" = (1 = 5)*71)]

/ H(s,r) dr)ds

Futm) [ 057 00 -9 H(s.r)p(r)dr ) ds

Fotm) (1057 o0 ([ Bsreear)as

— 0 uniformly as t; — ts.

\ A

(4.6)
Thus,
[v(t1) — v(t2)| — 0 uniformly as t; — ts. (4.7

Therefore, T(B) is an equi-continuous set in X. As satisfies the above Claims 2
and 3, therefore it follows by the Arzeld-Ascoli theorem that T : C([0,1],R) —
P(C(]0,1],R)) is completely continuous.

Claim 5. T is upper semi-continuous. To this end, it is sufficient to show that T’
has a closed graph. Let v,, € T'(u,,) be such that v,, — v and u,, — u, as n — +o0.
Then there exists m > 0 such that ||u,|| < m. We shall prove that v € T'(u) means
that there exists f,, € Sp(u,) such that, for a.e. ¢t € I, we have

¢ +/1G(t7s) /IH(sm)fn(r)dr)ds

m—2

Zal/G&, /Hsrfn dr)ds

The condition (H5) implies that f,(t) € ¢(t)¢(m)B1(0). Then {f,}nen is inte-
grable bounded in L!(I,R). Since F has compact values, we deduce that {f,}, is
semi-compact. By Lemma there exists a subsequence, still denoted {f,}nen,
which converges weakly to some limit f € L'(I,R). Moreover, the mapping
I':LY(I,R) — X = E defined by

/Gts /Hsr dr)ds

+ﬁ ; ai/o G(§i7s)</01H(s,r)g(r)dr) ds

is a continuous linear operator. Then it remains continuous if these spaces are
endowed with their weak topologies [24],[32]. Moreover for a.e. ¢t € I, u,(t) converges

tal
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to u(t). Then we have

r) ds

()
;/ » /Hsr i)

It remains to prove that f € F(t,u(t)), a.e. t € I. Mazur’s Lemma yields the

existence of a > 0, ¢ = n,...,k(n) such that Zf(q) o =1 and the sequence of

convex combinations g, (-) = Zf(?) al fi(+) converges strongly to f in L. Using

Lemma [4.6] we obtain that

v(t) € Np>1{gn(t)}, ae tel
- nglm{fk(t), k> n}

C mnzl@{ Uns1 F(t, uk(t))} (4.8)

= @( limsup F'(t, Uk(t))) :
k—+4o00

The fact that the multivalued function x — F(.,z) is upper semi-continuous and
has compact values, together with Lemma [4.7] implies that

limsup F'(t,upn(t)) = F(t,u(t)), ae. tel.

n—-+o0o
This with (4.8)) yields that f(t) € ¢0F(¢,u(t)). Finally F(-,-) has closed, convex
values; hence f(t) € F(t,u(t)), a.e. t € I. Thus v € T(u), proving that T" has a
closed graph. Finally, with Lemma [£.1and the compactness of T', we conclude that
T is upper semi-continuous.

Claim 6. A priori bounds of solutions. Let u be a solution of (1.2)). Then there

exists f € L'(I,R) with f € Sp(u) such that

u(t) = 2(t) + /1 G(t, s) /1 H(s, r)f(r)dr)ds

mzzaz/ng, /Hsr )ds.

In view of (H5), and using the computations in the Clime 2 above, for each t € I,
we obtain

tozl

lu(®)] < |()|+¢(IIUII)/ (s,5) /Hsr )ds

+ﬁ / G& ) / H(s. r)p(r)dr) ds].
Consequently,

[l {C’-Fw flul) / G(s, s) / H(s,r) )dr)d

P2 [, [ e a] " <1
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In view of (H6), there exists M such that ||u|| # M. Let us set
U:={ueCR): |u| <M}

Note that the operator T : U — P(C([0, 1], R) is upper semi-continuous and com-
pletely continuous. From the choice of U, there is no v € OU such that u = A\T'(u)
for some A € (0,1). Consequently, by the nonlinear alternative of Leray-Schauder
type (Theorem |4.2)), we deduce that has a fixed point w € U which is a solution of
the problem This completes the proof. O

4.2. The lower semi-continuous case. Here, we study the case when T is not
necessarily convex valued. Our strategy to deal with this problems is based on the
nonlinear alternative of Leray-Schauder type together with the selection theorem
of Bressan and Colombo [7] for lower semi-continuous maps with decomposable
values. Consider a Banach space Y and I = [a,b] an interval of the real line.

Definition 4.12. A subset A C L'(I,Y) is decomposable if for all u,v € A and
for every Lebesgue measurable subset I’ C I, we have uxp +vxpp € A, where x4
stands for the characteristic function of the set A.

Let F: I x R — P(R) be a multivalued map with nonempty compact values.
Define a multivalued operator F : C([0,+oc), R) — P(L!([0,+00),R)) associated
with F as

F(u) = {w e LY(I,R)) : w(t) € F(t,u(t)), ae. t € 1}, (4.9)
which is called the Nemytskii operator associated with F'.

Definition 4.13. Let F : I x Y — P(Y) be a multivalued map with nonempty
compact values. We say that F' is of lower semi-continuous type if its associated
Nemytskii operator F : C(I,Y) — P(LY(I,Y)) defined by F(y) = Sr(y) is lower
semi-continuous and has nonempty, closed, and decomposable values.

Definition 4.14. Let A be a subset of I x R. A is £ ® B measurable if A belongs
to the o-algebra generated by all sets of the form J x D, where J is Lebesgue
measurable in I and D is Borel measurable in R.

Next, we state the celebrated selection theorem of Bressan and Colombo [7].

Lemma 4.15. Let X be a separable metric space and let Y be a Banach space.
Then every lower semi-continuous multivalued operator T : X — Pu(LY(1,Y))
with nonempty closed decomposable values has a continuous selection; i.e., there
exists a continuous single-valued function f: X — LY(I,Y) such that f(z) € T(z)
for every x € X.

Theorem 4.16. Assume that (H5) and the following condition holds:

(H7) F : I xR — P(R) is a nonempty compact-valued multivalued map such
that:
(a) (t,x) — F(t,z) is L ® B measurable,
(b) & — F(t,z) is lower semi-continuous for each t € I.

Then boundary value problem (1.2)) has at least one solution on I.
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Proof. We note first that if (H5) and (H7) are satisfied then F' is of lower semi-
continuous type (e.g., [16]). Then, by Lemma there exists a continuous func-
tion f : C(I,R) — L'(I,R) such that f(u) € F(u) for all u € C(I,R). Consider
the problem

Dfiu(t) = f(u(?), 0<t<4oo,

m2 4.10
D& u(0) = DSu(1) =0, u(0) =0, u(l)— Z ai (&) = A, (4.10)

in the space C([0,1),R). It is clear that if u is a solution of the problem (4.10)),
then w is a solution to the problem (1.2]). In order to transform the problem (4.10))
into a fixed point problem, we define the operator as

Ou(t) = {z(t)+/01G(t, s)(/OlH(s,r)f(u(r))dr)ds

+ (fa__;) Z ai/ol G(fz‘,s)(/olH(s,r)f(u(r))dr> ds, t € 1},

It can easily be shown that is continuous and completely continuous. The remaining
part of the proof is similar to that of Theorem So we omit it. This completes
the proof. |

4.3. The Lipschitz case. Now we prove the existence of solutions for the problem
(1.2) with a nonconvex valued right hand side by applying a fixed point theorem
for multivalued maps due to Covitz and Nadler [II].

Definition 4.17. A multivalued operator N : X — P (X) is called:

(a) ~-Lipschitz if and only if there exists v > 0 such that dg(N(z), N(y))
d(x,y) for each z,y € X;
(b) a contraction if and only if it is v-Lipschitz with vy < 1.

IN

Lemma 4.18 (Covitz-Nadler [I1]). Let (X, d) be a complete metric space. If N :
X — Py(X) is a contraction, then Fix N # ().

Definition 4.19. A measurable multi-valued function F : [0, +00) — P(X) is said
to be integrably bounded if there exists a function f € L'(I, X) such that for all
v e F(t), v < f(t) for a.e. ¢ € [0,+00).

Theorem 4.20. Assume that the following conditions hold:

(H8) F' : I x R — Pp(R) is such that F(-,z) : I — Pp(R) is measurable for
each x € R;

(H9) There existsl: I — [0,+00) are not identical zero on any closed subinterval
of I, and

1
/ H(r,r)l(r)dr < 400, i=1,2,
0
such that for almost all t € [0, +00),
dH(F(t,l'l),F(t,ZL'Q)) S l(t)|£L'1 — 1'2|
for all z1, x5 € R with d(0, F(t,0,0)) < [(t) for almost all t € I.
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Then boundary-value problem (1.2)) has at least one solution on I = [0,1] if

/01 G’(s,s)(/ol H(r, r)l(r)dr)derz(:l;n___lQAC;i /01 G(fi,s)(/ol H(r, r)l(r)dr) ds < 1.

Proof. We transform problem into a fixed point problem. Consider the set-
valued map T : C[0,1] — P(C[0,1],R)) defined at the beginning of the proof of
Theorem It is clear that the fixed points of T are solutions of .

Note that since the set-valued map F(-,u(-)) is measurable with the measurable
selection theorem (e.g., [8, Theorem III.6]) it admits a measurable selection f :
I — R. Moreover, since F is integrably bounded, f € L([0,1],R). Therefore,

Sk (u) # 0.

We shall prove that T fulfills the assumptions of Covitz-Nadler contraction prin-

ciple (Lemma .

First, we note that since Sg(u) # 0, T'(u) # () for any u € C([0, +00)). Second,
we prove that T'(u) is closed for any u € AC'([0,400),R). Let {up}n>0 € T'(u)
such that u, — ug in AC'(]0,+00),R). Then uy € AC*([0,+0c0),R) and there
exists f, € Sp(u) such that

¢ —|—/1G(t,s)(/lH(s,r)fn(r)dr)ds

m—2

Zal/G«Ez7 /Hsrfn dr)ds

Since F has compact values, we may pass onto a subsequence (if necessary) to obtain
that f,, converges to f € L*(([0,1],R)) in L'(([0,1],R)). In particular, f € Sp(u)
and for any ¢ € [0, 1] we have

wn(t) — wuo(t) /Gts /Hsr )ds

m—2

Zal/sz, /Hsr )ds;
ie., up € T(u) and T'(u) is closed.

Next we show that T is a contraction on C([0,1],R). Let uj,us € C([0,1],R)
and v; € T(uy). Then there exist f; € Sp(u1) such that

+/1G(t,s)(/1 H (s, ) fy(r)dr ) ds

m—2
Z%/Gfu /Hsrfl dr) tel.
Consider the set-valued map

H(t) .= F(t,u2(t)) N{u € R:|f1(t) —u| <I(t)|z1 — 2]}, t€[0,+00).
By (H5), we have

tocl

t()tl

t(xl

dH(F(tvxl)vF(tva)) < l(t)|x1 7$2|a

hence H has nonempty closed values. Moreover, since H is measurable (e.g., [8
Proposition III1.4]), there exists fo a measurable selection of H. It follows that
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f2 € Sr(ug) and for any ¢ € [0, 1],

|f1(t) = f2(8)] < U(t)]w1 — 2.
Define

va(t) = (1) + /O 1 att.s)( /O Hisr) fo(r)dr) ds

toz—l m—2

+m i_zlai/olG(gi,s)(/olH(&r)fg(r)dr) ds, tel,

and one can obtain
) a0 < [ Gl ([ HEAE) ~ Rjar)as
2 M [ o6 - filir)
< /01G(s,s)(/olH(T,T)l(r)|x1(r) — aa(r)|dr)ds
+ %ﬁ__llc;i/ol G(fi,s)</01 Hr, ) ()| () — xg(r)|dr) ds
< llz1 — 2] [/Ola(s,s)(/ol H(r.)l(r)dr ) ds
+ Z(:lzn___lzc;i /01 G(&, S)</01 H(r, r)l(r)dr) ds]

Therefore,
Jor = wall < lls — 22l [/01 G(s,s)(/o1 H(r.)l(r)dr ) ds
+ %i?i__llc;i /01 G(&,s)(/ol H(r, r)l(r)dr) ds].

From an analogous reasoning by interchanging the roles of u; and us it follows

i (T(w1), T(up)) < o1 — o] [/01 G(s,s)(/o1 H(r.)I(r)dr ) ds

+ (Zl’i_‘llc;/ol G(gi,s)(/olH(r,r)Z(r)dr) ds].

Since T' is a contraction, it follows by the Lemma that T" admits a fixed point
which is a solution to problem (1.2]). O

5. AN APPLICATION

Consider the singular boundary-value problem
Dy (DyPu)(t) = f(t,ult)), t€(0,1),

DY2u(0) = DY2u(1) =0, w(0) =0, u(l)— cu(—)—u(
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Here,a =03=3/2,p=2, m=4,a1=7/4,a2 =1,& =1/16 and £, = 1/4. Let

e + 5% tel0,1], 0<u<l,

e +5[u® — u] + 145, tef0,1], 1<u<2,
f(t7u): \/@ 1

Tooo- T 2[logau +2u] + 455, t€[0,1], 2<u<4

ISP LT 104 gk, te[0,1), 4 <u < oo,

Choose v = 1/4 and § = 3/4. Then, by direct calculations, we can obtain that
1 =0.3780,0 = 0.3536 and
A =0.9375, m = 1.0765, M = 2.9786.
Then, by Choosing a = 1, b = 2, ¢ = 1000, one obtains
1 a 1 ¢
- — =0.0671, —-.-— =67.1456
p M T p M ’

It is easy to check that f satisfy the conditions (H1)—(H3). Then, all conditions
of theorem hold. Hence, for 0 < A < 3.1250, the system has at least
three positive solutions w1, uz,us such that [lu|| < 1,2 < minic,cs(u2(t)), and
[[us]] > 1, with mins <, < (us(t)) < 2.

b = 1.8579.
m
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