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GENERATORS WITH INTERIOR DEGENERACY ON SPACES
OF L? TYPE

GENNI FRAGNELLI, GISELE RUIZ GOLDSTEIN
JEROME A. GOLDSTEIN, SILVIA ROMANELLI

ABSTRACT. We consider operators in divergence and in nondivergence form
with degeneracy at the interior of the space domain. Characterizing the do-
main of the operators, we prove that they generate positive analytic semigroups
on spaces of L? type. Finally, some applications to linear and semilinear par-
abolic evolution problems and to linear hyperbolic ones are presented.

1. INTRODUCTION

This article is concerned with the generation property of a second order ordi-
nary differential degenerate operator in divergence or in nondivergence form un-
der Dirichlet boundary conditions in the real setting. In particular, we consider
both the operators Aju := (au’)’ and Ayu := au” with a suitable domain, where
the function a vanishes at an interior point of the domain. Degenerate para-
bolic operators naturally arise in many problems. For some examples involving
degeneracy, let us recall some applications arising in aeronautics (the Crocco equa-
tion, see, e.g., [I0]), in physics (boundary layer models, see, e.g., [6]), in genetics
(Wright-Fisher and Fleming-Viot models, see, e.g., [24, 27]) and in mathemati-
cal finance (Black-Merton-Scholes models, see, e.g., [12 20, 23]). Moreover, de-
generate operators have been extensively studied since Feller’s investigations in
[15, [16], whose main motivation was the probabilistic interest of the associated
parabolic equation for transition probabilities. After that, the degenerate oper-
ator Aju or Asu has been studied under different boundary conditions, see, for
example, [7, @, 111, 14, B0, 17, 19, 22, 28, 29, B1]. In particular, [30, 22 28 29]
develop a functional analytic approach to the construction of Feller semigroups
generated by degenerate elliptic operators with Wentzell boundary conditions. In
[19], the authors consider degenerate operators with boundary conditions of Dirich-
let, Neumann, periodic, or nonlinear Robin type. In [25], A. Stahel proves that the
Dirichlet parabolic problem associated to a degenerate operator in divergence form
with degeneracy at the boundary of the domain, has a unique solution under suit-
able assumptions on the degenerate function, using an approximation technique.
In [1 9, [17], the authors consider the degenerate operator in divergence and in non
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divergence form with Dirichlet or Neumann boundary conditions, giving more im-
portance to controllability problems of the associated parabolic evolution equations.
However, all the previous papers deal with a degenerate operator with degeneracy
at the boundary of the domain. For example, as a, one can consider the double
power function

a(z) =21 —2)*, 20,1,

where k and « are positive constants.

To the best of our knowledge, Stahel’s paper [26] is the first treating a problem
with a degeneracy which may be interior. In particular, Stahel considers a parabolic
problem in RY with Dirichlet, Neumann or mixed boundary conditions, associated
with a IV x N matrix a, which is positive definite and symmetric, but whose small-
est eigenvalue might converge to 0 as the space variable approaches a singular set
contained in the closure of the space domain. In this case, he proves that the cor-
responding abstract Cauchy problem has a solution, provided that a=! € L4(2,R)
for some g > 1, where

a(z) := minfa(x)§ - &« [|€]] = 1}.

In the present paper we generalize his assumption when N = 1 and the degeneracy
is interior. More precisely, we shall admit two types of degeneracy for a, namely
weak and strong degeneracy according to the following definitions:

Definition 1.1. The operators Aju := (au')’ and Asu = au” are weakly degenerate
if there exists zg € (0,1) such that a(z¢) =0, a > 0 on [0,1]\ {zo}, a € C[0,1] and
LerY0,1).

For example, as a, we can consider a(z) = |z — zo|*, 0 < a < 1.

Definition 1.2. The operators Aju := (au’)’ and Asu = au” are strongly de-
generate if there exists o € (0,1) such that a(zg) = 0, a > 0 on [0,1] \ {zo},
a€Wh*(0,1) and L ¢ L'(0,1).

For example, as a, one can consider a(z) = |z — zo|%, a > 1.

We remark that, while in [26] only the existence of a solution for the parabolic
problem is considered, here we analyze in detail the underlying degenerate operator
in the spaces L%(0,1) with or without weight, proving that under suitable assump-
tions it is nonpositive and selfadjoint, hence it generates an analytic semigroup
which is positivity preserving (see Theorems - .

Moreover, in the strongly degenerate case, we are able to characterize the domain
of the operator both in divergence and in non divergence cases (see Propositions
under, possibly, additional assumptions on the function a. We point out that
the generation property of the operator in nondivergence form cannot be deduced
by the generation property of the operator in divergence form without additional
assumptions on the function a. In fact, the operator

Asu = au”
can be recast using divergence form as follows
Aou = Aju—a'u’ (1.1)

at the price of adding the drift term —a’u’ to the divergence form operator A; de-
fined in Definition [I.1] or Definition Such an addition has major consequences.
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For example, as described in [4], degenerate operators of the form (|1.1)), where a de-
generates at the boundary of the domain, generate a strongly continuous semigroup
in L2(0,1) under the structural assumption

@/ (@)] < C\/a(@) (1.2)
for any « € [0, 1], where C is a positive constant. Hence, it is natural to expect that
a similar result holds also if @ has an interior degeneracy. Similar considerations
also hold interchanging the role of divergence and nondivergence operators. This is
proved in Section [3] where, however, we establish the generation property of Asu =
au’” on a suitable weighted space without any additional technical assumption on a.
The generator property of Aju = (au’)’ is proved without any further assumptions
on a in Section 2

The paper is organized in the following way. In Section [2] we consider the degen-
erate operator in divergence form and we prove that it is nonpositive and selfadjoint
on L?(0,1). In Section We prove the same result for the operator in nondivergence
form on the space L? /a(O, 1). Moreover, under hypothesis (|1.2)), we prove that both
degenerate operators in nondivergence and in divergence form generate analytic
semigroups on L2(0,1) and L%/G(O, 1), respectively (see Theorems W and [3.11)).
As a consequence of the results proved in Sections [2] and [3] in Section [4] we obtain
existence results for linear and semilinear parabolic evolution problems and linear
hyperbolic evolution problems associated with the operators under consideration.
Finally, for the reader convenience, in the Appendix we give some compactness
theorems which are crucial for our proofs in the semilinear parabolic cases. In this
paper we will always consider spaces of real valued functions.

2. DIVERGENCE FORM
In this section we consider the operator in divergence form, that is Aju = (au’)’,

and we distinguish two cases: the weakly degenerate case and the strongly one.

2.1. Weakly degenerate operator. Throughout this subsection we assume that
the operator is weakly degenerate. To prove that A;, with a suitable domain,
generates a strongly continuous semigroup, we introduce, as in [I], the following
weighted space:

H,(0,1) :== {u € L*(0,1) : u absolutely continuous in [0, 1],
Vau' € L*(0,1) and u(0) = u(1) =0}

with the norm

1/

llizzo) = (lelZago. + IVaw' I3z )
and consider

H2(0,1) :={u € HX0,1) : au’ € H'(0,1)}.
Then, define the operator A; by

D(Ay) = H;(0,1),
and for any u € D(A;),
Aju = (au')’.

We prove the following Green’s formula:
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Lemma 2.1. For all (u,v) € H2(0,1) x HL(0,1) one has

1 1
/ (au') vdx = —/ av'v'dz. (2.1)
0 0

Proof. Let (u,v) € H2(0,1) x H}(0,1). For any sufficiently small § > 0 one has
1

1 zo—90 o+
/ (au') vdx :/ (au') vdx +/ (au') vdx +/ (au') vdx
0 0 T

0—0 zo+9
= (au'v)(xo — &) — (au'v)(0)

ro—90 o+
7/ au'v’der/ (au') vdx
0 T

075
! (2.2)
+ (au'v)(1) — (av'v)(zo + J) — / au'v'dx
Io+6
To—0 zo+0
= (au'v)(xg — &) — / au'v'dxr +/ (au') vdx
0 fE()—(S

1

— (av'v)(zo + 9) — / au'v'dr,
o+

since au’ € H*(0,1) and v(0) = v(1) = 0. Now, we prove that

z0—0 0 1 1
lim au’v'dx:/ au'v'dr, lim au’v'dx:/ au'v'dx
6—0 0 0 6—0 zo+0 xo
and
zo+0
lim (au') vdz = 0. (2.3)
6—0 xo—5

Toward this end, observe that

ro—0 zo xo
/ au'v'dx :/ au'v'dx —/ au'v'dx (2.4)
0 0 10—5

1 1 zo+0
/ au'v'dx :/ au'v'dr —/ au'v'dz. (2.5)
zo+0 zo To

Moreover, (au')’v and au’v’ € L'(0,1). Thus, for any € > 0, by the absolute
continuity of the integral, there exists 0 := §(¢) > 0 such that
xo xo
| au'v'dz| < | lau'v'|dz| < e,
xg—(s xg—(s

and

x0+0 zo+0
‘/ (au') vdz| < ’/ |(au’) v|dz| < €,
zo—0 zo—0
zo+6 o+
‘/ au'v'dz| < ‘/ lau'v'|dz| < e.
To o

Now, take such a ¢ in (2.2)). Thus, € being arbitrary,

xo zo+0 z0+08
lim av'v'dr = lim (au')'vdz = lim av'v'dr = 0.

d—0 zo—5 5—0 zo—F 6—0 Zo
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The previous equalities and (2.4)), (2.5) imply
Z0—5 xo 1 1
lim au'v'dr = / au'v'dr and lim au'v'dr = / au'v'dz.
=0 Jo 0 =0 Joots zo
To obtain the desired result it is sufficient to prove that

;ii%(au/v)(xo —9) = ;ig%)(au'v)(xo +9). (2.6)

Since au’ € H'(0,1) and v € H.(0,1),

%Erg)(au'v)(xo —0) = (au'v)(zg) = %Erg)(au'v)(xo + ). (2.7)

Thus, by (2.2) — (2.3) and (2.6)), it follows that

1 1
/ (au') vdx = —/ au'v'dz. O
0 0

As a consequence of the previous lemma one has the next result.

Theorem 2.2. The operator Ay : D(A;) — L?(0,1) is nonpositive and self-adjoint
on L?(0,1). Moreover, the semigroup {T(t) = et*t : t > 0} generated by A; is
positivity preserving.

Proof. Observe that D(A;) is dense in L?(0,1). To show that A; is nonpositive
and self-adjoint it suffices to prove that A; is symmetric, nonpositive and (I —
A1)(D(A1)) = L*(0,1) (see e.g. [3, Theorem B.14] or [18]).
A; is symmetric. Indeed, for any u,v € D(A;), one has

1 1 1
(v, A1u)r2(0,1) = / v(au') dx = 7/ au'v'dr = / (av") udz = (Ayv,u)2(0,1)-
0 0 0

A; is nonpositive. By (2.1)), it follows that, for any u € D(A;)

1 1
(Aru,u) 20,1y = / (au') udz = —/ a(u')?dx < 0.
0 0

I — A, is surjective. First of all, observe that H}(0,1) equipped with the inner
product

1
(u,v); :z/ (uv + au'v')dz,
0
for any u,v € HL(0,1), is a Hilbert space. Moreover,
Hg(0,1) < L*(0,1) < (Hg(0,1))7, (2:8)

where (H1(0,1))* is the dual space of H}(0,1) with respect to L?(0,1) (cf. (2.8)).
Indeed, the continuous embedding of H}(0,1) in L?(0, 1) is readily seen. In addition,
for any f,p € L?(0,1)

1
I{f, @) r20,1)] = ‘/o fodx

Hence, L?(0,1) — (H(0,1))*. Then, (H}(0,1))* is the completion of L?(0, 1) with
respect to the norm of (H!(0,1))*. Now, for f € L%(0,1), consider the functional
F:H0,1) — R defined as F(v) := fol fvdz. Since HL(0,1) — L?(0,1), we have

< fllzzonllelizzo,1) < N0 @l 0,1)-
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that F' € (H}(0,1))*. As a consequence, by Riesz’s Theorem, there exists a unique
u € HL(0,1) such that for all v € H1(0,1)

(u,v); :/0 fuodz. (2.9)

In particular, since C2°(0,1) C H}(0,1), (2.9) holds for all v € C=°(0,1); i.e.,

1 1
/ av'v'dr = / (f —uw)vdz, for all v € C°(0,1).
0 0
Thus, the distributional derivative of au’ is a function in L2(0,1), that is au’ €

H1(0,1) (recall that /au' € L?(0,1)) and (av/) = u — f a.e. in (0,1). Then
u € H2(0,1) and, by (2.9) and Lemma we have

1
/ (u— (au') = fvdz = 0.
0
Consequently,

u€ D(A;) and w—Aju=f (2.10)
As an immediate consequence of the Stone-von Neumann spectral theorem and
functional calculus associated with the spectral theorem, one has that the operator
(A1, D(A1)) generates a cosine family and an analytic semigroup of angle 7 on

L?(0,1). Positivity preserving follows as a consequence of the positive minimum
principle. (]

2.2. Strongly degenerate operator. In this subsection we assume that the op-
erator is strongly degenerate. Following [I], we introduce the weighted space

H}(0,1) :== {u € L*(0,1) : u locally absolutely continuous in [0, z¢) U (20, 1],
vau' € L*(0,1) and u(0) = u(1) = 0}

with the norm

1/
lullms o = (Ielfzom + IVaw Iag) -
Define the operator A; by
D(Ay) = HZ(0,1),
and for any u € D(4y),
Aju = (au')’,

where H2(0,1) is defined as before. Since in this case a function u € H2(0,1) is lo-
cally absolutely continuous in [0, 1]\ {2} and not necessarily absolutely continuous
in [0, 1] as for the weakly degenerate case, equality (2.7]) is not true a priori. Thus,

we have to prove again the Green formula. To do this, an idea is to characterize
the domain of A;. The next results hold:

Proposition 2.3. Let
X = {u € L*(0,1) : u locally absolutely continuous in [0,1]\ {xo},
Vau' € L*(0,1),au is continuous at x¢ and
(au)(zq) = 0 = u(0) = u(l)}.
Then H}(0,1) = X.
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Proof. Obviously, X C H!. Now we take u € H}, and we prove that (au)(xg) = 0,
that is u € X. Toward this end, observe that au € H}(0,1). Indeed, using the
assumptions on u, one has that au € L?(0,1) and (au)(0) = (au)(1) = 0. Moreover,
since a € W1>(0,1), (au)’ = a’u+ au’ € L?(0,1). Thus au € H(0,1) C C[0,1].
This implies that there exists lim,_,,, (au)(x) = (au)(x¢) = L € R. If L # 0, then
there exists C' > 0 such that

|(au)(x)| = C
for all = in a neighborhood of xg, © # xg. Thus, setting Cy := ﬁf}a(z) > 0, it
follows that ) ,
C C
u?(2)] = > —=

~a*(x) T a(x)’
for all  in a neighborhood of zg, = # xy. But, since the operator is strongly
degenerate, 1 ¢ L'(0,1) thus u ¢ L?(0,1). Hence L = 0, that is (au)(zo) =0. O
Using the previous result, one can prove the following characterization.
Proposition 2.4. Let
D :={ue L*(0,1) : u locally absolutely continuous in [0,1]\ {zo},
au € Hy(0,1),au’ € H'(0,1) and (au)(zo) = (au')(zo) = 0}.
Then D(Ay1) = D.
To prove Proposition the following lemma is crucial:
Lemma 2.5. For all w € D we have that
la(@)u(@)| < [[(au)'[[L2(0,1)V]z = o,
and
la(@)d ()] < [|(au')' | L2(0,1) V/ & — @ol, (2.11)
for all x € ]0,1].
Proof. Let w € D. Since (au)(xg) = 0, then

(aua)| = | [ (@' (s)as| < @) 200, v/Jo
zo
for all z € [0,1]. Analogously, using the fact that (au’)(z) = 0,

|(au')(z)| = |/ (au') (s)ds| < ||(au)'[| L2 (0,1) V| — ol
Zo
for all z € [0,1]. O

Proof of Proposition[2.]] Let us prove that D = D(A;).

D C D(A;) : Let u € D. Tt is sufficient to prove that /au’ € L?(0,1). Since
au’ € H'(0,1) and u(1) = 0 (recall that a > 0 in [0,1] \ {zo}), for z € (x¢,1] we
have

1

1 1
[l Yualsyds = fantal: = [ (atw)?)(s)ds = ~laul(@) ~ [ (alu’ ) (o),

x

Thus ) )
(@u)(e) = - [ ) uds — [ (alw)))ds
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Since u € D, (au')'u € L*(0,1). Hence, there exists

lim+(au'u)(x) =L € [—00,+0).

I‘PIO

If L # 0, there exists C' > 0 such that
|(au'u)(z)| = C

for all z in a right neighborhood of z¢, x # xg. Thus, by (2.11]), there exists C; > 0

such that
C Cy

O Gl 2 Ve

for all x in a right neighborhood of zg, # # x¢. This implies that v ¢ L?(0,1).
Hence L =0 and

/ [(au') u)(s)ds = —/ (a(u')?)(s)ds. (2.12)

0

If x € [0,20), proceeding as before and using the condition «(0) = 0, it follows that:

(@) = [ [ u)(s)ds + / " (alu)?)(s)ds

and there exists
lim (au'u)(z) = L € (—o0, +00].

T—Ty
As before, if L # 0, there exist two positive constants C’ and Cf such that
c’ C}
u(z)| = -

> )
[(aw')(@)] — /(20 — 2)
for all x in a left neighborhood of zg, x # x¢. This implies that u & L?(0,1). Hence
L =0 and

/ [(au) u](s)ds = 7/ (a(u')?)(s)ds. (2.13)
0 0
By and , it follows that

1 1
au’) ul(s)ds = — a(u)?)(s)ds.
/0[( Yul(s)d /0<<>><>d

Since (au')'u € L*(0,1), then y/au’' € L?(0,1). Hence, D C D(A;).

D(A;) € D: Let u € D(A;1). As in the proof of Proposition we can
prove that au € HZ(0,1). Moreover, by Proposition (au)(xzo) = 0. Thus,
it is sufficient to prove that (au')(zo) = 0. Toward this end, observe that, since
au’ € H(0,1), there exists L € R such that lim, ., (av')(z) = (au')(x¢) = L. If
L # 0, there exists C' > 0 such that

|(au')(2)] = C,
for all x in a neighborhood of zg, x # xg. Thus

02
a(u)?)(z —
(a2

for all z in a neighborhood of zg,  # z¢. This implies that v/au’ ¢ L?(0,1). Hence
L =0, that is (au’)(xo) = 0. O
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We point out the fact that the condition % ¢ L'(0,1) is crucial to prove the
previous characterizations. Clearly this condition is not satisfied if the operator is
weakly degenerate.

As for the weakly degenerate case and using the previous characterization, we
can prove the following Green’s formula.

Lemma 2.6. For all (u,v) € H2(0,1) x H}(0,1) one has

1 1
/ (au') vdx = —/ av'v'dz.
0 0

Proof. Let (u,v) € H2(0,1) x H}(0,1). As for the weak case, one can prove that,
for any § > 0:

1 1‘()75
/ (au) vdz = (au'v)(zg — &) — / au'v'dz
0 0

ots X (2.14)
+/ (au') vdz — (au'v)(xo + &) — / au'v'dx.
To—0 xo+0
Moreover,
I[)*(S o 1 1
lim av'v'dr = / au'v'dz, lim au'v'dx = / av'v'dz  (2.15)
6—0 0 0 6—0 o+ xo
and
zo+0
lim (au') vdx = 0. (2.16)
5HO :1:076
To obtain the desired result it is sufficient to prove that
;ir%(au/v)(xo —9) = ;in%)(au'v)(xo +9). (2.17)

First of all, observe that

zo—0 xo—0
(au'v)(zg — 0) = /0 ((au')'v)(s)ds +/0 (au'v")(s)ds

and

1 1

(au'v)(zg + 0) = 7/ ((au')v)(s)ds — / (au'v")(s)ds.

To+0 zo+0
Since (au')’, v € L?(0,1) and vau', /av' € L%*(0,1), by Holder’s inequality,
(au')'v € LY(0,1) and au'v’ € L*(0,1). Thus, there exist L1, Ly € R such that

Io—5

I0—5
. / S — T N . 1ot
(%Er(l)(au v)(xo — 9) }13%) ; ((au")'v)(s)ds + gli%/o (au'v")(s)ds

_ /0 " (auYv)(s)ds + /0 () (s)ds = Ly

and
1 1
lim (au'v)(zg + 0) = — lim ((au')'v)(s)ds — lim (au'v")(s)ds
6—0 6—0 zo+6 6—0 Zo+5
1 1
= [ty o)sds = [ (@) (s)ds = Lo
Zo xo

If Ly # 0, then there exists C' > 0 such that
|(au'v)(2)] = C
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for all z in a left neighborhood of g, x # z¢. Thus, by (2.11)),
C Cy
v(x)| > >
YOI @) = Ve ==
for all = in a left neighborhood of xg,  # z(, and for a suitable positive constant

C;. This implies that v & L?(0,1). Hence L; = 0. Analogously, one can prove that
Lo = 0. Thus (2.17) holds. In particular,

lim (au'v)(zo — 8) = lim (au'v) (o + 8) = 0. U

As for the weakly degenerate case, one has the next result.

Theorem 2.7. The operator Ay : D(Ay) — L%(0,1) is self-adjoint and nonpositive
on L?(0,1). Moreover, the semigroup {T(t) = etAt : t > 0} generated by A, is
positivity preserving.

3. NON DIVERGENCE FORM

Now, we consider the operator Asu = au’ and we distinguish again between the
weakly and the strongly degenerate cases.

3.1. Weakly degenerate operator. Throughout this subsection we consider the
weakly degenerate operator and, as in [9], we consider the following Hilbert spaces:

1,2
Lf/a(o,n = {ueL2(0,1):/ %dx<oo},
0

H}/a(o, 1) := Lf/a(o, 1)N H(0,1)

1,2
2 — [ ¥
Il o = [ S

with the norms

and
/
lullir o) = (lul3: o) + 1 13200)

respectively. Using the previous spaces, we define the operator As by D(A43) =
H?,,(0,1), and for any u € D(A2),

Agu := au”,
where
H7 1, (0,1) := {u € H,,(0,1) NW2}(0,1) : au” € L3,,(0,1)}.
The following characterization is immediate.

Corollary 3.1. The spaces Hll/a(O7 1) and H(0,1) coincide algebraically. More-
over the two norms are equivalent.

Proof. Clearly H!, (0,1) C H}(0,1). Now, if u € H}(0,1) then

1/a
1.2 1
1
/u—d:cgmaqu/ —dx € R,
0o @ (0,1] o @

using the fact that 1 € L1(0,1), that is u € Lf/a((), 1). This implies u € Hll/a(O, 1).
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Moreover, using the embedding of H{(0,1) in C[0,1], one has, for all u €
H0,1),

b 2 1 2
| e < gl gl < Clullyo,
for a positive constant C. Thus, for all u € H}(0,1),
lullz,, 0.1) < (€ + Dlullago,n) < (C+ Dlullaz,, ©0,1),
for a positive constant C. O

As a consequence of the previous corollary one has that C$°(0,1) is dense in
Hll/a(o’ 1)

Also for the weakly degenerate case, in order to prove that the operator generates
a cosine family and hence an analytic semigroup on L% .(0,1), we have to use a
Green formula similar to the one stated in Lemma [2.1| or Lemma [2.6 However, we
have to prove it again, since we cannot adapt the proof of these Lemma. In fact,
to proceed as before, we would need u/,v" € H'(0, 1), but this is not the case.

The following Green’s formula holds.

Lemma 3.2. For all (u,v) € H{,,(0,1) x H{,,(0,1) one has

1 1
/ v vdr = —/ u'v'dz. (3.1)
0 0

Proof. First, we prove that H}(0,1) := {v € H'(0,1) : supp{v} C (0,1) \ {zo}} is

dense in Hll/a(O, 1). Indeed, if we consider the sequence (vn)n>ma { W 4 }, where
2max| 55r e
v 1= &uu for a fixed function v € HY,,(0,1) and
0, ze0,1/n]Uwg— £, 20+ 2] U1 —1/n,1],
1, x € [2/n,x0 —2/n]U[x0+2/n,1—2/n],

nx —1, x € (1/n,2/n),
n(xzg—2x)—1, =€ (xg—2/n,20—1/n),
n(x —xzg) —1, =€ (xo+1/n,20+2/n),
nl—-z)—1, ze€(l1-2/n1-1/n),

En(x) =

it is easy to see that v, — v in L%/G(O, 1). Moreover, one has that

]ﬁluvn-—londx

< 2/1(1 — &) (V)3 dx + 2/1(5;,)%2@
° ’ (3.2)
=2A<l—@f@@wx

2/n 550—711 zo+2 1—%
+ 2n2(/ v3dx —|—/ v3dx —|—/ v2dz —|—/ ’UQC[/;E).
1/n zo— 2 x 1-2

0o— % 0+%
Obviously, the first term in the last member of (3.2)) converges to zero. Furthermore,
since v € Hg(0,1), by Holder’s inequality, one has that

ﬁu»<x47df@m%
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for all z € [0,1]. Therefore,

2/n 2/n 2/n
n2/ vide < n2/ (v')2d33/ xdr — 0, asn— oco.
1/n 0 1/n
Since the remaining terms in (3.2)) can be similarly estimated, our claim is proved.
Now, set &(v) := fol (u'v)'dx, with u € le/a(O, 1). Tt follows that
P(v) =0,
for all v € H}(0,1). In fact, let v € H}(0,1). Let § > 0 be such that v(zg + §) =
v(xg — ¢) = 0. Then, there holds

1 To—0 zo+0 1
/ u vdx :/ u"vdw—i—/ u”vdm—i—/ uvdx
0 0 zo—0 zo+0

xo—0 zo+0
= (u'v)(xg — &) — (u'v)(0) — / u'v'dr +/ v vdx
- w00 (3.3)
+ (W'v)(1) = (u'v) (2o + 6) — / u'v'dw
zo+0
zo—0 xo+9 1
= —/ u’v’dx—i—/ u’vdx —/ u'v'dx,
0 ro—90 o+
since v € H}(0,1). Now we prove that
z0—§ zo 1 1
lim u'v'dx = / u'v'dr, lim u'v'dx = / u'v'dx
6—0 Jo 0 d—0 zo+0 o
and
3‘,‘0-’1—5
lim uvdz = 0. (3.4)
5—0 xo—é

Toward this end, observe that

zo—0 zo zo
/ u'v'dz :/ uw'v' dx —/ u'v' dx (3.5)
0 0 370—5

1 1 zo+0
/ u'v'dz :/ u'v'dx —/ u'v'dx. (3.6)
zo+0 zo o

Moreover, using the Holder inequality, one can prove that u”’v and u'v’ € L*(0,1).
Thus, for any ¢ > 0, by the absolute continuity of the integral, there exists § :=
d(e) > 0 such that

and

) Zo
‘ u’v’dm| < ‘ |u'v’|d$‘ <,
fro—(s fL'()—(S

zo+4 zo+4
‘/ u"vdm| < ‘/ |u”v|dm‘ <,
I0—6 I0—6

z0+6 zo+4
‘/ u'v'dz| < ‘/ [u'v'|dx| < e.
xo o

Now, take such a ¢ in (3.3]). Thus, € being arbitrary,
zo z0+6 o+
lim v'v'dr = lim v’ vdr = lim / w'v'dr = 0.
6—0 Zo—0 5—0 £o—0 5—0 *0
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The previous equalities and (3.5)), (3.6) imply
z9—0 zo 1 1
lim u'v'dx = / v'v'dr and lim u'v'dx = / u'v'dz.
d—0 0 0 d—0 2o+5 z
Thus, by the previous equalities and by (3.3)— (3.4)), it follows that

1 1 1
/ w'vdr = —/ uw'v'dx if and only if ®(v) = / (u'v) dx = 0,
0 0 0

for all v € H}(0,1). Then, @ is a bounded linear functional on Hll/a(O, 1) such that
¢ =0on H;(0,1). Thus, & =0 on Hy,,(0,1), that is, (3.1) holds.

0

O

As a consequence of the previous lemma one has the next proposition, whose
proof is similar to the proof of Theorem [2.2}
Theorem 3.3. The operator A : D(As) — Ll/a( ) is self-adjoint and nonposi-
tive on L%/a(O, 1). Moreover, the semigroup {T(t) = e*42 : t > 0} generated by A,
18 positivity preserving.

3.2. Strongly degenerate operator. Assume that the operator As is strongly
degenerate and consider, as in [9], the spaces introduced in Section Observe
that also in this case the space C2°(0,1) is dense in Hll/a(O, 1), since it is clearly

dense in H}(0,1) and dense in L2 (0,1). Then, the conclusions of Lemma (3.2 and
Theorem B.3] hold in this case.

Theorem 3.4. The operator Ay : D(Az) — L1/a(0 ) is self-adjoint and nonposi-

tive on Ll/a( 1). Moreover, the semigroup {T(t) = et42 : t > 0} generated by A,
is positivity preserving.

Moreover in this case, under an additional assumption on the function a, one
can characterize the spaces H| /a( 1) and H? /a( 1). We point out the fact that
in non divergence form, the characterization of the domain of the operator is not
important to prove the Green formula as in divergence form.

From now on, we make the following assumption on a.

Hypothesis 3.5. Assume that there exists a positive constant K such that % <
for all z € [0,1] \ {zo} (e.g. a(z) = |z —z0|®, 1 < K < 2).

‘:C o ‘27

Proposition 3.6. Let

={ue Hl/a( 1)t u(xg) = 0}.
If Hypothesis is satisfied, then
Hl/a(07 ].) = X

)2 1/2 ‘
and the norm HUHH%(O,I and (fo ")2dz)"'" are equivalent.

To prove Proposition [3.6] the following lemma is crucial.
Lemma 3.7. Assume that Hypothesis[3.5 is satisfied. Then, there exists a positive

constant C' such that ) )
1
/ UQfda:SC/ (v')?
0 a 0

forallv e X.
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Proof. Let v € X. By assumption, there exists K > 0 such that a(l) ﬁ, for

all z € [0,1] \ {zo}. Then, for a suitable ¢ > 0 and using the assumption on a and
the Hardy inequality, one has

1 xro—€ xo+e€ 1
/ ledx:/ v21dx+/ v21d:c+/ v21dm
0 a 0 a xro—€ a xo+e a
1 ro—€ xo+e€ 1
< —/ v2d:r:+/ v22dz
MmN 2 —e] a(x) 0 To—€ a

1 1
+ —/ v2da
minggye1]a(z) Jogte

1 1 xo 1 xo+e 1
- / 2da:+/ vzfd:ch/ v =dz
MIN[Q, zo—e]U[zo+e,1] a(sc) zo—e @ 0 a

1
: / vide + K ——dx
MIN[Q, zo—e]U[zo+e,1] a(x) |.13 - mOl

xo+e€ 1
+K/ 02720%
To |.’1? - .’130|

1 1
< — / vidx
Minjg 4, —Uzo-+e,1] 4(T) Jo

X0 xo+e€
+CH/ (U/)2d$+CH/ (v')?dx

Zo

IN

IN

0—€

< c(/o1 vzd:z:+/01(v')2dx),

for a positive constant C'. Here C'y is the Hardy constant. By Poincaré’s inequality,

it follows that L .
1
/ v?—dr < C/ (v")2dx
0 a 0

for a suitable constant C. O

Proof of Proposition[3.4 Obviously X C Hj,,(0,1). Now, take u € Hy,,(0,1) and
prove that u(zg) = 0, that is u € X. Since u € Hg (0, 1), then there exists

lim u(z) = u(zg) = L € R.

r—xo

If L # 0, then there exists C' > 0 such that
u(z)] = C,
for all x in a neighborhood of g, x # xg. Thus,
2 2
u®(x) S C ’
a(z) ~ a(z)
for all z in a neighborhood of zq, © # . Since the operator is strongly degenerate,
2 € L10,1), then u ¢ L7, (0,1). Hence L = 0.
Now, we prove that the two norms are equivalent. Take u € X. Then, by Lemma
there exists a positive constant C' such that
[ u’ ||L2(0 = ||U||H1 (0,1) = <Ol ||L2 0,1)

Hence the two norms are equivalent. O
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An immediate consequence is the following result.
Proposition 3.8. Let
D:={ue H{,,(0,1):au" € L},,(0,1), au’ € H'(0,1), u(zo) = (au')(z0) = 0}.
If Hypothesis is satisfied, then le/a(O, 1)=D.

Proof. Obviously, D C Hf/a(O,l). Now, we take u € le/a((),l) and we prove
that v € D. By Proposition u(xg) = 0. Thus, it is sufficient to prove that
au’ € HY(0,1) and (au')(xo) = 0. Since u € HZ(0,1) and a € W1>°(0,1), then
u € L?(0,1), vau' € L*(0,1) and au’ € L*(0,1). Moreover (au') = a'u’ + au” €
L?(0,1) (recall that au” € L} ,,(0,1) C L*(0,1)). Thus au’ € H'(0,1). This implies
that there exists lim,_, ., (au’)(z) = (au')(zg) = L € R. If L # 0, then there exists
C > 0 such that
|(au')(z)| > C

for all x in a neighborhood of zg,  # x¢. Thus,

for all z in a neighborhood of o, x # zo. But 2 ¢ L'(0,1), thus y/au' ¢ L*(0,1).
Hence L = 0, that is (au')(zg) = 0. O

We point out the fact that also in non divergence form the condition % ¢ LY(0,1)
is crucial to characterize the domain of the strongly degenerate operator.

3.3. The operator in non divergence form in the space L2(0,1). In the
previous subsections we have seen that without any additional assumptions on the
function a, the operator in non divergence form generates a cosine family, and
hence an analytic semigroup, on the space L% Ja (0,1). In this subsection we will
prove that this operator generates an analytic semigroup also on L?(0,1) under a
suitable assumption on a. In particular we make the following hypothesis:

Hypothesis 3.9.

In the weakly degenerate case, assume further that a € Wl’oo((),l

3.7
and there exists C' > 0 such that |a’(z)| < Cv/a(x) a.e. z € (0,1). 3.7
In the strongly degenerate case, assume further that there exists

(3.8)

C > 0 such that |a'(z)| < Cv/a(z) a.e. x € (0,1).
Now, define the operator A by D(A) = H2(0,1), and for any u € D(A),
Au = au”,

where H2(0,1) is the Sobolev space introduced in Section Observe that if a
satisfies Hypothesis then

au’ € L*(0,1) if and only if (au')’ € L?(0,1),
for all u € D(A).

Theorem 3.10. Assume that the operator A is weakly or strongly degenerate. If
a satisfies Hypothesis then A generates an analytic semigroup on L?(0,1).
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Proof. Let Bu := a’v/, for all w € D(A). Then Au = Aju — Bu, where, we recall,
Aju = (au’)’. Therefore, one has that B is A1 — bounded with A;— bound by = 0,
where, we recall,

= inf {b > 0: there exists ¢ € R} such that (3.9)
[Bul|2(0,1) < bl Avul| 20,1y + cllull 20,1} .

(see, for example, [I3 Definition ITI.2.1]). Indeed, using the assumption on a, one
has

1
IBulla = [ (@2 ar<c / o' d

:—C/ av’ udm<e—/ au’) daz—l——/

= HA1U||L2(0 1) ‘*‘*HUHL2 (0,1)

for all uw € D(A;), for all e > 0 and for a positive constant K. Hence B is a Kato
perturbation of A;. The conclusion follows by [13, Theorem III.2.10] and Theorems

22 and 27 0

3.4. The operator in divergence form in the space Ll/a( 1). As in the
previous subsection, interchanging the role of the divergence and nondivergence

operators, we can prove that the operator in divergence form generates an analytic
semigroup also on L 1/a (0,1) under Hypothesis Indeed, define the operator A

by D(A) = le/a(O 1), and for any v € D(A),
Au = (au')’,

where H? 1/a (0,1) is the Sobolev space introduced in Sectlon l Also in this case we
have that if a satisfies Hypothesis [3.9] then

au” € Ll/a(O, 1) if and only if (au’)’ € Lf/a(O, 1),
for all u € D(A). The following theorem holds.

Theorem 3.11. Assume that the operator A is weakly or strongly degenerate. If
a satisfies Hypothesis then A generates an analytic semigroup on Lf/a (0,1).

Proof. Let Bu := a’u/, for all w € D(A). Then Au = Asu + Bu, where, we recall,
Aou = au”. As before, B is Ao— bounded with As— bound by = 0, where by is
defined in (3.9). Indeed, using the assumption on a, one has

1 20,2 1
Bully o = [ P ar < e [Cwitas
t/at™ 0 a 0

1 1
= —C/ u”udmz—C/ ﬁu"ida:

<ef/ " d+—/ e

= ||A2U||L2 .0, nt ||UHL2 L(01)
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for all uw € D(As3), for all e > 0 and for a positive constant K. Hence B is a Kato
perturbation of As. The conclusion follows by [I3, Theorem I11.2.10] and Theorems

3.3 and 3.4 O

4. APPLICATIONS

4.1. Linear problems. As an application of the previous theorems, consider the
linear operator B(t) defined as

B(t)u := —b(t, )% —c(t,)u,

where b,c € L>®(Ry x (0,1)) and there exists a positive constant C' such that
|b(t,x)| < Cy/a(z), a.e. x € (0,1). Then B(t) is an A;— bounded operator on
L?(0,1) or an As— bounded operator on Lf/a(071). Observe that if b = 0 and
c(t,-) < 0, the operator A; — B(t) with domain D(A;), i = 1,2, is still selfadjoint
and nonpositive for each t. Moreover, D(A; — B(t)) is independent of t. Thus
using evolution operator theory (see e.g. [18], pp. 140-147), we can prove that the
problem

% — Au+ b(t,x)? +e(t,x)u = h(t,z), (t,x) € Ry x(0,1),
x
u(t,0) = u(t,1) =0, t>0, (4.1)

u(0,z) = up(x), =z €(0,1),
is wellposed in the sense of evolution operator theory, provided that A := Ay or
A = As. In addition, setting Q7 := (0,7) x (0,1) for a fixed T > 0, the next

results follow by Theorems [2:2] 2.7 3:3] 3-4]

Theorem 4.1. Assume that the operator A = A; is weakly or strongly degener-
ate. If b(-,x), c(-,z) € CH(Ry) for all x € [0,1] and there exists a positive con-
stant C such that |b(t,x)| < Cy\/a(x), a.e. x € (0,1), then, for all h € L*(Qr)
and uy € L?*(0,1), there exists a unique weak solution u € C([0,T]; L*(0,1)) N

L2(0,T; HL(0,1)) of @) and
T
sup [|u(t)[172(0,1 +/ w1771 0,1yt < Cr(luollZzo,1) + 1Bl Z2(0ry)s  (4:2)
t€[0,T] 0
for a positive constant Cr. Moreover, if ug € D(Ay), then
we H'(0,7;L%(0,1)) N L*(0, T3 HZ(0,1)) N C([0,T]; Hg(0,1)),  (4.3)
and there exists a positive constant C such that
T
ou 2 0 , Ou, 2
2 ou I e
SUP] (Hu(t)”H;(o,l)) +/0 (H It ||L2(0,1) + H(’)x (aax)HLz(o,U)dt

t€l0,T
< C (luollfrz o) + 10132 -

Remark 4.2. Actually, since D(A;) is dense in H}(0, 1), one can prove that (4.3
and (4.4)) also hold if ug € HL(0,1).

(4.4)

Theorem 4.3. Assume that the operator A = Ay is weakly or strongly degenerate.
If b(,x),c(-,x) € CY(Ry) for all x € [0,1] and there exists a positive constant C
such that |b(t,z)] < Cy/a(z), a.e. = € (0,1), then, for all h € L%/G(QT) and
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ug € Lf/a(O 1), there exists a unique weak solution u € C([0,T]; Lf/a((), 1) n
L*(0,7:H)),(0,1)) of (1) and

T
oIk D oudt <C ( 2 hlI7 )
tes[%g"] [lee( )HLf/a(o,l) +/0 [lu( )||H1/a(0,1) < Cr ||U0||L21’/a(0,1) + | HLf/a(QT)

(4.5)
for a positive constant Cp. Moreover, if ug € D(As), then
ue H (0 T Ll/a(O,l)) mL2(0 T; 1, (0, )) mc([o, T); H} o (0, 1)) (4.6)
and there exists a positive constant C such that
0%u 2
O|? ) / ( — )dt
tes[%%] (||u( )”Hi/a(O:l) ” ot HLf/a(o,l) + Hang ||L§/a(o,1) (47)

< (Mol o)+ |\h||i2<QT>)-

Remark 4.4. Also in this case and (4.7) hold if ug € Hl/a(O, 1), since D(A3)
is dense in Hl/a(O7 1).

By Theorem [3.10] one has the following result.
Theorem 4.5. Assume that the operator A = Ay is weakly or strongly degenerate.
If a satisfies Hypothesis b(-,x), c(-,z) € CH(Ry) for all z € [0,1] and there
exists a positive constant C such that |b(t,x)] < Cy/a(z), a.e. = € (0,1), then,

for all h € L*(Qr) and ug € L?(0,1), there exists a unique weak solution u €
C([0,T]; L?(0,1)) N L2(0,T; HX(0,1)) of (&1). If ug € D(A), then

ue H (o T;L*(0,1)) N L? (o,T, HZ(0,1)) nC([0,T); Hy(0,1)).

Moreover, and . ) hold.

By Theorem m one has the following result.
Theorem 4.6. Assume that the operator A = Ay is weakly or strongly degenerate.
If a satisfies Hypothesis b(-,x), c(-,z) € CYHRY) for all x € [0,1] and there
exists a positive constant C' such that |b(t,z)| < Cy/a(z), a.e. = € (0,1), then,
for all h € L2 Q7)) and uy € Lf/a(O,l), there exists a unique weak solution

we ¢ (0,7} Lf/a(o,n) N2 (0,73 H},,(0.1)) of (). If uo € D(Az), then
ue H1(0 T:L2,(0,1) 0 L2(0,T: HY,(0,1)) 1 C([0,T]; L, (0, 1)).

Moreover, and | . ) hold.
Let
B(t)u := —c(t, )u,
where ¢ € L2, (Ry x [0,1]) and c(-,xz) € C'(R4) for each = € [0,1]. Consider the
nonautonomous wave equation

0%u ou
¥l —Au—&—c(t,m)a = h(t,z), (t,z) € R4y x(0,1),
£0)=u(t,1) =0, >0,
u(t, 0) = u(t, 1) (4.8)
u(0,z) = uo(x), =z €(0,1),
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We take A = A; acting in Hj, for j = 1,2, where
Hy, =L*(0,1), Hy=1L7,(0,1).
In either case A; = A7 < 0. Let D; be the completion of D(A;) in the norm
1D, = I(=A4:)""2f |-
Then (4.8) can be rewritten as

d

LU =GU®) + POU() + H(t),

where

0 I 0 0 0
G = (A] 0) I P(t) - (0 —C(t7 )) ’ H(t) - (h(t, )) ’
for j =1,2. By [I8, Section II.7.1], on the completion K; of D; & H; in the norm

1/2
I (Z,) I, = (II( )1/2U\|§,j+||w|\§[j) ,

G is skewadjoint and generates a (Cp) unitary group. Moreover, each P(t) is
bounded and P € C'(R, K;). Finally, we assume

h e LIOC(R+ X [07 1])
and h(-,x) € C'(Ry) for each = € [0,1]. Then it follows that
H e C' (R, K;).

The wellposedness of (4.8) now follows immediately by a simple modification of
[18, Theorem I1.13.9].

4.2. Semilinear problems. In this subsection we extend the existence results
obtained in the previous theorems to semilinear degenerate parabolic systems of
the type:
— Au+ f(t,z,u,uy) = h(t,z), (t,z) € (0,T)x (0,1),
u(t,1) =u(t,0) =0, te(0,7), (4.9)
U(O,I) = UO(I)a HAES (Oa 1)7

where Au := Aju or Au := Aqu, u(t,x) := % and u,(t,x) == %. In
particular, recalling that Qr = (0,T) x (0, 1), we give the following definitions:

Definition 4.7. Assume that Au = Aju, ug € L?(0,1) and h € L*(Qr). A
function w is said to be a solution of (4.9) if

u € C(0,T;L*(0,1)) N L*(0,T; H}(0,1))

and satisfies

/1 (T, z)p (Tx)d:r—/ o(x) Oxdm—/ /gottx (t,z)dxdt
/ / AUy Py AT dt—l—/ / ft, z u,ug) + h(t, x))e(t, x) de dt,

for all o € H(0,T; L?(0,1)) N L*(0,T; H1(0,1)).
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Definition 4.8. Assume that Au := Agu7 ug € L%/ (0,1) and h € Ll/a(QT)' A
function u is said to be a solution of ) if

u e C0,T; Ll/a(O,l)) NL*0,T; Hy ), (0,1))

and satisfies

I e A

/ / Uz dr dt + / / ft, z,u,ug) + h(tw))if&? dx dt,

for all ¢ € HY(0,T; L?

2,.(0,1)) N L3(0,T; H},, (0,1)).

On the functions a and f we make the following assumptions:

Hypothesis 4.9. There exists zg € (0,1) such that a(z¢) =0, a > 0 on [0, 1]\ {zo},
a € C[0,1] and % € L1(0,1).
Hypothesis 4.10. Let f:[0,7] x [0,1] x R — R be such that

Y(q,p) € R?, (t,x)+— f(t,z,q,p) is measurable;

for a.e. (t,z) € (0,T) x (0,1), f(¢,2,0,0) = 0;
fp(t,z,q,p) exists, f, is a Carathéodory function; i.e.,

¥(g,p) € R?* (t,z) > f,(t,z,,q,p) is measurable and
for a.e. (t,z) € (0,T) x (0,1), (q,p) — fp(t,x,q,p) is continuous,

and there exists L > 0 such that for a.e.(t,z) € (0,7) x (0,1) and for any (¢,p) €

R x R,
|fp(t,2,q,p)] < Ly/a(x); (4.10)

fq(t,z,q,p) exists, fq is a Carathéodory function and there exists C' > 0 such that
for a.e.(t,x) € (0,7) x (0,1) and for all (¢g,p) e R xR

|[folt, 2, q,p)| < C. (4.11)

However, to prove that (4.9) has a solution in the non divergence case, i.e.
Au := Asu, it is sufficient to substitute (4.10) with the more general condition:
there exists L > 0 such that for a.e. (¢,2) € (0,T) x (0,1) and V (¢,p) € R xR

[fp(t,z,q,p)| < L. (4.12)

Moreover to obtain the desired result, we introduce on the spaces H2(0,1) and
l/a (0,1) the scalar products

/0 w(@)o(z)dz + /O a(2)u (z)' (2)dz + /0 (a(2)u (2)) (a(2)v () d,
for all u,v € H2(0,1), and

/0 (Zz g )dx+/01 u/(x)v’(x)dx+/Olau”(x)v"(x)dx,
0

for all u,v € H 2/ (0,1), respectively. The previous scalar products induce on
HZ2(0,1) and Hf/a((), 1) the following two norms

/
el oy = (lalBryoy + oY 1o0))



EJDE-2012/189 GENERATORS WITH INTERIOR DEGENERACY 21

/
lullsz,, o) = (lulidy, o)+ law’I3: o) -

Clearly, H2(0,1) and le/a(O, 1) are Hilbert spaces.
As a first step, we study with ug € HL(0,1), if Au := Aju, or ug €
Hll/a(O7 1), if Au:= Asu.

To prove the existence results we will use, as in [I] or in [§], a fixed point
method. To this aim, we rewrite, first of all, the function f in the following way

flt, x,u,u,) = b(t, z, u)uy + c(t, z, u)u, where

1 1
b(t, z,u) ::/ oty @, A, Aug)dA,  c(t, x,u) ::/ fo(t, @, Au, Aug)dA.
0 0

In fact

1
f(ta CE,U,UI) - / if(t,.’ﬂ, AU, )\ux)d/\
, dX

1 1
:/ fq(t,m,/\u,)\uw)ud)\—k/ Fo(t, @, A, Aug ) ugdA.
0 0

Using the fact that f, and f, are Carathéodory functions and the Lebesgue Theo-
rem, we can prove the following properties:

Proposition 4.11. For the functions b and ¢ one has the following properties:
o b(t,x,u(t,z)) and c(t,x,u(t,x)) belong to L>=((0,T) x (0,1));
o |b(t,z,u)| < Ly/a(x);
o iflimy ., vp =v in X, then

lim b(t, z;vy) _ b(t,m;v)’ ae.

k—too /a(x) a(x)

and
kgrfoo c(t, z;vg) = c(t,xz;v), a.e.
Here
X := C(0,T; L*(0,1)) N L*(0,T; H,y (0, 1))
or

X :=C(0,T; L7,,(0,1)) N L*(0,T; Hj 1, (0,1)),
and L is the same constant of (4.10)).

Theorem 4.12. Assume that Hypotheses[{.9 and[{.10 are satisfied. Then, for all
h € L*(Qr), the problem

w — (aug)y + f(t, z,u,uy) = B(t,x), (t,z) € (0,T) % (0,1),
u(t,1) =u(t,0) =0, te(0,7), (4.13)
u(0,2) = ug(z) € H(0,1), € (0,1),
has a solution v € H(0,T; L*(0,1)) N L?(0,T; H2(0,1)).
Proof. Let X := C(0,7T;L*(0,1)) N L?(0,T; H}(0,1)) and, for any (¢,z) € (0,T) x

(0,1), set b¥(¢t,z) := b(t,z,v(t,x)) and (¢, ) := c(t,z,v(t,x)) for any v € X.
Then, consider the function

T veX—u' eX,
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where 1" is the unique solution of
ur — (a(x)ug), + b (t, x)uy + c°(t, x)u = h(t, ),
u(t,1) = u(t,0) =0, (4.14)
u(0,z) = ug(z) € HX(0,1).

By Theorem problem (4.14) has a unique weak solution u € X. Hence, if we
prove that 7 has a fixed point u?, i.e. 7 (u") = u”, then u” is solution of (4.13]).
To prove that 7 has a fixed point, by the Schauder’s Theorem, it is sufficient to

prove that

(1) T : BX — Bx,

(2) 7 is a compact function,

(3) 7 is a continuous function.
Here Bx :={v e X : |v|lx < R}, R := CT(HUOH%z(oJ) + Hh||%2((07T)X(071))) (Cr
is the same constant of Theorem and [Jv]|x = supsepo 1y (||u(t)H%2(O 1)> +

Iy IN/aue |2 0,1t

The first item is a consequence of Theorem [£.1] Indeed, one has that 7 : X —
Bx and in particular 7 : Bx — Bx. Moreover, it is easy to see that item (2) is
a simple consequence of the compactness Theorem below. This theorem is also
useful for the proof of item (3). Indeed, let vy € X be such that vy, — v in X,
as k — +o0o. We want to prove that u* := u¥* — «¥ in X, as k — 4o00. Here u¥
and uV are the solutions of associated to vg and v, respectively. By Remark
u® € By, where Y := H'(0,T;L?(0,1)) N L?(0,T; H2(0,1)). Proceeding as
in Theorem below, one has that, up to subsequence, u* converges weakly to
some @ in Y and, thanks to Theorem [5.4] below, strongly in X. Now, we prove that
% = u”. Multiplying the equation

ul — (a(m)uf)r + b”k(t, z)uf + " (t, x)u* = h(t,z),

by a test function ¢ € H'(0,T;L?(0,1)) N L?(0,T; H}(0,1)) and integrating over
Q1 (we recall that Qr := (0,T) x (0,1)), we have:

/1 BT, 2) (T, x)dx — /01 uo(x)(0, z)dx — /T /1 o (t, x)ub (t, z) da dt
/ / k(4 2)pu (b, 7) da dt — / / b (8, 2k (b )t 2) da dt
/ / (t, x)u®(t, z)p(t, m)dxdt—i—/ / (t,z)p(t, x) dz dt.

Since u* converges strongly to @ in X, it is immediate to prove
1

1
khlf uf (T, 2) (T, z)dx 7/ a(T,z)p(T, x)dx,

T 41
lim / / ot z)u t x)dxdt = / / ot (t, z)u(t, x) do dt
k——+oo 0 0
T 1
lim / / auxgox dxdt = / / Ay, dx dt
k— 400 0 0
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for all ¢ € H(0,T; L*(0,1)) N L?(0,T; HL(0,1)). Moreover

klirf / / (t, x)uf (t,2)p(t, z) de dt = / / (t, z)u(t, z)p(t, x) dz dt.

(4.15)
Indeed,

‘/ / ut (@) — e (t, 2)a(t, 2))p(t, ) da di]
uk(t, ) — alt, ) (t,x 2| dx
S/0 /0 | (k@) = alt, )" (1, 2)p(t, @) | de dt

T
+/0 /0 ’c” (t,z) —c (t,x)’|u(t7x)g0(t,x)|dxdt

T 1
k
§ CHuk — ﬂ||X||SD||L2(O,1) +/ / |c’U (t7$) — cv(t7x)|‘ﬂ(t,1’)gﬁ(t,$)| dxr dt,
0 0

where C' is the constant of (4.11). By the Lebesgue Theorem and by Proposition

[417] it follows

T 1
lim / / ’c“k (t,x) — c"(t, x)|[u(t, z)(t, x)| dw dt = 0.
k—+o0 Jo 0

Thus, since u* converges strongly to 4 in X, (4.15]) holds.
Finally,

T 1 T 1
lim / / b”k(t,m)uﬁ(t,x)(p(t,x)dmdt:/ / bY(t, x) Uy (t, x)p(t, x) dx dt.
0 o Jo

k—+o0 Jo

(4.16)
Indeed,
[ ] 0 Gt - e e ot e
T 1
uk(t, — Uy (l, @ v" T ,z)| dz
S/0 /0 |( 2t 2) (t,x))b" (t,x)p(t )|d dt
+/O /O 07" (8, 2) — b7 (t, @) ||au (t, x) o (t, x)| dz dt (4.17)

< Lllu* =l xllellz2 0,1

. /OT /01 ’bv (tv%v(t,w)‘ IV a(@)i(t, 2)e(t, )| dz dt,

where L is the constant of . The strongly convergence of u* to 4 in X,
Proposition the Lebesgue Theorem and imply that holds. Thus
u” = @, that is u € Y is the solution of associated to v.

Hence, 7 has a fixed point v € Y and, in particular, u" solves . O

To prove that the existence result holds also if the initial data ug is in L2(0, 1), we
observe that (4.10) implies for a.e. (¢,z) € (0,7) x (0,1) and for all (u,p,q) € R3,

|f(t,x,u,p)ff(t,x,u,q)| SLVa(x)‘pfcﬂ (418)
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Moreover, by (4.11) and (4.18)), it follows that for a.e. (t,z) € (0,7) x (0,1) and
for all (u,v,p,q) € R,

|(f(t,x,u,p)—f(t,x,v,q))(u—v)\ <M ’U|2+ vV a |p q||’LL—’U| (419)
for some positive constant M.

Hence, using the previous estimates and Theorem [4.12] one can prove, as in [§],
the following result.

Theorem 4.13. Assume that Hypotheses[[.9 and[[.10 are satisfied. Then, for all
h € L?(Qr), the problem

us — (aug ). + f(t,x,u,u,) = h(t,x), (t,x) € (0,T) x (0,1),
u(t,0) =0, te(0,T), (4.20)
u(0,z) = ug(z) € L*(0,1), =€ (0,1),
has a solution u € C([0,T]; L?(0,1)) N L*(0,T; H1(0,1)).
Proof. Let (u)); € HL(0,1) be such that lim; o [|u) — ugl|z2(0,1) = 0. De-
note by u’ the solutions of ) with respect to ud By Theorem uj €

H'Y0,T; L*(0,1)) N L2(0,T; H2(O 1)) Then (u’); is a Cauchy sequence in X :
C([0,T); L?(0,1)) N L%(0,T; H}(0,1)). In fact u? — u solves the system
)a +

(u? —u")y — (a(u? —u'), ft,zu? ul) — f(t,z,u',ul) =0,
(W — ) (t,1) = (u — u)(1,0) = 0,
(wf —u)(0,2) = (i — ) (@),
where (¢,2) € (0,T) x (0,1). Multiplying
(uj - ui)t - (a(uj - uz)x)x + f(t,a:,uj,ufc) - f(ta x,ui,ufc) =0
by u/ — u' and integrating over (0,1), one has, using ([£.19),
2dt/ |ud —uf| dx+/ alul —u’ |Pdz </ M|w —u'|* 4+ Valud —ul ||v? —u’|]da.

Integrating over (0,t):

1 ) ) t 1 ) )
—ww—wwﬁm@f//aMmeﬁmw
1 J ©|2 j 2
5”“0 U‘OHL2(01 +M |U | dxds—i—— a|u —uy|* da ds
j 0|2
2—// |u? — u'|* dx ds.
€ Jo Jo

1 . eM
S0 )0 o) + (1 //wwfuwMS

1
5”“0 |72 0,1) + M- / / |u/ — u'|? dx ds,
where M, := 7M(12j26). By Gronwall’s Lemma

1w’ = u)()IF20,1) < €

Thus

(4.21)

*U%)H%Z(o,l)a
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and

sup | (w! —u') ()| Z20,1) < €T

|up — u6||2L2(0,1)' (4.22)

This implies that (u/); is a Cauchy sequence in C(0,7;L%(0,1)). Moreover, by
(4.21)), one has

eM, [t , 1, - L .
(1—7)/ / a|u;—u;|2dxds§§||u{)—u6||L2(071)+M€// | — ut[? dz ds.
0o Jo o Jo
Using (4.22)), it follows

t
/0 IVa(us, — )12 0,1y ds < Mer(llup — ugllZz o) + S I — |72 0,1)

< Mer|ug — UBHQLZ(O,I)'
Thus (u?); is a Cauchy sequence also in L?(0,T; H!(0,1)). Then there exists 4 € X
such that

lim ||w? —al|x = 0.

Jj—-+o0

Proceeding as in the proof of Theorem one can prove that @ is a solution of
(14.20). O

Analogously, recalling Definition one can prove the following results:

Theorem 4.14. Assume that Hypotheses[[.9 and[[.10 are satisfied. Then, for all

h € L%/a(QTL the problem

Up — AUgy + f(t, 2,u,u,) = h(t,z), (t,z) € (0,T) x (0,1),
u(t,0)=0, te(0,T),
uw(0,z) = up(z) € Hll/a(O, 1), z€(0,1),

has a solution u € H(0,T; Lf/a((), 1)) N L2(0,T; Hf/a((), 1)).

Theorem 4.15. Assume that Hypotheses[[.9 and[[.10 are satisfied. Then, for all
h € Lf/a(QT), the problem
Uy — AUy + f(t, 2, u,uy) = h(t,x), (¢ z) € (0,T) x (0,1),
u(t,0)=0, te(0,7),
u(0,2) = uo(z) € L3 ,,(0,1), € (0,1),

has a solution u € C([0,T];L?,,(0,1)) N L*(0,T; H{,(0,1)).

We recall that Theorems [4.14] and [4.15| still hold if we substitute (4.10) with
(4.12). In this case (4.18)) becomes for a.e. (t,z) € (0,7) x (0,1) and for all

(u3p7Q) E RS’

|f(t,x,u,p) - f(t,x,u,q)\ < Llp— Q|
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5. APPENDIX

In this section we will give some compactness theorems that we have used in the
previous section.

Theorem 5.1. Assume that the function a satisfies Hypothesis [[.9 Then, the
space HL(0,1) is compactly imbedded in L*(0,1).

Proof. Clearly, H}(0,1) is continuously imbedded in L?(0,1). Now, let ¢ > 0 and
M > 0. We want to prove that there exists § > 0 such that for all u € H}(0,1)
with ||u||%[1(0 1) <M and for all [h]| <4 it results

1-5
/5 lu(x + h) — u(z)|?dr < e, (5.1)

1 o
tAﬁW@de+[lW@ﬂdm<a (5.2)

Hence, let u € HL(0,1) such that ||u||%[1(O 1) £ M and take § > 0 such that

o 1+ xg € €
§ < gle) = { , , } 5.3
g( ) min 2 2 \/2M maxy Ky % \/2M maX[1+IO 1 % ( )
, 1t

Then,

/\u )Pda <

1
dy’ dx<M/ 6maX] adx

<M52maxf<f
[0%]a 2

1
/'mqu<S
1-5 2

Now, let h be such that |h| < § and, for simplicity, assume h > 0 (the case h < 0
can be treated in the same way). Then

x+h d
ulz + h) —u(x)]? < ||ul|? / —y.

Analogously,

Integrating over (4,1 — §), it results

1-6 ) 9 10 oo dy
w(z + h) —w(z)|]?de < ||ul|5 / da:/ aly)
/5 ju(+ ) — (o) Pdo < Jullyyon [ do [ 5

1 Y
SM/i@/ de < M5
s a(y) y—35

Moreover, since lims_o M8 L1101y = 0, there exists 77(6) >0 buch that if § <

n(e), then M¢ H%HLl(O y <€ Thus, taking § < min{g(e),n(e)}, and ([5.2)) are
verified and the thesis follows (see, e.g., [0, Chapter IV]). O

@llr10,1)

Using Theorem [5.1] one can prove the next theorem.

Theorem 5.2. Assume that the function a satisfies Hypothesis [{.9 Then, the
space H2(0,1) is compactly imbedded in H}(0,1).
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Proof. Take (un)n € Bp2(o,1)- Here By (o) denotes the unit ball of HZ(0,1).
Since H?(0,1) is reflexive, then, up to subsequence, there exists u € H2(0, 1) such
that u, converges weakly to u in H2(0,1). In particular, u, converges weakly
to w in H}(0,1) and in L%(0,1). But, since by the previous Theorem H}(0,1) is
compactly imbedded in L?(0,1), then, up to subsequence, there exists v € L?(0,1)
such that u, converges strongly to v in L?(0,1). Thus u, converges weakly to v
in L2(0,1). By uniqueness v = u. Then we can conclude that the sequence u,
converges strongly to u in L?(0,1).
Moreover, one has

[Vau, — vau'|| 20,1y — 0, as n — 4oo.

Indeed, using the Holder inequality, one has
1
IV, =) [3ary = | o =) un — w'da
0
1
= —/ (a(un —w)") (uy — u)dz
0

< (a(un —u)') 20,1 llun — ullz2(0,1) — O,
as n — +o00. Hence the sequence u,, converges strongly to u in H}(0,1). (I

For the proof of Theorem below we will use Aubin’s Theorem, that we give
here for the reader’s convenience.

Theorem 5.3 ([2, Chapter 5] or [2I, Theorem 5.1]). Let Xy, X1 and X5 be three
Banach spaces such that Xg C X7 C Xo, Xo, Xo are reflerive spaces and the
injection of Xo into X1 is compact. Let rg, 1 € (1,+00) and a,b € R, a < b. Then
the space
L™ (a,b; Xo) N W (a, b; Xs)
is compactly imbedded in L™ (a,b; X1).
Now we are ready to prove the next compactness Theorem.

Theorem 5.4. Assume that function a satisfies Hypothesis[[.9 Then, the space
HY0,T;L*(0,1))NL?(0,T; H2(0,1)) is compactly imbedded in L*(0,T; H:(0,1)) N
C(0,7T;L?(0,1)).

Proof. Using Aubin’s Theorem|[5.3|with 7o = r = 2, Xo = H2(0,1), X1 = H(0,1),
Xy =L%*0,1),a=0and b =T, one has

HY(0,T;L*(0,1)) N L*(0,T; H2(0,1)) << L*(0,T; HL(0,1)).

Moreover, since H'(0,T;L?(0,1)) N L?(0,T; H2(0,1))) — H'(0,7;L*(0,1)) and
HY(0,T; L2(0, 1)) << C(0,T; L2(0, 1)), then

H(0,T;L*(0,1)) N L*(0,T; H(0,1)) << C(0,T; L*(0,1)).
Thus
H'(0,T5L%(0,1)) N L*(0,T5 H(0,1)) < L*(0,T; H,(0,1)) N C(0,T; L*(0,1)).
0

Analogously to Theorem [5.4] one can obtain the following compactness result.
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Theorem 5.5. Assume that the function a satisfies Hypothesis [[.9 Then, the
space H'(0, T Ll/a(O 1)) N L%(0, T; le/a((), 1)) is compactly imbedded in the space
L*(0,T; Hj,,(0,1)) N C(0,T; LY ,(0,1)).

To prove Theorem it is sufficient to prove the analogous results of Theorems
(. and 5:2] In particular, we have:

Theorem 5.6. Assume that the function a satisfies Hypothesis [{.9 Then, the
space Hl/ (0,1) is compactly imbedded in Ll/a(O, 1).

Proof. Clearly, 1/a(O 1) is continuously imbedded in Ll/a(O 1). Now, let € > 0
and M > 0. We want to prove that there exists § > 0 such that for all u € Hl/a (0,1)
< M and for all |h| < ¢ it holds that

/” |u(a + h) — u(z)]?
5 a(z)

1 2 5 2
/ fut)| dac+/ LC (5.5)
1-5 a(z) o a(x)
Hence, let u € H1/a(0 1) such that ||u||2 < M and take 6 > 0 such that
0 < g(€), where g(e) is defined in Then

2 2 1
/ \u( ) x<max / ‘/ dy‘ dx < M6? maxf<E.
o al(z) o510 2

Analogously, ) ,
/ u@)l® €
1-s a() 2

Now, let h be such that |h| < § and, for simplicity, assume h > 0 (the case h < 0
can be treated in the same way). Then

1-6 2 1-6 x+h
lu(z + h) — u(z)| / L. / / 2 1
de=| —B dy| o < Mo~ .
/ St = [ il [ ] de < 28 2
Moreover, since lims_.o M8 L|11(0,1) = 0, there exists n(e) > 0 such that if § <

n(e), then M§ H%HLI(O y <€ Thus, taking § < min{g(e),n(e)}, . and - are
verified and the thesis follows (see, e.g., [, Chapter IV]). O

with ||u||Hl 1)

dzr < e, (5.4)

/a(0,1)

Using Theorem one can prove the next theorem.
Theorem 5.7. Assume that the function a satisfies Hypothesis [[.9 Then, the
space H1/a(0 1) is compactly imbedded in Hl/a( 1).
Proof. Take (up), € Ple/ (0,1)- Here BHz _(0.1) denotes the unit ball of H? i/a(0,1).
As before, we can prove that, up to subsequence, there exists u € Hl/a(O, 1) such

that u,, converges strongly to u in Lf/a((), 1).
Moreover, one has

|up, = | 20,1y — 0, as n — +o0.

Indeed, using the Holder inequality, one has

1
(2t — 0201, = / (t4n — ) (11, — )
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— /Ol(un —u)" (up, —u)dz = — /01 Va(u, — u)”%dw

IN

lla(un —'U)"||L2(071)Hun—'u||L‘;‘/a(o,1)——> 0,

as n — +o0o. Hence the sequence u,, converges strongly to w in Hll/a((), 1). (I
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