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STABILIZATION OF A LINEAR TIMOSHENKO SYSTEM WITH
INFINITE HISTORY AND APPLICATIONS TO THE
TIMOSHENKO-HEAT SYSTEMS

AISSA GUESMIA, SALIM A. MESSAOUDI, ABDELAZIZ SOUFYANE

ABSTRACT. In this article, we, first, consider a vibrating system of Timoshenko
type in a one-dimensional bounded domain with an infinite history acting in
the equation of the rotation angle. We establish a general decay of the solution
for the case of equal-speed wave propagation as well as for the nonequal-speed
case. We, also, discuss the well-posedness and smoothness of solutions using
the semigroup theory. Then, we give applications to the coupled Timoshenko-
heat systems (under Fourier’s, Cattaneo’s and Green and Naghdi’s theories).
To establish our results, we adopt the method introduced, in [13] with some
necessary modifications imposed by the nature of our problems since they do
not fall directly in the abstract frame of the problem treated in [I3]. Our
results allow a larger class of kernels than those considered in [28 [29] [30], and
in some particular cases, our decay estimates improve the results of [28] [29].
Our approach can be applied to many other systems with an infinite history.

1. INTRODUCTION

In the present work, we are concerned with the well-posedness, smoothness and
asymptotic behavior of the solution of the Timoshenko system

P11t — k1 (e +1)e =0,
P2t — kotys + k1(0p +¢) + / 9(8)Vza(t — s)ds = 0,
0

1.1
P(0,6) = 0(0,6) = p(L,t) = ¥(L,t) =0, (1)
o(x,0) = po(z), @e(x,0) = p1(2),

(@, —t) = Yo(z,1), hi(z,0) = ¥1(2),
where (x,t) €]0, L[xR4, Ry = [0,400, g : Ry — Ry is a given function (which
will be specified later on), L, p;, k; (i = 1,2) are positive constants, ¢g, @1, %o
and v are given initial data, and (p, 1)) is the state of (L.1)). The infinite integral

in (1.1)) represents the infinite history. The derivative of a generic function f with
respect to a variable y is denoted by f, or 0, f. When f has only one variable y,
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the derivative of f is noted by f’. To simplify the notation, we omit, in general, the
space and time variables (or we note only the time variable when it is necessary).

In 1921, Timoshenko [41] introduced the system with g = 0 to describe the
transverse vibration of a thick beam, where ¢ denotes the time variable, x is the
space variable along the beam of length L, in its equilibrium configuration, ¢ is the
transverse displacement of the beam, and —t is the rotation angle of the filament
of the beam. The positive constants p;, p2, k1 and ko denote, respectively, the
density (the mass per unit length), the polar moment of inertia of a cross section,
the shear modulus and Young’s modulus of elasticity times the moment of inertia
of a cross section.

During the last few years, an important amount of research has been devoted to
the issue of the stabilization of the Timoshenko system and search for the minimum
dissipation by which the solutions decay uniformly to the stable state as time goes
to infinity. To achieve this goal, diverse types of dissipative mechanisms have been
introduced and several stability results have been obtained. Let us mention some
of these results (for further results, we refer the reader to the list of references of
this paper, which is not exhaustive, and the references therein).

In the presence of controls on both the rotation angle and the transverse displace-
ment, studies show that the Timoshenko system is stable for any weak solution and
without any restriction on the constants p1, p2, k1 and k3. Many decay estimates
were obtained in this case; see for example [17, 24 [38] [42] [43, [44].

In the case of only one control on the rotation angle, the rate of decay depends
heavily on the constants p1, p2, k1 and k. Precisely, if

bk (1.2)
P1 P2

holds (that is, the speeds of wave propagation are equal), the results show that we
obtain similar decay rates as in the presence of two controls. We quote in this regard
[T, B, 14, 15l 251 26l 29, 33, 34 85], 40]. However, if does not hold, a situation
which is more interesting from the physics point of view, then it has been shown that
the Timoshenko system is not exponentially stable even for exponentially decaying
relaxation functions. Whereas, some polynomial decay estimates can be obtained
for the strong solution in the presence of dissipation. This has been demonstrated
in [I] for the case of an internal feedback, and in [29} [30] for the case of an infinite
history.

For Timoshenko system coupled with the heat equation, we mention the pioneer
work of Mufioz and Racke [32], where they considered the system

p1pe — 0(Ya, )z =0, in]0, L[xR,,
prtt - b/(/):r:v + k(‘p:n + w) + "/9;1; = 0, in ]0, L[XR+7
p39t - kaajm + ’Wﬁm = 0; in ]O, L[XR+.

Under appropriate conditions on o, p;, b, k and v they established well posedness
and exponential decay results for the linearized system with several boundary con-
ditions. They also proved a non exponential stability result for the case of different
wave speeds. In addition, the nonlinear case was discussed and an exponential de-
cay was established. These results were later pushed by Messaoudi et al. [23] to the
situation, where the heat propagation is given by Cattaneo’s law, and by Messaoudi
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and Said-Houari [28] to the situation, where the heat propagation is given by Green
and Naghdi’s theory [9] [10] [I1].

The main problem concerning the stability in the presence of infinite history is
determining the largest class of kernels g which guarantee the stability and the best
relation between the decay rates of g and the solutions of the considered system.

When ¢ satisfies

381, 02 > 0: —d19(s) < ¢'(s) < —dag(s), VseRy, (1.3)

Munoz and Fernédndez Sare [30] proved that (1.1)) is exponentially stable if and only
if (1.2)) holds, and it is polynomially stable in general. In addition, the decay rate
depends on the smoothness of the initial data. When g satisfies

36 >0, Ip € [1, g[ g'(s) < —0g"(s), VseRy, (1.4)

it was proved in [20] that is exponentially stable when p =1 and holds,
and it is polynomially stable otherwise, where the decay rate is better in the case
than in that of opposite case. No relationship between the decay rate and
the smoothness of the initial data was given in [20]. Similar results were proved for
(6.1)) (see Section 6) and (see Section 7), respectively, in [8] under and
[28] under (L.4). Recently Ma et al. [20] proved the exponential stability of
under and using the semigroup method. On the other hand, Ferndndez
Sare and Racke [§] proved that (6.4]) (see Section 6) is not exponentially stable even
if holds and g satisfies

The infinite history was also used to stabilize the semigroup associated to a
general abstract linear equation in [5l [I3] [3T], [36] (see also the references therein for
more details on the existing results in this direction). In [31], some decay estimates
were proved depending on the considered operators provided that g satisfies ([1.3)),
while in [36], it was proved that the exponential stability still holds even if g has
horizontal inflection points or even flat zones provided that g is equal to a negative
exponential except on a sufficiently small set where ¢ is flat. In [I3], the weak
stability was proved for the (much) larger class of g satisfying (H2) below. The
author of [5] proved that the exponential stability does not hold if the following
condition is not satisfied:

36, > 1,305 > 0: g(t + s) < 61e72g(s), VteR,, for ae. s € Ry. (1.5)

The stability of Timoshenko systems with a finite history (that is the infinite in-
tegral fOJrOO in is replaced with the finite one fot ) have attracted a considerable
attention in the recent years and many authors have proved different decay esti-
mates depending on the relation and the growth of the kernel g at infinity (see
for example [I1I] and the references therein for more details). Using an approach
introduced in [21] for a viscoelastic equation, a general estimate of stability of
with finite history and under was obtained in [I5] for kernels satisfying

gl(s) < —6(8)9(8), Vs € Ry, (1.6)

where £ is a positive and non-increasing function. The decay result in [I5] improves
earlier ones in the literature in which only the exponential and polynomial decay
rates are obtained (see [15]). The case where does not hold was studied in
[16] for kernels satisfying

gl(s) S 75(5)911(5)7 Vs € R+v (17)
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where ¢ is a positive and non-increasing function and p > 1.

Concerning the stability of abstract equations with a finite history, we mention
the results in [2] (see the references therein for more results), where a general and
sufficient condition under which the energy converges to zero at least as fast as the
kernel at infinity was given by assuming the following condition:

g/(s) < 7H(g(8)), Vs € R+, (18)

where H is a non-negative function satisfying some hypotheses. Recently, the as-
ymptotic stability of Timoshenko system with a finite history was considered in [27]
under with weaker conditions on H than those imposed in [2]. The general
relation between the decay rate for the energy and that of g obtained in [27] holds
without imposing restrictive assumptions on the behavior of g at infinity.

Condition implies that g converges to zero at infinity faster than ¢t=2. For
Timoshenko system with an infinite history, is, to our best knowledge, the
weakest condition considered in the literature [28],[29] on the growth of ¢ at infinity.

Our aim in this work is to establish a general decay estimate for the solutions of
systems (1.1]) in the case (L.2] D as well as in the 0pp051te one, and give applications
to coupled Tlmoshenko heat systems 1- see Section 6) and Timoshenko-
thermoelasticity systems of type III ' (see Section 7). We prove that the
stability of these systems holds for kernelb ¢ having more general decay (which
can be arbitrary close to t~1), and we obtain general decay results from which the
exponential and polynomial decay results of [, 28, [29] [30] are only special cases.
In addition, we improve the results of [28] 29] by getting, in some particular cases,
a better decay rate of solutions. The proof is based on the multipliers method
and a new approach introduced by the first author in [I3] for a class of abstract
hyperbolic systems with an infinite history.

The paper is organized as follows. In Section 2, we state some hypotheses and
present our stability results for ((1.1)). The proofs of these stability results for
will be given in Sections 3 when holds, and in Section 4 when does not
hold. In Section 5, we discuss the well-posedness and smoothness of the solution
of . Our stability results of — and — will be given and
proved in Sections 6 and 7, respectively. Finally, we conclude our paper by giving
some general comments in Section 8.

2. PRELIMINARIES

In this section, we state our stability results for problem ([1.1)). For this purpose,
we start with the following hypotheses:

(H1) ¢g: R4 — Ry is a non-increasing differentiable function such that g(0) > 0
and

l=ko— /+OO g(s)ds > 0. (2.1)
0

(H2) There exists an increasing strictly convex function G : Ry — Ry of class
CH(R1) N C?%(]0, +oo) satisfying

G(0)=G'(0)=0 and , liin G'(t) = o0
such that

g gl .
/ G =g =T G gy ST 22)
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Remark 2.1. Hypothesis (H2), which was introduced by the first author in [I3],
is weaker than the classical one (1.4]) considered in [28] 29]. Indeed, (L.4) implies

(H2) with G(t) = t* (because implies that f0+°° Vg(t)dt < +oo; see [29]).
On the other hand, for example, for g(¢t) = qo(1 + ¢)~7 with ¢o > 0 and ¢ €]1, 2],
(H2) is satisfied with G(¢t) = t" for all r > Z%, but is not satisfied.

In general, any positive function g of class C*(Ry) with ¢’ < 0 satisfies (H2) if
it is integrable on R, . However, it does not satisfy if it does not converge to
zero at infinity faster than t~2. Because the integrability of g on R, is necessary
for the well-posedness of , then (H2) seems to be very realistic. In addition,
(H2) allows us to improve the results of [28] 29] by getting, in some particular cases,
stronger decay rates (see Examples below).

We counsider, as in [28] 29], the classical energy functional associated with (1.1))
as follows:

B0 =} [ (ptromitshlerrors (- [ o))t Sgov, 29

where, for v: R — L2(]0,L]) and ¢ : Ry — R,
+oo
pov = / / (t) —v(t — s))* ds du. (2.4)

Thanks to (2.1)), the expression fo (lcl (pe+1)%+ <k2 — fo ds) 1/)2)(1;3 defines
a norm on (Hg(]0, L[))2, for (i,1), equivalent to the one induced by (H*(]0, L[)) )
where H}(]0, L]) = {v € H*(]0, L]), v(0) = v(L) = 0}.

Here, we define the energy space H (for more details see Section 5) by:

2 2
H = (Hy (0, ()" x (L*(J0, L]))" x Lg
with
—+oo
L, ={v:Ry — H;(]0,L]), // s5)ds dx < +00}.
Now, we give our first main stability result, which concerns the case (1.2]).

Theorem 2.2. Assume that (1.2)), (H1) and (H2) are satisfied, and let Uy € H
(see Section 5) such that

dMy > 0: ||"70z(5)HL2(]0,L[) < My, Vs>D0. (2.5)

Then there exist positive constants ¢, ¢’ and ¢y (depending continuously on E(0))
for which E satisfies

E@t) <'GTYHAt), VteRy, (2.6)
where
Gi(s) = / - G,(lw) - (s €0, 1)). 2.7)

Remark 2.3. 1. Because lim;_,o+ G1(t) = +00, we have the strong stability of

(L.1); that is,

. hm E(t) = 0. (2.8)
2. The decay rate given by (2.6) is weaker than the exponential decay
E(t) <c"e !, VteR,. (2.9)

The estimate (2.6) coincides with when G = Id.
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Now, we treat the case when (1.2)) does not hold.

Theorem 2.4. Assume that (H1) and (H2) are satisfied, and let Uy € D(A) (see
Section 5) such that
Mo = 0 : max{{|noz(s)l| 220, 0sm02(8)lL2q0,Lp} < Mo, Vs >0.  (2.10)

Then there exist positive constants C and ¢q (depending continuously on ||Us||p(a))
such that

C
E(t) < Gal(?)’ vt > 0, (2.11)
where
Go(s) = sG'(eps) (s € Ry). (2.12)
Remark 2.5. Estimate (2.11)) implies (2.8) but it is weaker than
C
E(t) < 7 vt > 0, (2.13)

which, in turn, coincides with (2.11)) when G = Id. When g satisfies the classical
condition (1.4)) with p = 1 (that is g converges exponentially to zero at infinity), it
is well known (see [30]) that (2.9)) and (2.13]) are satisfied (without the restrictions

and (Z10))

Example 2.6. Let us give two examples to illustrate our general decay estimates
and show how they generalize and improve the ones known in the literature. For
other examples, see [13].

Let g(t) = m for ¢ > 1, and d > 0 small enough so that (2.1)) is
satisfied. The classical condition (1.4]) is not satisfied, while (H2) holds with

t
G(t) = / s¥/Pe=s""ds  for any p €]0,¢q — 1[.
0

Indeed, here (2.2)) depends only on the growth of G near zero. Using the fact that
G(t) < trTet""" we can see that G(t(Int)"g(t)) < —¢'(t), for t near infinity and
for any r €]1, ¢ — p[, which implies (2.2)). Then (2.6) takes the form

E(t) < ¢

marp TtERe el -1l (2.14)

_eg /P s
Because Go(s) > e~ °* , for some positive constant ¢ and for s near zero, then

also (2.11)) implies (2.14]).
2. Let g(t) = de~ ™+ for ¢ > 1, and d > 0 small enough so that (2.1)) is
satisfied. Hypothesis (H2) holds with

t
G(t) = / (—1In 3)1’56’(’1“)1/%3 for t near zero and for any p €]1, ¢,
0

since condition (2.2]) depends only on the growth of G at zero, and when t goes to
infinity and p €]1,¢[, G(t"g(t)) < —g'(t), for any r > 1. Then (2.6) becomes

E(t) < ce” @+ g e Ry p €)1, ¢ (2.15)
Condition (2.3) holds also with G(s) = s?, for any p > 1. Then (2.11) gives

E(t) < Ll, Vie Ry, Vp> 1. (2.16)
(t+1)»
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Here, the decay rates of E in (2.15) and (2.16]) are arbitrary close to the one of g
and ¢~ !, respectively. This improves the results of 28, 29] in case (1.2)), where only
the polynomial decay was obtained.

3. PROOF OF THEOREM

We will use ¢ (sometimes ¢,, which depends on some parameter 7), throughout
this paper, to denote a generic positive constant, which depends continuously on
the initial data and can be different from step to step.

Following the classical energy method (see [11, 3 8l 15} 28] 29 [30] B1] for example),
we will construct a Lyapunov function F', equivalent to F and satisfying
below. For this purpose we establish several lemmas, for all Uy € D(A) satisfying
, so all the calculations are justified. By a simple density argument (D(A) is
dense in H; see Section 5), remains valid, for any Uy € ‘H satisfying . On
the other hand, if E(tg) = 0, for some ¢y € Ry, then E(t) = 0, for all ¢t > ¢y (E
is non-increasing thanks to below) and thus the stability estimates (2.6)) and
are satisfied. Therefore, without loss of generality, we assume that E(t) > 0,
for all t € Ry

To obtain estimate below, we prove Lemmas where the proofs
are inspired from the classical multipliers method used in [1l [3, [7, [8 15 18] [19]
20} 211, 28, 29, [30, BI]. Our main contribution in this section is the use of the new
approach of [13] to prove below under assumption (H2).

Lemma 3.1. The energy functional E defined by (2.3) satisfies
1
E'(t) = ig’ oty < 0. (3.1)

Proof. By multiplying the first two equations in 7 respectively, by ¢; and iy,
integrating over ]0, L[, and using the boundary conditions, we obtain (note
that g is non-increasing). The estimate shows that is dissipative, where
the entire dissipation is given by the infinite history. ([l

Lemma 3.2 ([I4]). The following inequalities hold, where gy = O+Oo g(s)ds:

(/O+Oo 9(s) (Vo (t) — Yalt — s))ds>

2

+oo
< g6 / 9(8) (B (t) — talt — 5))2ds, (3.2)

+oo 2 +oo
([ 060000 = alt = 5)ds) < =9(0) [ /61 (0alt) =ttt = ).
0 0
(3.3)
As in [I5] 29], we consider the following case.
Lemma 3.3 (26| 29]). The functional
L “+o0
B == [ v [ o))~ vt - 9)dsds (34)

satisfies, for any 6 > 0,

1) <~ / ()ds — ) / " yida

L
4 6/0 (W2 + (o + )2)de + 59 0 o — s 0 .

+oo
g

(3.5)
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As in [29, [30], we consider the following result.

Lemma 3.4 ([3, 26, 29]). The functional

L
I(t) = _/o (prowr + parpify)dx

satisfies
L

L
L) < - / (P12 + po?)dz + / (k1 (s + 9)° + ¥)da + cgotpy.  (3.6)

Similarly to [3], we consider the following result.

Lemma 3.5. The functional

L k L L 400
IB(t):P2/O Yy (P +1)dr + ]2{;/101/0 T/JJ:SOtCM*%/O ﬁpt/O 9(8)(t—s) dsdx

satisfies, for any e > 0,
1 oo 2
1) < o (ko (1) - /0 9() (L.t — s)ds)

oo 2
+ o (R (0,0) - /0 9(5)(0, = 5)d) (3.7)

L L
€
+ 5 (P2(L, 1) + 92(0,1) = / (¢a +9)%dz + po / vide
0 0
Loy / k2p1 L
+ 6/ Pt dx — Ceg © 7/)96 + ( kl - pQ)/ Qﬁtd}xtdx-
0 0

Proof. Using the equations in (|1.1)) and arguing as before, we have

L L
k
I4(t) = p2 / (Pt + V) eda + ,jfl / Yurprde
0 0

—+oo

+ /OL(% + 1) (kzwm - /0 9(8)aa(t — s)ds — ki(pa + zb))dx

+oo

+ ko /OL V(P + ) pdr — /OL(% +1)e (/0 9(8)u(t — S)dS)dw
_ ]% OL o1 (g(())wx + /0+<>0 g (8)Ys(t — s)ds) dx

L , L , kopr L
=—k1/ (pz + ) dx+p2/ Yydr - ( " —pz)/ Prihpeda
0 0 0

r=L

+ [(kﬂ/)q« - /OJroo 9(8)Y(t — s)ds) (P + 1/})}

=0

L +o0
+Zf 0 %Ot/O 9'(5)(Wx(t) = vu(t — 5)) ds da.

By using (3.3) and Young’s inequality (for the last three terms of this equality),
(3.7) is established. -

To estimate the boundary terms in (3.7)), we proceed as in [3].
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Lemma 3.6 ([3]). Let m(z) =2 — $x. Then, for any € > 0, the functionals
L +oo
Iy = P2/ m(z)iy (kﬂ/fz - / 9(s)¥a(t — 5)d5>dfﬂa
0 0

L
Is = pl/ m(z)prpade
0

satisfy
10 <~ (ka0 = [ gttt = syis)’
— (kzwm(o,t) — /O+OO g(8).(0,t — s)ds)2 + €k /OL(%C +)%dz  (3.8)

1 (L L
+c(1+ g)/ wgdm—i-cegoz/;x—i-c/ Y2dx — cg' o,
0 0
and
L
B < k(L0 + 00 +e [ (e deuddn (39
0

Lemma 3.7. For any € €]0, 1], the functional

To(t) = Is(t) + ~Lu(t) + —

It
2¢ 2%, 5(1)

satisfies

L L L
)< ~(F =0 [ (oot vldnree [ ptane S [ ot
(3.10)

c [, / piko k
+ ? %dm + Ce(g 0ty —g o %) + ( ky - P2) ‘Ptu)xtdx-
0 0

Proof. By using Poincaré’s inequality for 1, we have

L L L
/ ¢§dm§2/ (Sﬁx+¢)2d:c+2/ Yida.
0 0 0

Then (3.7)-(3.9) imply (3.10). g
Lemma 3.8. The functional I7(t) = Ig(t) + §12(t) satisfies

y kl L 2 P1 L 2 L 2 2
IZ(t) < vy (¢z + 1) "dzx — 16 prdr +c [ (Yp +5)dx
0 0 0
L I (3.11)
+C(901/1w _glow$>+(pll€12 —,02)/ @twwtdl‘-
0

Proof. Inequalities (3.10) (with € €]0, 1] small enough) and (3.6 imply (3.11). O
Now, as in [3], we use a function w to get a crucial estimate.

Lemma 3.9. The function

w(z,t) = —/: Y(y, t)dy + i(/OL w(y,t)dy)x (3.12)
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satisfies the estimates

L L
/ wrdr < c/ 2, YVt >0, (3.13)
0 0

L L
/ widr < c/ Yidr, Vt>0. (3.14)
0 0

Proof. We just have to calculate w, and use Holder’s inequality to get (3.13).
Applying (3.13)) to w;, we obtain

L L
/ w?,dx < c/ Yidr, Yt >0.
0 0
Then, using Poincaré’s inequality for w; (note that w;(0,¢) = w(L,t) = 0), we
arrive at (3.14)). O
Lemma 3.10 ([3,[29]). For any € €]0,1[, the functional
L
Is(t) = / (P20t + prwey)dx
0

satisfies
/ Lot 2 c [t 2 g 2
Ig(t) < ~3 7/’zd$+g vidr+e | pidx + cg oy, (3.15)
0 0 0

where 1 is defined by (2.1)).
Now, for Nl,Ng,N3 > 0, let

By combmlng , , and - ), taking § = kl in (3.5) and noting
that go = fo s)ds < 400 (thanks to (H1)), we obtain
lN L
O
0
cN3g k
- / (szzgo———c)wtdx P (3.17)
0 € 8 0

N ke r
FenyNgg 0 e + (S5~ ew,)g 0t + (F = o) / prardr.
0

At this point, we choose N3 large enough so that % —¢ > 0, then € €]0, 1] small

enough so that £& —eN3 > 0. Next, we pick Ny large enough so that Nypago —

djg c>0.

On the other hand, by definition of the functionals I1 — Is and E, there exists a
positive constant 3 satisfying |NoI; + N3l + I7| < SE, which implies that

(N1 =B)E <Iy < (N1 +B)E

then we choose N7 large enough so that % —cn, > 0and Ny > 8 (that is Iy ~ E).
Consequently, using the definition (2.3 of E, from (3.17)) we obtain

k L
Ij(t) < ~eB(0) + cgo v + (2 — po) [ prituda. (318)
0

Now, we estimate the term g o, in (3.18]) in function of E’ by exploiting (H2).
This is the main difficulty in treating the infinite history term.
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Lemma 3.11. For any ey > 0, the following inequality holds:
G'(e0E(t))g oty < —cE'(t) + ceo E(t)G' (g E(t)). (3.19)

Proof. This lemma was proved by the first author (see [I3, Lemma 3.4]) for an
abstract system with infinite history. The proof is based on some classical proper-
ties of convex functions (see [4, [7] for example), in particular, the general Young
inequality. Let us give a short proof of in the particular case (L.1)) (see [I3]
for details).

Because E is non-increasing, then (n is defined in Section 5)

L
/(ww(t)—ibz(t—s dm<4sup/ ¢2
0

TER

< 4sup/ Y3, (T)dx + cE(0)

7>0J0

L
< csup/ ne,(T)dx + cE(0).
0

7>0

Thus, thanks to (2.5)), there exists a positive constant m; = ¢(M¢ + FE(0)) (where
My is defined in (2.5])) such that

L
/ (6 (t) — 0t — 5))2dx <my, Vi, s € R,
0

Let €9, 71,72 > 0 and K(s) = s/G~!(s) which is non-decreasing. Then,

L
K (=g () [ 020 = (e = 9)d) < K(omamag (5).

Using this inequality, we arrive at
1 Hoe

m A G! (—7'29/(5) /OLW:c(t) — P (t - 5))2d33)

711G (e0E(t))g(s) s L -  o2da) ds
S —— K( 29 ( )/0 (Vo (t) — the(t — 5))°d )d
1 too

< m G! (_7'29/(5) /OL(¢z(t) — P (t — 5))2d$)

90%:

TG (e E(t))g(s) /
X ——y K(—my712g'(s))ds
1 “+o00 . , L )
< m ) G (—7'29 (S)/o (Vo (t) — Ya(t — 3)) dx)
miT1G' (e E(t))g(s)

G=1(—mimg'(s))
We denote by G* the dual function of G defined by
G*(t) = sup {ts — G(s)} = tG' ' (t) - G(G'~'(t)), VteR,.
s€ER4

Using Young’s inequality: t1to < G(t1) + G*(t2), for

L !
=G (—ng'(s) /0 (0(t) — ult - 5))da), to = TA0C (0B (t)g(s)

G=H(—miT2g'(s)) ’
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we obtain

go, <

—T2 ’ 1 +oo « mlnG’(eoE(t))g(s)
n1G'( OE(t))g oYz + TlG’(eoE(t))/O G ( G=1(—m172g'(s)) )ds.

Using (3.1) and the fact that G*(t) < tG'~(t), we obtain

—27’2

G (e0E(t)
. +o00 g(s) -1 mlTlGI(EOE(t))g(S) s
e [ g )¢

—m1Tag’ G=1(—m172g'(s))

Thanks to (2.2, SUPseRr,, % = mgy < +00. Then, using the fact that G !
is non-decreasing (thanks to (H2)) and choosing 7 = 1/m, we obtain

gohy < E'(t)

-2 -1 < g(s)
y < —————F'(t G’ G'(eoE(t ——ds.
gothy < Gl ED) (t)+m (m1m27'1 (eoB( )))/0 G =g () s
Now, choosing 71 = mllm2 and using the fact that f0+°° %ds =mg < +00

(thanks to (2.2))), we obtain

—c
<—F'(t E(t
goy < G'(eoE(t)) (t) + ceo E(2),
which implies (3.19) with ¢ = max{2mso, mims}. O
Now, going back to the proof of Theorem multiplying (3.18) by G'(eq E(t))
and using (3.19)), we obtain
G'(eoE(t))I5(t) < —(c — ceo)E(t)G (o E(t)) — cE'(t)

k L
+ (%12 - P2)Gl(€oE(t))/ przed.
0
Choosing €y small enough, we obtain
G'(eoE(t))I5(t) + cE'(t) < —cE(t)G' (€0 E(t))

prks (3.20)

L
(2 )G (1) [ prtade
Let
F= T(G/(GOE)IQ + cE),

where 7 > 0. We have F' ~ E (because Iy ~ E and G'(¢oE) is non-increasing) and,

using ,
L
F'(t) < —crE()G' (eoE(t)) +T(”]1€’f2 — p2)G' (0 E(t)) /0 Ormdr.  (3.21)

Now, thanks to (1.2)), the last term of (3.21)) vanishes. Then, for 7 > 0 small enough
such that

F<E and F(0)<1, (3.22)
we obtain, for ¢ = ¢t > 0,
F' < —FG'(eoF). (3.23)
This implies that (G (F))’ > ¢/, where G is defined by (2.7). Then, by integrating
over [0,t], we obtain

G1(F(t)) > dt+ G1(F(0)).
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Because F'(0) < 1, G1(1) = 0 and G, is decreasing, we obtain G1(F'(t)) > ¢’t, which
implies that F(t) < G7'(¢'t). The fact that F ~ E gives (2.6). This completes the
proof of Theorem

4. PROOF OF THEOREM [2.4]

In this section, we treat the case when ([1.2)) does not hold, which is more realistic
from the physics point of view. We will estimate the last term of (3.21]) using the
following system resulting from differentiating ([L.1)) with respect to time,

P1oeee — k1(@ar + V)2 =

“+o0
P2t — kotuar + ki (o +0¢) + / 9(8)haze(t — s)ds = 0, (4.1)
0
@t(oat) = ¢t(03t) = Qot(Lat) = wt(Lat) =0.

System (4.1)) is well posed for initial data Uy € D(A) (see Section 5). Let E be
the second-order energy (the energy of (4.1)) defined by E(t) = E(U.(t)), where
E(U(t)) = E(t) and E is defined by (2.3)). A simple calculation (as in (3.1)) implies
that

~ 1
E'(t) = 59’ 0 $u <0. (4.2)
The energy of high order is widely used in the literature to estimate some terms
(see [11, 12} [30} 3] for example). Our main contribution in this section is obtaining

estimate (4.6) below under (H2). Now, we proceed as in [30] to establish the
following lemma.

Lemma 4.1. For any € > 0, we have

k L
o= _”)/ Prtbridr < €B(t) + (g0 Yo = g 0 U). (4.3)
0
Proof. By recalling that gy = fo s)ds, we have
(P}lﬂZ — Pz)/ Pehppdr = IHT/ <pt/ 9(8) (Wi (t) — it — 5)) ds da
0

Plkz _ +oo
/ cpt/ $)pe(t — s) ds dax.
(4.4)

Using Young’s inequality and (3.2)) (for v, instead of v, ), we obtain, for all € > 0,

plkz _ +o0
/ <Pt/ ) (Vat(t) — e (t — s)) dsdx
+oo
¢ / e / 9()|War(t) — u(t — )| ds da
0 0

gE(t) + Ce§ O Yy
d

On the other hand, by integrating by parts and using ([3.3)), we obtain

P11€2 _ 400
/ got/ $)Wrt(t — s) dsdx

<
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P1k2 — po +o00
S / (90w + / o (s)a (1 — )ds) d
0
1/€2 _ +o00
Co | o@Dt vt =) dsdo
SiE( )—ng O¢x-
Inserting these last two inequalities into (4.4)), we obtain (4.3). O

Now, going back to the proof of Theorem choosing 7 = 1 in , using (3.21))
and (4.3)) and choosing e small enough, we obtain

F'(t) < —cE(t)G (e E(t)) + cG' (0 E(t))(g © hut — ¢’ 0 92),
which implies, using and the fact that G’(egF) is non-increasing,
E(O)G (0B (1)) < —cG (o E(O)E'(£) — cF'(£) + ¢G' (B (t)g 0 s, (45)

Now, we estimate the last term in (4.5). Similarly to the case of g o 9, in Lemma

(for g o 1, instead of g o 1,), we obtain, using (2.10) and (4.2)),

G'(€oE(t))g 0 ar < —cE'(t) + ceo E(t)G' (eoE(t)), Veo > 0. (4.6)
Then and with €y chosen small enough imply that
E(t)G' (e0E(t)) < —cG'(eqE(0))E'(t) — cF'(t) — cE'(t). (4.7)

Using the fact that FF ~ E and EG'(epF) is non-increasing, we deduce that, for all
T € Ry (G is defined by (2:12)),

NT < / Go(E(t)dt < o(G'(«E(0)) + 1)E(0) + cBE(0),  (4.8)

which gives with C' = ¢(G'(eoE(0)) + 1)E(0) + ¢E(0). This completes the
proof of Theorem 24

5. WELL-POSEDNESS AND SMOOTHNESS

In this section, we discuss the existence, uniqueness and smoothness of solution
of (1.1) under hypothesis (H1). We use the semigroup theory and some arguments
of [6] (see also [29] B0]). Following the idea of [6], let

n(x,t,s) = Y(x,t) —(x,t —s) for (x,t,s) €]0, L[xRL x Ry (5.1)

(n is the relative history of ¢, and it was introduced first in [6]). This function
satisfies the initial conditions

n(0,t,5) = n(Lit,s) =0, inRe x Ryn(,£,0)=0, in0,L[xR:  (5.2)

and the equation
Mo nms— =0, in]0,L[xRy x Ry, (5.3)
Then the second equation of (1.1)) can be formulated as

+o0 +oo
P2t — katre + (/0 Q(S)ds)iﬁm - /0 Q(S)Timds + k1 (‘pz + w) =0.

Let no(z,s) = n(z,0,s) = ¢o(z,0) — ¢o(z,s) for (z,s) €]0, L[xRy. This means
that the history is considered as an initial data for n. Let

H = (Hg(0,L])" x (L2(J0, L])* x L, (5.4)
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with
+oo
={v:Ry — H}(]0, L] / / s)dsdx < +oo}. (5.5)

The set L, is a Hilbert space endowed with the inner product

L “+o0
(v, w)r, :/0 /0 g(8)vg(8)wy(s) dsdx. (5.6)

Then H is also a Hilbert space endowed with the inner product defined, for V =
(Ula V2, V3, V4, U5)Ta W = (wla W2, W3, W4, w5)T S Ha by

L +oo
V, Wiy = / ((kg — / g(s)ds) Op20,wa + prv3ws + p2v4w4>dx
0 0
(5.7)

L
+ (vs,ws) 1, + k1/ (0pv1 + v2)(Opwy + wy)da.
0

NOWv for U = (@7¢7¢t7¢t7n)T and UO = (@0»¢0(‘»0)7¢17¢17U0)T7 ’ is equiva—

lent to the abstract linear first order Cauchy problem
Ui(t)+ AU(t) =0 on Ry,
U(0) = Uy,

where A is the linear operator defined by AV = (f1, fo, f3, f4, f5), for any V =
(’Ul,'UQ,’Ug,’U47’U5)T € D(A), where

(5.8)

k:
fi=—v3, fo=—-v4, f3= p 0 (0501 + v2),
1

“+o0 “+o0 kl
fa= p2 (kg — /0 g(s )ds) OpaVo — —/ (8)0rzv5(s)ds + g(am + vg),
fs = —vq + Osvs.

The domain D(A) of A given by D(A) = {V € H, AV € H and v5(0) = 0} and
endowed with the graph norm

IViipeay = [IVIx + AV l# (5.9)
can be characterized by
D(A) = {V = (1}1,’02,1)3,’04,’05)T € (H2(]0’ LD N H&(]()?LD) X (H&(]OvLD)S X Eg,
+oo +oo
(k2 - / 9(5)ds ) Dz + / 9(5)0savs(s)ds € L2(J0, L))}
0 0
and it is dense in H (see also [30] BI] and the reference therein), where
Ly=A{veL, 0swe Ly, v(z,0) =0} (5.10)

Now, we prove that A : D(A) — H is a maximal monotone operator; that is —A is
dissipative and Id + A is surjective. Indeed, a simple calculation implies that, for
any V = (v1,vs,vs,v4,v5)T € D(A),

(AV, V) :_7/ /m )(Davs(s))2 ds dz > 0, (5.11)

since g is non-increasing. This implies that —A is dissipative.
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On the other hand, we prove that Id + A is surjective; that is, for any F' =
(f1, fo, f3, f1, f5)T € H, there exists V = (v1, v2,v3,v4,v5)T € D(A) satisfying

(Id+ A)V =F. (5.12)
The first two equations of system ([5.12)) are equivalent to
vi=v3+ f1 and ws =wv4+ fo. (513)

The last equation of system ([5.12)) is equivalent to
U5 + Osv5 = v4 + f5,
then, by integrating with respect to s and noting that v5(0) = 0, we obtain

vs(s) = (/Os(m + f5(T))€TdT)€_S. (5.14)

Now, we look for (vs,v4) € (H&(]O,LD)Q. To simplify the formulations, we put
Hy = (H;g(]0, L[))2 and Ho = (L*(]0, L[))2 endowed with the inner products

L +o0
(21, 22) T, (wr,w2)" )3y, :/0 (kz _/0 6_89(8)d8)8m22amw2dx (5.15)

L
+ k‘l/ (6$21 + ZQ)(a$W1 + IUQ)dJZ
0
and
L
<(21722)T, (wlaw2)T>H2 =/ (p121w1 + pazows)dx. (5.16)
0

Thanks to (2.1) and Poincaré’s inequality, (,)s, defines a norm on H; equivalent
2
to the norm induced by (Hl(]O, LD) . On the other hand, the inclusion H; C Ha

is dense and compact.

Now, inserting (5.13]) and (5.14)) into the third and the fourth equations of system
(5.12), multiplying them, respectively, by pjws and paws, where (w3, ws)? € Hy,
and then integrating their sum over ]0, L[, we obtain, for all (w3, ws)? € H;,

<('U3, 'U4>Ta (w3a w4)T>H2 —+ <(U37 U4)T7 (w?n w4)T>H1

= ((f3, f)", (ws, wa) " Ypy — ((f1, f2) s (ws, wa) "),
[e%s) L
+ (/0+ (1 — efs)g(s)ds> A ameamw4dx (517)

_ /OL O, (/;OO e_sg(s)(/oS f5(T)erT)d8>8ww4dm.

We have just to prove that (5.17) has a solution (v3,v4)T € Hi, and then, using

(5.13), (5.14) and regularity arguments, we find (5.12). Following the method in
[18, page 95], let H) be the dual space of H; and A; : Hy — H) be the duality

mapping. We consider the map B; : H; — H] defined by

L
<Bl(21722)Ta(wlaw2)T>H’1,H1 =/ 0z 220, wodz.
0

We identify Hy with its dual space Hj and we set

([0 [ e ([ e
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We have By (0, f5)T € H} and (5.17) becomes

((Id + A1) (vs, va)", (w3, wa)" )2y 24,

- 5.18
= ((f3,f4)T—A1(f17f2)T+B1(0,f5)T,(w37w4)T>H;,H1a (5.18)

for all (wg,’UJ4>T € H;. Let

(fi. f2)7 = (f3, f)" = Ar(fr, f2)7 + B1(0, f5)".

Because Hy = Hb C HY, then (f1, f2)T € H}. Therefore, (5.18) is well-defined and
equivalent to

(Id+ A1) (vs,v1)" = (f1, f2)". (5.19)

It is sufficient to show that (5.19) has a solution (v3,v4)” € H;. Let ' : H; — R
defined by

Dl(e1,22)7) = G 20) Byt 5 11, 2 1~ F)T (o1, 22) e e, (5:20)

The map T is well-defined and differentiable such that

I'((21,22)") (wr, wa)"

.. 5.21
= ((Id+ A1) (z1,22)" = (f1, f2)", (w1, w2) "y 24,5 (521

for all (Zl,ZQ)T, (wl,wg)T € H;.
On the other hand, using Cauchy-Schwarz inequality to minimize the last term

in (5.20), we have
1 -
D((z122)7) = (G020 lh = 102 2 o )G 2) lh- (5:22)

This implies that I' goes to infinity when ||(21, 22)” |7, goes to infinity, and there-
fore, T' reaches its minimum at some point (vs,v4)T € H;. This point satisfies

I ((v3,v4)T) = 0, which solves (5.19) thanks to (5.21]) with the choice (z1,22)T =
(037 ’U4)T'

Finally, using Lummer-Phillips theorem (see [37]), we deduce that A is an in-
finitesimal generator of a contraction semigroup in H, which implies the following
results of existence, uniqueness and smoothness of the solution of (1.1)) (see [I8,[37]).

Theorem 5.1. Assume that (H1) is satisfied.
1. For any Uy € H, (1.1) has a unique weak solution

UeCR;H). (5.23)
2. If Uy € D(A™) for n € N*, then the solution U has the regularity
Ue ﬂ?zocnfj(R_s_;D(Aj)), (5.24)

where D(A7) is endowed with the graph norm ||V p(asy = anzo 1AV |-
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6. TIMOSHENKO-HEAT: FOURIER’'S AND CATTANEO’S LAWS

In this section, we give applications of our results of Section 2 to the case of
coupled Timoshenko-heat systems on |0, L[ under Fourier’s law of heat conduction
and with an infinite history acting on the second equation:

P1@1t — k1 (e + V)2 =

“+oo
P2t — kaur + k1 (o + ) + kel + /0 9(8)Yge(z,t — 8)ds =0,
©(0,t) = (0,2) = 6(0,1) = p(L,t) = P(L, ) 0(L,t) =0,
<p(a:,0) = QOO(x)’ @t(x O) <P1(33),
d)("r?*t) :1/10(95,15)7 1/%(1?,0) :1/11(517)7 0(5530) :00(I)

and with an infinite history acting on the first equation:

+oo
m¢n*kﬂwm+wz+[; 9(8)za(x,t — s)ds = 0,
P2ttt — katbos + k1 (@ + ) + ks, = 0,
P30 — k300 + kathye = 0, (6.2)
©(0,t) =1(0,t) = 05(0,t) = @(L,t) = (L, t) = (L, 1) =0,
ez, —t) = po(z,1), ¢i(z,0) = p1(2),
¥(z,0) =vo(z), (x,0) =4i(z), 0(z,0) = bo(x).

We also consider systems under Cattaneo’s law and with an infinite history acting
on the first equation:

“+oo
prrn — ka (s + $)a + / 9(8) e (.1 — 8)ds = 0,
0

ptht - kaza: + kl (S% + w) + k40m = 07
P30 + k3qy + kathye = 0,

paqr + ksq + ksb, = 0, (6:3)
¢(0,2) =1(0,2) = q(0,t) = (L, t) = (L, t) = q(L,t) = 0,
QD("L*t) ZSQO(Iat)a th(J?7O) ( )
1/f($70) Zlﬁo(iﬂ)a %(%0) :Ql)l(if), 9(%70) :90( )7 (x,O) :(IO(iE),
and with an infinite history acting on the second equation:
prpie — k1(pz + 1) =
“+o0
ptht - kaa::r + kl(‘Pa: + "/}> + k49m + / Q(S)%w(%t - S)ds = O>
0
p30t + kqu + k4"/}zt =0,
(6.4)

paqr + ksq + k3, =0,
©(0,t) = ¥(0,1) = q(0,t) = (L, t) = (L, t) = q(L,t) =0,
e(x,0) = po(z), @i(z,0) = p1(2),
Uz, —t) =vo(z,t), Yi(z,0) =2i(z), 0(z,0)=6bo(z), q(z,0)=qo(z),
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where p; and k; are also positive constants, and 6 and ¢ denote, respectively, the
temperature difference and the heat flux vector. Systems (6.3) and (6.4) (Cattaneo
law), with ps = 0, implies, respectively, (6.2) and (6.1)) (Fourier’s law).

6.1. Well-posedness. We start our analysis by showing without details, using

the semigroup theory (as for (1.1)) in Section 5), how to prove that (6.1)—(6.4) are
well-posed under the following hypothesis:

(H3) g: Ry — R, is a non-increasing differentiable function satisfying g(0) > 0

such that (2.1)) holds in case (6.1]) and (6.4)), and

/+oo (s)d <ﬂ (6.5)
0 gieas ko + koky .

in case (6.2]) and (6.3]), where kg is the smallest positive constant satisfying,
for all v € H}(]0, L[) (Poincaré’s inequality),

L L
/ vide < ko/ vida. (6.6)
0 0

Remark 6.1. Thanks to Poincaré’s inequality (applied for ), we have

L L 1 L
b / (s +0)%dz > k(1 ¢) / Fde + koky(1— 1) / VR,
0 0 € Jo

for any 0 < € < 1. Then, thanks to (6.5)), we can choose

koky 1 oo
ot kbt Sk (= _/0 9(s)ds)

and we obtain
L L “+oco
C/ (02 + ¢2)dz < / (— (/ g(S)dS) 03 + kot + k1 (0 + w)Q)dx,
0 0 0

where ¢ = min{k; (1 —€) — O+°° g(s)ds, ks + kok1(1 — 1)} > 0. Thus,

et g(s)ds ) @3 + ko} + k1 (pa +9)? ) da
0 0

defines a norm on (H&(}O,LD)Q, for (p,%), equivalent to the one induced by
2
(H'(Jo, L))"
Now, following the idea of [6], let, as in Section 5, n be the relative history of v

in cases of (6.1) and (6.4)), and of ¢ in cases of (6.2)) and (6.3)), defined by
(2,,5) = P(x,t) —YP(x,t —s), in cases (6.1) and (6.4)
T 6 8 = o(x,t) —p(z,t —s), in cases (6.2)) and (6.3)),

for (z,t,s) €]0, L[xRy x R;. This function satisfies (5.2)) and (5.3]) in case (6.1)
and (6.4]), and satisfies (5.2) and

Ne+ns — @ =0, in]0,L[xRy xRy
in case (6.2) and (6.3)). Then the second equation of (6.1) and (6.4)), and the first
one of (6.2) and (6.3) can be formulated, respectively, as
+oo +oo
,021/%1: - (kQ - / g(S)dS) wxm - / g(s)nmxds + kl ((Pz + ¢) + k49x =0
0 0
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and
o0 +o0o
P10 — ki(pe + ) + </o g(s)ds) Doz — /0 9(8)Needs = 0.
Let
(30, L))" x (£2(0,L])® x L for
H =14 (HL(0,L])* x (L2(J0 )2 X L2 ) % Ly, for

(H&(]O,L[))2 X (LQ(]O,L[)) X Lf(}O,L[) X LQ(]O L[) x Ly, for (6.3} .,

where L2(]0, L)) = {v € L*(]0, L[), fL v(z)de = 0} and L, is deﬁned by (5.5)
and endowed with the inner product . Then, thanks to and . (see
Remark, 'H is also a Hilbert space endowed with the inner product defined, for
V.W € H, by

L
(V. W) = (ve, we) L, + kl/ (Dpv1 + v2)(Dpwy + wo)da
0

L “+00
+ / (<k2 - / g(s)ds) Op 020, w2 + pruzws + pavgwy + P3U5w5)d$
0 0
in case ,

L
(V,Wa, = (v, we)z, +/ (kl(am + 09) (Dpwy + ws) + kgamagﬂwg)dx
0

L “+oo
+ / (f (/ g(s)ds) 0,010, w1 + p1vsws + povgwy + p3U5w5)dx
0 0

in case (6.2,
<V7 W>'H

L
= <1}7,’LU7>L9 + / (kl ((3'95’01 + vg)(amwl + wg) + k‘garvgazwg)dl:
0
L 400
+ / (— (/ Q(S)ds) 0010, w1 + p1vzws + pavawy + p3vsws + P4U6w6)d$
0 0
in case (6.3)), and
L
<‘/7 W>H = <v7,w7>Lg + k1 / (8931}1 + ’1}2)((935’11}1 + ’wg)d.’)?
0

4 /O L((kz_ /0 o g(s)ds)@xvgﬁxwz—k prusws

+ pavawa + p3vsws + p4v6ws>dx

in case (6.4]). Now, let no(zx,s) = n(x,0,s),

(()00 ¢0( ) @17¢17907WO)T7 in case
U — (¢o(+,0),%0, p1,%1,00,m0) 7, in case (6.2)
0= )

(¢o(-,0),%0, p1,%1,00,40,m0)", in case (6.3)

(¢0,%0(+,0), ¢1,%1,00,90,m0)", in case (6.4)
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and

U= {(‘Pa% Pt wta 9777)Ta in cases and .

(@a¢a¢tawt597Q7n)T7 in cases . ' and .

Systems (6.1)—(6.4) can be rewritten as the abstract problem (5.8), where A is the
linear operator defined, for any V € D(A), by AV = F and

k
fl = —Us, f2:*v45 f3:7piiax(axvl+v2)’

1 teo
fir=—(fe= [ a9ds) 0+ 0.0 )
P2 0
k 1 e
+ 20,05 — — [ g(s)Durve(s)ds,
P2 P2 Jo
k ky
fs = =2 0pps + —pva,  fo = —v4 + Dsve,
P3 p3
in case ,
fi=—vs, fa=—uy,
k1 1/ [t 1 [T
= ——0,(0,v1 +1v3) + — / $)ds ) Opp1 — — 8)0zzvg(8)ds,
fo= = Lo @eor toa) b ([ g(s)ds)Ohavr = - | g()0urri(s)
k: k1 k
f4 = 261’1””2 + — (a:vvl + U2) + 74813’”57
P2 P2 P2
k k4
f5 = =2 0ppvs + —pva,  fo = —v3 + Dsve,
P3 p3
in case ,
J1=—v3, fa=—uy,
k 1/ [t 1 [t
fs= ——1893(593111 + vg) + —(/ g(s)ds) Opzpl1 — —/ 9(8)O0zav7(s)ds,
p1 0 P1 Jo
k’g k3 k5
fo = ——03,v2 + L(Dpv1 + va) + 3 vs, f5= *3;c116 + — 0,4,
P2 P2 p3
ky

Je = pj 6+ 3 Vs, fr = —v3 + Osvr,
in case (6.3)), and

k
fi=—v3, fa=—uy, fsifpfiaz(azvl + v3)

1 +eo
fi=—— (k;2 — / (s)ds) Oz V2 —I— (3 v1 + vg)
P2 0
k 1 [
+ 05 — — 9(5)0zv7(s)ds,
P2 P2 Jo
k k k
fs = Bope+ Mo, fo= S+ Bou, o= v+ o0
p3 P3 Pa P4

in case .

The domain D(A) of A is endowed with the norm and it is given by D(A) =
{V € H, AV € H and vs(0) = 0} in case (6.1) and (6.2), and D(A) = {V €
H, AV € H and v7(0) = 0} in case and (6.4). The operator A is maximal
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monotone (the proof is similar to the one of Section 5), and then A is an infinitesimal
generator of a contraction semigroup in H, which implies the well-posedness results

of Theorem for —.

6.2. Stability. Similarly to and under the hypotheses (H2) and (H3), we
prove that (2.6) (when holds) and (when does not hold) remain
valid for (6.1)). For and , we prove tha holds independently of .
Finally, for (6.4)), we prove only even if (1.2]) holds.

We start by the system and we consider its energy functional defined by

(we recall (2.4))

L
Ei(t) = */0 (Pl@? + po? + p30? + ki (pr +1)?

N (6.7)
oo 9 1

+ (kg - /0 g(s)ds)wx>dx + 59° Ve
Theorem 6.2 ((1.2)) holds). Assume that (1.2), (H2), (H3) are satisfied, and let

Uy € H satisfying (2.5)). Then there exist positive constants c’,c” ey (depending
continuously on F1(0)) for which Ey satisfies (2.6)).

Theorem 6.3 ((1.2) does not hold). Assume that (H2) and (H3) are satisfied,
and let Uy € D(A) satisfying (2.10). Then there exist positive constants C and €
(depending continuously on ||Uo| p(ay) such that Ey satisfies (2.11)).

The energy functionals of (6.2)), (6.3) and (6.4) are, respectively, defined by

1 [F _
Ex(t) = 5 / (mcpf + potpp + p30° + k1 (pp + )2 + kotp2
0

oo i ) (6.8)
- (/0 g(S)dS) %)dw +590¢s
1 (L _
Es(t) = 3 / (Plsﬁf + pab? 4 p30® + pag® + k1(px + 1) + koyp2
" (6.9)
_ - 2 d _|_1 o
( ; g(S)dS)soz) T+ 590 ¢a,
1 [F _
Ey(t) = 3 / (Pl@f + pof + p30® + pag® + k1 (px +P)?
0 N (6.10)
- b 2)dx + E o1
+ (k:g ; g(s)ds)z/}x) T 2g s
where
- 1 L
O(z,t) = 0(x,t) — Z/ 0o (y)dy. (6.11)
0

Theorem 6.4. Assume that (H2) and (H3) are satisfied, and let Uy € H satisfying
(2.5). Then there exist positive constants ¢, ¢, ey (depending continuously on E4(0)

in case (6.2), and on E3(0) in case (6.3))) for which Es and E3 satisfy (2.6]).

Theorem 6.5. Assume that (H2) and (H3) are satisfied, and let Uy € D(A) satis-
fying (2.10). Then there exist positive constants C and €y (depending continuously
on ||Uol|pcay) such that Ey satisfies (2.11)).
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6.3. Proof of Theorems and The proofs are very similar to the ones of
Theorems and respectively.

Lemma 6.6. The energy functional Ey defined by (6.7)) satisfies

1 L
(1) = 39 0 — k3/0 02dz < 0. (6.12)

Proof. By multiplying the first three equations of (6.1]) by ¢, ¥; and 6, respectively,
integrating over ]0, L[, and using the boundary conditions, we obtain (6.12)) (which
implies that (6.1) is dissipative). O

Now, we consider the functionals Iy — Ig defined in Section 3 and
Ilo(t) = NlEl(t) + Ngll(t) + N3Ig(t) + I7(t), (613)

where Ny, No, N3 > 0. Using (6.12) and the same computations as in Section 3
(Where we keep the terms depending on 6), we obtain (instead of (3.17) and with

go—fo s)ds and 6 = kl in (3.5))
L
o < (52— [Cuzar - & e [t
0

¢N. ki [F
- (szzgo - Tg —c / Yide — §1/ (¢u +¥)%dx + cNy Ny g © Vs
0 0

L
p2) / Pithgrda
0
400

L
+ k4/0 0, ((é = N3)p — (¢ + ) + N2/0 9(8)(Y(t) —p(t — s))ds

N L k
JF(*l*CNz)g/Oi//x*Nl%/ gider(pl 2
2 0 kl

— o) (bt~ [ 96Dt~ 9)ds) )

(6.14)
Using Young’s inequality, (3.2)), (for ¥) and (6.7)), for any €; > 0, we have

L +oo
b [ 05N = (ee )+ N [ als)0(0) — 0t~ )

— o) (kv [ oo~ o)is) o

L
< €1E1(t) + CNy, N3 e en / gzdf
0

Then, with the same choice of N3, € and N> as for (3.17)), from (6.14)), we obtain

L
Fo®) < —e(gown+ [ (o + 02 +0+ (or +9) + 42 )do)
L
+e1Ei(t) +cgorhs + (% —P2)/0 rhgrdr

t 2 t 2 Ny /
+c | 0°dx— (Niks —ce) Gxdz+(770)g 01y
0 0
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Therefore, using the definition of E; and Poincaré’s inequality for 6,

L
Io(t) < _(C_Gl)El(t)+Cg°¢z+(p;€7k2 —,02)/ P1pedr
! 0 (6.15)

g 2 Ny ’
— (Nqpk3 — csl)/ 0;dx + (7 —¢)g ot,.
0

On the other hand, there exists a positive constant a (which does not depend on
Ny) satisfying |NoIy + N3lg + I7| < aFp, which implies

(Nl — O[)El S IlO S (Nl +OZ)E1.

Then, by choosing ¢; small enough so that ¢ —e; > 0, and V; large enough so that

% —c¢ >0, Niks — ¢, > 0 and Ny > a, we deduce that ;o ~ E; and

k L
Io(t) < —cEy (t) + cg o by + ('0;—12 — p2) / P1rde, (6.16)
0

which is similar to (3.18)). Then the proof of Theorems andcan be completed
as in Sections 3 and 4, respectively.

6.4. Proof of Theorem First, we consider the case (6.2)).
Lemma 6.7. The energy functional Eo defined by satisfies

1 L
ELy(t) = ig/ 0Py — kzg/o 62dz < 0. (6.17)

Proof. Note that, thanks to the fact that é:c =6, and ét =64, (6.2) is also satisfied

with 6 (defined by (6.11)) and 6y — I fOL 0o(y)dy instead of 6 and 6, respectively.
Then, as in case 7 by multiplying the first three equations of (6.2)), respectively,

by ¢, ¢ and 0, integrating over |0, L[, and using the boundary conditions, we

obtain (6.17). O
Lemma 6.8. The functional
L “+o0
nO == [ o [ a6l - elt - 9)dsda
0 0

satisfies, for any & > 0,
“+o00 L
RO <-o([  aeas—s) [“as
0 0

L (6.18)
+ 5/ (V2 + (9o + ¥)*)dx + c59 0 o — €59’ © Pa.
0

The proof of the above lemma is similar to the proof of Lemma [3.3] and is
omitted.

Lemma 6.9. The functional

L
Jo(t) = /0 (prppr + patpipy)da
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satisfies, for some positive constants ¢ and ¢,
L

L
Jh(t) < / (12 + pat2)da — / (9o +¥)° + 2)de
0 0 (6.19)

—&-E(/OLéde—i—gogpw).

Proof. Because system (|6.2) is still satisfied with 6 and 6y — A fo Oo(y dy mbtead
of § and 6y, respectively, then by exploiting the first two equations of | and
integrating over |0, L[, we obtain

L L
B0 = [ (ot + patd)dn — b [ (ou+ 0o
0 0
L L +o0 L
— kQ/ Vidr + / cpm/ 9(8)pa(t — s)dsdx + k4/ Y 0dz.
0 0 0
Let I} = k1 — fo s)ds (I3 > 0 thanks to ) Using (3.2)) for ¢ and Young’s

inequality, for any € > O we obtain

/L Pz /+0<> 9(8) e (t — 5) dsdx

/ o /+Oo )(pa(t = 5) = @a(t) + () ds dz
:/0 9(s )ds/o %dx—/OL Pa(t) /;OOQ(S)(%(t)_<pm(t_$))d8d3j

L
< (kl -1 +6)/ (pidl"f‘cego@r
0

Similarly, for any ¢ > 0, we have

L L L
k;4/ Y 0dr < e'/ V2dr + co / 0%dz.
0 0 0

On the other hand, using for 1, for any €’ > 0, we have

L L L L
/ P = / (s + 90— $)%dr < (1+€") / (o +9)2dz + (14 ko / Y2dz.
0 0 € 0

0
Inserting these three estimates into the previous equality, we obtain
L

L
Ji(t) < /0 (pr1? 4 potb?)dx — (l1 —e—€" (k1 — 11 + 6)) / (0o +)?dx

0

L
(kae—ko(lJr Nk — 1y +e) /1/12dx+ce/ §2da + cg o oy
0

Thanks to (6.5]), we can choose % <é' < k - and €, ¢ > 0 small enough
such that

1
min{h —€— G/I(kl — 1 + 6),k2 — - ]{?0(1 + Z)(/ﬁ -l + 6)} > 0,

therefore, we obtain ((6.19)). O
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The Neumann boundary conditions considered on  in do not allow the use
of Poincaré’s inequality for 6. To overcome this difficulty we use the following
classical argument (see [32]): by integrating the third equation of and using
the boundary conditions, we obtain

L L 1 L
ar( / 0. 1)) = / Oty = — / (k30 (2, 8) — kthue (2, 1))d
0 0 0

1 x
- - [k:g@x(z,t) - kwt(a:,t)] =0, VteR,.
P3 z

Then
L L L
/ O(x,t)dx = / 0(x,0)dz = / Oo(z)dx, VteR,.
0 0 0
Therefore, the functional @ defined by (6.11)) satisfies fOL 0(z,t)dz = 0, and then
is also applicable for 6. Now, as in [32], we have the following lemma.

Lemma 6.10. The functional

J3(t) = p2ps /OL (s (/0z é(y,t)dy)dx

satisfies, for any e > 0,
L L L
O < ~(pki—0) [ wFee [ @4t )date [ o (020
0 0 0

Following the same arguments as in [32] one can prove easily our lemma
Now, we go back to the proof of Theoremin case (6.2)). Let N1, No, N3, Ny >0
+oo
and, as before, gy = fo g(s)ds. We put

Ji(t) = NyBEo(t) + NoJi(t) + NyJo(t) + NaJs(t). (6.21)

Then, using Poincaré’s inequality (6.6) for 6, combining (6.17)-(6.20) and choosing
0= Niz and € = N%; in (6.18) and (6.20)), respectively, we find

L L
Jy(t) < —(eNs — 2)/0 (V3 + (¢x +1)?)dz — (Napaks — paNs — 1)/0 V7 d

L L
— (Noprgo — p1Ns — 1) / 2 — (Niks — exy ) / 02 du
0 0
Nl ’
+ (7 - CNQ)g 0 Wy + CN5,N39 © Pz-

(6.22)

So, we choose N3 large enough so that ¢cN3 —2 > 0, then V4 large enough so that
Nykyps — p2N3 — 1 > 0. Next, we choose Ny large enough so that

Napi1go — p1Ns — p1 > 0.
Consequently, using again Poincaré’s inequality for 0, from (6.22]), we obtain

Ji(t) < —c(g © Py + /OL (tpf 7+ 6+ (0o + ) + wg)dx)

L
N-
+cgopy — (Niks — C)/ Orda + (71 —c)g oy
0
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Therefore, using the definition of Es,

L
N
Ji(t) < —cEs(t) + cgo @, — (Niks — c)/ Hidaj + (—21 —0)g o p,.
0

Now, as in Section 3, choosing N; large enough so that % —c>0, Niks—c>0
and Jy ~ Fs, we deduce that

Jy(t) < —cEs(t) + cg o ¢,. (6.23)

To estimate the term g o p, in (6.23]), we apply Lemma for ¢ and FEs instead
of 1 and E, respectively, and we obtain (similarly to (3.19))

G'(egFa2(t))g o pr < —cE4(t) + ceg B2 (1)G' (0 Ea(t)), Vte Ry, Veg > 0. (6.24)

By multiplying (6.23]) by G’ (eo E2(t)), inserting (6.24)) and choosing €y small enough,
we obtain

G'(eoB2(t))Jy(t) + cEL(t) < —cE2(t)G (g Ea(t)), (6.25)
and then the proof can be finalized exactly as for (3.20)) in Section 3, which shows

(2.6) for E,.
Now, we consider the case (6.3) and we prove (2.6) for Ej.

Lemma 6.11. The energy functional E3 defined by satisfies

1 L
E3(t) = 59" 0 eu = k5/0 ¢*dz < 0. (6.26)

Proof. Because (6.3) holds with 0 and 6y — % fOL 0o(y)dy instead of 6 and 6y, re-

spectively, then by multiplying the first—fourth equations of (6.3)) by ¢, ¥, 6 and
q, respectively, and integrating over ]0, L[, we obtain (6.26)). a

As in [32] and similarly to (6.20), we prove the following estimate.
Lemma 6.12. The functional

L T
Q1(t) = PzPS/ e (/ 9(y,t)dy)dx
0 0
satisfies, for any €3 > 0,

L L
Q4(t) < —(poks — 1) / e+ e / (W2 + (s + 9)?)da
0 0 (6.27)

L L
+ (£ + ,03]{4)/ 0%dx + Cey / ¢*dz.
€1 0 0

Proof. By exploiting the second and the third equations of (6.3)) and integrating
over |0, L] (note also that fOL é(x,t)dx =0,0, =6, and 6, = 6;), we obtain

Q1(t) =ps /OL(]Q?/JM — k1 + 1) — k‘4§w)</0m é(y,t)dy)dx
+ p2 /OL Pt (/Ow(ksqz(y, t) — katbar (v, t))dy) dx

L L L
——pahs [ wddot g [z = poka [ ude
0 0 0
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— pska /OL(% + ) (/01 é(y,t)dy)dac — poks /OL brqdz.

Using Young’s and Holder’s inequalities to estimate the last three integrals, we

obtain ((6.27)). O

As in [23], we consider the following functional.

Lemma 6.13. The functional

Q2(t) = —p3pa /OL q(/ox 0(y, t)dy) dx

satisfies, for any ez > 0,
L _ L L
Q5(t) < —(psks — 62)/ 0%dx + 62/ Yidr + 052/ ¢*d. (6.28)
0 0 0
Proof. By using the third and the fourth equations of (6.3) and integrating over
10, L[ (note also that fOL é(x,t)dx =0,0, =0, and 6, = 6;), we obtain

x

Q5(t) = p3 /OL(k‘sq + kSGz)(/O 5(y,t)dy>d:r

i [ o / (ke (9.8) + kit (3.1))dy ) da
L

L L x
= *P:sks/ 92dx+p3k5/ q(/ 9(y,t)dy)dx+p4/ q(k3q + katpy)da.
0 0 0 0

Using Young’s and Holder’s inequalities to estimate the last two integrals, we obtain
(16.28)). O

Now, we complete the proof of Theoremin case (6.3). Let Ny, Na, N3, Ny, N5
be positive, gg = f0+oo g(s)ds and
Qg(t) = N1E3(t) + NQJl(t) + Nng(t) + N4Q1(t) + N5Q2, (629)

where J; and J, are defined in Lemmas and respectively. The estimates

(6.18) and (6.19) hold also for (6.3)) because we used only the first two equations
of (6.2) and the boundary conditions on ¢ and 1, which are the same as in (6.3]).

Then, by combining (6.26))-(6.28]), (6.18)) and (6.19)), choosing § = 1/Na, e; = 1/Ny
and e; = 1/N5 in (6.18]), (6.27) and (6.28)), respectively, we obtain
L

L
Q4(t) < —(cNs —2) / (W2 + (9o +9)")da — (Nakapa — p2Ns — 2) / iz

L
— (Nap1go — p1 N3 — p1) / pidx
0
L ~,
— (Nspsks — éN3 — ¢cN? — pskg Ny — 1)/ 0%dx
0

L
N
- (N1k5 - CN4;N5)/ q2dx + ( 21 a CN2)gl 0 WYy + CN3,N39 © Pz
0

(6.30)
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We choose N3 large enough so that ¢N3 — 2 > 0, then N, large enough so that
Nykyps — po N3 — 2 > 0. After, we choose Ny large enough so that

Napi1go — p1Ns — p1 > 0.

Next, we pick N5 large enough so that Nskspz —éN3 —cNZ — p3kyNy—1 > 0. Then

(6.30)) implies

Q5(t) < fc(gocpz +/OL(<pf + P2+ 02+ ¢ + (pu + )2 +w§)daz)

L
N
+cgo @, — (Niks — c)/ ¢*dz + (71 —e)g o .
0

Now, as before, choosing N; large enough so that % —c >0, Niks —c > 0 and
Q@3 ~ E3, and using the definition of E3, we conclude that

Q4(t) < —cEs(t) + cg o py. (6.31)

The estimate (6.31]) is similar to (6.23), and then we complete the proof exactly as
for (6.2)) to get (2.6) for F5. This completes the proof of Theorem

Proof of Theorem As in Section 4, we will show that F, satisfies the in-
equality (6.45)) below, which implies (2.11]) for E4. As for (6.26]), we can see that
6.10)

the energy functional FE, defined by | satisfies
1 L
Ei(t) = 59" 0 ¥ = k‘s/ ¢*dx < 0. (6.32)
0

As in Section 4, we consider the second-order energy E, of the system resulting
from differentiating with respect to time (which is well posed for initial data
Uy € D(A)); that is, E4(t) = E4(Ui(t)), where E4(U(t)) = E4(t) and Ejy is defined
by . A simple calculation (as for ) implies that

- 1 L
Ey(t) = 59/ 0 Yot — k‘5/0 gidz < 0. (6.33)

Now, let N1, No, N3 > 0 and
I11(t) = Ny (E4(t) + E4(t)) + Nody (t) + Nalg(t) + I(t), (6.34)

where I, I7 and Ig are defined in Lemmas|3.3] and respectively. Then (as

for I1p in (6.14))), by combining (6.32]) and (6.33]), and using the same computations
as in Section 3 (we keep the terms depending on 6,), we obtain (instead of (3.17)
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and with go = fo s)ds and § = £ in (3.5))

lN L
oy(tn < —(23 / W2 — f—eNg)/O Rda

k L
- oo~ o) [Tt B [
€ 0 0

N N
(S —eny)g 0ty + =g 0t + Eny NG O U

2 2
plkg L r 2 2
F (P2 o) [t — kN [ @+ ) (6.35)
0 0

e [0 (- N et )
0 .
N / 9(5) (0 (t) — (t — 5))ds
— gomo) (ke = [ g(6)utt = 9)is) )

Using Young’s inequality, (3.2)), (for ¥) and (6.10)), for any €; > 0, we have

[ 0 (- N et 4 [ o0 vt - s
L) (kv [ gttt — o)as) e

’ L
< e1Ey(t) + eny Ny e /0 Gida:.

We choose N3, € and Ny as for (to get negative coefficients of the first three
integrals of - and using for 7 (note also that 6, =0 ), we obtain

I, (t) < —C(gowx +/0L(<Pf + Y7+ 0%+ ¢+ (0o + ) +w§)dfv)

P1 ko
k1

L
+ea1Ey(t) +ecgotpy +( - p2) / P1Yzrda
0

L N N (6.36)
+ ey / 02dx + (- — c)g' oty + -9 0 Yy
. 2 2
L L
— (ksNy — c)/ ¢*dx — ks Ny / qfdx.
0 0

On the other hand, the fourth equation of (6.4)) implies that

L L
02dx < c/ (¢° + q7)dz. (6.37)
0 0
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Therefore, by combining (6.36)) and (6.37)), using (6.10) and choosing €; small

enough,

]f L
I (8) < —cEa(t) +ego o + (P22 _ py) / rtburda
0

k
. ! N N (6.38)
~Miks =) [ (a4 @+ (G - g 0w+ Sl o
0
Now, exactly as in Lemma 4.1} we have, for any € > 0,
Plkz L !
(P42 o) [ prttde < Bu(®) 4 clgodm —g o). (639)
0
Then, by combining (6.38) and (6.39), and choosing e small enough,
/ Ny /
111 (t) < —cEs(t) + c(g o b + gothat) + 590 Yt
(6.40)

L
N
— (Niks —¢) / (¢° + qf )dx + (71 —c)g’ o 1.
0
Then, choosing N7 large enough so that N1ks — ¢ > 0 and % — ¢ >0, we find

Iy (t) < —cEa(t) + (g 0 thw + g © Par). (6.41)

Now, similarly to the case got, and got,; in Sections 3 and 4 (estimates (3.19) and
(4.6)) and using (2.10)), (6.32) and (6.33]), we obtain the following two estimates:

G'(e0Ea(t))g o e < —cEy(t) + ceo E4(t)G (0 Eu(t)), Veo >0, (6.42)
GI(60E4(t))g o '@[J:nt S —CEZL(t) + CE().E;,L(lf)G/(GoE’4(t))7 VEO > 0. (643)

Multiplying (6.41]) by G’ (e E4(t)), inserting (6.42) and (6.43)), and choosing eg small

enough, we deduce that
E4(t)G,(60E4(t)) S 7C(G,(60E4(t))111(t) + CéoEzll(t)G”(éth(t))Ill(t) ( )
6.44

Then, by integrating (6.44) over [0,7T] and using the fact that I;; < c¢(Ey + Ej)
(thanks to (6.34])) and E}(¢t)G"(egE4(t)) < 0 (thanks to (6.32) and (H3)),

/ ! Go(Ea(t))dt < ¢(G'(e0E4(0)) + 1)(E4(0) + E4(0)), YT €R,,  (6.45)
0

where G is defined by . The fact that Go(E,) is non-increasing and ([6.45))
imply (2.11) for E4 with C = ¢(G'(e0E4(0)) + 1)(E4(0) + E4(0)). This completes
the proof of Theorem
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7. TIMOSHENKO-HEAT: GREEN AND NAGHDI'S THEORY

In this section, we consider coupled Timoshenko-thermoelasticity systems of type
IIT on ]0, L[ with an infinite history acting on the second equation:

p1@1t — k1(@z + 1)z =0,

+oo
p2wtt - k?djzm + kl(@z + 1/}) + k49zt + / 9(5)¢m($, t— S)dS = 07
0
p30tt - k30zx + k4¢xt - k59xa:t = 0, (71)
(p(oat) = 1/1(0775) = az(ovt) = @(Lﬂt) = w(Lat) = em(Lat) =0,
90("1770) = 900(55)7 QOt(iC70) = Qpl(x)a
w(% _t> = 1/)0(37,t)7 ’(/}t(l‘70) = wl(x)a 9(1’,0) = 90(:1")’ 9t(£70) = 91(.’13),

and with an infinite history acting on the first equation:

“+o0
prowe — k(s + 0o + / 9(8)pan(a,t — s)ds = 0,
0

p2it — kotber + ki(9z + ) + kabllyr = 0,
p3bit — k3bza + katbar — ks50zar = 0, (7.2)
©(0,t) = 9(0,1) = 0:(0, 1) = p(L,t) = ¥(L,t) = b2(L, 1) =0,
oz, —t) = po(x,1), @i(z,0) = ¢r(),
¥(x,0) =vo(z), ti(2,0) =v1(z), 0(x,0)=0o(x), 06i(x,0)="06i(2).
Systems and model the transverse vibration of a thick beam, taking in

account the heat conduction given by Green and Naghdi’s theory [9, [9] [TT].
We prove the stability of (7.1)) and (7.2]) under (H2) and the following hypothesis:

(H4) g: Ry — Ry is a non-increasing differentiable function satisfying g(0) > 0

such that (2.1)) and (6.5) hold in cases of ([7.1) and (7.2)), respectively.

7.1. Well-posedness. We discuss briefly here the well-posedness of (7.1) and (7.2)
under (H4). As in Section 5 and following the idea of [6], we consider

(2,1, 5) = Y(z,t) —Y(z,t —s) in case (7.1)
)= o(z,t) — p(z,t —s) in case (7.2)

770(an) = 77(%075)» U= (<P7¢79,<Pt71/)t,9t777)T, and

UO = (%0071/)0('70)’9073017’(/)13917770)T in case "
(%00(‘70)71/’0,90:‘P17¢1,91;7]0)T in case "
Then (7.1)) and (7.2) can be formulated in the form (5.8]), where A is the linear

operator given by A(vy,ve,vs,va,s,v6,v7) = (f1, f2, f3, fa. f5, o, f7)T, where

k
fi=—v, fo=-vs, fs=—vs, fa= —p—iaz(&rm + v2),

1 e k1
fs = 7@ (k2 — /0 g(s)ds) Opao + E(awl + v2)
k 1 [+
+ —4311)6 - — g(S)amW(S),
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k k k
f6 = -2 22 V3 + iawvf) - 7589:9:’06’ f? = —vs + 85U7,
P3 P3 P3
in case (7.1]), and
fl = —Uy4, f2 = —Us, f3 = —Us,
kq 1/ [T 1 [T
f4 = _781(8907]1 + U2) + 7( g<s>ds>azasvl - g(s)amw(S),
P1 P1 Mo P1 Jo
k k k
f5 = -2 V2 + J(axvl + U2) + iamU&
P2 P2 P2
k k k
fo= 7738%I(U3 + 74817)5 - jamcvﬁa fr = —vs + Osvr,
P3 P3 P3

in case . Let
H = (Hy(0,L))* x HX(0, L]) x (L*(J0, L[)* x L2(J0, L[) x Ly,
where L is defined by (5.5)) and endowed with the inner product (5.6),

H;(J0,L[) = {v € H'(J0, L[), /L vdr = 0},
0

£2(0, L)) = {v € L2(0, L]), /0 vdz = 0.

The set 'H, together with the inner product defined, for V,W € H, by

L
<Vv> W>'H = <U77w7>L9 + / (kl (agcvl + vg)(azwl + ?JJQ) + kgé‘xvgamwg)dx
0

L “+00
+ / ((kQ - / g(S)dS) O0p 020, w2 + progwy + pavsws + P3vﬁw6)d$
0 0

in case (7.1)), and

L
<‘/, W)’H = (v7,w7>Lg + / (1{31 (azv1 + vg)((“)wwl + ’wg) + k38$v38mw3)dm
0

L +oo
+ / <_ (/ g(S)dS) 0,010, w1 + koOpv20,we + prv4wy
0 0

+ p2vsws + p3'U6w6>d-73

in case , is a Hilbert space. The domain D(A) of A endowed with the norm
is given by D(A) = {V € H, AV € H and v7(0) = 0} and A is a maximal
monotone operator (the proof is similar to the one of Section 5), and then A is
an infinitesimal generator of a contraction semigroup in H, which implies the well-

posedness results of Theorem for (7.1)) and (7.2).

Stability. We introduce the energy functionals in (7.1) and (7.2)), respectively, as
“+o0

1

Es(t) = 5 /OL (PMO% + p2f + k1 (s + )% + (k’g —/

5 ; g(s)ds) zbﬁ)dx

(7.3)

1 [E - 1
+5 / (307 + k302)dx + =g o 1),
2 Jo 2
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and
1 L 2 2 2 oo 2
Eg(t) = 5/ (plsot + patby + ki +90)° — (/ g(S)dS)%)dw
0 0 (7.4)
1t 2 52 52 1
+ 5/ (kaz + p30; + k3b3)dx + 59°© P,
0
where
~ t L 1 L
ity =0w.t)~ - [ oy~ + [ toya. (75)
0 0

Remark 7.1. Using the third equation in (7.1) and (7.2)) and the boundary con-
ditions, we easily verify that

L L 1 =L
st ( / Q(x,t)dx) = / Ot (2, t)dz = — [1@,995 — kgt +k50m} =0, VteRy,
0 0 P3

=

which implies that, using the initial data of 6,
L L L
/ Oz, t)dx = t/ 01 (x)dx +/ Oo(x)dz, VteR,. (7.6)
0 0 0

Therefore, and imply that fOL 0(z,t)dz = 0, and then Poincaré’s inequal-
ity is applicable also for 6 and, in addition, and are satisfied with
0, 6y — 1 fOL 0o(y)dy and 61 — + fOL 601(y)dy instead of 6, 6y and 60y, respectively. In
the sequel, we work with 6 instead of 6.

For the stability of (7.1}, we distinguish two cases depending on ((1.2)).
Theorem 7.2 ((1.2) holds). . Assume that (H2), (H4) and (1.2) hold, and let

Uop € H satisfying (2.5). Then there exist positive constants ¢/, ¢, eq (depending
continuously on E5(0)) for which Es satisfies ([2.6]).

Theorem 7.3 ((1.2]) does not hold). Assume that (H2) and (H4) hold, and let Uy €
D(A) satisfying (2.10). Then there exist positive constants C and €y (depending

continuously on ||Ug||p(ay) such that Es satisfies (2.11)).

Concerning ([7.2]), the estimate (2.6) holds for Fg independently of (|1.2)).

Theorem 7.4. Assume that (H2) and (H4) hold, and let Uy € H satisfying (2.5)).
Then there exist positive constants ¢, ¢, ey (depending continuously on Eg(0)) for

which Eg satisfies (2.6)).

7.2. Proof of Theorems and As for By — E4 and by multiplying the
first equation in (7.1) by ¢, the second one by ¢ and the third one (with 6 instead
of ) by 0;, integrating over |0, L[ and using the boundary conditions, we obtain

1 L
EL(t) = 591 0y — k5/ 02,dx < 0. (7.7)
0
Now, we consider the functionals I;—Ig defined in Section 3 and (as in (6.13]))
I15(t) = N1E5(t) + NoIq(t) + N3Ig(t) + I7(t). (7.8)
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Using (7.7) and the same computations as in Section 3 (for (71)) with 0 instead of
0), we obtaln (instead of ( and with gg = fo s)ds and 5 kl in (3.5)),

Tis(t)

ZN L ko [*
Do) [Mutae— 2oy [ tar = [ 00
0 0

- (N2P2go - TS —c / Ypds
0

_ %m(w) (1@% — /O+OO g(8)(t — s)ds))d;v — Niks /OL égtdx

N k "
+ (71 — Ny )G 0y + CNy Ny O Y + (p]1€12 - 02)/ pthardr
0

L _ +o0
+k4A 9mt<(é_N3)¢_(<pI+w)+N2/0 9(5)(¢(t)—¢(t—3))d5~

Using Young’s inequality, (3.2)), (for ¥) and (7.3, for any €; > 0, we have

+oo

b [0 (( N (ot + Mo [ 061000 00— s
gkt = [ aate - 9)as) )
< €1E5(t) + cNy Nyeen / 02 dx.

Then, with the same choice of N3, € and Ny as in Section 3, we obtain, from (7.9)),

L ~,
Iia(t) < —c(g o v + /0(@f+¢?+9f+(ww+¢)2+¢i)d$)

k L L
+ €e1E5(t) +cgothy + (p; 2 - P2)/ PrbprdT + c/ 02dz  (7.10)
1 0 0
N1k5 Ce, / Hmdl' + C)g/ 0 WYy.
On the other hand, let us set

L -~ - k -
Ri(t) = [ (03010 + katho0 + —02)dux. (7.11)
O 2

By differentiating R; and using the third equation in (7.1) (with 6 instead of 6),

we obtain
L L L
L(t) = _k3/ oidx+p3/ 0?dx+k4/ Yz 0;d.
0 0 0

Young’s inequality and the definition of E5 then yield, for any €; > 0,

L L
Ry(t) < —k3/ égdercq/ 02dx + € Es(t). (7.12)
0 0
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Let Ry = Iio + Ry. Then, using the deﬁnition of F5 and applying Poincaré’s

inequality (6.6| . for Ot, we deduce from and - that

L
Ry(1) < <cf2e1>E5<>+cgowx+<”,g’f2fm) | prtmda

(7.13)
— (N1ks — ¢ey) / 9 Jdr+ ( ——c)g o Py.

Then, by choosing €; small enough so that ¢c—2¢; > 0, and N, large enough so that
% —¢ >0, N1ks —ce, > 0 and Ry ~ E5 (which is possible thanks to the definition
of E5, I12, Ry and Ry), we deduce that
pik L
Ry(t) < —cE5(t) + cgo v, + (2—12 — pg)/o D1 prd (7.14)

which is similar to (3.18). Then the proof of Theorems andcan be completed
as in Sections 3 and 4, respectively.

7.3. Proof of Theorem First, as for Es5, we have

1 ko
Ei(t) = 59/ 0 Y, — k:5/ 62,dx < 0. (7.15)
Now, we consider the functionals T} = J; and Ty = J5, where J; and J2 are deﬁned
in Lemmas [6.8) and [6.9] respectively. Then, exactly as for (6.18) and (6.19) (where
we used the first two equations in (6.2]), which are the same as in 1 Wlth 0.4

instead of 6,), we have, for any § > 0,

i) < o 7 gs)ds - o) / " s

T (7.16)
+ 5/ (V2 + (92 +©)*)dx + c59 © pu — ¢59' © Pur,
0
and for some positive constants ¢ and ¢,
L
T3(t) < / (1% + patfi)da
0 (7.17)

L L
—c/ (e +9)? +w§)d:c+é(/ 9t2dx+go<pz>.
0 0
On the other hand, we we have the following lemma.

Lemma 7.5. The functional

130) = s [ el [ Ot )~ ks [ s

satisfies, for any e > 0,

Ty(t) < (pm—e/ wt+e/ (02 + (pn + )2 dx+ce/ Pode. (718)

Proof. By using the second and the third equations in and integrating over
10, L[, we obtain (note that fOL O(z,t)dx = 0, O = 0y and 0; =0,)

L x N B
Té(t) = p?/o % (/0 (kgem(% t) - k4wzt(y7 t) + k59zzt(yu t))dil/) d(E
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L x
b [ hathen — ka4 0) — ki) ([ Ouly. 1)
0 0
L ~ ~
~paks [ (B4 G
0
L L N L o
— / GRdz + poks / Gelioydz + p3 / (—keatby + byl
0 0 0

— psk1 /OL(S% +) (/Oz ét(l/,t)dy)d$ — p2ks /OL Oetbda.

Using Young’s and Holder’s inequalities for foz ét(y, t)dy and Poincaré’s inequality

for 6, and v to estimate the last four integrals, we obtain (7.18)). O
Now, we come back to the proof of Theorem [7.4 Let Ny, N2, N3, Ny > 0 and
T5(t) = N1Eg(t) + NoT1(t) + N3To(t) + NaTs(t) + Tu(t), (7.19)

where Ty = Ry and R; is defined by ([7.11). Note that, exactly as for (7.12) (where
we used the third equation and the boundary conditions in (7.1)), which are the
same as in (7.2))), Ty satisfies, for any e; > 0,

L L
T(t) < —ks / Rdz + c., / Bdz + e1 Eo(t). (7.20)
0 0
Then, using Poincaré’s inequality (6.6) for 6;, combining (7.15)-(7.18) and (7.20),
and choosing § = NLZ and € = N%; in (7.16) and (7.18)), respectively, we find

TI(t) < —(cN3 — 2) / (62 + (px + 9)2)de + 1 Bo(1)

L L
— (Napaka — paN3 — 1)/ Yide — k3/ 02 dx
0 0 (7.21)

L
— (N2p1go — p1N3 — p1) / prde + CN,,N39 © Pz
0

L
~ N
— (Niks *CN3,N4,51)/ egtder(?l *CN2)9,0909c-
0

So, we choose N3 large enough so that ¢N3 — 2 > 0, then Ny and N, large enough
so that Nop1gg — p1 N3 — p1 >0 and~N4p2k4 — p2N3 — 1 > 0. Consequently, using
again Poincaré’s inequality for 6, from ([7.21)), we obtain

L
T(0) < ~c(gopat [ (407 40+ (pu b 0) 4 v + ) o)
0

L
~ N
+€1Fg(t) + cgo wr — (Niks — cel)/ Qitdx + (—21 —0)g o p,.
0

Therefore, using the definition of Eg,

L
~ N
Té(t) S —(C— 61)E6(t) +Cg0 O — (le/’5 — Cel)/ egtd$+( 21 — c)g’ O Pg-
0

Now, as in previous sections, choosing €; < c and N; large enough so that % —c >0,
Niks —ce; > 0 and T5 ~ Eg, we deduce that

Ti(t) < —cEg(t) + cg o ¢, (7.22)
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which is similar to (6.23). Then the proof can be ended exactly as for (6.23)) in
2.6

Section 6, which shows ([2.6)) for Fg.

8. GENERAL COMMENTS

Comment 1. Our results hold if we consider the following Neumann boundary
conditions (instead of the corresponding Dirichlet ones):

©z(0,t) = @, (L,t) =0 for , , , (8.1)
and
0,(0,t) = 0,(L,t) =0 for (6.1). (8.2)

The energy is defined with ¢ instead of ¢ in case (8.1)), and with 6 instead of # in
case (8.2]), where 0 is defined by (6.11)) and

L L
pot) =@t~ 1 [ iy [ oty (83

Thanks to and (8.3), we have fo Pz, t)dr = fo (z,t)dz = 0, and then

Poincaré’s 1nequahty (6.6) is still applicable for ¢ and 0.
In case (6.2)) and ([7.2)), the following boundary conditions:

@(O’t) = @(L,t) = ¢m(07t) = ¢1(Lat) = G(O’t) = Q(L’t) =0 (84)

can be considered. The energy functionals E> and Eg are now defined with 1[) and
0 instead of 1 and 6, respectively, where

Bl t) = (o, 1) — \f / 1 (y)dy) sin( \/’;Ewi( /OL%(y)dy)cos(ﬁt).

Note that systems and . are satisfied with ), ¥y — A fo Yo(y)dy and

(e fo 1 (y)dy instead of ¥, g and 11, respectively. On the other hand by

integrating the second equation of ( and . over |0, L[ and using , we

obtain that fo (z,t)dz = 0, and then s applicable for ¢ In this case ,
6.10)

and as in [32], the functionals J5 (Lemma6.10) and T3 (Lemmal7.5) are now deﬁned

by
50 = ~paos [ 0( [ Gt 0s)as

T5(t) = —p2ps3 /OL Oy (/O”” @t(y,t)dy)dx — paks /OL O,1pdz.

and

Comment 2. Our results remain true if we consider variable coefficients p;(x)
(t=1,...,4) and k;(x) (i =1,...,5) satisfying some smallness and smoothness
conditions. On the other hand, our approach can be adapted to different kind of
systems with an infinite history to get their stability with kernels satisfying the
weaker hypothesis (H2) (see [13]).
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Comment 3. Our stability results concerning (6.1) (Theorems and
hold for this porous thermoelastic system with an infinite history

P1Ptt — kl(@a: + w)x + k40, =0,

+oo
P2Vt — ko, + kl(‘Pﬂc + ZZJ) — k50 + /) 9(5)¢m(t - S)dS =0,

P30t — k30uy + ke + kstpr = 0, (8.5)
©(0,t) = (0,1) = 0(0,1) = p(L,t) = (L, t) = 6(L,t) =0,
e(x,0) = po(z), @e(x,0) =¢1(z), 0(0,t) =0bo(x),
Pz, —t) = do(z,t),  i(z,0) =1 ().

This system was considered in [22] [39] under condition and with a finite
history (that is the infinite integral in is replaced by the finite one fot ), and
exponential and polynomial decay estimates were proved in [39] under condition
(1.4), and a general decay estimate was proved in [22] under condition ([L.6)).
Comment 4. Our stability results hold if we consider a finite history of type
fot (instead of with 19 = 0 in case , , and (7.1), and g =0

+
Jo )
in case (6.2), (6.3) and (7.2). In this case, the restrictions (2.5) and (2.10) are
automatically satisfied. In [16], the stability of (1.1)) with a finite history was proved

under condition (1.7]) but independently of g = 0 and (|1.2)). The arguments of [16]
can be applied to (6.1)), (6.4) and (7.1)) with a finite history to get their stability

under (1.7) even if ¥y # 0 and (1.2]) does not hold.

Comment 5. To the best of our knowledge, getting a decay estimate for the
solution of with (finite or infinite) history (or even with a frictional damping)
acting only on the first equation is an open problem. But if we consider an infinite
history on both first and second equations of , then the energy functional of
satisfies without the restriction . Let us consider this situation

“+o0
prowe — ks + e + / 01(8) s (t — 5)ds = 0,
0

+oo
potdrs — kathan + Er(pn + ) + /0 42()aa (£ — 8)ds = 0,

90(0775) = ¢(0,t) = (p(Lﬂf) = d)(L’t) =0,
oz, —t) = po(,1), @i(,0) = p1(z),
7/}(587 _t) Z’(/)o(l‘,t), d)t(x70) :1/)1(55)

under the following hypothesis:

(8.6)

(H5) g; : Ry — Ry (i = 1,2) is differentiable non-increasing function such that
gi (O) > 0,

+oo
b:@—/ gs(s)ds > 0, (8.7)
0

“+oo kOk] “+oo
Iy =k — / g1(s)ds > L, / g1(s)ds, (8.8)
0 0

where kg is defined in .
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As for (|1.1)) in Section 5 and following the idea of [6], we can prove that, under
(H5), is well-posed according to Theorem by considering

n(x,t,8) = p(x,t) — p(x,t —s), in]0, L[xRy xRy,
0 (x,t,8) = (2, t) —Y(x,t —s), in]0, L[xR, x Ry,
mo(x,8) = n'(2,0,8), U= (0,0, 00,90 1°)7,
Uo = (0(+,0), 40, 0), 1, ¥1, g, 715) "
and
H = (H2 (10, L)% x (L2(0,L]))° X Ly, % Ly,

where L, is defined by (5.5) and endowed with the inner product (5.6 (with g;
instead of g). Then (8.6 is equivalent to (5.8)), where A(vy1,vs,vs,v4,v5,v6) =

(flaf27f3af4af57f6)T and

f1 = —Us, f2 = —Uy4,
ki 1 /+°° 1 [t
= ——0,(0,v1 +1v2) + — 5)ds ) Opa1 — — 8) Oz vs(8)ds,
fo= =t 0ot v2) (| (s)ds) st = [ 1 ()Drav(s)
1 too 1 [t k
fa=—— (k2 o / 92(S)d8) OpgV2 — — 92(5)0zzv6(8)ds + 71(81“1 +v2),
P2 0 P2 Jo P2

fs = —v3 +0sv5, fo=—v4+ Osvs.

The domain D(A) of A (endowed with the graph norm (5.9)) is given by D(A) =

{V eH, AV € H and v5(0) = v(0) = 0}. The proof of Theorem for can

be completed as in Section 5 by proving that A is a maximal monotone operator.
Now, the energy functional associated with is defined by

Es(t) = ;/OL(PMO? + p2t} — (/0

“+o0 1
+ (kz — /0 gz(s)ds)zﬂi + k1 (e + w)Q)dw + 5(91 0 @y + g2 0 Yy).

—+oo
91(8)d8) 02

(8.9)
Remark 8.1. Similarly to Remark we mention here that implies
L L 1 L
b [ et 0Pdrz b1 [ et ko= 3) [ utd,
0 0 € Jo
for any 0 < € < 1. Then, thanks to (8.7) and (8.8]), we can choose b’f,i)lkl <e< ,%
and obtain
L L “+o00
e[ @raws [ (<[ @)
0 0 0
too (8.10)

aCE ga(s)ds ) U2 + b (p + )? ) d,

0

where ¢ = min{ly — eky,lo + (1 — % kok1} > 0. This implies that the expression

/OL (- (/;oo g1(s)ds) o2 + (kz — /OM 92(5)ds )2 + Kz + ) )do
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defines a norm on (Hé(]O,LD)Q, for (p,), equivalent to the one induced by

(H (o, L[))z. Consequently, the energy Eg defines a norm on H for U, and there-
fore, H equipped with the inner product that induces this energy norm is a Hilbert
space.

Theorem 8.2. Assume that (H5) holds and g; (i = 1,2) satisfies (H2) (instead of
g). Let Uy € H such that

IM; >0 |Inbe(s)llr2qoey < Mi, Vs>0 (i=1,2). (8.11)

Then there exist positive constants ¢, ¢, eq (depending continuously on Eg(0)) for

which Eg satisfies (2.6)).

Proof. First, as for (|1.1)), we have that Fg satisfies
1 1
3910 s+ 59209 0.

EA(t) =

Second, we consider the functionals

L +o00o

t) = —m/o %/0 g1(s)(p(t) — @(t — s)) ds dz,
L “+o0

—, / " / g2(8)(W(t) — (t — 5)) ds d,

L
Dy(t) = / (1ot + patotse)da

As in the previous sections, we can prove that, for any positive constant §, D1 — D3
satisfy

D <s [ Wttt ontonas o) [ giaa

(8.12)
+ ¢5(g1 0 02 — 91 © Q)
L +oo L
D’t<6/ 2 . Hdr — / d—é/zd
2(t) <0 | (Vo + (pat0))de pz( | ga(s)ds ) | vrde g
+ c5(g2 © e — g 0 Ys)
and, for some positive constants §; and o,
L L
Dy(t) < / (017 + p2i )dx — 6y / (V2 + (px +9)%)dz
+ 52(91 Oy +geo %)
Now, let go = min { f0+°o gl(s)ds,fo+oo g92(s)ds}, N1, Ny > 0 and
D4 = N Eg + NQ(DI + DQ) + Ds.
By combining (|8 and taking § = N2 in and ( , we obtain
D4t) < ~(61 - ) / V2w — ( 61——>/ (92 +1)%da
—p1 (Ngg — L - 1) / Yidx — pg(Ngg - — = 1) L¢2dx
¢ o ! 0 Nz o
N
+ (55 = ona) (9 © P + 050 ¥a) + e, (91 © P + 92 0 Ya).

2
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At this point, we choose Ny large enough so that

! 1} >0
Ny '

Using (for ¢ and v) and (8.10]), we can find that there exists a positive constant
My, (depending on Nj) such that

(N1 — My,)Es < Dy < (N1 + My,)Es. (8.15)

. 2
mln{(51 - F,N290 —
2

Thus, choosing N; large enough so that & — cn, > 0 and Ny > My,

L
Di <~ [ (ﬁwfwi+(gom+w>2)dx+c<glosom+gzowx)- (8.16)

Then, by using , Equation implies
Diy(t) < —cEs(t) + (g1 0 po + g2 0 ¥s). (8.17)
Using (H2) and (8.11)), we have (as for and (6.24)))
G’ (e0Es(t))g1 0 oz < —cEL(t) + ceoEs(t)G (€0 Es(t)), VYt € Ry, Veo >0,
G'(e0Es(t))ge 0 ¥y < —cE4(t) + ceoFs(t)G (€0 Es(t)), Vt e Ry, Veg > 0.

The proof of Theorem [8.2] can be finalized as in Section 3. O
Comment 6. For ([1.1] and (|7.1)) when 11.2) does not hold, and for ,
the estimate ( - proved in Theorems 2.4 5 and [7.3| ﬂ can be generahzed by

giving a relationship between the smoothnebb of the initial data and the decay rate
of the energy. Indeed, let us consider the case (1.1). We have the following result.

Theorem 8.3. Assume that (H1) and (H2) hold and let n € N* and Uy € D(A™)
satisfying
IMy >0 cax n}{||3§m)770x(8)quomo} < My, Vs>0. (8.18)
Then there exist positive constants ¢, and ey (depending continuously on ||Uo| p(ar))
such that .
E(t) < éa(7), VE>0, (8.19)

where ¢ = Gy', Gy is defined by [2.12) and ¢ (s) = Gy (s¢pm_1(s)), for m =
2,3,...,mand s € R,.

Remark 8.4. 1. Under the hypotheses of Theorem B3] Ey, E4 and Ej satisfy
(8.19). The proof is exactly the same one given below.
2. The estimate (8.19) is weaker than

E(t) < %Z vt > 0. (8.20)

The estimate coincides with (8.20) when G = Id, and (8.19) generalizes
(8-20) proved in m (under (L.3))) and the one proved in [28, 29] (under (1.4) and

n—l

Example 8.5. Let us consider here a simple example to illustrate how the smooth-
ness of Uy improves the decay rate in . Let g(t) = d/(1 +t)?, for ¢ > 1, and
d > 0 small enough so that is satisfied. The classical condition is not
satisfied if 1 < ¢ < 2, while (H2) holds with G(¢) = ?, for any ¢ > 1 and p > %}.
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Then ¢,,(s) = c¢s™, where c is some positive constant and 7, = > " _; p%. There-
fore, (8.19) takes the form
qg+1

Cn
Et)<—, VEt>0,Vp>-—0. 8.21
(1)< o p> 1 (321)
The decay rate 1, increases when n increases or p decreases, and it converges to n
(which is the decay rate in (8.20])) when p converges to 1 (that is, when ¢ converges
to +00).

Proof of Theorem[8.3. We prove (8.19) by induction on n. For n = 1, condition
(B18) coincides with (2.10), and (8.19) is exactly (2.11)) given in Theorem [2.4] and

proved in Section 4.

Now, suppose that holds and let Uy € D(A™*!) satisfying , forn+1
instead of n. We have Uy(0) € D(A") (thanks to Theorem [5.I]), U;(0) satisfies
(8.18) (because Uy satisfies , for n+1) and U, satisfies the first two equations
and the boundary conditions of , and then the energy E of (defined in
Section 4) also satisfies

E(t) < ¢n(F), V>0, (8.22)
where ¢, is a positive constant depending continuously on [|Up|[p(an+1y. Now,
integrating (4.7) over [T,2T], for T € R,, and using the fact that F ~ E and
Go(E) is non-increasing, we deduce that

Go(E(2T)T < /T N E(t)G'(eoE(t))dt < c(E(T) + E(T)). (8.23)

By combining (8.19)), (8.22)) and (8.23]), we obtain that for all 7" > 0,
2c 2c 2¢
E@T) <G (2 n n
(27) = Go (QT (¢n( 2T )+ on 2T )))’

which implies, for t = 2T and ¢, +1 = max{2¢,, 2¢,, 4c} (note that Gal and ¢,, are
non-decreasing),

B(t) < G (22 0n()) = 01 (2E), Wt >0,
This proves (8.19)), for n 4+ 1. The proof of Theorem is complete O
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