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TRAVELING WAVES IN A DIFFUSIVE PREDATOR-PREY
MODEL WITH GENERAL FUNCTIONAL RESPONSE

ZHAOQUAN XU, PEIXUAN WENG

ABSTRACT. This article concerns the existence of traveling waves in a diffu-
sive predator-prey model with general functional response. By applying the
Schauder fixed theorem, we establish existence results of traveling wave solu-
tions. The results are then applied to the predator-prey model with Holling
type-II response. Our results indicate that there is a transition zone moving
from the state with no species to the coexistence state of both species.

1. INTRODUCTION

Dynamical relations among species can be very complicated. Due to their pres-
ence in natural environments, various types of predator-prey models have been
widely studied, for example, see [1]-[I8]. Nonlinear reaction-diffusion equations de-
scribe the dynamical relationship between predator and prey. In many situations,
traveling waves determine the long term behavior of predator and prey.

Fundamental and important predator-prey models with diffusion are given by:

U
up = Ditg, + Au(l — ?) - Uw, (L1)

wy = Dowgy — Cw + Duw;

u uw
=D T - ?7 - )
Ut 1Ugq + Au(l ) B1 Fu
D Cw+ D2 (2)
Wy = DoWy, — Cw + 1T Ea’
and )
u uw
= Ditugy + Au(l — —) — B———,
U = Dutge + Au(l = ) = B
w?w (1:3)
wy = Dgwm — Cw + Di]_ n Eu2;

where u(t,z), w(t,z) are the density functions of prey and predator, respectively;
D; > 0 and Dy > 0 represent the diffusive rates; A is the growth factor for the prey
species, K > 0 is the carrying capacity of prey species, C' > 0 is the death rate for
the predator in the absence of prey. For more details about the biological meaning
of the parameters, we refer the readers to [4, [7, [0l [17].
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System is the familiar Lotka-Volterra model (with Holling type-I functional
response) and the systems , have the Holling type-II and Holling type-II1
functional response, respectively. In [I] 2 [3], Dunbar obtained the existence of
several kinds of traveling wave solutions for diffusive predator-prey systems with
type I and type II functional responses (D; = 0 [1] and D; # 0 [2] for , D=0
[3] for (1.2)). He considered the existence of small amplitude periodic traveling
waves, and “heteroclinic traveling waves” that correspond to heteroclinic orbits
connecting two equilibria (point-to-point) or an equilibrium and a periodic orbit
(point-to-periodic). The methods used by Dunbar include the invariant manifold
theory, the shooting method, Hopf bifurcation analysis, and LaSalle’s invariance
principle. Huang, Lu & Ruan [9] extended the work in [2] to R* (D; # 0 for (1.2)))
using Dunbar’s method in [2]. An interesting question is whether those results can
be extended to a system with type III functional response. Recently, Li & Wu [12]
proved the existence of traveling waves in a diffusive predator-prey system
with D7 = 0 by employing a method similar to that used in [Il [2]. We emphasize
that in [9] and [I2] only heteroclinic orbits connecting equilibrium-to-equilibrium
(point-to-point) are considered.

The shooting method used by Dunbar is based on a variant of Wazewski’s the-
orem [I, 2, B]. In Dunbar and Wazewski set W, there is an orbit starting at the
unstable manifold of an equilibrium that stays in W in the future. However, the
Wazewski set W constructed in [T}, 2] 8] is unbounded. To ensure the boundedness of
the orbit, several additional lemmas were proved to rule out the possibility that the
constructed orbit may escape to infinity. The use of unbounded sets W in R3 or R*
makes the argument long and hard to read. In a recent work, Lin, Weng & Wu[14]
constructed a simple bounded Wazewski set W and use the original Wazewski’s
theorem to simplify the proof of the existence of heteroclinic traveling waves con-
necting two equilibria related to the following predator-prey system with Sigmoidal
response function:

ou (1 u) u?
— =ru(l-—=) - ———
ot K a1+ biu + u?
(1.4)
@_D @—F ( ozu2 )
ot~ o2 T a1 + biu + u? ‘)

Liang, Weng and Wu [I3] considered the delayed diffusive predator-prey system
ou(t, ) u(t, x) u(t — 7, x)w(t, )
— = Au(t 1-— - B
ot “(’x)( K ) 1+ Bu(t —1,2)°
ow(t,z) D D?w(t, x)
ot 7 a2

(1.5)

b

u(t — 1, z)w(t, x)
— Cw(t,z)+ D 1+ Bult — )
where 7 > 0 measures the retarded response of growth for the prey species or the
time for the prey species taken from birth to maturity. They proved the existence
of small amplitude periodic traveling wave solutions of for small 7 > 0. Fur-
thermore, they developed a new method for combining the singular limit argument
and the singular perturbation technique to establish the existence of the point-to-
periodic traveling wave solutions for with small delay 7 > 0, and also proved
the existence of point-to-point traveling wave solutions for the any given 7 > 0.
It is very interesting to develop simpler methods to treat the problem of traveling
waves for diffusive predator-prey systems. Recently, Lin et al [I1] studied the
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existence of point-to-point traveling wave solutions of the following Lotka-Volterra
system:

t
W = dlAul(x,t) + r1u1[1 — a11u1(t — Tl,x) — Cl12U2(t — 7'2,33)],
5 (tt ) (1.6)
% = dgA’LLQ(SL’,t) =+ TQUQ[l + as1uq (t — T3,$) — a22u2(t — T47$)}

by introducing the mixed quasi-monotone condition(MQM) and the exponentially
mixed quasi-monotone condition(EMQM).

Motivated by the work in [I1], in the present article, we consider the existence
of traveling wave solutions of the following predator-prey system with general func-
tional response:

ou 0%u

7t = Diggz Tl — Sl (1.1)
ow 0?w '
T D2@ + ha(w) + pf (w)w,

where Dy > 0, Dy > 0 are the diffusive rates of the prey and predator, respectively.
Also hq(u) denotes the growth function of prey which is a positive function within
the maximal carrying capacity of the prey, and hqo(v) denotes the growth function
of predator. If the predator only depends on the prey given in , then ho(v) is
a negative function. The function f denotes the predator response function.

For the functions hy, hy and f, we make assumptions as follows.

(H1) There exist two positive numbers ug,wo such that hy(ug) — f(ug)wy = 0,
ha(wo) + puf(uo)wo = 0, and f(0) = h1(0) = h2(0) = 0;

(H2) f, hq and hg are Lipschitz continuous functions on any compact interval;

(H3) f is nondecreasing on [0, 400).

Remark 1.1. The hypothesis (H1) guarantees that (0,0) is a steady state for
the system and it has another positive steady state (ug,wg). Moreover all the
response functions in (L.I)-(T.3) satisfy the conditions (H2) and (H3). On the other
hand, (H1) and (H3) imply that f(u) > 0 for u € R.

The rest of the paper is organized as follows. In section 2, some preliminaries
are given. In section 3, we show the main results on the existence of traveling wave
solutions for . In the last section, as an application of our main results, we
shall establish the existence results of traveling wave solutions for system

up = Ditgy + au(f —u) —wf(u),

wy = Dowgy + ’yw(é — w) —+ wa(u), (1-8)

with f(u) = 5.

2. PRELIMINARIES

In this article, we adopt the usual notation for the standard partial ordering in
R?; i.e., if a; < az and by < by, we say that (ay,b1) < (ag,b2). Let |- | denote the
Euclidean norm in R? and || - || denote the supermum norm in space C(R, R?).

A traveling wave solution of is a solution with the form (u(¢,z),w(t,x)) =
(p(z+ct),p(z+ct)), where (¢,) € C?*(R,R?) is the wave profile which propagates

at a constant velocity ¢ > 0.
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We study traveling wave solutions of (1.6) that connect (0,0) and (ug,vp). By
substituting such (¢, ) into (L.6) and replacing x + ¢t by ¢, we know that (¢, )
satisfy the wave profile system

' (t) = D1g” () + ha((t)) — f((2) (1),

U (£) = Dat(1) + ha(w(t)) + (P60 24
accompanied with asymptotic boundary conditions
Jim (p(0,0(0) = (0,0), L (o(6). () = (wo,wn). (22

If, for some ¢ > 0, system (2.1)) has a solution (p(t), 1 (t)) satisfying the asymptotic
boundary conditions (2.2), then (u(t,z),v(t,z)) = (p(z + ct),¥(x + ct)) is the
traveling wave solution of system (|1.6]).

Let

Clo,x)(R,R?) = {(p,9) € C(R,R?) : 0 < (p,9))(t) < K for t € R},

where K = (k1, ko) is some constant vector such that (ug,wp) < (k‘l, kg)
For (p,v) € Co,k](R,R?), define the operator Q = (Q1,Q2) : xR, R?) —
C(R,R?) by
Q1(p,¥)(t) = dip(t) + ha(p(t)) — f(p(1)P(2),
Qa(p, ¥)(t) = datp(t) + ha(p(t)) + pf (p(t))¥(t),
where dy = Ly, +koLy¢, do = Lp,, Ly, is the Lipschitz constant of hy on [0, k2] and

Ly, Ly, are the Lipschitz constants of f,h; on [0, k1], respectively. Hence, (2.1)) is
equivalent to

(2.3)

c@'(t) = D1 (t) — dip(t) + Q1 (e, ¥)(1),

(2.4)
e (t) = Datp" (t) — darb(t) + Q2(0, ¥)(t) -
Let
Ti1 = — op. Ti2 = — 9p. 1=1,2.

Clearly, we have 7;; < 0 < ;2 and
Di?“?j —crij—d; =0, 4,j=12

For (p,v) € Cp k)(R,R?), define an operator P = (P1,P,) : Cjo k)(R,R?) —
C(R,R?) by

1 t 400

Pi(p,v)(t) = Dl — 1) [/_ er(t=s) +/t erlz(t_s)}Ql(Soﬂ/f)(s)dS,
1 t “+ o0

Py(p,0)(t) = 132(7“22—7“21)[/ er21(t—s) Jr/t eTzz(tfs)i|Q2(S0’¢)(s)ds'

(2.5)
Note that fixed points of P are solutions to (2.1). Therefore, to prove the existence
of traveling wave solutions of (1.3) connecting (0,0) and (ug, wp), it is sufficient to
consider fixed points of P that satisfy the asymptotic boundary conditions ([2.2)).
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3. MAIN RESULTS

We first give the definition of upper-lower solutions of ([2.1) which is crucial in
proving our main results.

Definition 3.1. A pair of continuous functions ® = (¢,9) and & = (p,¢) €

Cpo,x1(R, R?) is called an upper solution and a lower solution of , respectively,
if (@’(t),i/(t)), (¢"(t),4"(t)) exist and bounded on R\ T and satisfy

D" (t) — @' (t) + ha(B(t)) — f(@(t))¥(t) <0,
Dot (t) — e (£) + ha(P(1)) + uf @(1)(t) <0,

and

Dip"(t) = e@'(t) + I (p(t) — fe(®)¥(t) =
Doy () — et () + ha((8)) + pf (o(t ))%(t) >0

for R\ Y, where T = {t1,ta,...,tn}, with t; < t3 < -+ < t,, is a finite set of
points.

In what follows, we assume that (2.1]) admits an upper solution ® = (3, 1) and
a lower solution ® = (,1)) such that

(G1) (0,0) < (,9)(t) < (@,9)(t) < (k1, k2), t € R;
(G2) limy— oo (P, 9)(t) = (0,0), _
iy 0)0) = e 9)0) = (i, 0]
(G3) @ 0)(E) < (@, 0)E), (¢ ¢)(E) > (¢ 2)(E).
Lemma 3.2. If &1 = (¢1,¢1), Pa = (p2,2) € C(R,R?) with 0 < Py(t) < @4(t) <
K, teR, then

(1) Qi(p2,v1)(t) < Qilp1,¥2)(t), Prlp2,¥1)(t) < Pip1,¢2)(t),
(2) Q2(p2,12)(t) < Qa(p1,¥1)(t), Pa(p2,¥2)(t) < Pa(pr,91)(t) .

Proof. From the definition of @, we have

Q1 (1, ¥2)(t) — Q1(p2,¥1) ()
= di(p1(t) — p2(t)) + [ (e1(t) — ha(p2(t)] — fle1()v2(t) + f(p2(t))ihr ()
= di(p1(t) = wa(t)) + [ha(p1(t)) — halpa(t)] — fle1 () [W2(t) — 1 (2)]
= U1(&)[f(e1(t)) = fle2(1))]
> (dy = Ln, = k2 Ly )(91(t) — @2(t)) — fe1 () [¥2(t) — 1 (t)] = 0,

Qa(p1,91)(t) = Q2(p2, ¥2)(1)
= da(1(t) = h2(t)) + [h2(P1(t)) — ha(P2(8))] + pf (p1(8)Y1(E) — pf (02(t))12(t)
= da(P1(t) = P2(t)) + [ha(¥1(2)) — ha(th2 ()] + puf (01 (1) [h1 (£) — a(t)]
+ b2 () [f(p1(t)) = flepa(t))]
> (dz = Ln, ) (1 (t) = th2(t)) + ptba(£) [f (01 (2)) — f(02(2))] = 0.

A similar argument leads to the inequalities about P. We omit the details. O

Define a set

Q= {2 = (p.9) € Cio.x](R,R?) : (9,9) < (0,9) < (7,9)}-
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Clearly, © is nonempty, bounded, closed and convex subset of C'(R, R?) with respect
to the norm || - ||.

Lemma 3.3. The operator P = (Py, Py) : Cjo k1(R,R?) — C(R,R?) is continuous
with respect to the norm || - ||.

Proof. For any ®1 = (p1,11), P2 = (p2,¥2) € Cjo k] (R, R?), we have
Q1(p1,91) (1) — Qu(p2,¥2)(t)]
= [di(p1(t) = w2(t)) + [Pr(p1(8)) = halpa ()] = F (1)1 () + f(p2(8))¢2(t)]
= di(p1(t) = @2(t)) + [ha(p1(t) = ha(p2(8))] = f(@r(8)[11(t) — Ya(D)]
= Y2(O)f (pr(8)) = Fp2(8))]]

< (dy + Ly + kaLyp)lpr () — pa(B)] + f (k) |12 () — 2 (t)]

which implies
sup Q1(p1,91)(t) — Qu(p2,¥2)(t)] — 0 as [|®1 — o] — 0.
By the definition of P, we have
P11, 11)(t) = Pr(p2,42) ()]

1 ¢ +o0
- - r11(t—s) ria(t—s)
D1(7“12—7“11)[/006 +/t ¢ ]
X |Q1(9017¢1)(5) - Q1(8027¢2)(5)|d5

! sup | Q1 (1, 91)(s) — Q1(p2,¥2)(s)]

T Di(ri2 — 711) ser

t [e%s}
X [/ e”l(t_s)ds—i—/ e”z(t_s)ds}
—00 t

sup Q1 (1, %1)(s) — Q1(p2,¥2)(s)]

D17”117”12 sER

= dTHQl(gpl,wl) = Q1(p2,¥2)]|-

Therefore,

sup | Py (p1,¥1)(t) — Pi(w2,%2)(t)] — 0 if [[@1 — | — 0.

teR

which implies P is continuous. In a similar way, we can get that P; is also contin-
uous. ]

Lemma 3.4. For P and Q as above, P(2) C Q.
Proof. For any ® = (¢, ) € Q, we have from Lemma that

Q(2,¥)(t) < Q1. ¥)(t) < Q1(B,9) (1),
Qz(@@(t) < Q2(p,¥)(t) < Q2(B,¥)(1), (3.1)
Pip, ¢)(t) < Pip,9)(t) < PrL(, 9)(1),
Pa(p, )(t) < Pa(,9)(t) < Pa(3,9)(1)-
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Now, it is sufficient to show that

#(t) < Pule, ) (1) < (@, 9) (1) < f( ) (3.2)

U(t) < Pa(p, )(t) < Pa(,9)(t) < 0(t).

According to the definitions of upper-lower solutions and the operator P, we have
that

Q(p, ¥)(t) = dip(t) + e/ (t) — D1"(t), teR\T.
Let tg = —o0 and t,, 41 = +o0, then for tp_1 <t <t with k=1,2,...,n+ 1, we
have from (G3) that

Pl (fv E) (t)

1 t (t—s) +oo (t—s) .
- - @@ eri(t—s +/ erz(t—s : $ds
Dl(r12*7"11)|:/_oo . }Ql(f ’(/}>( )

L[ et [T et (o) +eg'(9) - Dag s
—_————— (& (& S C S) — S S
T Di(riz —ri) L ¢ 12 £ L2
— t eTllt t) t+ /7
e(t) m_m[z (@) -2

£ 30 e - ()
i=k+1
> p(t) forteR\T.

By the continuity of Py(y,)(t) and ¢(t), we obtain

o(t) < Pi(p,¥)(t) forteR.
In a similar way, we can show that (3.2)) holds for ¢ € R. g

Lemma 3.5. The operator P : Q — € is compact with respect to the norm | - ||.

The proof of of the above lemma is similar to that of [I1, Lemma 3.5]; since it
is independent of the monotone condition, so we omit it here. Now, we are in a
position to state and prove our main results.

Theorem 3.6. Assume (H1)-(H3) hold. If (2.1) has a pair of upper-lower so-
lutions ¥ = (p,¢) and ¥ = (p,1) satisfying (G1)-(G3). Then (L6) admits a
traveling wave solution connecting (0,0) and (ug,wp).

Proof. By Lemma and the Schauder’s fixed point theorem, we know that the
operator P admits a fixed point (*,1*) € Q which is a solution of (2.1). Noting
the fact that

(%) < (¢",97) < (B, 9),
then we have from (G2) that

Jlim (¢, 47) = (0,0) and T (", 9") = (uo, wo).

Therefore, the fixed point (¢*,1*) satisfies the asymptotic boundary condition
(2.2)), and thus it is a traveling wave solution of (1.6|) connecting (0, 0) and (ug, wp).
O
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4. APPLICATIONS

In this section we apply our results in section 3 to establish the existence of
traveling wave solution for (1.8) with f(u) = 1. In view of Theorem the key
point is to construct a pair of upper-lower solutions satisfying (G1)—(G3).

Example 4.1. Consider the existence of traveling wave solution for the system

up = Dy, + au(f —u) — luw ,
o (4.1)

= Dow +’yw(57w)+u .

Wy 2Wyy I+u

We are interested in the co-existence of species, so we assume that (4.1)) has a
unique positive equilibrium (ug,wy) satisfying
wo HUo
aff —aug — — =0, § —yw =0. 4.2
B O T Y V0+1+uo (4.2)

. Moreover, for the technique reason, we assume that

Kuo

It is clear that vywgy > Tt

oug > 2wo. (4.3)
Clearly, the wave system corresponding to (4.1)) is

e’ = D1¢p" + ap(B - ¢) — %7
(4.4)
e = Dol + 46 — ) + %

As mentioned above, we are interested in the solution of (4.4) with asymptotic
boundary conditions

Jim (p(0),6(5) = (0,0), T (¢(), (1) = (uo,wo).  (45)

In this example, we choose k1 = 3, ko = § + , then we have k1 > ug and

uB
~(1+58)
kg > wp. Let ¢ > ¢* := max{2y/Djaky,2/Davks}, then there exist

O<)\11 <>\12, O<)\21<>\22
such that
Didi; —chi;+aky =0, Dodgj —chg; +7ke =0, 1=1,2.

Since ywo > -, aug > 2w, there exist €1 € (0,ug), €2 € (0,wo) such that
Huo
1+ ug

For a small A > 0, let f(t) := min{e** ug + upe M}, g(t) := min{e*s1*, wy +
woe~*} and denote

YE2 > ,  ag1 > 2wyg. (46)

my =max{f(t)},  mz=max{g(t)}.

If my > k1, mo > ko, define the following continuous functions:

e, t<t, 0 fos
— =~ 43,
()D(t) = kla tl <t< t2a f(t) = ’ —\t
—\t Up — €1€ ) t> t37
ug +upe” ", t 2> 1o,
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Oa tS tGa

ettt t <ta,
P(t) = { ks, ty <t<ts, t) =
P(t) 2 N 4 5 Y(t) {wo—sge)‘t, I
wo +woe™ ", t 2>t

If mqy < k1, ma < ko, then redefine the above $(t), ¥ (t) as

5(0) = et P<th = et t <ty
A up + uge M, t >t  wo +wee™, >t

The other two cases: either mq; > ki, mo < ko, or my; < kq, mg > ko can be
considered similarly.

In what follows, we consider only the situation: my > ki, mg > k. The discus-
sions of other cases will be omitted. It is easily seen that (B(t),¥(t)), (¢(t),v(t))
satisfy (G1)-(G3). Furthermore, we have from and that

Wa U

= 23 <
1 + () 2 + 2u0
which leads to ’ﬁ)uo > 1. Note that fu—zo < 1, and thus we have

k1
1 (7] 1 €9
g =<1 >0>ts=~1ln—.
2 )\nklqu 6 An'wo

ki —uo=08—1uo < up,

Lemma 4.2. If A > 0 is small enough, then ®(t) = (,1)(t) and D(t) = (B, ¥)(t)
is a pair of upper-lower solutions of (4.4)).

Proof. For t < t1, we have p(t) = e*1t and
P(t)

—/! = — = _
Dip"(t) — 7' (t) + ap()(8 - 2() — 7=y W)y(t)
< DX et —eap et aBetnt
= MDA, — ey + okt = 0.
For t; < t < tg, then we have $(t) = k1 = § and
—/! _ —_ _ = _ @(t)
D) = 7 (6) + ap(6)(8 — B0) — o v(0)

< Di@"(t) — ¢ (t) — ap(t)(8 — B(t)) = 0.

For t > t5, by (4:2)), we have §(t) = ug + upe ', ¥(t) = wo — e~ and
o(t
DIg'(t) ~ 67'(0) + (00 - 7)) - T2l

= Diugh?e M + cughe M + (ug + uge™)
At

7)\t) B wo — €2€
1+ (ug + uge=*t)

= Dyugh?e M + cughe M + (up + uoe*)‘t)

At

]

X [aﬂ — a(ug + uge

wo  wo —E2e” ]
L4+ug 14 (ug +uge=™)
= Il(A,t) :pl()\7t) + Q1()\7t)7

X [ — auoe_)‘t +

where
(A1) = Diugh®e ™ + cughe ™, qu(A 1) =7 (A1) - ¢, (A1),



10 Z. XU, P. WENG EJDE-2012/77

wo wo — 9 M

T+uy 1+ (ug + upge=2t)’

Since aug > 2wy, then for ¢ > to uniformly, we have

7, (M 1) = ug 4 uge ™, q,(\t) = —amge M +

Wo Wo — €2

1,(0,4) = 2ug(— -
1(0,8) = 2uo( ot T T T+ 2u,

) < 2ug(—aug + wp) < 0.

Furthermore, gl(/\,O) = —aug + 11—30 — 7“1”1755; < 0, and for any fixed A > 0,
I(\,0) = 0. Note that for any fixed A > 0, g;(\,t) = ug + upe™*" > 0 and is
decreasing on t > 0, and gl()\,t) < 0 and is increasing on ¢ > 0. We know that
¢1(A,t) < 0 and is increasing on ¢ > 0. On the other hand, p;(A,¢) > 0 and is

decreasing on ¢t > 0. For all Ay > 0, t > t5, we have
pl()\l,t) = D1U0)\2€7>\t + Cuo/\ei)d5 < Dluo)\f + cugh; for X\ € (0, )\1)

From the monotone property of pi(\,t) and g1 (), t), one can choose A\; > 0 small
such that DyjugA? + cup); is small and I (A, t) = p1(\t) + q1(A,t) < 0 for ¢t > to
and A € (0, A1). That is,
_ . _ _ B(t
DI (1) — (1) + aB(0) (8~ P0) ~ o
for A € (0, A1), t > to.
Note that f(u) = 7% is nondecreasing on [0, +00), then for ¢t < t4, we have

. 1+u
P(t) = et and

D5 (6) = &5 (0) + 406 ~ Tt + T

< Dz)\gle)‘”t — gyt 4 ’}/(56)‘21t + 71/116}{ ettt
1

P(t)

ek ]
1+ k
Aot 2 _
=e [DaA5; — cAa1 + vk2] = 0.

= 6/\21t[D2>\§1 —cho1 + ’75 +

For t4 <t < t5, we have ¥ (t) = ky and

D2(6) = (1) + 906 ~ D) + T

—n — — — k
< Doy (t) — e (1) + B (36 — (1) + 177) = 0.
1
For t > t5, by (4:2)), we have 9(t) = wo + woe ™™, B(t) < up + uge™ ', and
1 — = = pp(t) —
Dotp () — e (t) + v (1) (6 — ¥ (1)) + T@(t)w(t)
< DowoA?e ™M 4 cwghe ™ + (wo + woe ™)
)

w(ug + uge }
1+ (ug + uge=2t)

= DywoA%e M + cwore ™ + (wo + woe )

x [v6 — y(wo + woe ) +

“at Mo p(uo + uge™ ™)

T4+wug 1+ (ug+ uge=)

] =: IQ()\,t)

X [f'ywoe
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Since ywgy > then for t > t5 uniformly, we have

1+u ’
JIn 2pug Mg
I15(0,t) = 2wy (— - < 2wo(— < 0.
2(0,1) = 2wo(—ywo 1+U0+1+2U0) wo( 7w0+1+u0)
Similar to the discussion of I (A, t), there exists Ay > 0 such that
ol - - - pe(t) —
D t) — t) + 1) (6 — () +
2 () — et (t) + 9 (8)(6 — ¥(t)) 1+¢()¢()
for A € (0, A2) and t > t5.
For t < t3, we have o(t) = 0, and
D1 (t) = (1) + a8 — (1) - 20 _(1) = 0.
R E=0
For t > t3, by (4.2)), we have p(t) = ug — e1e ™, ¥(t) < wo + woe ™ and
D1 (1) — e (1) + a3 - (1) - —20 (1)
210 el T od0E =20 " T o
Z 7D1€1)\2€7)\t — CElAeiAt + (UO - EleiAt)
e wo + woe M
x [af — a(ug —ere™ M) — 5 (ug = Ele_)\t)bzg]
= —Dig Ne M — e de M4 (up — 516_/\t)
Xt
o [asle_’\t—i— wo wo + woe } — L),

T+uy 1+ (up—ere )
It follows from that for ¢ > t3 uniformly, we have
wo 2wy
T+uy 1+ (up —€1)
Therefore, there exists A3 > 0 such that

I5(0,t) = (up — 1) {asl + } > (up — e1)(aer — 2wp) > 0.

D (1) = e (1) + aglt)(9 — olt) - 1270 > 0
for A € (0, A3) and ¢ > t3.
For t < tg, we have ¢(t) = 0 and
Dat/(t) = e/ (8) + 703 — (1) + 1’ff()t)w<t> =0
For t > tg, by (4:2)), we have 1(t) = wo — e2¢~*, and
Dot (8) = /(1) + (05 — $(1)) + 20y

+ ()~

> —Doead?e M — ceade ™M + (wp — e27 ) [y0 — y(wg — g2 )]
= —DosaN2e M — cepde™ M 4 (wo — eqe ’\t)(vage A _Hto ) =: Iy(\ 2).
1 —|— Ug
It follows from (4.6]) that for ¢ > ¢g uniformly, we have
U
I4(0,t) = (wo — 62)(’782 Ll ) > 0.

1+ uo
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Therefore, there exists A4 > 0 such that

Dat! () = /(1) + (06 — ¥11) + 2 y(t) <0
SR A EO
for A\ € (0,\4) and ¢ > tg. By the above argument, we know that ® = (3, )(¢) and
® = (@, ) is a pair of upper-lower solutions of (4.4)) for A > 0 small enough. O

As a direct consequence of Theorem we have the following result.
Theorem 4.3. Assume that (4.3)) holds and ¢ > ¢* := max{2y/Dyaky,2v/Davks},

where kv = 3, ks = 6 + y(ilifﬁ) For ¢ > ¢*, system (4.1)) has a traveling wave

U(t) = (p(t), (1)) satisfying ¥(—o0) = (0,0), ¥(c0) = (uo, wo).

5. CONCLUDING DISCUSSION

In this article we have dealt with the existence of traveling wave solutions for a
reaction-diffusion system based on a predator-prey model with a general functional
response. By constructing an admissible pair of upper and lower solutions and
using Schauder’s fixed point theorem, we show that there is a traveling wave solution
connecting the trivial equilibrium (0,0) and the positive equilibrium (ug, wp). That
is, there is a zone of transition from the steady state with no species to the steady
state with the coexistence of both species. In comparison, the technique used here
is simpler than those of the works mentioned in the introduction.

Predator-prey systems admit multiple equilibria. Our work here considered only
one case. Traveling waves connecting other pairs of equilibrium are also possible.
It would be interesting to use the techniques in the present paper to investigate
the existence of traveling waves connecting (3, 0) and (ug, wo) which would explain
the situation where the habitat is first saturated with prey to its carrying capacity,
then the invasion of predator may result in co-existence of both species in the long
term.
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