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EXISTENCE OF SOLUTIONS TO SINGULAR FRACTIONAL
DIFFERENTIAL SYSTEMS WITH IMPULSES

XINGYUAN LIU, YUJI LIU

ABSTRACT. By constructing a weighted Banach space and a completely con-
tinuous operator, we establish the existence of solutions for singular fractional
differential systems with impulses. Our results are proved using the Leray-
Schauder nonlinear alternative, and are illustrated with examples.

1. INTRODUCTION

Fractional differential equation is a generalization of ordinary differential equa-
tion to arbitrary non integer orders. The origin of fractional calculus goes back to
Newton and Leibniz in the seventieth century. Recent investigations have shown
that many physical systems can be represented more accurately through fractional
derivative formulation [I8]. Fractional differential equations, therefore find nu-
merous applications in the field of visco-elasticity, feed back amplifiers, electrical
circuits, electro analytical chemistry, fractional multipoles, neuron modelling en-
compassing different branches of physics, chemistry and biological sciences [21].
There have been many excellent books and monographs available on this field [I3],
[20] and [22], the authors gave the most recent and up-to-date developments on
fractional differential and fractional integro-differential equations with applications
involving many different potentially useful operators of fractional calculus.

The theory of impulsive differential equations describes processes which expe-
rience a sudden change of their state at certain moments. Processes with such a
character arise naturally and often, for example, phenomena studied in physics,
chemical technology, population dynamics, biotechnology and economics. For an
introduction of the basic theory of impulsive differential equation, we refer the
reader to [I7].

Recently, the authors in papers [2, Bl 4} B, 12 27, 28] and the survey paper
[1] studied the existence of solutions of the different initial value problems for the
impulsive fractional differential equations.
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In [5], the author studied the existence of solutions of the following impulsive
anti-periodic boundary value problem

‘Dicx(t) = f(t,z(t), 1<q<2,te[0,TI\{ts,... tp},
2(0) = —=(T),
2'(0) = —2'(T), (1.1)
Ax(ty) = I(z(ty ), k=1,...,p,
Az (t) = Jp(z(ty)), k=1,...,p,

where “Dg, is the standard Caputo fractional derivative of order ¢, 0 < T <
400, 0 =ty <t1 < -+ <tp <tpp1 =T, Ax(ty) = limtﬂt: x(t) — limtﬂt; z(t)

¢ 2'(t), f defined on [0,T] x R is continuous,

and Az'(ty) = limt_%I x'(t) — lim,_
I, J;, : R — R are also continuous.

Boundary-value problems for second-order differential equations with integral
boundary conditions constitute a very interesting and important class of problems.
They include as special cases two, three, multi-point and nonlocal boundary-value
problems as special cases. For such problems and comments on their importance,
we refer the readers to the papers [I1] [I5] [16] and the references therein. Various
problems arising in heat conduction [0} [7], chemical engineering [8], underground
water flow [I0], thermo-elasticity [26], and plasma physics [24] can be reduced to
the nonlocal problems with integral boundary conditions. This type of boundary
value problems has been investigated in [25] 29, 9] for parabolic equations and in
[23] for hyperbolic equations.

Motivated by [5], in this paper, we discuss the anti-periodic type boundary value
problem of the nonlinear fractional differential system

Deu(t) = m(t) (b u(®),v(t), ¢ € (bt b =0,1,...,p,

sz’l)(t) = n(t)g(ta u(t),v(t)), te (tkatk+1]7 k= Oa ]-7 <o Dy

t—1

lim £~ u(t) + lim £~ u(t) = /0 () F (s, u(s), v(s))ds,

}imtl_ﬂv(t)+}%tl_ﬁv(t) :/0 P(s)G(s,u(s),v(s))ds,

—1

lim (t — t)' " %u(t) — u(ty) = Ii(tr, u(te),v(tr)), k=1,2,...,p,

t—t}

lim (¢ — 1) TPo(t) — v(te) = Ji(tr, ults), v(te)), k=1,2,...,p,
t—t,
where:
e 0 < a,f <1, D* (or D?) is the Riemann-Liouville fractional derivative of
order « (or 3 ),
e p is a positive integer, 0 = tp < t; < ta < -+ < t, < tp41 = 1 are fixed
impulsive points,
e m,n: (0,1) — R satisfy m|u, 1,175 2ty .tria] € LY (tp,tps1) (K =0,1,...,p),
both m and n may be singular at t = 0 or t = 1, there exist constants I; > 0,
lo >0, k4 > —a, ko > —3 such that

Im(t)] < ith,  |n(t)] < Ipth2, t e (0,1),
L4 ¢3 'l)/) : (07 1) - R Sa‘tiSfy ¢|(tk,tk+1]7¢|(tk,tk+1] € Ll(tk;tk+1] (k = 07 17 cee 7p)3
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e 9, F,G I, J (k=1,2,...,p) defined on (0,1] x R x R are impulsive Cara-
theodory functions that may be singular at t = 0.

A pair of functions (z,y) with z : (0,1] — R and y : (0,1] — R is said to
be a solution of 7 if 2|y 0] Yt tera] € COty, tye1) (k = 0,1,...,p) and
DYy, D¢ x € L(0,1) and (z,y) satisfies all equations in (L.2). We will obtain at
least one solution of .

Remark 1.1. When o = g8 =1, F(t,z,y) = G(t,z,y) = 0 and all of the impulse
effects disappears, i.e., (I(t,z,y) = Ji(t,2,y) = 0 and limtﬂt: (t — i) u(t) —
u(ty) = Au(ty) =0, limt_%x (t—t1) = Po(t) —v(t) = Av(ty) = 0 at this case), (1.2)
becomes the anti-periodic boundary value problem for ordinary differential system
u'(t) = m(t) f(t,u(t), v(t), te€(0,1),
v'(t) = n(t)g(t,u(t),v(t), te(0,1),

u(0) = —u(l), wv(0)=—v(1).

So we call (1.2) the anti-periodic type boundary-value problem of the nonlinear
singular fractional differential system with impulse effects.

The remainder of this paper is as follows: in Section 2, we present preliminary
results. In Section 3, we state and prove the main theorems. In Section 4, we give
an example to illustrate the main results.

2. PRELIMINARY RESULTS

For the convenience of the readers, we present the necessary definitions from
the fractional calculus theory. These definitions and results can be found in the
monograph [20] and [I8]. Let the Gamma and beta functions I'(«) and B(p, q) be
defined by

+o0 1
INa) = / z* te dz, B(p,q) = / P71 — )9 Y.
0 0
Definition 2.1 ([20]). The Riemann-Liouville fractional integral of order a > 0 of
a function ¢ : (0,00) — R is given by

18, 9(t) = ﬁ / (t — 5)* 1 g(s)ds,

provided that the right-hand side exists.

Definition 2.2 ([20]). The Riemann-Liouville fractional derivative of order oo > 0
of a continuous function g : (0,00) — R is given by

Ldm [ gls)
D g(t) = ——— ),
o-9(t) ['(n— a)dtm /0 (t — s)a—ntl %

where n — 1 < a < n, provided that the right-hand side is point-wise defined on
(0, 00).

Definition 2.3. Let X and Y be Banach spaces. L : D(L) C X — Y is called a
Fredholm operator of index zero if Im L is closed in X and dimker L = codimIm L <
+0o0.
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It is easy to see that if L is a Fredholm operator of index zero, then there exist

the projectors P: X — X, and Q) : Y — Y such that
ImP=kerL, kerQ=ImL, X=kerL®kerP, Y =ImL®ImQ.
If L: D(L) C X — Y is called a Fredholm operator of index zero, the inverse of
L|D(L)ﬂkerP : D(L) Nker P — Im L

is denoted by K.
Definition 2.4. Suppose that L : D(L) C X — Y s called a Fredholm operator of
index zero. The continuous map N : X — Y is called L-compact if both QN(Q)

and K,(I — Q)N : Q — X are compact for each nonempty open subset Q of X
satisfying D(L) N # ().
To obtain the main results, we need the following abstract existence theorem,

the Leray-Schauder Nonlinear Alternative.

Lemma 2.5 ([19]). Let X,Y be Banach spaces and L : D(L)NX — Y a Fredholm
operator of index zero with ker L = {0 € X}, N : X — Y L-compact. Suppose
Q) is a nonempty open subset of X satisfying D(L) N Q # 0. Then either there
exists x € 02 and 0 € (0,1) such that Lx = ONx or there exists v € Q such that
Lx = Nzx.

Definition 2.6 ([14]). An odd homeomorphism ® of the real line R onto itself
is called a sup-multiplicative-like function if there exists a homeomorphism w of
[0, +00) onto itself which supports ® in the sense that for all vi,ve > 0 it holds

D(v1v2) > w(vy)P(v). (2.1)
The function w is called the supporting function of ®.
Remark 2.7. Note that any sup-multiplicative function is sup-multiplicative-like

function. Also any function of the form
k
D(u) = ch|u\ju, ueR
j=0
is sup-multiplicative-like, provided that c¢; > 0. Here a supporting function is
defined by w(u) := min{u**1 u}, u > 0.

Remark 2.8. It is clear that a sup-multiplicative-like function ® and any cor-
responding supporting function w are increasing functions vanishing at zero and
moreover their inverses ® ! and v respectively are increasing and such that

O Hwiws) < v(w)® H(wy), (2.2)
for all wy,ws > 0 and v is called the supporting function of ®~1.

In this article we assume that ® is a sup-multiplicative-like function with its
supporting function w, the inverse function ®~! has its supporting function v.

Definition 2.9. We call K : (0,1] x R? — R an impulsive Caratheodory function
if it satisfies the following:
(i) t — K (t,(t —tp)* o, (t —t,)°"'y) is continuous on (t,tr41] for k =
0,1,...,p, and there exist the following limits:
lim K (t, (t—tp)* L, (t — tk)ﬁ_ly) (k=0,1,...,p) for any (z,y) € R?,

t—t}
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(i) (z,y) — K (t, (t —t;)* 'z, (t — )P~ 'y) is continuous on R? for all t €
(tkatk+1] (k = 07 17 s 7p)

We use the Banach spaces

X ={z:(0,1] > R: |, 1,., € CO(tr,ter1], k=0,1,...,p,

there exist the limits lim+(t —tp) Tz (t),k=0,1,... ,p}
t

t—ty

with the norm

|zl = llelloc = max { sup (¢t —t)'""|z(t)], k=0,1,...,p}.
tE(tr,tht1]

Y:{y:(O,l]—ﬂR:y\( ]ECo(tk,tk+1],k’:0,l,...,p,
there exist the limits lim (¢ — ) Py(t),k =0,1,... ,p}

+
k

trstr41

t—t

with the norm

Iyl = llylloo = max { sup (¢t —tx)" "*[y(t)],k =0,1,...,p}.
tE(th trt1]

L0, 1] with the norm

1
el = / Ju(s) ds.

Choose E = X x Y with the norm ||(z,y)|| = max{||z| e, ||¥]lcc}, and choose
Z = LY0,1) x L*(0,1) x R?’*™2 with the norm

T
u
v
a
H b H:||(u,v,a,b,c1,...,cp,dl,...,dp)H
c (k=1,2,...,p)
di, (k=1,2,...,p)
= Inax{||u|\1, ||UH17 |(I|, |b|7 ‘Cl|7- B ‘dp|7 |d1‘7' ) |Cp|}'

Define L to be the linear operator from D(L) N E to Z with
D(L) = {(.’E,y) ck: DZ:JT,D?I:U c Ll(o, 1)}

and
Dt‘;x(t)
Dt:y(t)
Lz, y)(t) = limy oy 8122 (t) + limy o £~ (t)

limt_,l tl_ﬁy(t) + hmt_,() tl_ﬂy(t)
lim, .+ (t — t)tw(t) —x(ty), k=1,...,p

lim, o (= t)' Py (t) — y(te), b =1,...,p
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for (x,y) € END(L). Define N : E — Z by
Neao - |y ”F ‘

for (xz,y) € E. Then (1.2)) can be written as

L(a:,y):N(a:,y), (a:,y) S

Lemma 2.10. Suppose that f,g,F, G, I, J. (k=1,2,...,p) are impulsive Cara-
theodory functions. Then L is a Fredholm operator of index zero and N : X — 'Y
is L-compact.

Proof. To prove that L is a Fredholm operator of index zero, we should do the
following six steps.

Step (i) Prove that ker L = {(0,0) € E}. We know that (x,y) € ker L if and
only if

D a(t) =0, DYy(t)=0,
k ty
lim ¢'~“x(t) + }ir% =z (t) = 0,

t—1
lim Py (t) + lim ' Py(t) =
lim ¢777y(2) + lim 777y () = 0,

lim (¢ — t) "%(t) —x(ty) =0,k =1,...,p,
t—>tk_

lim (t — ) Py(t) —y(tr) =0,k =1,...,p.

t—t)

Hence (z,y) € ker L if and only if z(t) = 0 and y(¢) = 0. Thus ker L = {(0,0) € E}.

Step (ii) Prove that Im L = Z. First, we have Im L C Z. Second, we know that
(w,v,a,b,¢1,...,¢p,d1,...,dp) € ImL if and only if there exist (z,y) € D(L)NE
such that

Der(t) =ult), Dly(t) = (),
hmt1 @ (t)—i—hmtl “z(t) = a,
)

1— 1-3 _
hmt Py(t) + hmt y(t) = b, (2.3)
lim (t—tk) (t) (tk):Ck,kzl,...,p,
t—t}
Jim (¢ = 6" Py(0) —y(t) = dik=1,....p
e

If (z,y) satisfies (2.3, then there exist two numbers M}, (k =0,1,...,p) such that

1

z(t) = o) /tk (t —s)* tu(s)ds + My (t —t)* 1, (2.4)
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for t € (tr,tgs1], k = 0,1,...,p. By the boundary condition lim, .; t!=*z(¢) +
lim; o t'~%z(t) = a, we obtain

/t Wu(s)ds +M,(1—t,)* '+ My = a. (2.5)

By the impulse conditions limtﬂt: (t —ti)t~22(t) — 2(ty) = cx, we obtain
. tk (tk _ S)afl .
M-( Y =5 u(s)d M_t—t_“’1>: , 2.6
([ s Mt = i) a0
for k=1,...,p. It follows from (2.6)) that

- T 157 - Bt —8)! - 1
My [ et ) Ty = Y (ck—l—/ =% (ds) T (teten)® ™
el =1 o1 v(a) o
By this equality and (2.5]), we obtain
M,
(1—s)>!
ftp e u(s)ds
1 + Hp+1(tk — tk 1) a—1
S a—
f1 (e — tr—1) 1 200 (Ck + ftk 2 %u(s)ds) I (ts = ten)™ ™!
L+ T (f — ) ’

a 1

7o S, (ck + ftk . %u(s)ds) st):k-i-l(ts —tg_q) !
1+ [ (t, — 1)t
1 S a 1
[T—1 (B = tr—1) ( ft T(a) )ds)
+ p+1 .
L+ (e — te—1)ot

Then (2.6 implies that

o 123 t;. — g)e—1 o
My, ZCk—F/ @U(S)ds—‘er_l(tk—tk._l)ail, k=1,...,p—1. (2.8)
tre—1 F(a)

Hence is proved and M}, (k=0,1,2,...,p) are given by (2.7) and .
Slmllarly we obtain

y(t) = %ﬁ) / (t — )" Yu(s)ds + Ny (t — )", (2.9)

tr
for t € (ty,tr41], K =0,1,...,p, where Ni (k=0,1,...,p) are given by

Ny

1 —8 B-1
b— y (11“()5) v(s)ds
1+Hp+1(tk—tk 1)1

P (b = 1) 0 (i i, o (9)ds) Ty (b — 1)

1+ TI05 (e — tre1)P? 7
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t te—g)B—1 7
N _ D ket (dk + t:,l %v(s)ds) TT0 (s — te_q)P71
p =
1+ Hii}(tk —tp_1)P7L
_ 1 (1—s5)f1
[Th—i (b = te)” 1<b* tp ( r(za) 'U(S)ds>
1+ HZ; (th — tr—1)P7L

(2.10)

)

and

o tr (tk _ 8)5—1 o 51
N =dip+ 7U(8)d8+Nk,1(tk—tk,1) , k=1,...,p—1. (211)
te—1 F(/()))
It is easy to show that (z,y) € D(L) N E. Hence (u,v,a,b,¢1,...,¢p,d1,...,dp) €
ImL. ThenImL = Z.
On the other hand, we can prove that (x,y) is a solution of (2.3)) if z € E satisfies

(2.4) and y € Y satisfies (2.9).

Step (iii) Prove that Im L is closed in X and dimker L = codimIm L < +oo0.
From Step (ii) ImL = Z is closed in Z. It follows from ker L = {(0,0) € E} that
dimker L = 0. Define the projector P : E — E by

P(z,y)(t) = (0,0) for (z,y) € E. (2.12)
It is easy to prove that
ImP =kerL, X =kerL ®kerP. (2.13)
Define the projector @ : Z — Z by
Qu,v,a,b,c1,...,¢p,d1,...,dp)(t) =(0,0,0,0,0,...,0,0,...,0) (2.14)
for (u,v,a,b,c1,...,¢p,d1,...,d,) € Z. It is easy to show that
InL=ker@Q, Y=ImQ®ImL. (2.15)

From above discussion, we see that dimker L = codimIm L =0 < +00. So L is a
Fredholm operator of index zero.

Now, we prove that N is L-compact. This is divided into three steps (Steps
(iv)-(vi)).

Step (iv) We prove that N is continuous. Let (z,,y,) € E with (2,,y,) —
(z0,y0) as n — oo. We will show that N(x,,y,) — N(xo,y0) as n — oo. In fact,
we have

| (@, )
= s {wp (E= 0 0)
n=0,1,2,... *te(ty,tryr1]
sup  (t—te) Plyn(t)] : k = 071,”.7]9} — < 400
te (b trt1]

and

max{ sup (t—tx)'"*|za(t) —zo(t)|, k=0,1,...,p} -0, n— oo,
te(tn,tr+1] ) (216)

max{ sup (t_tk) _B|yn(t)_y0(t)|7 k:()ala"'?p}_)()a n — 0.
t€(tr,try]
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for (z,y) € E, for any € > 0, since f, F, I, (k = 1,...,p) are impulsive Caratheodory
functions, we know that f (¢, (t — ) 'u, (t — t;,)”~'v) is continuous on [y, t41] x
[—r,7]? (k=0,1...,p) respectively, so f (t, (t — tx)* 'u, (t — t)"~'v) is uniformly
continuous on [ty,tri1] X [—7,7]? respectively. Similarly, F, I (k = 1,...,p) are
uniformly continuous on [tg,tr41] X [—7,7]? respectively. Then there exists § > 0
such that

| (8 (= te)* g, (8 — )P or) — f (8 (8 — te) g, (t — )7 o) | <e,
t € (tr,tey],
|F (¢, (t— i)™ tun, (=) lor) — F (¢, (8 — ti)* ug, (8 — )7 1uo) | <,
t € (L, tryl,
[Te (th, (b — te—1)® ", (b — tr1)’o1)
— I (e, (te — trm1)® Mg, (b — ti1)? " oa) | < e

forall k=0,1,...,p, lu1 —us| < d and |v; — ve| < § with uy,us,vy,v9 € [—,7,7].
From ([2.16)), there exists N such that

(t —te) " zn(t) — 20(t)] <8, t€ (th,txs1], k=0,1,...,p, n> N,
(t —ti) Plyn(t) —wo(t)| < 6, t€ (thytrya), k=0,1,...,p, n> N.
Hence using (2.17)), we obtain

/ m(t) (12 (£), Y (1)) — () f (1, 0 (2), yol1))] dt

(2.17)

-y / O (6 (6~ 007 = ) (), (6 — )P — 0P (0)

k=0 "tk
—m(t)f (¢, (t—tr)*H(t = tr) " wo(t), (t — ti)? 7t — ) Pyo (t)) |at

Pt 1
< Z /tk em(t)dt = 6/0 m(t)dt,n > N.

k=0
It follows that

/m (t, zn (L), yn(t) dt—/ It zo(t), yo(t) dt‘<e/m dt, (2.18)

for n > N. Similarly,

1 1
/ SOF Coa®. (@)t~ [ F o) < [ o, (219)
for n > N, and
[k (th, 2n(tr), yn(tr)) — I (tr, zo(te), yo(tn))| <€, n>N, k=1,...,p (2.20)
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We can also show that

| / ot ®) = [ (0 (o0 e < [ nioyae, 220

for n > N. Similarly,

G (t,zn(t), yn(t) dt—/ G (t,z0(t), yo(t) dt’<e/ P(t) (2.22)

for n > N, and
| T (e o (1), Y (81)) — T (s 2o (te), w0 ()] <€, n>N,k=1,...,p (2.23)
Then (2.18)—(2.23) imply that
[N (2, yn) — N(zo,y0)l =0, n — oo.

It follows that N is continuous.
Let P: X — X and Q : Y — Y be defined by (2.12) and (2.14). For
(u,v,a,b,¢1,...,¢p,d1,...,dp) €EImL=Z, let

Kp(u,v,a,b,c1,...,¢p,dv,....dp)(t) = (z1(¢),y1 (1)), (2.24)

t a—1
t— _
xl(t):/ ( FS) (s)ds—’_Mktailvte(tkvthrl]a k:Oala"'ap;
tr

)
B8-1 _
yl(t):/tk ( 1—\(85)) (s)d8+tha_17t€(tkythrl]a k:Oalv"'ap

Here My, Ny (k=0,1,...,p) are given by (2.7), (2.8), (2.9) and (2.11).

One sees that Kp(u,v,a,b,¢1,...,¢p,d1,...,dp,) € D(IL)NE and Kp : ImL —
D(L) Nker P is the inverse of L : D(L) Nker P — Im L. The isomorphism A :
ker L — Y/Im L is given by

A(0,0) = (0,0,0,0,0,...,0,0...,0).
Furthermore, one has
QN(z,y)(t) = (0,0,0,0,0,...,0,0...,0), (2.25)

and
Kp(I = Q)N(z,y)(t) = KpN(z,y)(t) = (22(t),52(t)),

where
IQ(t) - /5 Mm(s)f(sam(s)ay(s))ds + Mktailvt € (tk7tk+1]a (226)

for k=0,1,...,p, and

ya(t) = /t ﬂn(s)g(s x(s),y(s))ds + Npt* 1t € (ty, the1] (2.27)
w  L(B) T 7 T '
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for k=0,1,...,p. Here My, N, (k=0,1,..., p) are given by

! P (b — 8)Y
(/0 gb(s)F(s,z(s),y(s))dsf/t T@)m(s)f(s,x(s),y(s))ds

P

+ H(tk - tk—l)ail Z H (ts — tS—l)ail
k=1

k=1s=k+1

> =

My =

Mm(s)f(s,x(s),y(S))dS))v

X (Ik(tk,l‘(tk)ay(tk)) +/ I'«)

M, = Lty o(t) y(t)
+/t & I:(Z))a_ m(s)f(s,(s),y(s))ds + (t1 — to)*~" Mo,

My = Iy (ty1,(ty1), y(ty1)) + / Wm<s>f<s,x<s>,y<s>>ds

Hltyt — tp2)* Mya,
M, = i[kf[lm ) 01¢<5>F(5 2(5), y(5))ds
_ /ttp+1 Wm(s)f(s,x ) +§:1 (Ik tr 2(tr), y(th))
- e CYCECRTI N | SO
and
Mo = ([ w6620 utonas - [ e (e, a(0). ot

p P p
H te —th—1) Z H (ts —te—1)"'x
k=1 =1s=k+1

k=1 s=

T g, 2(6),w(e)is) ),

(ultssten).pien)) + |

te—1 F(ﬁ)
Ny = (st + [ (s, als) u(s))ds + (b1 o) Vo,

w  L(B)

tp—1 — S A-1
oot = 970 ) g(s, 2(s), w(s))ds

Npea = Jyaltyersalty)atty) + [ B

tp72

+ (tp-1 — tp-2)" " Npoa,
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tpt+1 5 B—1 p
_/ Upst =) o, (o), )ds) + 3 (et 2(te), y(t))
t k=1

p

+/ttk MH(S)Q(S,QT(S)’y(S))ds) 11 (ts—ts,l)ﬁ—l)_

s=k+1
Let Q be a bounded open subset of E satisfying D(L) N Q # 300. We have

(@)l = max{  sup  (t—1)'" (),
tE(tk,t)H,l]

sup (£ =) Py sk =0,1,....p} (2.28)
t€(t,thy1]

=r <400, (x,y)€
Since f, g, F,G, I, Ji are impulsive Caratheodory functions, together with (2.28)),
there exists M > 0 such that

|f (& 2(8),y(@)] = | £ (& (8= t1)* (= t) (), (¢ — t) P71 (= 1) Py(t))]
<M

holds for t € (tx,tk+1] (k=0,1,...,p). Hence

[f (& 2(),y(1)] < M, te(01].
Similarly,

M for all ¢t € (0,1],
M for all t € (0,1],
M, k=1,2,....p
M, k=1,2,....,p

Step (v) Prove that QN(Q) is bounded. It is easy to see from that
QN(Q) is bounded.

Step (vi) Prove that Kp(I — Q)N : Q — E is compact; i.e., prove that Kp(I —
Q)N(Q) is relatively compact. We must prove that Kp(I — Q)N(Q) is uniformly
bounded and equi-continuous on each subinterval [e, f] C (¢x, tk+1] (kK =0,1,...,p),
respectively and equi-convergent at ¢t =t (k=0,1,...,p), respectively.

Substep (vil) Prove that Kp(I — Q)N () is uniformly bounded. We have

(8= tr)" " "22(t) = (t = m)l_a/t (t_F(so);_

for ¢ € (t,tr+1]. By the definition of My, we have

m(s)f(s,x(s),y(s))ds + My, (2.29)

-1

<3 ([ oo+ [ S ) st o6 s

p
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p
+Htk_tk 1ale -1
k=1

k=1 s=k+1

X

(1ton )00 + [ Wm<s>f<s,x<s>,y<s>>|ds))

k—1

M o —w)et?
< = a+ky k1
- wwnlw fo e

1 —1
(tp —tk—1)"" E -
=

1s= k+

tp+1

i ::ﬁ

1
1

X (1 + l1t?+lCl /t:_l kaldw)) < +o0.

tg

Similarly,

1 -1
1— «
|My| < M + Mty / (FZ”))w’ﬂdw + (t1 — to)* | Mp| < +o0,
to «

o

1 —1
1_ «
|M,,_1| < M + Ml ta““/ B0 bt 4 (1 — ty2)™ [ Myo]

tp—2 F(Oé)
th_1
< +00,
P 1 a—1
1 a+k (1—w) Kk
AR 10 ) (RN (TP R e

tp+1

+ Xp: (1 + Lt /:1 (lr(lglw’“dw) ﬁ (ts — ts_l)“’l)

k=1 tr s=k-+1
< +00.

First, use (2.29), for ¢ € (¢o,t1] we have

t —_s a—1
(t — o)~ aa(t)] < (¢ — to) / %Im(s)f(s,x(S),y(S))ldH My

1 o—
< Miy( — toy et [ O gy
< Ml (t1 — to) 1 N (o) w®tdw + | Mp| < +o0.

Second, for t € (tg,tg+1] (K =1,...,p— 1), we have
(t = to)' a2 (t)]

- [ (t}(s(i;_m(sﬁ(s £(5),y(s))lds + | M

1 a—1
s 1—w
< My (tgq — ) o0 ﬁk_l (Fm))wkldw—k | M| < +o0.

tk

Finally, for ¢ € (¢,, tp+1], we have

(t = tp)' =22 (t)]
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t _ s a—1
<(t—tyo / E= S0 () £ (5, 2(s), (s))lds + [0y

, L)
1 a—1
1—w
S Mll(tp_;,_l — tp)l_atgj:lkl . (F@é))wkldw + IMPI < 400.

tp+1

From above discussion, there exists M; > 0 such that

|z2]|oo = max{ sup  (t —tg) "2 (t)] : k=0,1,... 7p} < M; < +o0.
tE(th tr1)

Similarly, we can show that there exist Ms > 0 such that

ly2lloo = max{ sup  (t—t) " ye(t)| : k=0,1,. .. ,p} < My < +00.
te(tr,trt1]

Hence Kp(I — Q)N () is uniformly bounded.

Substep (vi2) Prove that Kp(I—Q)N () is equi-continuous on each subinterval
le, f] € (tg,trs1] (K = 0,1,...,p), respectively. For each [e, f] C (tg,tr41], and
s1, 82 € [e, f] with sg > s1, use , we have

(51— tr)' " wa(s1) — (s2 — ti) " “a(s2)]

l M - —« [e]
oy (51— 1)1 = (52— 1) 70 s B b +1)

~ (o)
LM 1-a a+k /1 -1,k
+ ———(tgy1 — tr) Yo (1 —w)*  wdw
F(a) * 2 81/52
WM ot a ! 1o
+ m@]ﬁq _ tk>1 a(82+k1 /0 (1 _ w)a 1wk dw

o soz-‘rkl /82/81 |(1 B w)aflwkldw> =0
! 0

uniformly as s; — s5. It follows that

|(81 - tk)l_a.’l,‘g(sl) — (52 — tk)l_al‘g(SQ)l — 0 (230)
uniformly as s; — sg, 81,82 € [e, f] C (tg,tr+1] (k=0,1,...,p).
Similarly, we can prove that
(51— te)' "Pya(s1) — (s2 — tr)' P ya(s2)| = 0 (2.31)
uniformly as s; — $2, s1,82 € [e, f] C (tg,tx+1] (K =0,1,...,p).

Substep (vi3) Prove that Kp(I — Q)N(Q) is equi-convergent at t = t; (k =
0,1,...,p), respectively. Since

’(t — tk)l_a.’bg(t) — Mk

1
< UM (tggr — tk)l_atgﬁcl / (1—w)* "M dw — 0

'k

t

uniformly as t — t. Similarly we can show that
’(t — 1) Pya(t) — Nk’ — 0 uniformly as ¢t — ¢ (k=0,1,...,p. (2.32)

From (2.31)-(2.32)), we see that Kp(I — Q)N(Q) is relatively compact. Then N is
L-compact. The proof is complete. O
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3. MAIN RESULT

Now, we prove the main theorem in this article, using the following assumptions:

(A) @ is a sup-multiplicative-like function with its supporting function w, the
inverse function of ® is ®~! with supporting function v.

(B) f,9,F,G, I, J, (k=1,2,...,p) are impulsive Caratheodory functions and
satisfy that there exist nonnegative constants ¢;,b;,a; (i = 1,2), C;, B;, A;
and C; i, Bi g, A, (1 =1,2,k=1,2,...,p) such that

|F(t, (= t)* o, (= )7 y)| < er + balz| + a1 @7 (Jy)),

te (tkvthrl]vk = 07 ]-7 oDy
lg(t, (t = t1)* ", (t— )" M y)| < co + ba®(|z]) + azlyl,
te (tk7tk+1],k20,17...,p,
[F(t, (t—tr)* o, (t = tx)" 'y < Cr 4 Bula| + 4127 (Jy)),

t € (tk,trer1], k=0,1,...,p,

IG(t, (t = te)* o, (t = tx)"y)| < Co + Ba®(|a]) + Aslyl,
te (tkatk—i-l]?k = 07 ]-7 oDy

e (t, (trsr — ) ', (b — )" y)| < Cug + Bl + A1 @ (Jy)),

k=1,2,....p,
| T (t, (tegr — tr)* "ty (terr — )P 71y)| < Cop + Bo e ®(|2]) + A2k |y,
k=1,2,...,p.

Also we introduce the following notation.

p+1
A=1+ H(tk - tk_l)ail,
k=1

1 «
Mo,y = 5[ Cillolh + e Blas by + et

p p p
+lheBlok + 1) [] (k= te)* Dot [ (s = tam)!
k=1 k=1 s=k+1
p p p
+ H(tk —tpq)* ! ZCM H (ts —te1)* "+ haBla ki + 1),
k=1 k=1 s=k+1
MO’Q = % [B1||¢H1 + llblB(a7 ]ﬂl + 1)t;ifl
p p p
+ 11b1B(Oé, k1 + 1) H(tk — tk_l)a_l Zt?+kl H (ts — ts_l)a_l
k=1 k=1 s=k+1
p p p
+ H(tk — )™t ZBM H (ts —ts—1)* '+ Ui B(a, k1 + 1)}7
k=1 k=1 s=k+1
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1 «
Mys = X[Al\|¢||1 +haB(a, ky + Do
p p
+lhayB(a, ky+ 1) [ [ (b — tr-1) *1215“*’“ IT =ty ?
k=1 s=k+1

p p p
+ H (te — te-1) Zz‘h e [ (=t + haBlayky + 1)},

s=k+1
My =Ciq+ l1C1ta+le(Oé» ky +1) + (1 —to)* ' Mo,
Mo =D+ l1b1t‘f+le(Oé, ki + 1)+ (t1 — to)* "Moo,
M= Ay + Lhat$™Blay ky + 1) + (t — t)* My 3,

+
+

Mp 1,1 —Clp 1 +l101ta+k1B(a,k/’1 +1)+<t t

) p 2,1,

My 12=DBp 1+ blt“+k1B(a7k1+1)+(p 1= tp—2)® ' My_a,

My_13=A1,- 1+11a1ta+le(a7k1+1)+( tp— 2)* ! My 23,
p p

M, = 7(]‘[ te — tee1)® Ml + heBlay by + e Tt — tion)®
k=1

p P =
+ ch,k H - -1
k=1

s=k+1

P p
+lhaB(a,k +1) Zt;“*’“ H (ts — ts—l)ail)v

h—1 s=k+1
1 - a—1 a+k1 - a—1
Mpo = X( H(tk —t-1)* @l + b1 B(a, by + 1)t H(tk —tr-1)
k=1 k=1
P p
+ Z Bl,k H (ts - tsfl)ail
k=1 s=k+1
p
4 LbiB(a, by + 1) Zt‘”kl I1 «. —ts,l)a—l),
s=k+1
1,2 P
M5 = X(H tr— tre1) "ol + haiB(o, ky + Do H(tk — )"
k=1 k=1
p p
+ZA1,k H (ts —ts—1)*!
k=1 s=k+1
p
+ llalB(a, k1 + 1) th“f‘kl H (ts — ts_l)afl)’
k=1 s=k+1
and

Ok,1 :llcl(tk_i_lftk)l atzile(a,k1+1)+Mk71, k=0,1,...,p,
Ok2 = llbl(tk—l—l - tk)l atzile(O[, kl + 1) =+ Mk,Qa k= Oa 17 Ry 2
ok = har(tepr — ti) T B(a, ky + 1) + Mys, k=0,1,...,p,
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o1 =max{or1:k=0,1,...,p},
o2 =max{or2:k=0,1,...,p},
o3 =max{ok3:k=0,1,...,p}.

Denote
1
Nop = 5 |[Callll +LocaB(B, by + 1ty 11

p p
+ loesB(B, ko + 1) H (= te—1)" ) 0 ]t —ten)?

k=1 s=k+1
p p
+ It — tus) Z H (ts — to_1)P +1202B(ﬂ,k2+1)},
k=1 k=1 s=k-+1
Noa = 1 [Ballwl + b B8, ks + 1)L
p
+ 120oB(8, ks + 1) H (tr — tr_1)"* ZtﬁJer H (ts —ts_1)? !
k=1 k=1 s=k+1
p p
+ [t = te-)® ZBQ,k I (6 —tmn)? ™! + 12b2B(B, ko + 1)},
k=1 k=1 s=k+1
1
Nos =y |Aal[¥]l1 + l2azB(B, k2 + 1)to e
p p p
+1aaaB(B by + 1) [[ (b — teen)? > 8772 [T (80 — tam1)?!
k=1 k=1 s=k+1
p p p
+ H(tk —tp_q)P? ZA2,k H ts —ts—1) 7+ 19asB(B, ko + 1)}
k=1 k=1

Ny =01 + 1202tf+k2B( ,k2 +1)+ (t1 — to)ﬁleo,l,
Ni2 = DBg; +lzbztf+k23(5 o + 1) + (t1 — o)1 Ny.2,
Nig=As1 + 12a2t§3+k23(5 ko + 1) + (t1 — o)1 Ny 3,

Np_11=Cop_1+ 1202tﬁj12]3(ﬁ, ko +1)
Np_1,2=DBop 1+ lsztgfoB(ﬁ’ ko 4+ 1)

+ (tp—1 —tp—2)’"INp_a 1,
+( 1_tp 2)ﬁ

p 2,2
Np_13=A42,1 +12a2t§jf2B(ﬂ,k2+l) + (tp— )'6 Np—2,3,
P

= (T~ el + Laes (5, k2+1>t§if2ﬂ<tk—tk_1)ﬁ*1

k=1 k=1

P p

+ZC2,k H (ts —ts—1)" 1
k=1 s=k+1

P

+l2c2B(B, k2 +1) Ztg“€2 H (ts — ts—l)Bil),

k=1 s=k+1



18 X. LIU, Y. LIU EJDE-2012/201

P

p
Ny = ¢ (Tt~ ti0)* [l + b2BS, o + D T 0~ t00)
k=1 k=1
P P
+ZB2,k H (ts —ts—1)"""
k=1 s=k+1
p
+ ZQbQB(ﬁa k2 + 1) Zt£+k2 H (ts - ts—l)ﬁil)v
k=1 s=k+1
1 P ﬁ 1 B+k2 - B-1
Nps = X( H (te = tr—1)” |9l + l2aaB(B, k2 + 1)t 1 H(tk —tr_1)
k=1 k=1
p P
+ZA2k H ts —ts—1)
k=1 s=k+1
p P
+ l3a2B(3, k2 + 1) Zt£+k2 H (ts — tsfl)ﬁ_1>7
k=1 s=k+1
and

pg = laca(tiyr — te) Pt B(B, ko + 1) + Ny, k=0,1,...,p,
fik2 = laba(tier — te) P B(B, k2 + 1) + Nia, k=0,1,...,p,
fs = laas(tesr — ) eI B(B, ke + 1) + Nz, k=0,1,....p,

p1 =max{ug1:k=0,1,...,p},

pe =max{ugo2:k=0,1,...,p},

ps =max{urs:k=0,1,...,p}.

Theorem 3.1. Suppose that both (A) and (B) hold. Let us, us and oo, 03 be defined
above. Then (1.2) has at least one solution if

+ oz < 1. (3.1)

op <1, 'qu((l —02)/(203))

Proof. To apply Lemma 2.1, we should define an open bounded subset 2 of FE
centered at zero such that all assumptions in Lemma 2.1 hold. To obtain €.

Let Q; = {(z,y) € END(L) \ker L, L(z,y) = ON(z,y) for some § € (0,1)}.
We will prove that €2 is bounded.

For (z,y) € 1, we obtain L(z,y) = ON(z,y) and N(z,y) € Im L. Then

Dy a(t) = 0m(t) f(t, 2(1), y(t),
Df;ry(t) = 0n<t)g(t7x(t)a y(t))v

1
fim 1 a(t) + im 1~ (t) =0 [ G(OF (t.a(e) (0)

1 (3.2)
lim ¢1=%y(t) + lim ¢~y (t) = 0 /O (G (t,x(t),y(t)) dt,

lim (¢ — t)" " %u(t) — u(ty) = 0L (te, u(ty), v(te)), k= 1,2,...,p,

t—t;}

lim (t — ) 7 Po(t) — v(tr) = 0Tk (tr, u(ty), v(te)), k= 1,2,...,p.

t—>t;
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So
x(t) = G/f %m(s)f(s,m(s),y(s))ds +0(t —t1)* My, t € (tg, tria],
" (3.3)
‘ (t — S)B_l a—1
y(t) =0 | ———=—n(s)g(s,z(s),y(s))ds + 0(t — tx)*“" N, t € (tg,tr+1], (3.4)

for k=0,1,...,p. Here My, Ny (k=0,1,...,p) are given in Step (iv) in the proof

of Lemma 2.2.
By the definition of M}y, we have

p+1 — S)Q_l

<3 ([ (e pnas + [ RS n(s) (s, (sl

P

p p P
+ [T =t D0 [T s —temn)™™!
k=1 k=1 s=k+1
tr (tk _ S)a—l
< (ettnmtpe) + [ B () o, 0(5). 190 )
1
<3 [Cl\|¢>||1 + Lot B (o, by + 1)
p p p
+ H(tk —tp1)* ! ZOL’“ H (ts —ts1)* '+ Lt Bla, ky + 1)}
k=1 k=1 s=k+1
1
+ X Bl||¢||1 + llblB(Oé, ki + 1)
p p P
+ 1_[(151C — tp1)* ! Z Bk H (ts —ts—1)* '+ b B(a, by + 1)} (B4
k=1 k=1 s=k+1
1
+ X Bl||¢||1 + llblB(Oé, ki + 1)
p p p
+[] = te)* ™D " Biw [ (ts = te)* ' + hbiB(a by +1>}<1>—1<||y\|)
k=1 k=1 s=k+1

= Mo,1 + Mo l|z| + Mo s® ' ([ly])-
Similarly,
|My| < My + My sllz|| + My s®([[yl),

[My 1| < Mp_11+ My 1al|z] + Mp—132~ (lyl]),
|My| < My + My ||| + M, 32~ ([lyl).
Similarly, we can prove that
|No| < No,i + No2®(|[z]) + Nosllylls
IN1] < Nig+ Nip®(([z]) + Nusllylls
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INp—1] < Np—11 + Np—1,2@([|z]|]) + Np-13]lyll,
INp| < Np1+ Np2®@([|z) + Ny sllyll-
First, using (3.3) for ¢t € (to, t1], we have

i a—1

N _ (t—s)
(¢ =)o) < [(e— t0)t e [

| to F(a)
< Ii(ty — o) ST B, ky + 1) (1 + blz] + a1 @ ([ly])),

m(s)f(sa ‘T(S)a y(S))dS + MO’

Mo1 + Mos|lz| + Mos® (|lyll) < 001 + oo2llz] + 00,32~ (Ilyl]).-
For k=1,2,...,p— 1, we have

(t = tr) (1))

< (=t / (tr("’j:m(s)f(svx<s>,y<s>>ds+Mk|

t t—g a—1
<ttt =) [T st + bl + (D) + 104
tr

< ok + onellzl + ors® ()

For t € (tp,tp+1], we have

(t = tp)' ~J(t)]

<fe-t)e [ (t_F(SO);_m(s)f<s7w(s)7y(s)>ds+Mp!
<ttt [Tl st + ool + a7 ul) + M)

p

< op1+opallzll + Up,3(1)_1(||i‘/||)~

It follows that
2]l < o1 + o2llz| + o5®~ " (lyll). (3.5)

Similarly, we can show that
Iyl < pa + p2@(llz]) + psllyll. (3.6)
From (3.5) and (3.6)), we obtain
(I)fl
o, s (yl)

< <I>< ) .
ol < o+ o (2 P2y

Without loss of generality, assume that [[y[| > ®(Z%). Then (2.1} implies that

2052 ([ly])
T e

1
ot g )

1
— 1+ (uzw((l — TG + 1) Iyl

n
yll < - : )
P2 5(T=02)/(2os)) ~ M3

)+ nsly

It follows that
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Then

2] < o1+ oof|z] + o5~ (1 o )
— (M ag=eyrEey T H3)

It follows that €; is bounded.

Now we show that all assumptions of Lemma 2.1 are satisfied. Set € be a open
bounded subset of X centered at zero such that Q D Q;. By Lemma 2.2, L is a
Fredholm operator of index zero, ker L = {0 € E} and N is L-compact on . By
the definition of Q, we have Lz # Nz for x € (D(L) N9 and 6 € (0,1). Thus by
Lemma 2.1, L(z,y) = N(z,y) has at least one solution in D(L) N Q. Then z is a
solution of . The proof is complete. O

As an application of Theorem 3.1, we give the following theorem, under the
assumption

®B) f,9,F, G, I, J, (k=1,2,...,p) are impulsive Caratheodory functions and
satisfy that there exist nonnegative constants ¢;, b;,a;(i = 1,2), C;, B;, A;
(t=1,2) and C; 4, B, Aip, (i =1,2,k=1,2,...,p) such that

[F(t (=), (= 1) y)| < o1 + bala| + aslyl,
te (tkvtk—i-l]a k= Oa 1, Y 2)
lg(t, (£ =)', (t = 1) )| < ca + bola| + aslyl,
te (tk7tk+l]ﬂ k= 03 17 By 2
|F(t7 (t - tk)a_1$> (t - tk)ﬁ_ly)l <Ci+ Bl|$| + A1|y|7
te (tk?7tk}+1]7 k=0,1,...,p,
G(t, (t —te)* ', (t = t1)7 )| < Co + Balz| + Aslyl,
te (tkatk—i-l]a k= Oa 17 Ry 2
Lt (trgr — 1), (trr — )77 y)| < Cok + Bugla] + Avlyl,

k=1,2,....p,
| Tkt (b1 — te) ', (tesr — t)" )] < Cok + Bagla| + As iy,
k=1,2,...,p.

Theorem 3.2. Assume that (B’) holds. Let ps,ps and os2,03 be defined at the
beginning of this section. Then (1.2)) has at least one solution if

20
oy <1, po——— 4z <1
1-— g9
For the proof of the above theorem, choose ®(z) = x and then we obtain

®~1(z) = x. The proof follows from Theorem 3.1 and is omitted.

4. AN EXAMPLE

Now, we present an example that illustrates Theorem 3.1, and can not be covered
by known results. Consider the boundary-value problem for the impulsive fractional
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differential equation
2
Djcult) = tVAf(tu(t), o(t), t € (t,tpya] k=0,1,
1/2 _
Dt:/ u(t) =t 4g(t,u(t),v(t)), t€ (trtra], k=01,
. . 1/3 _
lim u(t) + tlgr(l)t u(t) =0,
lim v(t) + lim t*/%0(t) = 0, (4.1)
t—1 t—0

lim (¢ — %)1/%(15) —u(1/2) =0,

t*}%+

lim (¢ — %)1/%(15) —o(1/2) =0,

t—17t
where
Ft o) {01 byt b+ ait;?’/zy?’, _ te(0,1/2],
1+ (t—1/2) 52z +ay(t —1/2)73/%3, te(1/2,1],
Co + byt 3213 4 apt—3/2y, te(0,1/2],
gl )_{cz+bg(t—1/2)—éx1/3+a2(t—1/2)—1/2y, te(1/2,1]

with ¢;,b;,a; > 00 =1,2) and 0 = tg < t; = % <ty = 1. Then (4.1) has at least
one solution if

21/3B(2/3,3/4)by + [21/3 4+ 27%/121B(2/3,3/4)b; < 1,

1
1+ V4
1
2+ 23/4B(1/2,3/4)b
a2 2 B/2 3/4)k:)
27/°B(2/3,3/4)ar + Pz [2V7 + 277/ 2|B(2/3,3/4)ar 173
1—21/3B(2/3,3/4)b1 + 5 f[21/3+2 5/12|B (2/3,3/4)1)1)

24 2%/4B(1/2,3/4)ay < 1.

(23/43(1/4, 3/4)bs +
(4.2)

1
+ 23/4B(1/4,3/4)as +
(1/4,3/4)az A

Proof. Corresponding to 7 a=2/3,=1/2,p=1,t =1/2,
m(t) =t~V n(t) =t"Y4,
£ (=) P, (= ) 2y) = 1+ o+ ary?, K =0,1,
g (t, (t—ti) 32, (t — tk)1/2y) =y +box'? tagy, k=0,1,
F (t, (t — i) B, (t — tk.)l/Qy) =¢(t)=0, k=01,
G(t, (t —tp) 3z, (t — tp)?y) = (t) =0, k=0,1,
/

L(ty, (ta — t1)Y3%, (ty — 1)/ %y) =
Ji(t, (t2 — 1) 32, (ta — 1)/ 2y) =

For ®(z) = z'/3 with ®~'(z) = 23, the supporting function of ® is w(x) = z'/3
and the supporting function of @1 is v(x) = 3. It is easy to see that m(t) < [;t*
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with ll =1 and ]{11 = —1/4, Tl(t) S lgtk2 with ZQ =1 and kg = —1/47 Cl = Bl

A1 =Co=By=A=0,C11 =B11 =411 =Cy1 =By1 =42, =0.
By direct computations, we show that

p+1

A=1+4 ]t —tho)* P =14 V4,

k=1

L [(1+27Y12)B(2/3,3/4) + 1]e1,

Mo =

o+
IS

Moo = [(1+27Y12)B(2/3,3/4) + 1]b1,

H
5

My = [(1+27Y12)B(2/3,3/4) + 1]as,

-
-5

M, = —_[21/3 4 27°/12|B(2/3, 3/4)c1,

o+
IS

[21/3 4 275/121B(2/3,3/4)b1,

|
~
N
iy

+

1
M3 =———[2"/3 4 275/121B(2/3,3/4)a
1,3 1+\3/1[ 1B(2/3,3/4)a;

and

001 = 2712B(2/3,3/4)c; +1 [(1+27112)B(2/3,3/4) + 1]c1,

f
02 =272 B(2/3,3/4)by + - f[(1+2 V12)B(2/3,3/4) + 1],
d0s =27 B(2/3,3/4)a1 + = [(1+ 27 )B(2/3,3/4) + 1]as,

\f
=21/3B(2/3,3/4)c1 + 1\[[21/%2 5/121B(2/3,3/4)cy,

» =213B(2/3,3/4)b, + : [21/3 4 275/121B(2/3,3/4)b1,

1

+ V4
1

+ V4

3 = 23B(2/3,3/4)a; + : [21/3 4 275/121B(2/3, 3/4)a1,

o1 =max{og1:k=0,1}

1
=2'5B(2/3,3/4)c1 + ——~[2'° + 277/ 2|B(2/3,3/4)c1,
(2/3,3/4)er + =7l IB(2/3,3/4)c1

o9 =max{ogo: k=0,1}

= 2/3B(2/3,3/4)by + - [21/3 4 275/121B(2/3,3/4)b1,

1
+ V4

o3 = max{ogs: k=0,1}

=27B(2/3,3/4)ar + = 2" + 27 B (2/3,3/4)ar

1
+ V4
Denote

Noi =

1\3/1[2 + 25/41B(1/2,3/4)cs,

23
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Noa = - +1\3/1[2 + 23/ B(1/2,3/4)bs,
Nos = 1+1\3/21[2 + 25/NB(1/2,3/4)as,
Nij=- +1%I[21/2 + 2V1B(1/2,3/4)cs,
Nig= o +1€/ZL[21/2 + 2Y4B(1/2,3/4)by,
Niz= : ;\3/1[21/2 +2Y4B(1/2,3/4)as

and

po1 = 2°/4B(1/4,3/4)ca +1

2+ 2°/4B(1/2,3/4)cz,

\[
= 23/4B(1/4,3/4)b, g f[z + 23/4B(1/2,3/4)bs,

1
4 4
po.3 = 2%/4B(1/4,3/4)ag + = %[2 +23/4B(1/2,3/4)as,
1
4 4
pi1 = 2Y4B(1/4,3/4)co + Tt %[21/2 +2Y4B(1/2,3/4)ca,
1
=2Y4B(1/4,3/4)bs + 21/2 4 2V 4B(1/2,3/4)bs,
11,2 (1/4,3/4)by 1+€/Z[ |B(1/2,3/4)b2
1
=2Y/4B(1/4,3/4)as + 21/2 4 2V4B(1/2,3/4)as,
f1,3 (1/4,3/4)az 1+\3/1[ |B(1/2,3/4)as
gy = max{ugy : k=0,1} = 2%/4B(1/4,3/4)cy + ! 2+ 2%/41B(1/2,3/4)c2,
’ 1+ V4
1
pe = max{pugo : k= 0,1} = 23/4B(1/4,3/4)by + ——=[2 + 2°/4B(1/2,3/4)by,
1+ V4
s = max{ s < k= 0,1} = 2/9B(1/4, 3/4)as + ———[2 + 25/4|B(1/2,3/4)as
’ 1+ V4
Then Theorem 3.1 implies that (4.1)) has at least one solution if (4.2) holds. The
proof is complete. O

Remark 4.1. Since

Jim [2!/3B(2/3,3/4)b + 1+1ﬂ[21/3+2 S121B(2/3,3/4)b1] = 0,

and

lim [(23/43(1/4,3/4)b2+

a1,b1,a2,b2—0

1 P

2+ IB(1/2,3/4)b,)
23B(2/3,3/4)a1 + 2 2'/° + 2 2B(2/3,3/ a1\ 1/3

<1 —21/3B(2/3,3/4)by + 11z 2177 + 27 d/12]B(2/3,3/4)b1>

+ 2%/B(1/4,3/4)as + n [2 4 2°/4B(1/2, 3/4)a2} =0,

+\3/?1
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we can see that (4.2)) holds for sufficiently small by, a1,b2,as. Then (4.1) has at
least one solution for sufficiently small by, aq, b, as.
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