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EXISTENCE AND UNIQUENESS FOR BOUNDARY-VALUE
PROBLEM WITH ADDITIONAL SINGLE POINT CONDITIONS
OF THE STOKES-BITSADZE SYSTEM

MUHAMMAD TAHIR

ABSTRACT. This article shows the uniqueness of a solution to a Bitsadze sys-
tem of equations, with a boundary-value problem that has four additional
single point conditions. It also shows how to construct the solution.

1. INTRODUCTION

The planar Stokes flow based on stream function ¥ (z,y) and stress function
¢(x,y), is expressed as

¢zz - ¢yy = —47]%:;;7
—Pay = n(¢yy — Yez), 1)

where 7 is a material constant, see for the details [4, [5,[@]. The re-scaling (2n¢ — 1)
reduces the system (1.1]) to

d)xw - d)yy + 2¢xy = 07
wm - '@[Jyy - 2¢zy =0,

which is the famous second order elliptic system called the Bitsadze system of
equations and is identified as Stokes-Bitsadze system [10]. In the literature Bitsadze
appears to have been the first to question the uniqueness and existence or even the
well-posedness of subject to certain boundary conditions, see for reference
[2, B, [7]. Oshorov [8§] finds well-posed problems for the Cauchy-Riemann system
and extends those to the Bitsadze system . Vaitekhovich [12] discusses Dirichlet
and Schwarz problems for the inhomogeneous Bitsadze equation for a circular ring
domain. In the interior of unit disc a boundary value problem for the Bitsadze
equation is considered by Babayan [I] and is proved to be Noetherian. In his
paper Babayan also proposes solvability conditions for the inhomogeneous Bitsadze
equation. The unique solvability in a unit disc for the inhomogeneous Bitsadze
system is discussed in [6].
The Stokes-Bitsadze system can be expressed in the matrix form as

AU, +2BU,, + CU,, =0, (1.3)

(1.2)
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In a domain 2 C R? with boundary I a linear boundary value problem of Poincaré
for the system (|1.3)) can be formulated as

pU; +p2Uy +¢qU = a(z,y), (z,y) €l (1.4)

where

where p1, pa, q are real 2x2 matrices and «a(z, y) a real vector given on the boundary
I". The boundary-value problems of Poincaré for the Stokes-Bitsadze system will be
discussed elsewhere. In this paper we are interested in a boundary value problem
with four additional single point conditions.

2. A BOUNDARY VALUE PROBLEM WITH ADDITIONAL SINGLE POINT CONDITIONS

We consider the Stokes-Bitsadze system (1.2)) in domain Q C R? with boundary
I" subject to the following boundary conditions.

v=1Ff tYop=g onl, (2.1)
and
dp=0¢", Vo= (Ve)¥, A¢=(A¢)", at asingle point P € Q. (2.2)

Theorem 2.1. For f,g € C(T'), the boundary value problem (2.1)—(2.2)) for the
Stokes-Bitsadze system (1.2)) has a unique solution (¢,1) € C*(Q) x C*(Q).

Proof. Suppose ¢, € C*(Q). If (¢,)) satisfies (1.2), then ¢ and 1 are biharmonic
in ©, and for f,g € C(T") the problem

A% =0 inQ
Yv=f onl (2.3)
Yn=g onT

has a unique solution ¢ € C*(2), [11], that satisfies (1.2)) and (2.1)). Let the unique
solution be denoted by ©. Now we show that for the unique @ if there exists
¢ satisfying (1.2) and (2.1)—(2.2) then that ¢ is unique. Assume that the pairs

(¢1,%) and (¢2, 1) with @1 # ¢o satisfy (1.2)) and (2.1)—(2.2) and that 6 = ¢1 — ¢s.
Then from (|1.2) it immediately follows that

Oz —Oyy =0, 0yy =0 on Q. (2.4)
But then yields
0=0, Vi=0, Af=0 atP, (2.5)
and the general solution of the system becomes,
§ = ax + by + c(z* + y*) + d, (2.6)

which on imposing the conditions gives § = 0 in Q and uniqueness of ¢ thus
follows. Hence there exists at most one pair (¢,9) € C4(Q) x C4(Q) that can
satisfy and 7. We are now in a position to assume (without proof)
that (¢, ) is a solution of and (2.1)-(2.2).

Next, we suppose that P(zp,yp) and Q(z,yp) are the points in €2, refer to the
Figure [I}
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FiGURE 1. Boundary conditions and additional single point conditions

At point P the expressions (|1.2))(a) and (2.2))(c) respectively take the form

P P P

(2.7)
:}tpm + (rbgy = A¢Pa

from which it is obvious that ¢f, and ¢/, are known at P. Since (¢, 1) satisfies
(1.2)(b), therefore

~ 1 ~ ~
Dayy = §[¢my — Yyyyl, (2.8)
and on integration along P(Q we have
~ 1 [% ~ ~
(byy(xa yp) = ¢yPy + 9 / [%zy(h yP) - ¢yyy()‘7 yP)]d)\v (2.9)
~ 1 [* ~ ~
o) = 0 + 5 [ Waa(r) = O ye)lin (2:10)

Tp

Since all the terms on right hand sides of (2.9) and (2.10) are known therefore ayy
and ¢, are known along PQ. Since (¢, 1)) satisfies (1.2)(a), we have

gxm = ayy - 21;363}7 (2'11)
and using (2.9), can further be expressed as
1

(Ab’ww(xvy}’) = d)ypy + 9

/I [way()" yP) - &yyyo‘? yP)}d)‘ - szwy()" yP)' (2-12)

Further on integration along P(Q), we have
- @ 1 [H -
ute) =L+ [ ot 5 [ W) = T Ooe)]| dr
r zP (2.13)

- 2/ ny()MyP) d)‘a
zp
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whence

¢(‘T7yP)
T B
=6 ool + - an?ef,~2 [ [ ) du

1 x v 12 - N
b5 | e Ouye) = Dy )] AN d .
zp Jxp Jxp

(2.14)

Since all the terms on right hand sides of (2.11)), (2.12)), (2.13)) are known therefore

qﬁu, (;SL and qzﬁ are known along PQ and hence we know d) V¢ and Aqb at Q(z,yp).
Now from the point @ we draw the line QR where R(z,y) € Q is an arbitrary

point. Again, since ((E, 1;) satisfies (1.2))(b); therefore
~ 1 ~ -
¢zmy = 5[%“ - '(/}:L’yy]u

which on integration, along QR, gives

- 1 v N
Fue(,9) = Guslr,yp) + / Dome (2, X) — Binyy (@) NN,
yp

~ 1 Yy
qﬁw(x,y) ¢a: x, ZUP + 5 wm €, >‘ ww(m /\)]d)‘
yp

But the following expression from ([1.2])(a)
gyy = 5% + 27:[;353;7

on integration along QR gives

gy(l‘7y) = (Ey(.’ﬂ,yp) + /y [‘Za:w(x’ )‘) + 21;93?/(33’ )‘)] dA.

yp

Using (2.10) and (2.16) the expression (2.19) takes the form

g’y(xa y) = (rbg[/:) + % / [Jrr()‘a yP) - Jyy(AayP)]d)\ + (y - yP)gx:c(xvyP)

1 Y [F - N v
+ 5 /yp /yp [wwxm(-fy)\) - wmyy(ﬂj, )\)}d)\ d/.l + 2 '(/)wy(l'y)\)dA

Yyp

Integrating along QR we obtain from ([2.20)) as follows.

o(x,y) = Sz, yp) + (y — yp)dy + %

+ %(y - yp) /; (e (N yp) — Yy (N, yp)]dA

(y - yP)zamz(xa yP)

1 (Y [ [r~ ~
+3 / / [¢m¢x (xa )\) - ¢xyy (x, /\)]d)\ dudl/
2 Yyp Y Yyp Y YpP

yoopn
+ 2/ Yy (T, N)dA dp.
y

pPYYyp

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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Using (2.12)) and (2.14) we finally obtain the following expression for ¢(z,y) at an
arbitrary point (z,y) € Q.

d(z,y)

= 6"+ (@—ap)oy +(y—yr)dy + %[(:c —ap)’ + (y = yp)’oy,
- (y - yP)QJIy(x7 yP) + %(y - yP) /m [me()‘ayP) - Jyy()‘ayP)] dA

€T

+ i(y - yP)2 /wp [Jxmy()‘vyp) - Jyyy()‘vyp)]d)‘ (2.22)

x ©no_ Yy
2 [ [ ) drdu [
x Y

pJxp

Ko
Yy (@, A)dA dp

P YYypP

i /a:: /m: »/:cz Wy (N yp) — Yyyy (N, yp)ldA dp dv

/yy /yy /yp [me(x, A) - Jwy(ax, A)]dA dpdv.

pJyp Jyp

+

N~ N

Obviously we have obtained an explicit representation for (E in terms of the point

conditions and t, on the assumption that (¢, 1) satisfies (T.2) and @.1)~(2.2). Next
we show that (¢, 1) actually satisfies the Bitsadze system (1.2)) and the conditions

2.
From expression ([2.22) it is easy to verify that ¢(zp,yp) = ¢*. We use ([2.13)
in (2.17) to obtain
x

~ Ho ~
Faly) = &F + / 68, + = / Dy (A ) — Dy (0 yp)]dN] ds

P 2$P

T 1 1Y ~ _
=2 [ G Oup) g [ et ) o Nl

P

and it can be easily verified that ¢, (zp,yp) = ¢£. Similarly from (2.10) and (2.20)

we have

Sy = 0545 [ 1B e) = Gy a3+ [ Bal )+ 20 (]

x
P yp

and it follows that ggy (zp,yp) = (,b;; . Again, from (2.12)and (2.16) we obtain

~ 1 [% - ~ ~
Foa(y) = 68, + 1 / Dy (0 1P) — Dy )] dA — 2y (2, )

2
1 [Y ~ -
45 [ WaaalwX) = G V] A
yp
which at P yields
Gux(TP,yP) = ¢5y - 2¢xy(‘TPa yp), (2.23)
and from (2.7)(a) we obtain ¢uu(zp, yp) = P . Also from (2.18)) it is obvious that
Gyy (TP YP) = Gua(Tp,yp) + 200y (TP, yp), (2.24)

and (2:23)-(224) yield ¢y, (zp,yp) = ¢1,.
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Now we verify that ¢(z,y) satisfies (T.2)(a). Using (2.10) in (2.20) and then

differentiating with respect to x we obtain

go:y(xa y) = %[sz(xayP) - "Zyy(xvyP)] + %(y - yP)['(way(l‘vyP) - '(Zyyy(xvyP)]
=20~ 1) @9) 4 [ [ WrranleiN) = Faomylir N A
P)VYxaxy\L;, YpP 9 - zxzx\L, zryy \4L>

+ Z&Iz(xa y) — 2{/;“3(.%, yp),
which, since A2¢) = 0, can be simplified as
Py (2, Y)

= 7%[372}/%”6(:3327’13) +7Zyy($,yp)] - %(y - yP)[’gJIﬂy(zvyP) + Jyyy(zvyP)]

1.~ - 1~ - (2.25)
= 5 [3%aa(@,yP) + Yy (2, Y)] + 5 [Baa (. yp) + Yyy (2, yp)]
+ 50 = UP) B (2 98) + Dy (2,4P)] + 2 ),
and we obtain
Fe(2.9) = £ s (.0) — Ty . 0)] (226)
Then, to verify that ¢(z,y) satisfies (1.2)(b), we use to obtain
Gua(2,Y) = By (2,9)
= (5~ 9PV Ty (598) + 5 (0~ 90) e, 9) — Ty, 50)]
4 10~ Y2 W (7,9P) ~ Do (@, 2]
w2 [ [ G w Nr [ s 00) = o )] 0

1 (Y [v [+ - N
yp Jyr Jyp

1

- 5 / [way(Aa yP) - Jyyy()\v yP)]d)‘ - Q'Jwy(xv y)

- 1 /y [{gxzz(xﬂ )‘) - {Eﬂ?l/y(xv >‘)] d)‘v

2 Jyp
which can further be simplified to obtain

a:vm (.T, y) - gyy (ZL’, y)

— —i(y — yp)z[g'(z;wwwy(xa yP) + ?Zwyyy(.f, yP)]

— 5= 9P BTrea e yp) + Funy 9]

-3 / " [B0a ) + By (2 NN+ 55— 92T (2, 9p) + By 5)

yp

+ i(y - yP)2[31;memy(xa yP) + eryy(xa yP)]
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- 1 y ~
- 2¢wy($7 y) + 9 / [3%9@(% )‘> + wﬂiyy(x’ )‘)]d/\’
Y

and finally we have

am(x,y) - gyy(xay) = _Q&zy(x,y)a

which completes the proof. O

Conclusion. It has been proved by construction that there exists a unique solution

(¢

,0) in C4(Q2) x C*4(9) to the Stokes-Bitsadze system (T.2)) subject to the boundary

conditions ([2.1)) along with additional single point conditions ([2.2)).
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