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EXISTENCE AND UPPER SEMI-CONTINUITY OF UNIFORM
ATTRACTORS FOR NON-AUTONOMOUS REACTION
DIFFUSION EQUATIONS ON RV

TANG QUOC BAO

ABSTRACT. We prove the existence of uniform attractors for the non-auto-
nomous reaction diffusion equation
ut — Au+ f(z,u) + Au = g(t, z)

on RY | where the external force g is translation bounded and the nonlinearity
f satisfies a polynomial growth condition. Also, we prove the upper semi-
continuity of uniform attractors with respect to the nonlinearity.

1. INTRODUCTION

In this article, we study the following non-autonomous reaction diffusion equa-
tion
ug — Au+ f(x,u) + M= g(t,z), xcRY, (1)

where A > 0, the nonlinearity f and the external force g satisfy some specified
conditions later.

Non-autonomous equation are of great importance and interest as they appear in
many applications in natural sciences. One way to treat non-autonomous equations
is that considering its uniform attractors, which are extended from global attractors
for autonomous case. In the recent years, the existence of uniform attractors for
non-autonomous reaction diffusion equations or its generalized forms is studied
extensively by many authors (see e.g. [II 2, [5l [7] for the case of bounded domains,
and [I0] for the case of unbounded domains). However, uniform attractors for
in the case of unbounded domains is not well understood. In this paper, we
prove the existence and the upper semicontinuity of uniform attractors for in
unbounded domains with a large class of external force g.

To study problem , we assume the following hypotheses:

(H1) The nonlinearity f satisfies: there exists p > 2 such that
flz,uw)u > ar|ul? — o1 (x), (1.2)
(@, u)] < aglulP™ + g2 (2), (1.3)

u|t=7’ = Ur,
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ful@,u) > =L, (1.4)

where ¢y € LY(RN) N LP/2(RN) N L®(RY), ¢ € LY(RN) N L2(RY) with
l + l =1 and a1, a9, { are positive constant. For the primitive F(z,u) =
fo (z,£)d¢, we assume that there are positive constants g, aq and ¢s, ¢4 €
L' (RYN) satisfy

uslul? — o (z) < Flr,u) < aslul? + ¢ (). (1.5)
(H2) The external force g € L (R; L?(RY)) satisfies

t+1
sup/t <||g(8)‘|%2(RN) + ||3tg(s)||2L2(RN)) ds < +o0. (1.6)

teR

We borrow from [10, Lemma 3.4] the following result:

t+1
limsup sup / / (s,7)|? dxds) =0. (1.7)
k—+oo “teRN \:t|>k

Since RY is unbounded, the embedding H!(RY) c L?(R") is no longer compact,
that causes the main difficulty. By using “tail estimate” technique (see, e.g., [8,[]),
we overcome this difficulty and thus prove the existence of a uniform attractor
L?(RY). For attractors in LP(RY), we use some a priori estimates (see, e.g.,
[7, 10]) to prove the uniform asymptotic compactness of the family of processes.
Finally, the existence of a uniform attractor in H!(RY) is obtained by combining
"tail estimate” method and useful estimates of nonlinearity. The first main theorem
is as follows.

Theorem 1.1. Suppose that f and g satisfy hypothesis (H1)—(H2). Moreover, we
assume that g is normal (see Deﬁnition and f satisfies

0
|8—£(a§,s)| <ys(x), VreRM VscR, (1.8)
where 5 € L*(RN). Then, the family of processes {Uq(t,7)}ser,(g) has a unique
uniform attractor in H*(RY) N LP(RY).

Remark 1.2. To prove the existence of a uniform attractor in L*(RY) we only
need f and g to satisfy (H1)-(H2). The addition conditions: g¢ is normal is needed
to obtain the uniform attractor in L?(R"); and of f is to prove the asymptotic
compactness of family of processes in H*(RY).

Remark 1.3. In the case external force g is bounded uniformly in ¢ € R; that is,
||g(t")||L2(RN) < M7 vt € R7

where M is independent of ¢, we can use arguments similar to [I 2] to obtain
the existence of a uniform attractor in H'(R™) easily. In this paper, since g only
belongs to L2(R; L?(RY)) (see Definition , the required computations are more
complicated and involved.

Remark 1.4. The positivity of A is used for the dissipativity of the solution; that
is, the solution of the equation should be bounded uniformly in all time ¢ > 0 (See

Proposition .
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If we replace R™ by a domain  (bounded or unbounded) that satisfies Poincare’s

inequality
/\Vu|2dx20/ lu|?dz,
Q Q

then we can let A =0 (or even A > —(C'), and Proposition still follows the same
way.

If A < 0 in general, solutions of can be unbounded when ¢t — 400 even in
bounded domains. For example, consider the one dimensional equation

Up — Upe +u— (202 + Du =0, z¢€(0,1),t>0,
u(t,0) = u(t,1) =0, >0, (1.9)
u(0,z) = sin(nz),z € (0,1).

Here we have f(u) =u,g(t,z) =0and A = —(272 +1) < 0. It is easy to check that
u(t,x) = et sin(mz) is a solution to (1.9)) and

1
lut, MZeor) = / ¢ |sin(nz) 2z — +00 as t — +o.
0

Another interesting feature of this paper is that we prove the upper semi-
continuity of uniform attractors with respect to the nonlinearity. Uniform attractors
are not invariant under the family of processes, this brings some difficulties in prov-
ing upper semi-continuous property. In this work, in order to prove this kind of
continuity, we use the structure of uniform attractors, which says that each uniform
attractor is a union of kernels (see Definition and Theorem |2.5]).

We consider a family of functions f.,,v € I', such that for each v € I, f, satisfies
- and where the constants are independent of 7. The topology 7 in
I" can be defined as follows:

If v, — v in 7 then f., (z,5) — fy(x,s) for all z € RY and s € R.

Let {UJ(t,7)}oet.,(g) e the family of processes corresponding to the problem

up — Au+ fo(z,u) + M= g(t,z), =RV t>r7 (1.10)

u(t) =u,, xRN -
By Theorem for each v € I', {UJ(t, T) }sett., (g) has a compact uniform attractor
A, in HY(RY) N LP(RY). We have the second main result.

Theorem 1.5. The family of uniform attractors { A} er is upper semi-continuous
in L?(RN) with respect to the nonlinearity, that is,

lim diStL2 (RN) (A’Yn7 A’Y) = 0’
Tn—7%
whenever vy, — v in 7.

The rest of this article is organized as follows: In section 2, for convenience to
readers, we recall some basic concepts related to uniform attractors and translation
bounded functions. The proof of Theorems and is showed in Sections 3 and
4, respectively.

Throughout this article, we will denote by || - || and (-, ) the norm and the inner
product in L2(RY), respectively. For a Banach space X, | - ||x stands for its norm.
The letter C' denotes an arbitrary constant, which can be different from line to line
and even in a same line.



4 T. Q. BAO EJDE-2012/203

2. PRELIMINARIES

2.1. Uniform attractors. Let ¥ be a parameter set, X, Y be two Banach spaces.
{Us(t,7),t > 7,7 € R}, 0 € %, is said to be a family of processes in X, if for
each o € X, {U,(t,7)} is a process; that is, the two-parameter family of mappings
{Us(t,7)} from X to X satisfies
Uy(t,8)Us(s,7) =Uy(t,7), Vt>s>7, 7 ER,
Uy(r,7)=1Id, 7€R,

where Id is the identity operator, o € ¥ is the symbol, and ¥ is called the symbol
space. Denote by B(X), B(Y") the set of all bounded subsets of X and Y respectively.

Definition 2.1. A set By € B(Y) is said to be a uniform absorbing set in ¥ for
{Us(t,T)}oex, if for any 7 € R and any B € B(X), there exists Ty > 7 such that
Ugerg(t,T)B C By for all t > Ty.

Definition 2.2. A family of processes {U,(t,7)}scx is called uniform asymptoti-
cally compact in Y if for any 7 € R and any B € B(X), we have {U,,, (t,, 7)zn} is
relatively compact in Y, where {z,,} C B, {t,} C [1,+0),t, — +o0 and {0,} C X
are arbitrary.
Definition 2.3. A subset Ay, C Y is said to be the uniform attractor in Y of the
family of processes {Uy(t,T)}rex if

(i) As is compact in Y;

(ii) for an arbitrary fixed 7 € R and B € B(X) we have

lim (sup(dist y (Us (¢, 7)B, Ax)) =0,
oeY

t—oo
where disty (A4, B) = sup,¢ 4 infyep ||z — y||y for A,B CY; and
(iii) if A’y is a closed subset of Y satisfying (i), then Asx C A's.
Definition 2.4. The kernel K of a process {U(¢,7)} acting on X consists of all
bounded complete trajectories of the process {U(¢,7)}:
K ={u()|U(t, 7)u(r) = u(t),dist(u(t),u(0)) < Cy,Vt > 7,7 € R}.
The set K(s) = {u(s)|u(:) € K} is said to be kernel section at time t = s, s € R.
We have the following result about the existence and structure of uniform at-
tractors.
Theorem 2.5 ([2]). Assume that the family of processes {Uy(t,T)}ses satisfies
the following conditions:

(i) X is weakly compact, and {Uy(t,7)}sex is (X x X,Y)-weakly continuous,
that is, for any fived t > 7, the mapping (u, o) — Uy (t,7)u is weakly con-
tinuous in' Y. Moreover, there is a weakly continuous semigroup {T'(h)}n>0
acting on X satisfying
Th)YX =%,Us(t+h,7+h)=Uppye(t,7), VYoeX,t>7,h>0;

(ii) {Us(t,7)}oex has a uniform absorbing set By in'Y;

(i) {Us,(t,7)}oexs is uniform asymptotically compact in'Y .
Then it possesses a uniform attractor As, in'Y, and
Ay = UyenKsy(s), Vs €R,
where K, (s) is the section at time s of the process {U,(t,7)}.
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2.2. The translation bounded functions.

Definition 2.6. Let £ be a reflexive Banach space. A function ¢ € L} (R;E) is
said to be translation bounded if

t+1
Il = ol ey =sup [ llolds < o
teR Jt

Let g € L} (R, L*(RY)), we denote by H,,(g) be the closure of the set {g(- + h) :
h € R} in L (R; L?>(RY)) with the weak topology. The following results are proved
in [3].

Lemma 2.7 (|3, Proposition 4.2] (1) For all o € Hy(g), HO’H%g < ||g||i§;

).
(2) The translation group {T(h)} is weakly continuous on Hqy(g);
(3) T(h)YHw(g) = Huw(g) for h > 0;
(4) Huw(g) is weakly compact.

3. EXISTENCE OF UNIFORM ATTRACTORS

In this section, we prove the existence of uniform attractors for the family of
processes corresponding to problem . First, we state without proofs the results
about the existence of a unique weak solution of and then prove there exists a
uniform absorbing set for {Us (¢, 7)ur } o, (g)- Next, by a technique so called "tail
estimate” we obtain a uniform attractor in L?(RY). Then, using abstract result in
[10], we prove the existence of a uniform attractor in L? (R ). Finally, the existence
of the uniform attractor in H!(R¥) is obtained by combining ”tail estimate” and
arguments in [5].

3.1. Existence of uniform absorbing set.

Definition 3.1. A function u(t,z) is called a weak solution of (1.1)) on (r,T),
T>r,if

ue C([r, T); L*(RY)) N L (7, T; LP(RY)) N L2 (7, T; H*(RY)),
u, € L*(1,T; L*(RY)),
u(t, ) = ur(z)a.e. on RV,

and for any v € C([r,T] x RY),

T T
/ / (uv + VuVo + f(z,u)v + duw) = / / gu.
T JRN T JRN

By the standard Galerkin-Feado approximation, we can find the existence of
unique weak solution for problem in the case of bounded domains. To over-
come the difficulties of unboundedness of the domains, following [0], one may take
the domain to be a sequence of balls with radius approaching co to deduce the
existence of a weak solution to in RY. Here we state results only, for the
details of the proof, readers are referred to [6].

Theorem 3.2. Assume that f and g satisfy (H1)-(H2). For any u, € L*(RY) and
any T > 7, there exists a unique weak solution u for problem (L.1)), and

ue O (r, T LA RY)); € L? (1, T; L*(RY)) .
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From Theorem 3.2} we can define a family of processes {U, (t, 7)}gen,, (g) associ-
ated with (1.1)) acting on L2(RY), where U, (¢, T)u, is the solution of (1.1) at time
t subject to initial condition u(7) = u, at time 7 and with ¢ in place of g.

Proposition 3.3. There exists a uniform absorbing set B in H'(RY) N LP(RN)
for the family of processes {Uy(t,7)}gen, (q) corresponding to (L.1)).

Proof. Consider the equation
—Au+ f(z,u) + Au=o(t, ). (3.1)
Taking the inner product of (3.1)) with 2u in L?(RY), we have

d
%IIUH2 + 2|V + 2(f (2, u), u) + 2X|ul* = 2(a (1), ). (3.2)
Using (|1.2)), applying the Cauchy and Young’s inequalities,
d
— el + HUII2 + 2| Vul* + 20 [Jul|, gy < IIU( Z+ 261l Li@n).  (3:3)
By Gronwall’s lemma, we find
CA(tr 2ldillieyy | 2 [ _ais
u®F < el 4 ZEEED 2 [N o) s, (3.4)

For the last term of the right hand side,

t t t—1 t—2
/ e=2=9) 5 (5)]|2ds < (/ +/ +/ o) o ()] Pds
- t—1 Ji—2 t—3

t t—1
< o(s 2ds—l—e_)‘/ a($)|I* +...
| 1ol ot 5
< (1 +e M e —&—)HaH%g
1

2
< m”g Iz
Combining (3.4)-(3.5)), and noting that u, belongs to a bounded set B, there exists
a Ty > 0 satisfies

2|1z @) 2¢? lgll2
) Aer — 1) iz
for all ¢t > Ty, all u, € B and all 0 € H,,(g). By integrating (3.3]), we find that

t+1
/t (Sas) 1 + 20 Fu(s) [ + 200 () [ o, ) s

Ju(t)]|? < po=1+ (3.6)

2 [itl 2

<+ 5 [ lotoras + A2En (37)
WA )

> 2l e
< po+ lllf; + =52,
for all ¢ > Ty. From (1.5)),
1
ey > - ( [ | Flaude = Joalses)).

and , it leads to

t4+1
/ ()\Hu(s)H2 + | Vu(s)|]? + 2/ F(x,u)dx)ds <C, foralt>Ty (3.8)
t RN
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On the other hand, by multiplying (3.1)) by 2u; then integrating over RY, after
using Cauchy’s inequality,

d
Jul + 5 (Nl + [9al? +2 [ Fawde) < o). 39)
t N
From (3.8)-(3.9) and the uniform Gronwall inequality, we obtain
Mlul? + | Vul? + 2/ F(z,u)dx < C, for all t > Ty. (3.10)
RN
Using (1.5) again, there exists p; > 0 such that, for all ¢ > T,
Ju(®) |2 + IV + [ulO)Np ) < 1, Vur € B¥o € Hulg).  (311)
This completes the proof. ([l

Lemma 3.4. The family of processes associated with problem (1.1]) is (L?(RN) x
Huw(g), HL(RYN) N LP(RY)) weakly continuous, that is, for any x, — xo in L2(RY)
and op, — o in Hy(g), we have

Uy, (t, Ty — Uy(t,7)x in H'(RY) N LP(RY), (3.12)
forallt > 1.
Proof. Denote by u,(t) = Uy, (t, 7)x,, then u, solves

Optiy, — Aup + f(2,up) + Aup = 0,(t), (3.13)

with initial condition w,(7) = x,. Using arguments in Proposition [3.3] we can
deduce that there exists a function w(t) such that

U, — w weak-star in L>(7,t; L*(RY)), (3.14)
U, = w in LP(7,¢; Lp(]RN)), (3.15)

and the sequence
{un(s)}, 7 < s <t, is bounded in H*(RY) N LP(RY). (3.16)

By and ,
{f(x,uy)} is bounded LI(r,t; LYRN)),
thus, by equation ,
{Oyu,} is bounded in LI(7,t; LY(RN)) N L2(7, t; H~H(RN)).
Therefore, one can pass to the limit (in the weak sense) of equation to have
wy — Aw + f(z,w) + dw = o(t), (3.17)

with w(7) = z. In fact, there are some difficulties to overcome when one wants
to show f(z,u,) = f(x,w), but it can be solved by taking the domain to be a
sequence of balls with radius approaching co as mentioned before Theorem [3.2] By
the uniqueness of the weak solution, we obtain U, (¢, 7)r = w(t) and thus complete
the proof. O
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3.2. Existence of a uniform attractor in L*(RY).

Lemma 3.5. For any e > 0, any 7 € R and any B C L*(RY) is bounded, there
exist T, > 7 and K. > 0 such that

/ o Uy (t, T)u, |*de < e, (3.18)

forall K> K., t >T., allu; € B and all 0 € Hy(g).

Proof. Let ¢ : [0,+00) — [0,1] be a smooth function such that ¢(s) = 0 for all
0<s<1and¢(s)=1forall s> 2. It is easy to see that ¢'(s) < C, for all s, and

¢'(s) =0 for all s > 2. Denote u(t) = U, (t, 7)u, and multiply (3.I) by 2(/)('36' )u,
where k£ > 0, we obtain

% RN¢>('£L) |dx+2/ ¢<|z|22>|Vu|2dx+2/RN¢(|lﬁ|22) T Yuds
+2/ (b('k‘;)f(:r u)udw+2)\/ (b('i—'j)\uﬁdx
—2/D§N¢(|k|22>ua(t,x)dx.

Now, we estimate terms in (3.19). First, using condition ([L.2)) of f, we find

ANdzfﬁ@wmmzANNIFMMMthme@Wm (3.20)

Next,

(3.19)

|z|?\ 2z Clz|
¢ =5 Ju— - Vudz| < ul|Vul|dz
|/]RN ( k2 ) k2 | |:I?‘<kf k2 | || ‘

g—/ (|| Vu|dz (3.21)
% Jon

C 9 9 c
<= <=
< = (Ihull? + 1 vul?) < 7,

for all ¢ > Ty, since (3.11). Finally, for the right hand side of (3.19)),

2‘/ txudx‘< / (‘x|)|ata:|d —|—/\/ ||dx

(3.22)
Combining (3.19)-(3.22), we obtain
4 ¢(‘“”| )luP dm—i—)\/ (‘ i )luf? dx+2/ ¢(@>|Vu|2dx

C
< -+ 2/ |1 (x)|dx + 7/ lo(t,z)|*dx.
k o] >k A Jjz|>k
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By Gronwall’s lemma, proceed as (3.5)), we conclude that

/RN¢(|:;|22>|u(t)|2dx+2/t e”\(t’T)/R <| il >|Vu|2dxds

T

C
< 7A(t77)/ ||
<e RNd)( >|uT| dr + — &

2 I
+ 5 |p1(z)|dx + —/ e_’\(t_s)/ |lo(s,x)|* dz ds (3.24)
A Jjal>k AJr 2| >k

1
<N+ 0(+ [ lona)ide)
|z| >k

t+1
4+ — sup/ / (s,x deds
A1 —e™?) ter |x\>k )

Using (1.7) and the fact that ¢; € L1(RY), it can be followed from (3.24) that

lim sup lim sup/ lu(t)|?dx = 0, (3.25)
|z|>kV2

t—+o0o k—+oo

which completes the proof of (3.18]). d

Theorem 3.6. Assume that assumptions (H1)—(H2) hold. Then the family of
processes {Uy (t,7) Yoet, (g) POssesses a uniform attractor Ay in L*(RY). Moreover,
we have

Az = User, (9)Ko(s)  forall s € R. (3.26)

Proof. By Proposition the family {U,(t,7)}sen,, () has a uniform absorbing
set in L2(RY). Thus, it is sufficient to prove the uniform asymptotic compactness of
{Us(t,7)}oertu(g)- Let {x,} be a bounded set in L*(RY), {t,} be a sequence such
that ¢, — +00 as n — oo, and {0, } be an arbitrary sequence in H,,(g). We have to
show that {U,, (t,, T)x,} is precompact in L?(R"). Let € > 0 arbitrary. For K > 0,
we denote Bx = {z € RY : || < K}. From Lemma and lim,,—. t, = 400,
there exist K > 0 and Ny € N satisfy

5
U, (tns T)ZnllL2(Bs.) < 3 Vn > Ny, (3.27)

where Bf = RV\Bg. On the other hand, from Proposition {Us, (tn,T)xn}
is bounded in H'(RY), and then {U,, (t,,7)x,} restrict on B is bounded in
HY(Bg). Since, HY(Bf) — L?*(Bg) compactly, {U,, (tn,T)r,} is precompact in
L?(Bg), thus there exist a subsequence {n’} C {n} and N; such that

Us, (o TV ms — Usy, (ks ™) || 12 (510 < % for all m/,n' > Ny, (3.28)
Taking N = max{Ny, N1}, then for all m’,n’ > N,
1Us,., (tmss T)Zmr — Us,, (tnrs T)Tnr || L2 (mVY
< ”Ucr /( m/,’r)xm/ - Ucr /(tn’ T)xn’”L? (Bxk) (3-29)
+ ”Ucf /( m's T )Ty ”L2 Be) T ”UG (t n’»T)xn’HLZ(B“ ) S €,

by (3.27) and (3.28). This prove that {U,, (t,,T)z,} is precompact in L?(RY).
Relation ((3.26] follows directly from Theorem and Lemma The proof is
complete. O
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3.3. Existence of a uniform attractor in LP(RY). To obtain the existence of
a uniform attractor in LP(RY), we assume that the external force g belongs to L2,
the space of normal functions, which is defined as follows.

Definition 3.7. A function ¢ € L% _(R; L>(RY)) is said to be normal if for any
€ > 0 there exists n > 0 such that

t+n )
sup [ o) e s < .
teRN Ji
Lemma 3.8 ([]). If g € L2(R; L2*(RY)) then g € L2(R; L*(RY)) and for any
T €RY,
t
lim sup/ e_”(t_s)||a(s)||2L2(RN)ds =0,
V=% > Jr

uniformly with respect to o € Ha,(g).
We also need an additional result whose proof can be found in [10].

Lemma 3.9 ([10]). Assume {Us(t,7)}oet, (g) is @ family of processes in L*(RY)
and LP(RN), p > 2. If
(i) {Us(t,7)}oern(g) PoSsesses a uniform attractor in L*(RY);
(i) {Us(t,7)}oettn(g) has a bounded uniform absorbing set in LP(RN);
(iii) for any € > 0 and any bounded set B C L*(RY), there exist T = T(e, B)
and M = M (e, B) such that

/ |Us (t, T)ur|Pde < e, for all o € Hy(g),t > T,u, € B, (3.30)
QU (t,7)ur | = M)

where Q(|Uy (¢, T)ur | > M) = {z € RN : Uy (¢, 7)u,(z) > M};
then {Uy(t,7)}ser. (g) has a uniform attractor in LP(RYN).

Theorem 3.10. Assume that f and g satisfy (H1)—-(H2). We also assume that g is
a normal function. Then the family of processes {Us(t,T)}oem,, () has a uniform
attractor A, in LP(RN), moreover A, coincides with As.

Proof. By Proposition [3.3] Theorem [3.6]and Lemma[3.9] we only have to prove that
{Us(t, 7) }oetta (g) satisfies condition (iii) in Lemma Let B be a bounded subset
of L2(RY) and & > 0 arbitrary. For u(t) = U, (t,7)u,, we denote by (u — M), the
positive part of u — M; that is,

u—M ifu>M
- M), = - 3.31
(u )+ {O otherwise, ( )
Multiplying (1.1]) by p(u — M )ﬂ_l, we obtain
d _
= M + 0o = 1) [ VPl M) 2
RN
o Flu)(u— M) da (3.32)

:/ ot ) (u— M7 dz.
RN
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By (1.2), we can take M large enough to get f(z,u) > Clu/P~! when u > M, and
thus,

F@) =M e = C [l (- M) da
RN RN

>C [ w= M) e OMP 2 (= M)+
R

For the external force,

/RN o(t,z)(u— ML de < Ola(t)]* + C/RN (u— M)?~*da. (3.33)
Combining (3.32)-(3.33), we obtain

d _

D= D)y + OMP 2 (u = D) vy < CloE. (339)

By Gronwall’s lemma,

_ P—2(p__
() = M)l @ny < e M T (u(Tr) = M)l g,

¢ - (3.35)
+C [ e M o (s) | 2ds,
T
where T is in (3.11)). Applying (3.11)) and Lemma [3.8] we obtain
/ [(w(t) = M)y |Pdz < e, uniformly in u, € B,o € Hy(g), (3.36)
Q

when ¢ and M are large enough. Repeat steps above, just replace (v — M) by
(u+ M)_, where

M ifu<-M
(ut M) = v s (3.37)
0 otherwise,
we can find ¢t and M large enough such that
/ [(w+ M)_|Pdx <e, Yu, € B,Yo € Hy(g). (3.38)
Q(u<—M)
From (3.36)) and (3.38)), we obtain (3.30)) and hence complete the proof. |

3.4. Existence of a uniform attractor in H'(R™) N LP(RY). In this section,
we prove the uniform attractor in H'(R™) N LP(RY). For this purpose, we first
assume an addition condition of the nonlinearity

\%ﬁ(axw} < ¢5(), (3.39)

where ¢5 € L2(RY). Next, we show that solutions of (I.1)) is uniformly small when
time and spatial variables are large enough. Finally, combining this and arguments
similar to the ones used in [5], we can prove the uniform asymptotic compactness

of {Ug (t, T)}UGHU,(g) in H! (RN).

Lemma 3.11. For any 7 € R and any bounded set B C H'(RN) N LP(RYN), there
exist po > 0 and Ty > 7 such that

llus(8)||> < p1, ¥t > T, Yu, € B, Vo € Hy(g). (3.40)
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Proof. Integrating (3.9) from ¢ to t + 1, where ¢ > Ty, using (L.5) and (3.11]), we

have

t+1
[ TulPds + 21éal ey
t

2 2 il 2 (3.41)
S M@l + [[Vu@[*+2 | F(z,u)dz + llo(s)[I"ds
RN t
< (A + 14 2a4)p1 + 2l¢all iy + llgll72,
thus 1
/ |ut(s)||2ds < C, for all t > T. (3.42)
t

Now, differentiate (3.1) with respect to time, denote v = u;, then multiply by 2v
in L2(RY), we see that

d
1017+ 20Vol” + (f (2, w)v, 20) + 2|l = (o' (2), 20). (3.43)
By (1.4) and Cauchy’s inequality,
d, 2 2, Lo
— <2 — . 44
SlolP < 260l + 1o’ ()] (3.44)
Combining (3.42)) and (3.44)), then using the uniform Gronwall lemma, we obtain
(3-40). 0
Lemma 3.12. For any 7 € R, and any bounded set B C L*(RY),
[ U@ Uatt e < OO+ 100 e (3.45)

forallt > Ty, allu, € B and all 0 € Hy(g).
Proof. Multiply (T.1) by |u[P~2u in L2(RY), we obtain

(s [ul?2u) + (p — 1) / Yl ulr~2de

(3.46)
+ [ fayulu =2+ Al g, = (ot 2). [l )
By the Cauchy and Young’s inequalities,
(sl 20) < Cllu* + % [ -2, (3.47
4 Jon
(ot a)fuP2u) < Cla®lP + 5 [ a2, (3.48)
RN
Using (|1.2)), we obtain
/ f(a:,u)u|u|p72dm2a1/ |u|2p72dx—/ b1 () |ulP~2dx
RN RN RN (3.49)
2
> ar [P de = Ol o, = Clull o,
From ([3.46)—(3.49)), we obtain
t)*~2dz < O(1 t)[1 o1l t)|?
/RN |u(t)] < O+ [lue@®I” + [w®)l 2o @y + lo@)]7) (3.50)

< CA+[le®)]?),
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for all ¢ > max{Tp, T} }, since (3.11) and (3.40). On the other hand, by (1.3)),

/ ) Pd < 2a§/ P 2dz + 2 a2 (3.51)
RN RN
This, combining with (3.50), completes the proof. O

Lemma 3.13. For any e > 0, any 7 € R and any B C L?*(RY) is bounded, there
exist T. > 7 and K. > 0 such that

/ » VU, (t, T)u, |*de < ¢, (3.52)

forall K> K., t >T., allu; € B and all 0 € Hy(g).

Proof. By multiplying (L.1) by —2¢(|z|?/k?)Au, where ¢ is in Lemma we
obtain

i Loo(iymba vz [ (50t vud

o [ o(ED)supar vz [ o(M0) vl

w2 [ o(V i vuarse [ oM tewve 6
+2>\/RN¢(2|22)|VU|2+2)\/RN¢ ('?2 ) Vudz

2
= _/RN J(t,x)¢><|k| )Audm

Using arguments similar to Lemma taking into account (|1.8)), we find that

d ||
i ], ( >|V|da:+/\/ |V|dx

<o / By s + € (||ut2+|u||2+||w||2 [ apas)
2
—i—/R (l | )|¢5( )Pda +C jo(t, 2)[*dz.

2| >k
(3.54)
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By Gronwall’s lemma, Lemma [3.5] and Lemma [3.12]

[ o) wutoas

K ||
< NP+ 0 [ e [ (B Tu(s)P deas
T RN k2
C " s
+?/T€ A= (14 Jlug(s) |12 + IV u(s)]® + llo(s)]|?)ds
t
+C [ |¢s(a)Pde+C / e=A(t=9) / o (t, )| da ds (3.55)
|z|>k T |z|>k

t 2
< D Tu(T)|? + O / e_w_s)/ () ITuto)?da s
T RN k

c [t s
+?/Te A=) (1 + pg + p1 + ||o(s)||?)ds

t+1
+C |</>s(w)\2d:v+Csup/ / \g(t, 2)|? d ds.
|z| >k teRN J¢ |z| >k

From (3.11)), (3.24) and the fact that ¢5 € L?(RY), after detailed computations,
we obtain from ([3.55) the desired result. O

Now, we define a smooth function ¥ = 1 — ¢, and for a given positive number
k, define v¥(t, ) = +(|z|?/k?)u(t,z). Then, v* is a unique solution to the initial
Cauchy problem

2
oF — Avk 4 w<|z—|2)f(:v,u) + MoF
|z |z

= ulAip + %dj’(ﬁ)x -Vu + w(?)g(t),

v*op,, =0

R (1) = w(%)ur

(3.56)

Consider the eigenvalue problem
—Aw = Aw in By, with wlgp,, = 0.

Then the problem has a family of eigenfunctions {e; };>1 with corresponding eigen-
values {\;};>1 such that {e;};>1 form an orthogonal basis of H}(Bzj) and 0 <
A < A < ... <\, — oo. For given integer m, any u € H}(Bax) has a unique de-
composition v = u; +ug = Ppu+ (Id — Py,)u, where P, is the canonical projector
from H}(Bsay) onto the subspace span{eq, ez, ..., em}.

We have the following lemma about the precompactness of v¥.

Lemma 3.14. Let k > 0 is fired. Then, for any 7 € R and any € > 0, there exist
T > 71, my €N such that

|(Id — Pm)vk(t)qué(B%) <e, Vt>T,m>mg and Vo € Hy(g). (3.57)
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Proof. Let v* = P,,v* + (Id — P,,)v* = vy + v, and then multiply (3.56) by —Aw,
in L?(Bay), we find that

1d

L a2y ey + 1802 3

|z
-/ w( o )AUQf(x wdz + M2 |3 5,0
* (3.58)

4 2
< —/ uAvo Apdr — ﬁ/ )’ (ZL )Avga: Vudzx
Bag Bk

/B2kw(|lj|22)g(t)Av2dw.

From definition of 1, we obtain

’ (|x\ )Avgf z,u)dz| < = HAUgHLQ(B% —I—C/ (z,u)|*dz,  (3.59)

/ wAvs Az < 7||Avg||%2(3%) +Clul?, (3.60)
Bay
" (|$|2)Av v Vudz < f||Av 112 + O Vulf?, (3.61)
Bay, k2 2 2I1L2(B2k) :
T 2
[ o(BF)s0nuts < Glanltu, +Cls@l?. @62
Box k 8

From (3.58)-(3.62]) and noting that ||Avg||%2(32k) > )\m||v2||§{&(32k), we obtain

d
aHWH%{g(B%) + )‘mHU2||§13(B%)

<Ol +IVal + | 17 wPde + o).
Take T large enough such that (3.11]) and (3.45) hold for all ¢ > T'. Integrating
(3.63)) from T to ¢t > T, and using (3.11]) and (3.45|), we find that
2
Hv2(t)||Hé(B2k)

< e_Am(t—T)||U2(T)||?{01(sz)

te*’\’"(tfs) u(s)|? u(s)||? z,u(s))|?dz + ||o(s)||? )ds (3.64)
+0/T (k)12 + [IVu(s)] +/R|f<,<>>|d+||<>||)d

(3.63)

t
< D oDy + € € (14 ik o)) ds
Noting that

w2 () g3 (Bary < N0 (o) < N(Dlpr vy < 1
and taking into account Lemma we obtain (3.57) by letting ¢ and m tend to
infinity. (]

Proof of Theorem[I.1. From Proposition [3:3] there is a bounded absorbing set in
HYRN)NLP(RY) for {Uy(t,7)}sert, (9)- Thus, by Theorem |3.10] it is sufficient to
prove the uniform asymptotic compactness of {U, (t,7)}ser,, () in H'(RY).
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For 7 € R, let {x,,} be a bounded sequence in L2(R"), {t,} such that ¢, — +oo
and {o,} C Hy(g), we have to prove that {U,, (t.,7)zn}n>1 is precompact in
HY(RY). Given € > 0, from Lemmas and there exist k1 > 0 and N; such
that

/ ([ (b ) ? + VUi, (s T)al?) dr < e, (3.65)
ol >2k
asn > Ny and k > kq. Denote
R (L) = qp(@)U (tn, 7) (3.66)
n) = L2 on\ln, n- .
From Lemma [3.14] we obtain Ny and m € N satisfying
| (1d = Pa) v (t) 2 ey < & (3.67)

whenever n > Ny. By Proposition we find that {P,,(v*(t,))}n>1 is bounded

in a finite dimensional space, which along with (3.67) shows that {v*(t,)},>1 is
precompact in Hj(Bay). Thus, we obtain by t {Us,,, (tn,T)xy} is precom-
pact in H'(Byy) since ¥(|z|?/k?) = 1 as |z| < k. Combining this with inequality
implies the uniform asymptotic compactness of {U,, (t,,7)z,} in H}(RY).
This completes the proof. ([l

4. CONTINUOUS DEPENDENCE OF THE ATTRACTOR ON THE NONLINEARITY

Recall that in this section, we consider a family of function f,,v € I, such that

for each v € T', f, satisfies (1.2)-(1.5) and (1.8) where the constants are independent
of 7. The topology 7 in I' can be defined as follows:

If v, — v in 7 then f, (z,5) — fy(x,s) for all z € RY and s € R.
Let {UJ(t,7)}oem, (g) be the family of processes corresponding to the problem
up — Au+ fo(z,u) + M= g(t,z), RN t>7 (41)
u(t) =u,, x€RY, ‘
From the previous section, for each v € T', the family of processes {U] (¢, 7)}oet.,, (g)
has a compact uniform attractor A, in H'(R™). Our aim in this section is proving
the upper semicontinuity of a family uniform attractors { A, },er; that is, if v, —
in 7 as m — oo, then A, = tends to A, in the sense that

lim diSth(RN)(.AA/m,AW) =0. (42)
The following lemma is the key.
Lemma 4.1. Let {z,} C L*(RY),{0.} € Huw(g) and {y,} C T such that

T, — o weakly in L*(RY), (4.3)
on — o weakly in Hy(g), (4.4)
Yo — v in T (4.5)

as n — oo. Then, for any t > T, there exists a subsequence {j} of {n} such that

Ugi(t,m)z; — UJ(t, T)xo  strongly in L*(RM). (4.6)
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Proof. Denote by uy,(t) = UJ"(t, T)x,, we find that u, solves the problem
Oty — Aup, + fry, (T, Un) + Ay, = 0, (t),

! (0 ( .

un(7) = Ty

Using Proposition [3.3|and noting that all constants are independent of n, we obtain
{u,(t)} is bounded in H*(RY) uniformly in n. (4.8)

Thus, there exists a function vy € L?(RY) such that u, () — vy weakly in L*(R"Y)
(up to a subsequence). For each m > 0, take any ¢ € L*(B,,), we set ¢(x) = ¢(x)
for all 2 € B,, and ¥(x) = 0 for all x > m. It is obviously that ) € L2(R") and

(Uun(t), %) L2(B,) = (Un(t), %) L2@Ny = (V0,¥) L2y = (V0,¥)L2(B,,)- (4.9)

It implies that u,(t) = vg in L?(B,,) for all m > 0. On the other hand, by (4.8)), for
m > 0, {u,(t)} is bounded in H'(B,,), then we find that {u, (t)} is precompact in
L?(B,,) since H'(B,,) — L*(B,,) compactly. By a diagonalization process, we can
choose a subsequence {j} of {n} and v, € L?(B,,) such that u;(t) — v, strongly
in L?(B,,) for all m > 0. Taking into account that u, (t) — vy weakly in L?(B,,)
for all m > 0, we obtain, by the uniqueness of weak limit,

u;(t) — vo strongly in L?*(B,,) for all m > 0. (4.10)
We will prove that u;(t) — vo in L?(RY). Indeed, we have

i (®) — vl < |uj (t) — vol* + 2 ) lu; P +2 [ Jwl’ (411
R B

c
m B’I n m

We now control terms of the right hand side of (4.11)). First, by (4.10)) we obtain

/ luj(t) — vo|* — 0 as n — +oo0. (4.12)

m

Next, using arguments in Lemma we easily deduce that

t+1
/ lu;(t)[2dx < e T / |z |?dx + Csup/ / lg(s,x)|? dx ds
B t |z[Zm

n B . e (4.13)
+0 [ Jo@ln+ 5 [ (@ + 190 ()R ds
Applying (1.7), @.3), 1 € L*(RY) and Proposition in (4.13) gives us
/ lu;(t)|*dz — 0 as j,m — +oo. (4.14)
B,
Because vy € L2(RY),
/ lvo|?dx — 0 as m — +oo0. (4.15)
BZ,
Combining (4.11)-(4.15)), we claim that
uj(t) — vo in L*(RY) as n — +oo. (4.16)
On the other hand, doing similarly to Lemma[3.4] we have
Ugi(t,m)z; = UJ(t,T)zo  in L*(RY). (4.17)

From (4.16)) and (4.17) we obtain the desired result. O
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Proof of Theorem[1.3, Assume that dist 2g~)(A,,,Ay) 7 0. Hence, by the com-
pactness of A, we can choose a positive constant § > 0, a subsequence {m} of {n}
and ., € A, satisfying

dist p2 gy (Y, Ay) >0 for all m > 1. (4.18)
Since {UJ™(t,7)}sen,, () has a uniform absorbing set, which is independent of m,

we see that the set A = U,,>1A4,,, is bounded in L?*(R"), and then by the uniform
attracting property of A, we can choose ¢ large enough such that

1)
diStL2(RN) (UJ(t,0), .A,y) < > for all o € Hy(g)- (4.19)

On the other hand,

Ay, = Usen, (Ko (1), (4.20)
thus there exists a o, € Hy(g) such that ¢, € KJ(t). By definition of K~
we obtain an z,, € KJm(0) that satisfies ¢, = UJm(t,0)x,,. Since {z,} C
Um>1K27(0) is bounded in L*(RY), H,(g) is weakly compact, we can assume
without loss of generality that

Ty — xo in L2(RY), (4.21)
Om — 00 In Hy(g)- (4.22)
Now, applying Lemma [4.1] we deduce that
Uy = UJm (t,0)2, — UJ (t,0)z0 € U] (t,0)2, (4.23)
which contradicts with and . This completes the proof. (I
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