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NUMERICAL APPROXIMATION FOR A DEGENERATE
PARABOLIC-ELLIPTIC SYSTEM MODELING FLOWS IN
POROUS MEDIA

RABAH-HACENE BELLOUT

ABSTRACT. We present a numerical scheme for the approximation of the sys-
tem of partial differential equations of the Peaceman model for the miscible
displacement of one fluid by another in a two dimensional porous medium. In
this scheme, the velocity-pressure equations are treated by a mixed finite ele-
ment discretization using the Raviart-Thomas element, and the concentration
equation is approximated by a finite volume discretization using the Upstream
scheme, knowing that the Raviart-Thomas element gives good approximations
for fluids velocities and that the Upstream scheme is well suited for convection
dominated equations. We prove a maximum principle for our approximate
concentration more precisely 0 < ¢p(z,t) < 1 a.e. in Qr as long as some grid
conditions are satisfied - at the difference of Chainais and Droniou [6]who have
only observed that their approximate concentration remains in [0; 1] (and such
is the case for other proposed numerical methods; e.g., [22} 2I]). Moreover our
grid conditions are satisfied even with very large time steps and spatial steps.
Finally we prove the consistency of the proposed scheme and thus are assured
of convergence. A numerical test is reported.

1. STATEMENT OF THE PROBLEM

This article is concerned with the numerical approximation of the system of
partial differential equations modeling the miscible displacement of one fluid by
another in a two dimensional porous medium, when the molecular diffusion effects
are neglected.

Let Q be a convex polygonal bounded domain in R?, representing the porous
reservoir, (0,7") a time interval and Qpr = Q x (0,7). Under appropriate physical
assumptions, the equations describing the displacement of one incompressible fluid
by another, completely miscible with the first, are given by:

divu=gq¢" —¢, (L.1)
1
u=———gradp, 1.2
e 2
Orc+u-gradc — div(D(u) grade) + cq~ = éq™  in Qrp. (1.3)
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We refer to Bear [3], Chavent and Jaffré [7], and Scheidegger [20] for a detailed
description of the model. Here, the gravitational terms are omitted for simplicity
of exposition, p denotes the pressure in the fluid mixture, u is the Darcy velocity,
c is the concentration of one of the two components of the fluid mixture, and u is
the concentration-dependent viscosity. By definition

0<c(z,t) <1, (x,t) € Qr.
We assume that the function p is such that g and 1/u are strictly convex, and
peC*([0,1), 0<p- <ple)<py Yee(0,1), (1.4)

where p_ and py4 are two fixed real numbers. The following form is widely used,

see Koval [16],

uie) = p(0)(1+ (MY = 1)e) ™, (15)

where M = ;(0)/p(1) > 1 is the mobility ratio, this function satisfies (I.4). The
stability of the flow is characterized by the mobility ratio. At relatively high flow
velocities, corresponding to Péclet numbers Pe > 1, the effects of mechanical
dispersion are much greater than those of molecular diffusion, the contribution of
molecular diffusion often is negligible, see Bear [3], Pearson and Tardy [18]. In this
case, the tensor D(u) has the form:

uu’

+dt<|u|I— uzT)) (1.6)

where [ is the identity matrix, and d; > d; > 0 are the longitudinal and transverse
dispersion coeflicients, respectively.

The functions ¢t and ¢~ are the injection and production source terms, respec-
tively, and ¢ is specified at the sources and is equal to the resident concentration at
the sinks. System f 7 which is a partial differential system is of degenerate
elliptic-parabolic type, is completed by the boundary conditions

D(u) = (dl -

u-v=0 onD7p, (1.7)
D(u)gradc-v=0 on I'r, (1.8)

and by the initial condition
c(x,0) = co(x) for z € Q. (1.9)

Here 't = T x (0,T), T denoting the boundary of €, and v is the unit normal
pointing outward €.

Since the pressure is only determined up to a constant we additionally require
that the pressure is normalized; i.e.,

/ p(z,t)de =0, te(0,7T). (1.10)
Q

Equation (with (|1.2))) is the pressure equation derived from the conservation of
the total mass and (|1.3) is the concentration equation derived from the conservation
of mass for one of the two components of the mixture. The pressure equation is of
elliptic nature while the concentration equation is an advection-diffusion equation,
advection being the dominant phenomenon. Notice that, because the molecular
diffusion effects are neglected, Equation is of degenerate parabolic type; the
tensor D(u) is semi-positive, satisfying

D(w)g - & > diful [, |D(w)€] < dilullg] for & € R,
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The diffusion operator may be zero pointwise, it can be small or zero in regions of
the solution space, and fairly large for other values of the solution. Consequently,
solutions of the concentration equation will, in general, possess minimal smoothness.
We do not know a priori the regions where u has zero, small or large values. Taking
into account the molecular diffusion effects makes the tensor D(u) more regular and
our next analysis will be still valid. We did not also include the permeability in our
model since we were mainly concerned by the degenerate type of the concentration
equation . We assume that ¢™ and ¢~ are non-negative functions satisfying
qt, ¢~ € L*°(0,T; L*(Q2)) with

/(q+ —q )(z,t)de =0 ae. forte (0,T) (1.11)
Q

while ¢g and ¢ satisfy
Gyep € L), 0<é(z)<1, 0<c¢y(z)<1ae. in. (1.12)
System (1.1)—(1.3), (L.7)— (1.9) is referred in the following as Problem £2. This

problem is a nonlinear system coupling an elliptic equation and a degenerate par-
abolic equation. A weak solution of Problem & is defined by the following sense.

Definition 1.1. A pair (p,c) is said to be a weak solution of Problem &2 if:

(i) p€ L*(0,T; H'(Q)) and p is a solution of the elliptic problem (1.1]), (1.2,
(L.7), (1.10p;
(ii) ¢ € L=®(Qr) with 0 < ¢(z,t) < 1 for a. e. (z,t) € Qp, |u|'/?gradc €

L?(Q7))?, and c satisfies (1.3)), (1.8), (1.9) in the sense

/ cOrp + cu - grad ¢ — D(u) grad ¢ - grad ¢ — cq” p} dx dt
Qr
(1.13)
= —/ éqtpdr dt — / co(z)p(z,0)de,
Qr Q

5
~J

for any ¢ in C?(Qr) with compact support in  x [0, 7.

The existence of a weak solution of Problem & is proved by Amirat and Ziani
in [2]. In this paper we are concerned with the numerical approximation of a weak
solution of Problem £2. Several numerical procedures for hyperbolic or advection-
diffusion equations arising from flow problems in porous media have been proposed
and analyzed. We refer to Douglas and Hornung [9], Wheeler [23] and references
therein.

The following works are closely related to our subject. Jaffré and Roberts [I5]
considered the non degenerate elliptic-parabolic system modeling a miscible flow,
including molecular diffusion effects. They derived error estimates for a semi-
discretized problem. Eymard and Gallouét [12] considered a system of an ellip-
tic equation and a hyperbolic equation arising in a flow problem in porous media.
They proved the convergence of a finite element - weighted finite volume scheme.
Chainais and Droniou [6] proved the convergence of a finite volume scheme for an
elliptic-parabolic system. Ameziane and El Ossmani [I] proposed a mixed finite
element - finite volume method based on a better Control Volume than we did but
using many more assumptions, among them their assumption (A10) which they say
is determined by the geometry of the grid and by the ”character” of the anisotropy
for the diffusion-dispersion tensor D. We also mention the papers dealing with finite
volume schemes for flow in porous media by Eymard et al [I4], Sun and Yuan [21],
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Marpeau and Saad [I7]. In this last reference, a particular emphasis is made on
the control of CPU time and we are instead mainly concerned with the degenerate
nature of the concentration equation. More recently, Choquet and Zimmermann
[8], proved a maximum principle for the concentration after a lengthy proof based
on projection theorems at the difference of our simple direct proof.

Here, we present a numerical scheme in which the velocity-pressure equation
is treated by a space mixed finite element discretization and the concentration
equation is approximated by a space finite volume discretization with a time semi-
implicit Euler scheme. Our main contribution concern the proof of uniform esti-
mates of our approximate concentration, more precisely 0 < ¢ (z,t) <1 a.e. in Qp
under suitable CFL conditions and .

The outline of the paper is as follows. In Sect. 2] we present the discrete equa-
tions and state the main theorem concerning uniform estimates of the approximate
solutions and the convergence of the proposed scheme. Sect. |3]is devoted to the
proof of the theorem. In Sect. [ we report some numerical results we obtained in
the case of a benchmark incompressible flow within a horizontal reservoir over a
period of ten years with injection and production wells at the corners studied by
R.E. Ewing and al [22].

2. THE DISCRETE PROBLEM

2.1. Notation and Definitions. Let & > 0 be a small parameter and let 7, be an
admissible mesh of 2, in the sense of [I3] Definition 3.5], by triangles with diameter
bounded by h. Let S be the set of triangles of .7;,. For each triangle T; € Sy, m;
denotes the area of T; and x; stands for the orthocenter of T;. For two adjacent
triangles T; and T}, we denote o, = T;NTy, Tjk = Mk /dji where m;, = m(oj) is
the length of o, and d;j, is the distance between x; and xj, and v, is the outward
unit normal on o0, in the direction Tj.

We denote by é”,jr the set of all edges of the triangles of .7,, & the set of the edges
o located on the boundary I', and &}, = c?}f \ &P. Any edge o in &), will be denoted
0k, with the convention j < k, since it is a common edge to two triangles T} and
T For convenience we denote by j (j € Si) the triangle T; of 3. For j € Sy, N;
is the set of triangles T}, of .73, that share an edge o, 9T N T}, # (. We will use
the following property concerning the triangulation: Z( kyes, Mik < Ch~1, where
C is a number which depends only on the diameter of 2 and on the regularity of
the triangulation.

Let the spaces V and W be defined as

W =1%Q), V={vel*Q)? divveL*Q), v-v|r=0},

The space V being equipped with the norm ||v||? = Hv||2L2(Q) + | diva%g(Q). We
introduce two discrete subspaces of V' and W due to Raviart and Thomas [19]:

Vi =Avn; vi €V, Vi, |1,= a;j + cjz for any j € Sy},

Wy = {wn € W5 wp, |7, is constant for any j € Sy},
where a; = (a;,,a;,) € R?, ¢; € R, and & = (21, 22) is the space variable. We also
define the spaces W9 = W/R , and W? = W}, /R.

The space W), is generated by the basis functions (¢;),eg, that are piecewise

constant, ©;(z) = 1 for x € T; and zero elsewhere. For the flux function v in
Vi, we have vy, = degh Vo®,, Vo € R. Note that o € &, stands for an edge
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oji, of triangles T} and T}, associated with the normal unit vector v;;. The basis
function ¢, is non zero only on T; U T}, the restriction of ¢, on T; or T} writes
(a1+cx1, a2 +cx2), and @, - vy = 4 o, Where 04, is the Kronecker delta symbol.
These basis functions can be found in Raviart and Thomas [19] or in Ern and
Guermond [111 p.41-42].

Let N be a positive integer. We set as time step At = T'/N and ¢,, = nAt forn =
0, N. The discrete unknowns are the values of the pressure and the concentration
(p},c}), and that of the flux uy, for 1 < n < N, j € Sy, 0 € &, given by
the numerical procedure described below, see Subsect. We use the following
approximation for the initial data cq:

c? = mi/ co(z)dx for any j € Sy.
j JTy

For 0 <n < N, we define p}! and ¢} in W), and u} € V), by

B= Y s =Y e Y e,

JEShH JEShK oESE,
We also define, for x € T}, j € Sp, t, <t <tpp1,and 0 <n <N -1,
t—tn .,
po(a.t) = ph(@) + 07 (@) —ph(@), w(wt) =wi@),  (21)
n L=t n
en(a, 1) = @) + (G (@) — ch(a). (22)

For f =q*, ¢—, or ¢, we denote

1 bnt1
Jng = AL /tn /Tj f(x,s)dxds, fon(x)= fnj, fn(@,t) = fun(z),
forx €T, j€ Sh,tn <t <tppr,and 0<n <N —1.

2.2. The discrete equations. To discretize the pressure equation, we use a mixed
finite element scheme for the spatial discretization. Suppose that the approximate
solution (p},u},c}) of (p,u,c) at time ¢, is given, (p,c) denoting a weak solution
of Problem (P). Then (p;™',u;*") is determined by

Pyt ewy, uptl eV, (2.3)
/ divu} ™ (z)y (z) doe = / (q;h =G, 1) (@)Yn(z)dz Vb € Wy (2.4)
Q Q

/ p(cp () upt (z) vy, (z)dx —/ P (@) div(vp(z)de =0 Vv, €V, (2.5)
Q Q

The existence and uniqueness of a solution of Problem (2.4), (2.5)) is well-known,
see Raviart and Thomas [I9], and Brezzi and Fortin [5], since the space (Wp, V3)
satisfy the inf-sup condition; there is v > 0 such that

| (divv, )
inf sup ————
YEWh vev, HV”H(div)HwHLQ

The pair (pZH7 uzﬂ) € WP x V}, is then uniquely defined. Denoting

1 .
uptt = mjk/ wp (@) v dy(z),  j € S, k €Ny,
Ujk



6 R.-H. BELLOUT EJDE-2012/204

System (2.4)), (2.5) can be written in the form:

Z mjkuﬂ;l = mj(q:,j - q'r:,j) (2.6)
kEN;
”+1/ x)dx —Z p”+1 Z / ¢, (x)vidy =0 (2.7)
o' €& kESH 1€ Ny,

for any j € S}, and o € &}, with the constraint
Z mypp Tt = (2.8)
keSh

We now turn to the the discretization of the concentration equation (|1.3). First,
we write ([L.3)) in the conservative form

dic + div(cu — D(u) grad c) + cq~ = éq™ for (z,t) € Q. (2.9)

We use a semi-implicit Euler scheme in time and an upwind finite volume scheme
in space. We write formally, for each j € Sj,

/((z tnt1) — c(x tn))dx—FAt/ div(c(z, t,)u) ! (z))de

T
A / div(D(W (2)) grad e, tnsr))) d + At / 4 ()l ta)da
:At/ enn(2)g,) ), (x) da.
T;

We approximate the convective term by
[ it tapug @hde = [ ctata)u @) vy (o)
T aT;

= Z Q]k 9 _]7 k)

kEN

Here @, is the numerical flux constructed with the upwind method:

Quk(wp ™ e, cft) = myk (W 1) T e} +myp(ufit) e, (2.10)

where
1. 1 1 1
() = U?Z if U?Z > 0, (1)~ = u;’z if u;’z <0,
Ik 0 otherwise, gk 0 otherwise.
For the dispersive term, we write
/T div(D(u}t () grad ¢(z, ty11)) do = o, D(up*(2)) grad e(w, tni1) - v dy(x)
j

Taking into account the form (1.6]) of the tensor D(u), we have to handle with two
types of terms (which give the weighted flux through the edges o;1)

ut(z) - grade(z, t,y1) and |upt(z)| grad e(z, tyir) - vy

We have for the first one,

/ uy ™ (@) (up (@) T
oT,

Jup ()|

grad c(x, tp41) - vy dy(x)
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un+1 (13)
= / ZT -grade(z, tn1) up (@) - vy dy(x)

crtl _ ontl n+1 12
Z ( k J )/ |u (LL') V]k| d’)/(l‘)
djk Tjk

[up ()]

We have neglected the tangential component of the vector grad ¢(z, ¢,41) since we
are integrating over the control volume T, and approximating c(z,t,11) by ;! in
Wip,. The integration over a better control volume will be more precise Certamly but
once more we are mainly concerned by the degenerate type of the concentration
equation . The second term is given by

/ [up ()| grad e(x, o) - vidy (@)
Ty

(CnJrl C7.7‘+1)
=D kdi]/ [up ()] dy(x).
kEN; Ik Tk
Then
/ div(D(u}t!(z)) grad ¢(z, ty11)) do = Z Dji(u "H,C;LH,CZH),

kEN;
where Djj, is given by
ntl _ 7_1+1)

(ck
D un+1 CnJrl n+1 n+1
jk( h ) f djk

)

(2.11)
with

wt(2) - vi)?
gt =y [ PR b v [ el )

Juyy ()]

/ D(u n+1 )ij Vykd’Y()

Then we define the approximate solution CZH, corresponding to the discretization

of (2.9), by the scheme:

my (= )+ At Z Qi(up )
kEN;
. . . (2.12)
— At Z Dji(u "+ ,c}” , Z+ )-i—Atqu;jC? = Atmjcn,jq;j
kEN;
The semi-implicit scheme ([2.12]) writes also:
At At At
+1) m+1 _ A +1y—
(1+ ]Bn ) cj —C}l(l - EA;I) - E mjk(u;k )"k
kEN;
At (2.13)
+ = fnk-i-lc’g.-‘rl + Atén,jqn]a
7 keN; i
where 1
= > mu(ulf T +myg, ;, Bt =) — i (2.14)
kEN; kEN; Jk

for j € S, 0<n < N — 1. Note that ffk"’l >0, so that A;L >0 and B;H’l > 0.
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We make the following assumptions on the time step At. Let
At
noo__ . n+1\+
ik =1— 2m7kmjk(uj,k )7 (2.15)

for j € Sp, k€ Nj, 0 <n <N —1. Let 0 be a fixed number, 0 < 0y < 1. We
assume:

At
—A} <1 forje€ S, 0<n<N-1, (2.16)
mj

07 > 00 forje Sy, ke Nj, 0<n<N-—-1 (2.17)

Condition is imposed to ensure 0 < ¢ (z,t) < 1 a.e. in Qp, and allows
to show an estimate on the total variation of the function ¢,. By uniform estimates
on pp and uy that will be established in the next section, we will see that
and are available if the time step restriction

At < Ch?, where C is an arbitrary positive constant, (2.18)

is imposed (h? is due to the fact that the velocity field u is not in L°°). However
this restriction is only used for the proof of the stability and is easily satisfied in
practise - see the numerical experiments in Sect. [4]

3. STABILITY AND CONSISTENCY OF THE APPROXIMATION
Let (pn), (un) and (cp) be defined by (2.1)—(2.5), (2.12). We prove uniform
estimates of (py) and (uy) in L?(Qr) and (L?(Q27))?, respectively. Using (2.16) we
show that 0 < ¢p,(z,t) < 1 a.e. in Qp. Using (2.17)) we establish a uniform estimate
on the total variation of ¢;. Finally we prove that the numerical scheme (2.6)), (2.7]),

(2.12) is consistent with the concentration equation (2.9)). In the following, we will
use often C' to represent a generic positive constant depending only on fixed data.

3.1. Estimates of the pressure and the flux. We have the following result.

Proposition 3.1. The sequence (py) is bounded in L>°(0,T;L*(Q)) and (uy) is
bounded in L>*(0,T;V). Moreover, the discrete H'-norm of (py) is uniformly
bounded; i.e.,

mik

J n n|2

max — = |p" — < (.

1onEN Z d; |pj pil” <
(4,k)ESER

Proof. From ([2.7) we have
[ @i @) @, (ohde = mp ).
T;UTy,

Since

| (e (@) (@) - by, ()da|* < OB / i (2)|2 da
’ TjUTk

and m i, d;, > Ch?, we have
mik
J n+1 n+12 n+1 2
d. |pj —pp P =C [uy ™ ()| du,
]k' TjUTk
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then

mit
J n 2 2
s S DO omax S0 o) da
T T (Gk)ESy ik ~  jESK kEN; TUTk

< Cllupl[re(0,1;22()) -
Taking vy = uZJrl in (2.5) and ¢ = p2+1 in (2.4]) yields

/u@mﬁw»%“wmz/mm—%muww>m
Q Q

Using (|1.4), the Cauchy-Schwarz inequality and the discrete Poincaré inequality for
the functlon pitt € W, we obtain

_ Mk 1/2
It e ye < Cllabn = danllize (X0 Z205 =it P)

ikyes,
.. (4,k)EE s (3.2)
< C( Z le ‘p;_l+1 _pzﬂlz) _
Gkyesn I*
We deduce from (3.1)) and (3.2] . ) that
M
12La<XN Z dj |pj —pk|2 < C ||uhHLoo(0’T;L2(Q)) S C (33)
T Gkes,

Taking v, = div u”Jr1 in (2.4) yields

[ avart @ P de = [ (a7, - a7, (@) divay ™ (@),
Q Q
which implies, by the Cauchy-Schwarz inequality,
I divug iz () < llagy, = gnnllzzc)-
We conclude that (divuy,) is bounded in L>(0,T; L?(2)) and then (uy,) is bounded
in L2(0,T;V). O

Since the scheme (2.12) involves numerical fluxes, we need the following esti-
mates.

Lemma 3.2. There exists a positive number C such that
> / it (@) vl dy () < OB [ gy (3.4)

and
max Z / |up (x) - vji| dy(z )) <Ch™t. (3.5)
B (J,k)EEN

uniformly with respect to h, At and j € Sy,.

Proof. We use the property of uy, that is the restriction of uy, to any triangle 7}
in Sj, belongs to L>(0,T; H'(T};)). We will make use of the following well-known
result(a proof of which is attached as an appendix at the end for the convenience
of the reader.), there is a constant C' such that, for ¢ € H'(T}), the local inverse
estimate holds:

lellZzor,) < Cllellzacr,) (lerad ellracryy + b~ ellzzery) -
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‘We have

< Cllap ™2y (up iz, + B a2y

where |thr1 1,7, is the semi-norm involving the L2-norms of the spatial derivatives
of order 1 of uh+1 Recall that

+1 +1
uZ ‘T Z un ¢0'Jk

kEN;
Using properties of the basis functions ¢a_k, we have
|un+1 %T < C Z |un+1 2.
kEN;
Since
WP <ont [t v do)
Ok
we obtain
1/2
e <O Y [ @ @)
kEN;
Thus
> [ @) vl dre)
keN; ¥ ik
1/2
< O oy (07 3 [ i) vl )
kEN;

R ey ).

and using the inequality 2ab < a? + b%, we get the first estimate (3.4). Summing
(3-4) over all triangles T}, we obtain

Sy / W @) vl da () < R 2,

JESH kGN

Using the inequahty

(X [ wr@ o)

(7,k)EER
(X ma)( X / @) vl d ()
(4,k)EER (7,k)EER

and 3 s, Mk < Ch~1, it follows that

i -1 n
@%XN kzg / [uj () - vjel dy(x) ) < Ch max [ 2z,
(4,k)E&R

from which, according to the boundedness of (uy) in (L>(0,T; L?*()))?, we deduce
the estimate on the flux (3.5)). The proof of Lemma is complete. O
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3.2. Estimates for the concentration. Clearly, A" defined in (2.14) is bounded
by a constant Cj which may depend on h but does not depend on j € Sj and on
0 <n < N — 1. By the Cauchy-Schwarz inequality we have

Do ma(upiht < Y / w, ™ (2) vl dy(z)

kEN; kEN;

1/2
<cn?( Z/ [yt (@) - vipl dy(@))

kEN;

Using ([3.4) we deduce that

> ma(ufEh)t < Cllap |z

kEN;
for all j € S, and n, 0 <n < N — 1. Since (u,) is bounded in (L>(0,T; L?(£2)))?,
[t | 2(;) tends to 0 as h and At tend to 0. We also have, for any j € Sj and

OSnSN—l
B h tnt1 B 9 1/2
wwwscwal;.Aqmw>Mﬁ),

and f;”“ fT |9, ()| dz dt tends to 0 as h and At tend to 0. For the coefficient

B]T‘LH involving the term ZkGN dl f”“, we note as in the proof of Lemma
that
1 —

> gt < on e e,

ken; 7
thus

1<n< Z Z |f1k| <Cn! Lnax [un llL2(q)-
JESK kEN;

Consequently, if we suppose

At < Ch?, where C is an a positive constant,

then relations and (2.17] - ) hold.
We remark that if ¢t and ¢~ belong to L>(Qr), then (2.16) and (2.17) are
fulfilled under the condition At < Ch for a suitable positive constant C. The

following proposition provides the stability of the scheme (2.12) in the L™ (Qr)
norm.

Proposition 3.3. The sequence (cp,) constructed by the numerical scheme (2.12)
satisfies
0<cp(x,t) <1 ace inQr,

provided the stability condition (2.16)) is valid.

Proof. Starting from (c}) with 0 < ¢} < 1, and according to (L.11), (1.12)) and
(2.16)), we deduce from the semi-implicit scheme ([2.13)) that c;”rl >0 for all j € Sp.
Using ([2.6)), we transform (2.13]) to obtain

(1 4 A n+1

At At _ n
) B mjk(uj,k )~ (1 =)

B”“)(l- Aty = (1-¢) )(1——A”

ms
J ] ]kej\fj
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At

fn+1( CZ‘H) + At(1 — én,j)qii’

I ken;
then as above we infer that 1 — c}”l >0 for all j € S;. We conclude that
0<c; <1 forallj€S,and0<n<N-—1
This completes the proof. (I

At time level ¢,,, for any edge in &, the flux u7; associated with the edge oy, is
either greater than 0 or less than or equal to 0. We then select the edges such that

={(j,k), j € Sh, k € Nj; uf), > 0}. (3.6)
We introduce the total variation of the function ¢, by
N—1
V=S Y mutiki-g
n=0  (jk)esnt1

We have the following estimate.

Lemma 3.4. There is a number C, independent of h and At,such that

TV (cp) < Ch™Y/2, (3.7)
Proof. Let us write (2.12)) in the forrn
c";%Fl n Z Djk n+17C?+17CZ+1) (38)
i kEN;
with
ri=cj} Z Qjr(uytt cj,cp) — Atg,, ;¢ + Atq;jén,j. (3.9)
M kEN;
Using ([2.6)), we transform into
At .
- (ij( e - mjkujtlc?) + Atg,, (3.10)
7 keN;

where g, ; = q;j (€n,j — c}). Multiplying (3.8) by c}”l and using the identity

1 1 1
1 1 1 1
(T =r)eg ™ = (T =)+ (T = S0,
we obtain
(C;_L+1)2 + (C;_L—i-l _ T;L)2 _ ( — 27 Z D n—i—l7 n+1,CZ+1)C?+1.
M kEN;
We observe that
fn-‘,-l
9 Z Z D]k: n+1 n+1 cn+1 n+1 Z Z n+1 7_l+1)2.
) j » “k J
JESK kEN; JESH KEN;
According to (3.10]), we have
At 2
072 = ()2 + (0 3 (Q@ulup ™) = mpad ey ) )+ At (gny)?
7 ke,

At
20 3 (Qui ) - mparfey)

) keN;
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EJDE-2012/204
n+1 n)

At
+ 2Atc] gn j — 2Atgn7jﬁ Z (ij(uZH,C?:CZ) mjEus g C;
J keNn;

Simple computations give the inequality
< @4 2( 3 (Queli e el) — maaey) )+ 288 (gn,)
kEN;

At n n
—2— Z (QJ (uptt e clep) — m]kuﬁ;l j)c + 2At| gy, ;1.

Mj (en,
By definition of Q5 we have
Z Qie(up™t, ch cp) Z my(ul ) 24 Z my(ulf) T epel (3.11)
keN; kEN; kEN;
According to the identity
1 1
ne = S+ D) - 5 — )

we write (3.11]) in the form
2 Qi ey

keN;,
1
= 3 3 ) e g S ) ()’ (3.12)
keN kEN;
+ 5 Z my(uf i) 2> mu(ul ()
keN keEN;
Since
2 2 malwi) @ == > maag ()’
JeSh kEN; (4,k)ea/mt1
From (3.12) we deduce that
o> Qulapthe e
jESh kEN
S5 XX )G R g T 3 mu >
]ESh kEN ]ES;L kEN

Using ([2.6) and the identity
Z mJ’f“ﬁ (cf — i),

n+1 n\2 __
> 2 mak(u) (¢ =)’ =
JESH kEN; (G k)eatn+1
we obtain
D 2 Qe e
JESK kEN;
_ 1 n+1 n\2 1 AT — n\2
=5 Mkt g (Cj —cp)" + B m](q'n,j - qn,j)(cj)
(j,k)ea/nt1 JESh
Thus
n+1 n+l n n __ n+1 2
2 Z Z (Q]k ’ J’Ck) mfku]k Cj) Cj - Z m]’fu]k (C] _Ck) .
(4,k)earn+t

JESH kGN
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‘We also have the relations

D (Queup ™ cfoel) —munai'eh) = 3 meup) (e — ),

kEN; kEN;
and
+1 2
n n
E ( g Q]k y ] 7ck) mjku]k Cj)
jGSh kENJ
+1 2 1 +142
n n _ n ny, n
= ( > mr(ult) (e _Cj)) = — (myr(cy — cf)ugy)”.
jesn T ken, Gik)eantt |k

Now, multiplying (3.10) by m;, summing over j € S}, and using the above results
we obtain
n+1
S e Y me - ar Y Y B g gy
JESK JESH jESK kEN; djk
At 1 1 2
+ At Z (1 — Qm—kmjku}’; )mﬂguﬁ (ck — ¢}
G k)eszml

< mi(e)? +2(807 > mylgn ) + ALY mylgn,l.

JESh JESh JESh

Summing from n = 0 to N — 1, we obtain

+1

> P X S e Sy 3 g gy

JES n=0 j€S), JjESK kEN; djk

N-1
At

+ Z At Z (1 - Z—mjku;bjg )mjku?: (ck —c})?

n=0 (j,k)€afn+1 Mk

N-1 N-1

< mi(E)? + 20t > ALY mi(gn )+ Y AL D mylgn ]

JESH n=0 JESH n=0 JESH

(3.13)

The right-hand side of ([3.13)) is bounded by a constant K which depends only on
the data. Bearing in mind the definition (2.15) of 7, which is greater than some
6o > 0 we derive the following estimates

N—
K
DA D mpuie - ) < o (3.14)
n=0 (j k)ednJrl 0
n+1 n+1)2

(cr —¢f
n+1 J
E At > R <K. (3.15)

(4,k)EER

Note that the latter estimate corresponds to the discrete approximation of the func-
tion D'/2(uy) grad ¢, in the space (L?(Qr))?. By the Cauchy-Schwarz inequality,
we infer that

TV(Ch)



EJDE-2012/204 APPROXIMATION FOR FLUID FLOWS 15

= n+1 1/2 n+1 1/2
< ( Z At Z mjguy - (cp — ) ( Z At Z MKy, )

(G,k)Ea/mH1 (4.k)ea/mH1
1/2
< 7( Z At mpalit)
n=0  (jk)ca/nt1
To estimate the right-hand side of the latter inequality we note that
max Z mgruyy, < C' max Z / luy (z) - vji| dy(x).

1<n<N 1<n<N
(J,k)ea™ (4,k)EER

Using the estimate on the flux (3.5) we obtain the desired estimate. The proof of
Lemma is complete. O

3.3. Consistency of the numerical scheme (2.6)), (2.7, (2.12)) with the con-
centration equation (2.9). Let ¢p(z,t) be the approximate concentration ob-
tained by the numerical scheme (2.6)),([2.7), (2-12); we define the consistency error
e(h) to be:

Ocep, +div(cpup, — D(uy) grad i) + cngq;, — éhq,'f = ¢(h), (3.16)

and we will show that lim,_,ge(h) = 0. The exact concentration c¢(z,t) satisfy

the equation (2.9) whose right hand side is equal to zero. Equation (3.16]) will be

understood in distributional sense since ¢(z, t) satisfy also the equation (1.13)). For
this let ¢ € C?(Q7) with compact support contained in © x [0, T'[ and let

. I I
ew) =57 [ eladt pny=oo [ Gy
tn

m; N

We multiply the discretized equation (2.12]) by ¢, (x)/m;, integrate on T; and take
the sum over j € Sj, and over n, from 0 to N — 1. This yields

EM=EM+ EbV 4+ EF + EM =0, (3.17)

with

N—-1
h __ n+1 n .
Ey = Z Z mj(cj — ¢} )Pn.j

n=0 jES,
By = Z At Y Q™ o c)on
JESH kGN
Z Aty Y Dl gt e e
JESK kEN;
E4 = Z At Z m]qnjc] Onj — Z At Z chm]angpn,]
JESh JESH

Let us first consider E?'. We have

N-1
Z Z mj(C?—H <)Onj == Z Z mj Pn,j — Pn— 1,3 Z m;®o,;C ]7

n=0 j€S), n=1 j€S JESH
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then

Q

N—1
=X [ e tpnn@) — prrnta)) da = [ i)l 0)de.

Clearly,

Eh = ZAt/cnhm )4, (1) Pn( dx—ZAt/chq h(@, )@ (z) dr.

(3.18)
Consider now E¥. Multiplying (2.6]) by ¢} and using the identity
1 _
ra (T R (71
we have
At Z mjxcy ( ”+1 = —At Z mjxcy ( "H T+ Atmyc] (qn] i)
kEN; kEN;

Using (2.10), one can write E¥ in the form El = E} + E}, with

N-1
Ey=Y Aty Y mu(er — ) (fit)  en,
n=0

JESK kEN;
N-1
_ n ny, nt+l
=— g At g mk (] — UL Pk,
n=0 (j,k)E,Qf"*l
and

Eh, = Z At Z / @n () divupt (z) da.

JESh
Let us define

Z At/ () - grad @, (z) dz.

n=0

One can write FJ! = thl + Fl, with

Fy = — ZAtZ Z/ Gu(@)up vy dy (@)

JjE€SKL  kEN;
—Ya Y @-amy / B(2)dr (z).
n=0 (j,k)E@/n+1 Ojk

and
Fh = Z At Z / @n () divup ™ (z) da.
JESh

To compare EY and Fl', we introduce R} = E} — Fl: ie.,

N-1
=X a0 Y mlg Dt (o [ et o)
n=0 Tik

(G k)ea/n 1 Ik
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According to the regularity assumption on ¢, we have
1 -
pui——— [ Gu@)in(@) < Cn
Mjk Jo
therefore,

|RE| < ChTV(cp).

Now we discuss the term E, proceeding as previously. We introduce

Fh — ZAt/ n+1 le( ( Z+1)grad@n($))d$.

Note that FJ, which has a meaning, represents formally the quantity

Z At/ D(u} ™) grad ¢t - grad @, (z)dz.

The term Fy b reads

p$:>f§:At§Z G [ de (D) g o)

JESK
=— Z At Z el Z / D(u}™) grad @, (z) - vj), dy(z)
n=0 JESH kEN;

n=0 (J,k)ESEN
Following (2.11)), we put the term E% in the form

n+1 n+1
(g =)
k J
ALY eni D Fi
Z ¥n.j djk
JESH k‘EN
n+1 n+1

—C

— Z At Z n+1 - J (@i — Grk)-
d;

n=0  (j,k)€én

We introduce Rh = — F;L; ie.,

N-1
Ry =3 At 3 rirt(ett =gt
n=0 (4,k)ESL
with
fn+1

n+1 d (‘Pn,j Pn, Ic / D n+1 grad Pn (33) *Vjk d’Y(‘r)

= M/ D(uy v - vjn dy ()
D "‘H do Vg d
) grad @n, (z) - vjk dy(x)

/ D(u n+1 (pn’jd-,:pn ko, ik — grad @n(iﬁ)) Vg dy(z).
j

17

(3.19)

(3.20)

(3.21)

—ZAL‘ Z (c;hLl "H/ D(upth) grad @y, () - v, dy(w).
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is an approximation

Due to the regularity of ¢, ¢ € C*(Qr), and since £ri—Frt

of grad ¢, (x).v,i, and since we are integrating along v;i, we have
<O [ D o)

We also have

| D(uywji] dy ()

ik

|D( n+1)V‘]€‘ .
- / (D(up vy, - ijk)l/z (D(up vy, - vip) 2 dy(@)
Ok

< (/ D(up vk - vy dv(x))l/z( D5 dW(x))l/Q

o D e vk

1/2 /d 1/2
< (Pt vea) (d—i/ (@)
Ojk

These implies the estimate

—

n+l/ n+l _ n+l |Cn+1 n+1| 1/2
|7’ (g =) <Ch 1/2 / D( uh l/jk Vjk dfy(x))

g =

1/2
il / iy @)
Ok

j
By the Cauchy-Schwarz inequality, we obtain
St - )

(4,k)EER
| n+1 n+1‘2

co 3 IS ] i)

(4,k)EER (4,k)EER
Similarly to (3.5)), we have

n+1 ) < Ch™
O<n<N 1 Z / [ ldy(@ Ch~!

(4,k)ESEN

1/2

so that
n+1 n+1 ‘2

N-1 |C 7 1/2
IRE| < Ch;m( 3 1T)

(4,k)ESEN

According to (3.15]), we obtain
|RE| < Ch.

From (3.7), (3.17)—(3.18), (3.19)), and (3.3]) we deduce that

B = [ a0 nda [ ot e, 0 da
Qr Qr

—1—/9 ch(m,t)q,;(x,t)cp(m,t)dxdt—/Q en(@) g (v, t)p(z, t) da dt

T

+ D(up(z,t)) grad ep(z, t) - grad p(z, t) de dt — / A (z)p(z,0)dx + (h)
Qr Q
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with limy_g e(h) = 0. This order of approximation is superior or equal to one since
all the previous estimations have been done with at least a constant times h. We
summarize the result in the following statement.

Lemma 3.5. The scheme (2.6), (2.7), (2.12) is consistent with the concentration
equation (2.9)).

From the stability proved in proposition[3.3]and this lemma, we conclude that the

numerical scheme (2.6, (2.7), (2.12)) converge to the solution of the concentration
equation (2.9) and the convergence is at least of order 1.

4. NUMERICAL EXPERIMENTS

We have applied the numerical scheme presented in Sect. [2| for the simulation
of a miscible flow within a horizontal reservoir of one unit thickness over ten years
period with injection and production wells at the corners reported by Ewing et al
[22]. In our tests we have taken for spatial domain Q = [0;400] x [0;400] ft* and
T = 3600 days. The injection well is located at the upper-right of the domain with
a volumetric injection rate of Q = 30ft?/day. The production well is located at the
lower-left corner with a production rate of Q = —30 ft? /day.The mass flow rate ¢ in
equations — is equal to the product of the mass density ¢ and the quantity
@ per unit volume; ie., ¢ = Q/m; = 0.024/day for the uniform coarse spatial
grid of Az = Ay = 50ft and where m; = Az x Ay/2 = 1250ft? is the uniform
element T; area. The viscosity u = p(c) is taken according to with a large
adverse mobility ratio M = p(0)/p(1) = 41 and a viscosity of the residential fluid
#(0) = 1.0cp. The longitudinal and transverse dispersion coeflicients, are taken
respectively, as d; = 5ft, d; = 0.5ft. The initial concentration is ¢o(z,y) = 0.0 and
the injection concentration is ¢ = 1.0.

The discrete equations — with the constrain corresponding to the
mixed finite element method approximation of the velocity-pressure equation —
(L:2),(L.10) were solved with an augmented lagrangian method - see [5],[4]- which
converged in very few iterations -two or three iterations. The discrete equations
— (2.14) corresponding to the finite volume approximation of the concentration
equation (2.9)) were solved with a conjugate gradient method which converged also
in few iterations - less than ten iterations.

The contour plots for the concentration of the invading fluid at time ¢ = 3 years,
5 years, 7 years and 10 years for the data above are presented in figures 1 — 4. They
indicate the uniform fluid front move from the injection source towards the pro-
duction well and the reservoir invasion with time. We have also observed that this
reservoir invasion is closely related to the injection and production rates. We did
not take into our model the permeability and the porosity since we are mainly con-
cerned with the degenerate parabolic nature of the concentration equation .
That is why we did not treat the other examples reported in [6] 22], 2], but at
the difference of Chainais and Droniou [6] who have only observed that their ap-
proximate concentration remains in [0;1]( and such is the case for other proposed
numerical methods; e.g., [22, 21]), we have rigourously proved the boundedness of
our approximate concentration, more precisely 0 < ¢p(x,t) < 1 a.e. in Qr under
the grid conditions and . It is possible to include the permeability in
our model and still having the uniform estimates for the approximate concentra-
tion since the permeability tensor is only used in the determination of the velocity
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fluxes u;“,:l on which we did not make any restrictive assumption. The time step

restricti(;nis only used in the proof of the grid conditions and and
is easily satisfied with the large steps h and At typical in petroleum engineering -
we used h = 50ft, At = 3.6day in our reported numerical test.

Our grid conditions and depends of the injections rates but are easily
satisfied even for very large time steps and spatial steps as long as the injections
rates are not very high.

We have also observed in the tests corresponding to different data that our
numerical scheme (2.6)-(2.7), (2.12)) generates stable numerical approximations as
long as the grid conditions (2.16)) and were satisfied. This suggests that these
conditions are in fact necessary and sufficient conditions.

480 .

400 ‘

| 350 )
300 .

250 .

200 .

180 :

100 :

- .

100 200 300 400

3 years 5 years
450
400 '
350 '
300 | |
280 .
200 g
180
100
50 .

300 400 100 200 300 400

7 years 10 years

F1GURE 1. Concentration contour plots of invading fluid at 3, 5,
7 and 10 years

5. APPENDIX

Let T be the triangle with vertices A = (0,0); B = (b,0); C = (c1,¢2), with
cg >0, co > 0. Let v € Vj and such that v restricted to T is a polynomial of
degree 1. Now assume that v(B) = v(C) = 0. Now we have by integration by
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parts

/V.aldxdy:—/ 8—vvdxdy+/ v - vygdo
T ox Tal’ oT

where v = (v, 1) is the outward unit normal to T and do is the usual measure
on the boundary.
It follows from the integral above that (by transfering to the right hand side)

v
Q/V-—dxdy:/ v - v do 5.1
r Oz T (5:1)

Now given that v(B) = v(C) = 0 it follows that [, v?rydo = 0 similarly, since
v, = 0 on AB, we have also fAB v2u,do = 0.
It is easy to see that there exist a positive constant v such that

||V||%2(AC) <9l v vigdol. (5.2)
AC

Combining (5.1) and (5.2)) and using Cauchy - Schwartz we obtain

ov ov
Miscae <201 [ v-Ghdedyl < 20( [ vaay)2 (| (G dwin'? (53)

Now we simply use the fact that

ov 1/2
(| Goreas)” <1 19vPlzzar (5.4)

The proof obviously can be easily extended to the other sides of the triangle. To
get the estimate we want we will also use the following inverse inequality that can
be found in Ciarlet [I0, formula (3.2.33) p. 141].

1_1
n\g—r

(]1)74|Vh|l,r,K (5.5)

Vhlmax < O

withm=1,¢=r=2,1=0.
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ADDENDUM POSTED BY THE EDITOR ON SEPTEMBER 16, 2013

An anonymous reader informed us that the results in this article are incorrect.
Here is an extract of the reader’s message and of the author’s response.

(1) READER: This scheme is unfortunately based on a completely false mathe-
matical approximation of the fluxes for the dispersion operator. The author approx-
imates u - grad ¢, with u the Darcy velocity given by the elliptic equation and ¢ the
concentration, along an edge of the mesh by neglecting the tangential component
of grad c along this edge. The author writes

u-gradc= (u-v)(gradc- v),

instead of

u-gradc~ (u-v)(gradc-v) + (u-t)(gradc- t)
where v is the unit normal vector, and t is a tangential unit vector to the edge. In
general, the term grad ¢ - t is not negligible in front of (u - v)(gradc- v).

AUTHOR: We approximate the concentration c¢(x;t,) by cj(x) which is piecewise
constant on each triangle and therefore the grad ¢! («) has no tangential component,
and the approximation

Cr — Cy

+O(h
o+ owm)

gradcy, - Vi =
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holds. This approximation of the gradient may not be precise enough - it is only of
order one - but it is correct in our case.

READER: It is unacceptable to justify this approximation by saying that “c is a
piecewise constant function on each triangle and therefore grad ¢ has no tangential
component”. If we follow this reasoning, then grad ¢ has no normal component
either (since ¢ is constant in the triangle) and it can be safely approximated by 0,
thus removing any convection or diffusion from the equation in practice.

A classical Mixed Finite Element scheme (for example the PO-P1 method) ap-
proximates ¢ by piecewise constant functions on the triangles and grad ¢ by piece-
wise linear functions on the triangles. All components of the gradients must be
approximated if we are to obtain a consistent scheme in the case of anisotropic
diffusion. It is a very active research to find proper approximations of the gra-
dient while not increasing the degrees of freedom (on ¢) too much. But nobody
expects, because c is piecewise constant, grad ¢ to be 0 or only along some particu-
lar (normal) directions. It has also been shown, for a long time ago, that neglecting
one component of the gradient while approximating anisotropic diffusion leads to
schemes that do not converge to the proper solution.

(2) READER: The numerical results are completely inconsistent with the ones
found in the literature (compare with [8]). In the numerical tests performed by the
author, the fluid simply does not invade the domain, it remains around the injection
well. That is an unphysical behaviour which should have warned the authors that
their scheme simply does not converge to an appropriate solution, because it is in
fact inconsistent. Simply put, it is not possible to approximate a dispersive flux,
involving a full matrix D(u), by a 2-points flux. Compare the invasion speed with
test 2 in the article:

Hong Wang, Dong Liang, Richard E. Ewings Stephen L. Lyons, Guan Qin;
An approximation to miscible fluid flows in porous media with point sources and
sinks by an EulerianLagrangian localized adjoint method and mixed finite element
methods SIAM J. Sci. Compt. Vol. 22, No. 2, pp. 561581

AUTHOR: I did not take into account in our model the permeability and the
porosity of the domain, that is what makes the difference between our numerical
results and those mentioned. Certainly a more complete model would be more
realistic but will require a complete reprogramming. We were more interested in
proving that under non restrictive grid conditions, our scheme is stable.

End of addendum.
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