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EXISTENCE OF SOLUTIONS FOR QUASILINEAR ELLIPTIC
EQUATIONS WITH NONLINEAR BOUNDARY CONDITIONS
AND INDEFINITE WEIGHT

GUOQING ZHANG, XIANGPING LIU, SANYANG LIU

ABSTRACT. In this article, we establish the existence and non-existence of
solutions for quasilinear equations with nonlinear boundary conditions and
indefinite weight. Our proofs are based on variational methods and their ge-
ometrical features. In addition, we prove that all the weak solutions are in
C1A(Q) for some § € (0,1).

1. INTRODUCTION

In this article, we consider the problem
div(a(x)|DulP~2Du) = [u[P~u, in Q,

p—20u q-2 - p—2 (1.1)
a(z)|Dul 5 +|ulT"u + h(x) = AV (z)|u|P"“u, on 0f,

where 2 is a bounded domain in RY, with a C*“ boundary for some a € (0, 1),

l1<p<N,qg<p' = %7 % is the outer normal derivative, 0 < ag < a(x) €

L (). The functions V(x), h(x) are defined on 99 and satisfy the assumption

(H1) V € L*(09), V(x) is a indefinite weight, i.e.

VT (z) = max{V(z),0} # 0,z € 99,
where s > %, and h(z) € L°(09Q).

Elliptic problems with nonlinear boundary conditions arise in many and diverse
contexts, such as differential geometry (e.g., in the scalar curvature problem and
the Yamabe problem [6]), Non-Newtonian fluid mechanics [3], and mathematical
biology problem (e.g., a prototype of pattern formation in biology and the steady-
state problem for a chemotactic aggregation model [7]). In this paper, we consider
the quasilinear problems with mixed nonlinear boundary condition and the indefi-
nite character; i.e. V(x) may change sign on 9. Some existence and non-existence
results are obtained.

On the other hand, the regularity for elliptic problems with nonlinear boundary
conditions have been studied. For the semilinear elliptic problem, Ebmeyer [5]
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obtained that every weak solution belongs to C?(Q)(0 < 8 < 1). Using the result
of Dibenedetto [4], Anane, Chakrone, Moradi [I] obtained that the eigenfunction of
the first eigenvalue is in C*#(Q)(0 < 3 < 1) for the linear eigenvalue problem of the
p-Laplacian. In this paper, for problem with nonlinear boundary conditions
and indefinite weight, we obtain that all weak solutions are in L (9€2) N L ()
and C17(Q) for some 3 € (0,1).

This article is organized as follows: In Section 2, we state our main results. In
section 3, we obtain some existence and non-existence results. Section 4 is devoted
to proving the regularity of the solutions for the problem .

2. MAIN RESULTS
Let Q be a bounded smooth domain in RY, and V(z) satisfies (H1). We denote
the Sobolev space

LP(O; V) = {u: 00 — R; /BQ V(z)|u|Pdo < +o0}, (2.1)

and the norm |[ul| s (a0;v) = ([oq V(2)[uPdo)'/?. Consider the Sobolev trace em-
bedding WP(Q) — LP(9;V), we obtain that the embedding is compact when
V() satisfies (H1) (see [2]), where the norm in W1P(Q) is defined as

1/p
ey = ([ (Vul? + urld)
Q

As the function a(z) satisfies 0 < ag < a(x) € L*°(2), we define the space F is the
reflexive Banach space under the norm

o= ([ lo@lDu? + fuplas) "

Of course, E ~ W1P(Q), we obtain that the embedding E < LP(9Q; V) is compact
and there exists a C' = C(Q, V(z),p) > 0 such that

[

C||v|\]zp(89;v) <ol o for any v € E. (2.2)

Now, we state the main results in this article.
Theorem 2.1. If p < ¢ < p* and faQ hodo >0 for all ¢ € E with ploq > 0, then
there exists Ag > 0 such that

(1) 4f A < Ao, then (1.1)) does not have any weak solutions,
(2) if A > Ao, then (1.1)) has at least one weak solution.

We remark that there are functions h such that |, aq hpdo >0 for all p € E with
¢laa > 0: For p =2 and 2 is a unit circle, let x = ¢'®, x € 9Q, and

b 1+a2, 0<a<2nm,
-1, a=0.

Theorem 2.2. If u is a weak solution of (1.1 and q¢ < 1’27\,27?;1\[, then u has the
following properties:

(1) u e L®(Q) N L=(99),
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(2) u € CYP(Q) for some B € (0,1), and ||u|| . s < K, where
K= K(pa Na Ga ||u||LS'lZo(aﬂ)a HV”LS(SQ))v

1/s
G:(/ (ult2u+ )*do) "
o

5> %, s'qo € [s'p, p*], and s’ is the conjugate of s.

3. PROOF OF THEOREM [2.1]

For this proof we use direct methods in variational methods.
(1) We prove only that (1.1)) does not have any weak solutions for A small enough.
Indeed, assume that u € F is a weak solution of (1.1]); then we have

/a(x)|Du\p72DuDg0dz+/ |u|p72u<pd:z—|—/ |u|q72ugpd0—|—/ hodo
Q Q o0

o (3.1)
= )\/ V(2)|ulP~2uyp do,
o0
for any ¢ € E. Taking ¢ = u in (3.1]), we obtain
o Nl o + [ hude = Al (32)

Clearly, for p < ¢ < p*, problem (|1.1)) does not have non-trivial solution whenever
A <0.
Furthermore, by (2.2) and (3.2)), we have

)‘”u”Lp(aQ v) = > HUH > C”u”ip(ag;v)'

ie, A > 5, which implies that when )\ < CNZ', problem (|1.1)) still does not have weak
solution. This completes the proof of (1) of Theorem
(2) Let the functional Jy : E — R be

J,\(u) =

1 A
ull? g+ ||u||Lq oo + /m huds = 2 ulfonyy (33)

By (H1), we obtain the weak solution of the problem (1.1)) is the critical point of
the functional J).
Firstly, we prove that the functional Jy is coercive. Indeed, fix a w € E\{0}, by

(2.2) and p < ¢, we have

P td

A (tw) = E”sz,Q + *”w” La(9%) +t/ hwdo — ”w”Lp(aQ V)
» A\ v (3.4)
;(1—;) ot — ||wH (aﬂ)"'t/aQ hwdo.

Obviously we have J (tw) — 400 when t — +o00. So the coercivity of the functional
J is obtained.

Let {uy}52; be a minimizing sequence of Jy in E, which is bounded in E by
the coercivity of Jy. By the non-negativity of the norm and f aq pdo > 0 for all
¢ € E, we assume that {u,}5; is non-negative, converges weakly to some u € F
and pointwise converges to u.
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Secondly, we prove that the non-negative limit u € E is a weak solution of ([1.1)).
Indeed, We already know that lim,, o, Jx(un) = infrex Jy(u'); ie.,

lim Jy(u,) < Jy(u'), forallu' € E. (3.5)
So we only need to prove
Ja(uw) < lim inf Jy(uy). (3.6)

By (H1), we have

hudo = lim hu,, do,
o0 n=o0 Jo0
and by the weak lower semicontinuity of the norm, we have

1 1 .1 1
EHUHZQ + 6||u||%q(ag) < nlLII;o Hlf(;““n”ig + 5““’””%@(8(}))'
On the other hand, the boundedness of {u,}52; and the compact imbedding FE «—
LP(0Q; V) implies that
lull e o051y = im. unllLr00;v)-

So (3.6) is established. Then by (3.5) and (3.6)) we have
_ '
Ja(u) = ul/IéfE Ja(u).
Thus, v is a global minimizer of Jy in E.
Thirdly, we show that the weak limit u is a non-trivial weak solution of (1.1]) if

A > 0 is large enough. Indeed, Jy(0) = 0. Hence, we only need to prove that there
exists A% > 0, such that

inf Jy(u') <0 forall A >\
u'EeR

Consider the minimization problem
. 1 1
A s {6l 100y + [ hdo s € B and 01 gy, = 9} (1)

Let {kn}52; € E be a minimizing sequence of , which is obviously bounded in
FE. Hence, without loss of generality, we assume that it converges weakly to some
k € E, with ||/£||I£p(aﬂ;v) = p. By the weak lower semicontinuity of || - ||, We can
deduce that

1 1
A= —||&|P o + = Ix]|? +/ hk do.
el + 2Ilaom + [
So Jx(k) = A% — XA < 0 for any A > \°. Now we denote
Ao :=sup{A > 0: problem (1.1)) does not have weak solutions},
A1 :=1inf{\ > 0: problem (.1} admits a weak solution}.

Of course A1 > Ay > 0.

Lastly, we prove two facts: (i) problem has a weak solution for any A > Aq;
(il) Ao = A\1.

Now, we fix A > A1, by the definition of A\, there exists pu € (A1, \), such that
J,, has a non-trivial critical point u, € E; i.e.,

HU/LHZ,Q + H“#”%q(ag) + /BQ huydo = IU’HU’ILHZ[)IP(aﬂ;V)v
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Clearly, u,, is a sub-solution of problem (L.1). So next we need to find a super-
solution of problem (1.1)) which is greater than u,,.
Consider the minimization problem

Lol 1 A
1nf{*||¢||§,n + 7||¢H%q(39) +/ h¢do — 7”¢||€p(39;v) ¢ € Fand ¢ > Uu}-
p q 0 p

From above argument, we can know that the minimization problem has a solution
ux > uy, which is also a weak solution of provided A > Aq. So for the fixed A,
we have a sub-solution u,, and a super-solution uy with uy > w,,, using [8, Theorem
2.4], we obtain a weak solution. Let us recall the definition of A;, we obtain that
does not have solutions for any A < A;. Then by the define of Ay, immediately
we have A1 < \g, so A1 = Ag.

4. PROOF OF THEOREM [2.2]

This is an adaptation of the proof in [I], and is presented here, for the reader’s
2
convenience. Let g = —|u|9"2u — h, then by ¢ < %, we have g € L*(0Q).
Lemma 4.1. If u € E is a weak solution of (1.1)), then there exists a constant
C > 0, such that

(Il gy + %, )% < C. Jor alln > o,

where the sequence {qn}2 is defined as

1 / * * (Ni 1)p q0
6 ) ) = N L = *
s'qo € [s'p,p™], P N W=

Furthermore, u € L9 (Q) and u € L¥ % (8Q) for alln >0, where s' = s/(s — 1).

Proof. Assume that u € E is a weak solution of (1.1). By E ~ WY?(Q), u is also
in WHP(Q). Since s > %, we have 1 < s’ = 25 < %—:;, and [p,p*|N[s'p, s'p*| =

[s'p, p*] # 0.
Let qo € [p,p*/s']. Then

WP(Q) — LO(Q) and WIP(Q) — L% (9Q).
Obviously, u € L% (Q) and u € L% (3€). Of course, u is also in L% (9S2). Suppose

that [lul| g0 = 1, if not we consider ug = u/|[ul| 1140 (5, Which is a solution
of
div(a(z)|DulP~?Du) = |ulP"?u in Q,
0
a(x)|Du\p_28—u = AV (@)|ulP?u+g on R,
v

with g = ([[ull a0 (90))" 9 € L*(09).
Using mathematical induction, suppose that u € L9 (Q), u € L% (dQ) and

[l Ls'an (892) > 1, we show that

we LU (Q), we L), ue L¥m(99), |uf 1.

L1 (902) =
Define a sequence {wi}72, in E by
k, if u(x) > k;
wi(z) = Qu(z), if —k<wu(z) <k, Voe;
-k, ifu(x) < -k
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Obviously, {wy}52, is in WhP(Q). Set 6 = g, — p > 0, then take the test function

|wi|°wy in (B.1]), we obtain

(div(a(x)|DuP~2Du), |wi|°wy,) :/ [ulP~ 2wy | wrde
Q

(4.1)
> / |wi | TPdx = / |wi [T dex,
Q Q
and
(div(a(z)|Dul?~2 Du), |wy|*wr)
= 7/ a(x)| DulP~2 DuD(|wg [°wy)dz + )\/ (V(2)|uP~2u + g)|wi|°wido
Q a0
- K ) (4.2)
<[l V(@lde + Gl oy = Ball Dl )l
s
< A% o IV e om) + G158 o) = Bl Dl ) s .
where
_9 s I/S p
G=( [ N 2utnl*de) ", Ba=ao(d+ 1)(2)".
o qn
Then by (4.1) and (4.2)), we have
/ |wg | T dx
Q (4.3)
< A2, e om — Bal Dl F ) 2, .
Since WP(Q) < L%(Q), there exists C1 = Cl (©,p,q0) > 0, such that
oTp oTp
ID(wrlP @il ) > Cilwi| [ Ta0 0y = Nwrl ™ 1700 (4.4)
s .
> ClekHanﬂ Q) — ”wk”LJgfp(Q)‘
By (4.3) and (4.4), we have
||Wk||%zn+1(ﬂ) (4.5)
< An(Mlullt,, (8Q)||V| Ls(a9) T G||Wk|\ifal+1>s/(ag) + Dy lwe [T (Q))v .

where A,, = ﬁ and D, = B, — 1. By 6 + 1 < ¢, we have

o+1

)
||wk||L(5+1)b (o9) = T

s =L
||u||L(5+1)5/(89) < || Lt,lqn(am(measg(aQ)s an ).

Suppose that meas, (0Q2) < 1 and with the assumption ||u|

L+'an (90) = 1, We obtain

||wk||i_t§1+l)s’(ag) < ||u| it’lqn(ag) < Hu| an;'/qn oQ)" (4'6)
So by (4.5) and (4.6)), we obtain
o5y < ALV L2000 + G2 o + Dol )
< Ay max(R, D)%, oy + 112 ),
where R = )\HVHLs(Q + G. Then we deduce that
< lim inf o,
Ikl LIEOO m (HwkHL n+1(Q)) (4 7)

< Apmax(R, [Dul) (el o) + 14l Tin )
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Thus v € Li+1(Q).

Next we prove u € L* 1+1 () (so u € L1+ (99)), and ||u| Lot (00) 2 1. By
(4.3) and (4.6)), we have
s
[t da - BlD(er Fon) gy <RI 0y (48)

The embedding W' () — L% (9Q) implies the existence of Cy = Co(2, p, s'qo) >
0 such that

otp S+p
HD(Iwklpwk)lle @ = > Colllwe] T2, woe) ~ Nkl 7 120 49)
n 1 :
> Collobl % oy~ 115
Then by (4.8) and (4.9), we obtain
n g n n
Br(Calll s oy =~ Wl 5 ) < Bl ) = | forl
Then
HLUk i';’q71+1 (BQ) < B/ (RHU”LS an 8Q + |‘D'ﬂ|||wk qLTILZn(Q))
< By, max(R, [Dul) (|4l gy + 14l Tim )
where B], = 1/(C2B,,). Then
n .
[|lu |L5 a1 (o0 = < i \linl inf ({lwg | e qnﬂ(aﬂ)) (410)
< By max(R, |Dn|)([ull 72y, o0 + 10l T ))-
Consequently, u € L* +1(9Q) and Hu”LS'an(aQ) > |[ull poran () > 1. Thus
ue L"), wel®*™(09), |ulprape =1, foralln=>0
Lastly, we have to show that there exists C' > 0 such that
(2 gy + 152, )% < €. for all m > o,
By (4.7) and (4.10), we have
[[ul qLTrqlnﬂ o0) + [lul %@:11(9) < T (max(R, |Dyl)(|ul izlqn(ag) + JullFe. Q)))qO/p7
where
1 1 q/p
ro (e by
(Cl * 02) B,
Obviously, lim,, o B, = 0, so we have lim,_, ;o |D,| = 1; so there exists ng €
N+, such that |D,| <2 when n > ng. Consequently,
n n n 70
55 + 25 oy < D) 2 oy + 05 ) %
where
— 1 1 1 q/p
o= L (h+ Dymir 2)""
(C1 + Cz)rnax( )
Setting

n 1/qn
Un = (Hu| %s/qn(aﬂ) + ||’U,||an Q)) 9
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we have v < C(g,)% (v )%/? for all n > ng, and

o™iy <s Y (O Y (i,

gn+1 dn no+1<k<n+1 qk no<k<n qk

hl(’Un+1 ) <

for all n > ng, where B = In(C). By 0 < L <1, we have

Z (i) <«_ D

ot 1<heni1 Tk T qo—p
Since
1 1 1 -1
no<k<n IF no<k<n 10 o o no<k<n do
Dk 090 nPqo
<) (O+nk)(—)" = + ;
,;0( ) “w-p " w-pp
we have
2
q nP~do
In(v,) < ———(B+0p) + ————— +1In(v,,) := A, Vn>ng.
(vn) (qO—p)( 2 (g0 — p)? (ono) 0
Thus
vn = (J|lu %';'qn(ag) + [lul %’;n(ﬂ)) <exp?:i=C, Vn>ng.

O

Lemma 4.2. Let 99 be C*(99Q) with a € (0,1) and u be in EN L% () such that
div(a(x)|Du[P=2Du) € L>(2), then u € C*P(Q) for some 8 € (0,1) and

lull sy < KN, p, Jlullz= o). | div(a(@)| Duf = Du)| L= (q) )
The above lemma is similar to [5, Lemma 2.2], and is also a result in [4].
Proof of Theorem[2.3. (1) By Lemma we know that
lullm@) < €, Nullpranomy < Cr V> no.
then we obtain

oy < i oy <
lull ooy < lim sup [|ull Lan @) < C,

o < i o <C.
lull (o) < lim sup fJuf| g o) < €

Hence, (1) of Theorem [2.2|is proved.

(2) By (1) of Theorem we obtain that the solution u is in E N L*®(Q).
Using || div(a(z)|DulP=2Du)| (o) = [[ullj=~ g, we have div(a(z)|DuP~2Du) =
|ulP~2u € L>®(2). So wu is in C*#(Q) for some B € (0,1) and lullcrs@ <
K(N, p, ||ullpe~(q)).- Indeed, we have |u| =) < C for 1 < p < N, where C
depends on G, |[ull <4 50y, and [|V[|L=(s0), then we have

K = K(p, N, G, ”uHLS'qO(BQ)’ ||V||LS(6Q))-

O
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