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REGULARITY OF RANDOM ATTRACTORS FOR STOCHASTIC
SEMILINEAR DEGENERATE PARABOLIC EQUATIONS

CUNG THE ANH, TANG QUOC BAO, NGUYEN VAN THANH

ABSTRACT. We consider the stochastic semilinear degenerate parabolic equa-
tion

m

du + [~ div(o(z)Vu) + f(u) + Muldt = gdt + Y hjdw;

Jj=1
in a bounded domain © C RY, with the nonlinearity satisfies an arbitrary
polynomial growth condition. The random dynamical system generated by
the equation is shown to have a random attractor {A(w)}weq in DF(O,0) N
LP(0O). The results obtained improve some recent ones for stochastic semilinear
degenerate parabolic equations.

1. INTRODUCTION

It is known that the asymptotic behavior of random dynamical systems generated
by stochastic partial differential equations can be determined by random attractors.
The concept of random attractors, which is an extension of the well-known concept
of global attractors [12], was introduced in [I3] [I4] and has been proved useful in
the understanding of the dynamics of random dynamical systems. In recent years,
many mathematicians paid their attention to the existence of random attractors
for stochastic parabolic equations with additive or multiplicative noise, both in
bounded domains [6], 111 [I8, 19] and in unbounded domains [8| 22] 23]. However,
up to the best of our knowledge, little seems to be known for random attractors for
degenerate parabolic equations.

In this paper, we consider the stochastic semilinear degenerate parabolic equation

du + [ div(o(z)Vu) + f(u) + Muldt = gdt + Y hjdw;,z € O,t > 0,

7=t (1.1)
u|ao =0,t>0,

u|t:0 = Uog,

where O C RV (N > 2) is a bounded domain with smooth boundary 90, A > 0,
and {w;}” are independent two-sided real-valued Wiener processes on a proba-
bility space which will be specified later. To study problem (|L.1]), we assume that
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the diffusion coefficient o(z), the nonlinearity f(-), the external force g, and the
functions {h;}72; satisfy the following hypotheses:

(H1) The function ¢ : O — R is a non-negative measurable function such that
o € L{ (O) and for some «a € (0,2), liminf,_,, |z — z|~*c(x) > 0 for every
z € O;

(F1) The function f € C'(R,R) satisfies a dissipativeness and growth condition
of polynomial type; that is, there is a number p > 2 such that for all u € R,

fwu > Crlul? — Oy, (1.2)
()] < Calu[P~! + Cy, (1.3)
f'(u) > —¢, (1.4)

where C;, i = 1,2,3,4, and ¢ are positive constants;

(G1) g € L*(0);

(H2) The functions hj, j = 1,...,m, belong to L?*~2(0) N Dom(A) N DP(A4),
where Au = —div(o(x )Vu) Dom(A) = {u € D}(O,0) : Au € L*(0)}, and
DP(A) = {u e Dj(0,0): [, |Au\pdfc < 400},

Here the degeneracy of problem is considered in the sense that the mea-
surable, non-negative diffusion coefﬁcient o(+), is allowed to have at most a finite
number of (essential) zeroes at some points. For the physical motivation of the
assumption (H, ), we refer the reader to [9, [16] [17].

In the deterministic case, problem can be derived as a simple model for
neutron diffusion (feedback control of nuclear reactor) (see [15]). In this case u
and o stand for the neutron flux and neutron diffusion respectively. The existence
and regularity of global attractors/pullback attractors for problem in the
deterministic case has been studied extensively in both autonomous case [3} Bl [16],
17] and non-autonomous case [11 2].

The existence of a random attractor in L?(O) for the random dynamical system
generated by problem has been studied recently by Kloeden and Yang in
[24]. The aim of this paper is to study the regularity of this random attractor.
More precisely, we will prove the existence of random attractors in the spaces
LP(0) and D§(O, ), and these random attractors of course concide the random
attractor obtained in [24] because of the uniqueness of random attractors. To do
this, we exploit and develope the asymptotic a priori estimate method introduced
the first time in [20), 25] for autonomous deterministic equations to the random
framework. It is noticed that this method has been developed to study the regularity
of the pullback attractor for problem in the deterministic case in some recent
works [T}, 2]. The theory of pullback attractors has shown to be very useful in the
understanding of the dynamics of non-autonomous dynamical systems [10].

The paper is organized as follows. In Section 2, for convenience of the reader, we
recall some basic results on function spaces and the theory of random dynamical
systems. In Section 3, we prove the existence of a random attractor in LP(O)
for the random dynamical system generated by problem . The existence of a
random attractor in D(O, o) is proved in the last section. The results obtained
improve some recent results for semilinear degenerate stochastic parabolic equations
in [24], and as far as we know, the existence of a random attractor in H}(O), which
is formally obtained when o = 1, is even new for stochastic reaction-diffusion
equations.
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2. PRELIMINARIES

2.1. Function spaces and operators. We recall some basic results on the func-
tion spaces which we will use. Let N > 2, a € (0,2), and

. 1 if N =2
L [ e(zﬂ) if N > 3.

N—-2+« ? N-2

The exponent 2}, has the role of the critical exponent in the Sobolev embedding
below.

The natural energy space for problem involves the space D} (O, o) defined
as the completion of C§°(O) with respect to the norm

1/2
ullpi(o,0) = (/OJ(:E)IVU|2dx) )

The space D} (O, o) is a Hilbert space with respect to the scalar product

((u,v)) = / o(z)VuVudz.
o
The following lemma comes from [9, Proposition 3.2].

Lemma 2.1. Assume that O is a bounded domain in RN, N > 2, and o satisfies
(Ho). Then the following embeddings hold:

(i) DH(O,0) — L*(O) continuously;

(ii) D}(O,0) < LP(O) compactly if p € [1,2}).

Under condition (H,), it is well-known [I, [4] that Au = — div(o(z)Vu) with the
domain
Dom(A) = {u € D}(0,0) : Au € L*(Q)}
is a positive self-adjoint linear operator with an inverse compact. Thus, there exists
a complete orthonormal system of eigenvectors (e;, A;) such that

(ej,ex) =0, and —div(e(z)Ve;) = Njej, 4,k=1,2,3,...,
O0< A <A<, Aj—4ooasj— +oo.
Noting that

ull%: 0.0

A = inf{ﬁ(o’) cu € DYO,0),u # O},
L2(0)

we have

||U||%g](o,a) 2 Al”“H%Z(O)? for all u € Dy(O, 0).
We also define DP(A) = {u € D{(0,0) : Au € LP(0O)}.

2.2. Random dynamical systems. Here, we recall some basic concepts on the
theory of random attractors for random dynamical systems (RDS for short); for
more details, we refer the reader to [6] [13].

Let (X, | - ||x) be a separable Banach space with Borel o-algebra B(X), and let
(Q,F, P) be a probability space.

Definition 2.2. (2, F, P, (0;):cr) is called a metric dynamical system if § : Rx{) —
Qis (B(R) x F, F)-measurable, 0y is the identity on Q, 05,; = 6,0, for all s,t € R,
and 0;(P) = P for all t € R.
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Definition 2.3. A function ¢ : RT x Q x X — X is called a random dynamical
system on a metric dynamical system (2, F, P, (0;):er) if for P-a.e. w € Q,

(i) ¢(0,w,-) is the identity of X;
(ii) ¢(t+ s,w,x) = (L, Ow, d(s,w,x)) for all t,s e R* 2z € X.
Moreover, ¢ is said to be continuous if ¢(¢,w, ) : X — X is continuous for all
t € R and for P-a.e. w € Q.
We need the following definition about tempered random set.

Definition 2.4. A random bounded set {B(w)},eq of X is called tempered with
respect to (0;)icr if for P-a.e. w € Q,

tlim e Ptd(B(O_4w)) =0 forall 8> 0,
where d(B) = sup,¢p ||z x-

Hereafter, we assume that ¢ is a random dynamical system on (2, F, P, (6;)tcr)
and denote by D a collection of tempered random subsets of X.

Definition 2.5. A random set {K(w)}o,eq € D is said to be a random absorbing
set for ¢ in D if for every B = {B(w)}weq € D and P-a.e. w € , there exists
tp(w) > 0 such that

(t,0_tw, B(l_4w)) C K(w) for all t > tp(w).

Definition 2.6. A random dynamical system ¢ is called D-pullback asymptoti-
cally compact in X if for P-a.e. w € Q, {¢(t,,0_¢,w,z,)}n>1 has a convergent
subsequence in X for any ¢, — oo, and z,, € B(f_;,w) with B € D.

Definition 2.7. A random set {A(w)},ecq of X is called a D-random attractor for
¢ if the following conditions are satisfied, for P-a.e. w € (,
(i) A(w) is compact, and the map w +— d(z, A(w)) is measurable for every
r € X;
(ii) {A(w)}weq is invariant; that is,
o(t,w, Aw)) = A(Ow) for all t > 0;
(i) {A(w)}weq attracts every set in D; i.e., for every {B(w)}wea € D,
tlim distx (¢(t, 0—sw, B(6_w)), A(w)) = 0,

where dist x is the Hausdorff semi-distance of X,

distx (A, B) = sup inf ||z —y||x where A,B C X.
zcAYEB

The following result was proved in [7}, [13].

Theorem 2.8 ([7,[13]). Assume that ¢ is a continuous RDS which has a random
absorbing set { K (w)}wea- If ¢ is pullback asymptotically compact, then it possesses
a random attractor { A(w)},eq, where

A(W) = mTZOUtZT¢ (t, G_tw, K(g_tW))

As we know, the continuity of the RDS corresponding to in LP(O) and in
D(O, o) is not known, thus, we cannot apply Theorem to prove the existence
of random attractors in these spaces. Fortunately, in [18], the authors have proved
that the existence of random attractors can be obtained under weaker assumptions
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on the continuity of the RDS, more precisely, we only need the RDS to be quasi-
continuous.

Definition 2.9 ([I8]). A RDS ¢ is called to be quasi-continuous if for P-a.e.
w € Q, d(tn,w,z,) = ¢(t,w, ) whenever {(t,,x,)} is a sequence in R* x X such
that {¢(tn,w, z,)} is bounded and (¢,,z,) — (t,z) as n — oco.

The following lemma gives us a criteria to check the quasi-continuity of a RDS.
Lemma 2.10 ([I8]). Let X,Y be two Banach spaces with the dual spaces X*,Y™*,
respectively, and assume that

(i) the embedding i: X — Y is densely continuous;
(ii) the adjoint operator i* : Y* — X* is dense; i.e., i*(Y™) is dense in X*.
If ¢ is continuous in Y, then ¢ is quasi-continuous in X.

In this article, we will use the following result on the existence of random at-
tractors for quasi-continuous dynamical systems.

Theorem 2.11 ([I8]). Let ¢ be a quasi-continuous RDS which has a random ab-
sorbing set { K(w)}ueq in X. Assume also that ¢ is pullback asymptotically compact
in X. Then, ¢ has a unique random attractor { A(w)}weq in X. Moreover, we have

A(®) = Nr2001276 (& 0w, K(0-w) """

In what follows, for brevity, we will denote by |- |, and | - || the norms in L?(O)
and D (O, o) respectively. The inner product in L?(O) will be written as (-,-). The
letter C' stands for an arbitrary constant which can be different from line to line
or even in the same line, D and D, denote the collection of all tempered random
subsets of L2(O) and LP(O) respectively

3. EXISTENCE OF A RANDOM ATTRACTOR IN LP(O)
We consider the canonical probability space ({2, F, P), where
Q={w=(w1,ws,...,wn) € C(R;R™) : w(0) = 0},

and F is the Borel o-algebra induced by the compact open topology of 2, while P
is the corresponding Wiener measure on (€2, F). Then, we identify w with

W(t) = (w1(t),wa(t),...,wm(t)) =w(t) forteR.

We define the time shift by 6w () = w(- +t) —w(t),t € R. Then, (Q, F, P, (0:)ter)
is a metric dynamical system.

We now want to establish a random dynamical system corresponding to .
For this purpose, we need to convert the stochastic equation with an additive noise
into a deterministic equation with random parameters.

Given j = 1,...,m, consider the stochastic stationary solution of the one-
dimensional Ornstein-Uhlenbeck equation
dzj + Azjdt = dw;(t). (3.1)

One may check that a solution to (3.1]) is given by

0
25(8) = 25 (Brws;) = —\ / A (Bw;)(F)dr,  t € R.
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From Definition the random variable |z;(w;)| is tempered and z;(6;w;) is P-
a.e. continuous. Therefore, it follows from [0, Proposition 4.3.3] that there exists a
tempered function r(w) > 0 such that
m
D (2@ + [z (@) P+ 25(w))P72) < r(w), (3.2)
j=1

where r(w) satisfies, for P-a.e. w € Q,

r(fw) < e%mr(w), teR. (3.3)
Combining (3.2]) and (3.3]), it implies that
m
D7 (2B + 125 Bo)” + 125 ()7 72) < 3 lr(w), te R,
j=1

Putting z(6iw) = 37", hjzj(0w;), by (B.1]) we have
m

dz + Azdt =Y hjdw.
j=1

Since h; € L**72(0) N Dom(A) N DP(A), we have
p(0w) = [|2(60w) 1> + |2(0w) [} + |2(6iw) |55 + |A2(0iw)[3 + |Az(0,0) ]
< Ce%‘tlr(w).
To show that the problem generates a random dynamical system, we let
v(t) = u(t) — z(f,w) where u is a solution of (L.I)). Then v satisfies
v+ Av+ f(v+ z(6iw)) + M = g — Az(Ow), (3.5)

where Au = —div(o(x)Vu). By the Galerkin method, one can show that if f
satisfies (1.2)-(L.3), then for P-a.e. w € Q and for all vy € L?(O), has a unique
solution v(-,w,vg) € C([0,T]; L*(O)) N L*(0,T; D§(O, 0)) with v(0,w,vg) = vg for
every T > 0. Let u(t,w,ug) = v(t,w,ug — 2(w)) + z(6rw), then u is the solution of
(L.1). We now define a mapping ¢ : R* x Q x L?(0) — L*(0) by

o(t,w,ug) = u(t,w,ug) = v(t,w,ug — z(w)) + z(6rw).

By Definition ¢ is a random dynamical system associated to problem (|1.1]).
The following result was proved in [24].

Lemma 3.1. [24] Under assumptions (H1), (F1), (G1), (H2), the RDS ¢ corre-
sponding to is continuous in L?(O). Moreover, ¢ possesses a random absorb-
ing set in D} (O, ), that is, for any {B(w)}wea € D, there exists Ty > 0 such that,
for P-a.e. w €,

(3.4)

[6(t, 0w, uo(0—w))|> < C (1 +7(w)),
for allt > Ty and up(0_w) € B(0_w).
Since DY(O,0) — L*(O) compactly, we see that the RDS ¢ corresponding to

problem (I.1)) possesses a random attractor in L?(Q). To prove the existence of a
random attractor in LP(O), we will use the following results.

Lemma 3.2. [23] Let ¢ be a continuous random dynamical system (RDS) on L?(O)
and an RDS on LP(O), where 2 < p < co. Assume that ¢ has a D-random attractor.
Then ¢ has a Dp-random attractor if and only if the following conditions hold:
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(1) ¢ has a Dyp-random absorbing set {Ko(w)}wea;

(ii) for any € > 0 and every {B(w)}weq € D, there exist positive constants
M = M(e,B,w) and T = T(e, B,w) such that, for allt > T,

P

0 () (O_w)[Pdz < ——

sup opt2’

uo(w)EB(w) ~/O(|\Il(t)u0(9tw)|2M)
where U(t) = ¢(t,0_w) and
O(|¥(t)ug(f—w)| > M) ={z € O : |¥(t)ug(f_rw)(x)| > M}.

Moreover, the D-random attractor and the Dy-random attractor are iden-
tical in the set inclusion-relation sense.

Lemma 3.3 ([24]). Let assumptions (H1), (F1), (G1), (H2) hold, and let B =
{B(w)}wea € D and up(w) € B(w). Then for P-a.e. w € ), there exists T =
T(B,w) > 0 such that for allt > T,

t+1
/t [u(s, 0—t—1w, ug(0—1—1w))[pds < (1 +7(w)).

We now show that ¢ processes a Dp-random absorbing set {Ko(w)}weqn, which
belong to D, and absorbs every random set of D in the topology of L?(O).

Lemma 3.4. Assume that (H1), (F1), (G1), (H2) hold. Let B = {B(w)}wea € D
and ug(w) € B(w). Then for P-a.e. w € Q, for allt > T,

41
/ [v(s, 01w, up(0—t—1w) — 2(0—t—1w))[Pds < (1 +r(w)),
t

where ¢ is a positive constant and r(w) is a tempered random function in (3.2)).
Proof. Note that
(8, 0_t_qw,ug(0—1—1w) — z(0—t—1,w)) = u(s, 011w, up(0—t—1w)) — 2(Os—t—1w).

Then by Lemma and (3.2)-(3.3), we have, with 2(6,w) = 377", h;2;(6,w;) and
h; € L*~2(O) N Dom(A) N DP(A),

t+1
/ [v(s,0_¢ 1w, up(0—¢—1w) — 2(0_4—1w))[Dds
t

t+1
= / [u(s, 0—t—1w,up(0—t—1w)) — 2(0s—1—1w)[ds
t

t4+1

t+1
< gp—1 / \u(s,H_t_lw,ug(ﬂ_t_lw)ﬂgds—|—/ \z(@s_t_lwﬂgds)

t t

<277 (14 r(w)) + c/o |z(95w)\§d8)

(
( .
<27 (el + () + ¢ [ 01 é |23 (007)1"ds )
<27 (e(1 4 7(w) +e /_ 01 r(0.0)ds)
(

<2 (o1 4 r(w)) + er(w) /

—1

efgsds)
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<c(1+47rw))
for all t > T(B,w), where T'(B,w) > 0 is in Lemma [3.3] O

Lemma 3.5. Assume that (H1), (F1), (G1), (H2) hold. Let B = {B(w)}wea € D
and ug(w) € B(w). Then for P-a.e w € Q, there exists T = T(B,w) > 0 such that,
forallt > T,

[u(t, 0w, uo(0—4w))[) < c(1+r(w)).
In particular, for w € Q, Ko(w) = {u € LP(O) : |ulh < c(1+7(w))} is a Dy-random
absorbing set in Dy, for ¢.

Proof. Multiplying (3.5) with |v|P~2v and then integrating over O, we have
1d
S+ [ o veRlorde s [ )+ 0wl o
pdt P P Jo o
(3.6)
_ / (9(x) — Az(0,0))[0]P~2vda.
o

To estimate the nonlinearity, we have

flo+z(0w))v = f(u)u— f(u)z(0w)
> C|ulP — Cy — (CslulP~! + Cy)2(Biw).

Using Young’s inequality, we obtain
1
CslulP~12(0,w) < 501\u|p + Clz(0:w)|P
1 1
Cyz(biw) < 5042 + §|z(0tw)|2.
Hence,
1

Flo+ 2(0w))o 2 Calul? = C(|=(8) " +]2(0)]?) — O

By Holder’s inequality, |u|P > 217P|v|P — |2(6;w)|P, then it implies that
C
Flo+ 2(8))o > SHP — C(2(0)P +120w)) ~ Clolr ™, (37)

from which it follows by Young’s inequality that
F+2(0w))|olP~?v

> L2 — Ola(0,) Plof? =2 — O12(Bo) o9~ — Clop=
C B c ~ _ Ap—1

> SHulr=2 = L2 = Clat) - XEZ Dl - ol
_ MMP e

2p

C _ AMp—1 _
2 o™ = %\vip = C(|2(0) P72 + |2(00) ) — C.

So, we finally obtain the estimate of the nonlinearity as follows

/ F(0 + 2(01)) [oP~2vda
(@)

C _ Ap—1 _
> ootiolys - 222 Do - 0(120w) B3 + =0w)) - O

(3.9)
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On the other hand, the term on the right—hand side of ([3.6) is bounded by
lglo-[vf5, 25 + [Az(0w)]2.[v]5, 2 < 2p+2| vlap=3 + el Az(0w) 5 + clgl3.  (3.10)
Then it follows from (3.6)) and ({ . - ) that

%\v\g + Avlp + c|v|§§ 3 < 01(|z(9tw)|§§:§ + [2(0,w)[3 + | A2(0;w)|3) + co. (3.11)

From (3.11)) we have

d
2 10lp = p(6iw) + co. (3.12)

We let T(B,w) be the same as in Lemma [3.4 and ¢ > T(B,w). Integrating (3.12)
from s to t + 1, where s € (¢,¢t + 1), we obtain

t+1
lv(t+1,w, vo(w)) b < / p(Orw)dr + |v(s,w, vo(w))|g + ¢p. (3.13)
t

By replacing w by 6_;_iw and then integrating from ¢ to t + 1 in , it yields
that
[o(t + 1,0t 1w, vo(0——1w))[D
t+1 t+1 (3.14)
< / p(0r;—t—1w)dT + / [v(s,0_1—1w,v0(0—1—1w))[pds + co.
t t

By employing Lemma and together with (3.4), it follows from ([3.14) that

0
lo(t+1,0_;—qw, v0(9,t,1w))|£ < / p(Orw)dr + (1 + r(w))
-1

< car(w) /0 e 2\ dr 4 c(l+7(w))
<c(l+ r(w)l).
Therefore, there exists 71 (B,w) > 0 such that, for all ¢t > T (B, w),
[o(t, 0w, up(0—¢w)) |5 < (1 +r(w)),
from which and (3.2)), it follows that for all ¢ > T} (B, w),
lut, 01w, uo(0—4w))[p = [v(t, 01w, vo(0—1w) + 2(w))[}
< 277 (Ju(t, e 1w, vo (0—w))[5 + |2(w)P)
< 2P 1+ r(w)) + 277 1|Z( w)lp
< (1 +r(w)).

(3.15)

Given w € 2, denote
Ko(w) = {u € LP(O) : [ull <c(1+r(w))}

Then {Ko(w)}wea € Dp. Moreover, (3.15) indicates that {Ko(w)}wen is a Dp-
random absorbing set in D), for ¢, which completes the proof. (]

Lemma 3.6. Assume that (H1), (F1), (G1), (H2) hold. Let B = {B(w)}wea € D
and up(w) € B(w). Then for P-a.e. w € Q, there exists T = T(B,w) > 0 such
that, for allt > T and s € [t,t + 1],

[0(s, 0—¢—1w, 00 (0—1—1w))[5 < c(1 +r(w)),

where vy(w) = up(w) — z(w).
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Proof. Using a similar argument as given in [24] Lemma 6.1], we obtain

[u(s, w0, v0(@)) 3 < € [oo(w)[3 + / AT+ S (316)
0

We choose s € [t,t + 1]. By replacing w by 6_;_jw in (3.16), we obtain, with (3.3)

[0(s, 011w, v0(0—r—1w))[3

s c
< e Jug(0_s1w) 2 + / NI, yw)dr + 5
0

t+1
< e,\eﬂ\(t+1)|vo(9_t_1w)‘g+/ e’\("’t)p(GT_t_1w)dT+§
0

0
_ . c
< e D g (0_y_w) |2 + /—t—l AT p(0.w)dr + X (3.17)

0
< (e—A(t+1)|vO(97t71w)|§ + c/

—t—1

e%TT(w)dT) + §

_ 2c c
<et (e A(t+1)|vo(9_t_1w)|§ + 77‘(@)) + X

A_—A(t+1) 2 2 2ce c
< 262N (ug (0 100) B +12(0-0 1) B) + () + 5

Note that {B(w)}wea € D and |z(w)|3 is also tempered. Then for ug(f_;_jw) €
B(0_;_1w), there exists T'= T'(B,w) such that, for all t > T,

2 7 AMD (Jug (0 1w) |3 + [2(0——1w)[2) < c(1 + 7(w)). (3.18)
Hence, it follows from (3.17)) and (3.18]) that for all t > T and s € [t,t + 1],
|'U(87 H—t—lwa UO(Q—t—lw))@ < C(]. + T(w))a

which completes the proof. O

Lemma 3.7. Assume that (H1), (F1), (G1), (H2) hold. Let B = {B(w)}wea € D
and ug(w) € B(w). Then for every ¢ > 0 and P-a.e. w € Q, there exist T =
T(B,w) >0 and M = M(e, B,w) such that for allt > T and s € [t,t + 1],

m(O|v(s,0_t_1w,vo(0_1—1w))| > M) < €,
where vo(w) = up(w) — z(w) and m(e) is the Lebesgue measure of e C RY.
Proof. By Lemma there exists a random variable My = My(w) such that, for
every B = {B(w)}weq € D, we can find a constant T' = T'(B,w) such that for all
t>T and s € [t,t+ 1],
[u(s,0—¢—1w, v (0_1—1w)|3 < My
with vg(w) = up(w) — z(w) and up € B(w). On the other hand, for any fixed M > 0,

[0(s, 011w, v0(0—1-10))[3

= / |v(s,0_¢_qw, 90(9471)”20@
o (3.19)
>

/ [v(s,0_¢ 1w, v0(0__1))|*dx
O(Jv(s,0—t—1w,v0(0_t_1w))|>M)

> M*m(O(|v(s, 0_—1w,v0(0_t_1w))| > M)).
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Then for any ¢ > 0, by (3.19)), we obtain that m(O|v(s, 0_1_1w,ve(0_1_1w))| >
M) < e provided that we choose M > (%)1/2. O

€

By a technique similar to that in [23] Lemma 4.6], we can prove the following
lemma.

Lemma 3.8. Assume that (H1), (F1), (G1), (H2) hold. Let B = {B(w)}weq €
then for every e > 0 and P-a.e. w € Q, there exists T = T(e, B,w) > 0, M;
M (e, Byw) and My = My(e, B,w) such that for allt > T,

D,

/ lw(t, 0_— 1w, ug(0_;_1w))|*dx < e,
O(lu(t,0—t—1w,u0(0—t—1w))|>Mn1)

/ [o(t,0__1w,v0(0_¢_1w))|*dx < ¢, (3.20)
O(\v(t,e,t,lw,vo(O,t,lw))\ZZVIZ)

where vy(w) = up(w) — z(w).
Lemma 3.9. Assume that (H1), (F1), (G1), (H2) hold. Let B = {B(w)},eq € D,
)

then for every € > 0 and P-a.e w € Q, there exist T = T(e,B,w) > 0,M =
M (e, B,w) such that for allt > T,

/ lu(t, 0_tw, up(0_w))|Pdx < e. (3.21)
O(Ju(t,0—tw,uo(0—1w))|>M)

Proof. For any fixed € > 0, there exists § > 0 such that for any e C O with
m(e) < §, we have

/|g|2dx <e. (3.22)

In particular, by our assumptions h; € L?’~2(0) N Dom(A) N DP(A) for j =
1,2,...,m, there exists 53 = d2(€) > 0 such that, for any e C RV with m(e) < &,

/(|hj(ﬂb“)|2”72 + [y (@) [P + [hy(2)? + | Ahy (2)|*)dzx < TZ) (3.23)
On the other hand, from Lemma we know that for every up(w) € B(w), there
exists T1 > T and M3 such that for all t > T} and s € [¢,t + 1],

m(O(|v(s, 0—t—1w,v9(0—t—1w))| > M3)) < min{e, d1,d2}. (3.24)

Then inequalities (3.22)-(3.23) hold for e = O(|v(s, 0_1—1w,vo(0_1—1w))| > Ms).
Let now M = max(My, My, M3), F = |2(w)|so, and t > T;. By a similar com-
putation as in [23, Lemma 4.6], we can show that F' is finite for P-a.e. w € Q.
Multiplying with (v — M), and then integrating over O, we have

%% (v— M), 2+ /\/O (v — M) sda+ /O ()Y (v — M) [2dz
+ / Fo + 2(00)) (v — M)y da (3.25)
O

_ / (g — Az(0w))(v — M) dz,
(@]

where
v—M ifv>M,

M), =
(v = M)+ {0 if v < M.
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We now estimate all terms of (3.25)). First, we have
/ o(x)|V(v — M), [2dx > 0, (3.26)
o
)\/ v(v — M)ydz > A(w— M), 2. (3.27)
o

From (3.7)), we find that

f(o+2(0w)) (v — M)
=flv—M+ z(0;w) + M)(v — M)

> %h} — MP = C(|2(6w) + M| + |2(Bpw) + M|?) — C (3.28)
= %W — MP = C(l2(0w)” + |2(8,w)]?) — C,

which gives

/ fo+ z(6:w))(v — M)dz
O(v>M)

= / [o—~ MPdz — O (=(0w)P +|2(0)2)da 329
O(w>M) O(w>M)
— Cm(O(v > M)),
where ¢; = % By Young’s inequality, we have
[ g At o-M)pdo < M=) fve [ (9P +[Ax(0) P,
O(w=M) O(w>M)
(3.30)
Then it follows from (3.25)-(3.30) that
d
—(vfM)+|§+2cl/ |v — M|Pdx
dt O(wv>M)
< 20/ (2(00)] + |2(0u)? + | A2(0,0)[2)d (3.31)
O(w>M)

+ / 2cg?dx + Cm(O(v > M)).
O(w>M)
Replacing ¢ by 7 and then integrating (3.31) for 7 from ¢ to t + 1, it yields

t+1
/ / |v(T, w, vo(w) — M)|Pdzdr
t O(v(T,w,vo(w))>M)

t+1
< 61/ / (|2(0,w)|P + [2(0,w)|? + |Az(0,w)|*)dxdT
t O (v(r,w,vo(w))>M)

41 t+1
+ 02/ / cg?dxdr + 03/ m(O(v > M))dr
t O (v(T,w,vo(w))>M) t

+(v(t,w, v0(w)) — M)+3.

(3.32)
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Let Dy(1) = O(v(1,0_¢—1w,v9(0_1—1w)) > M). Replacing w by 0_;_qw in (3.32)),
we see that

t+1
/ / [o(T,0_— 1w, vo(0_¢—1w) — M)|Pdzdr
t Dy (1)

t+1
<o / / (2(0r—s 1) + [2(0r—1_10) % + |A2(0s_1_10)|?)dadr
t Di (1) (3.33)

t+1 t+1
+ 02/ / cg?dxdr + 03/ m(O(v > M))dr
t Dl(T) t

+|(v(t, 0110, v0(0—-1w)) — M) 4[5
By (3.20)), together with (3.22]) and (3.24)), we have

t4+1
02/ / cg?dxdr + |(v(t,0_t_ 1w, vo(0_¢_1w)) — M) 4|3 < ce, (3.34)
t D (1)

where ¢ is a generic positive constant independent of €. By (3.23]) and using Hoélder’s
inequality repeatedly, we have the following bound for the first term on the right -

hand side of (3.33),
t+1
“ / / (12(Or—s1@)[P + [2(0r——10) [* + |A2(0r——10)[*)dadr
t Dl(T)
t+1 m m
< Clmp_Q/ / (Z [P Y 125 (0r—i—aw;) P
t Dl(T) j=1 j=1

Y P 1z (0 aw) P+ Y AR P |Zj(07'—t—1wj)|2> dzdr
j=1 j=1 j=1 j=1

3emP—2¢ [/ m
S W / <Z |Zj(9—7'—t—1wj)|p + Z |Z_7 (G—T—t—le)|2>d7 (335)
t =

j=1
3emP~le [t
S Or_1—1w)d
S o) /t p(Or—t—1w)dr
p—1 0
< S / p(rw)dr
r(w) -1
p—1 0 )
< m/ r(w)e_f’\TdT < ce.
r(w) -1
Then by (3.24), it follows from (3.33))-(3.35) that for all ¢ > T,
t+1
/ / [o(T,0_t_1w,vo(0_t—1w) — M) |Pdzdr < ce. (3.36)
t Dl(‘f')

We then take the inner product of (3.5 with (v — M)i_1 to find that
1d
pdt
+0=1) [ o@IV(0 = M) Pl = M) 2o

(v—M)+|§+)\/ v(v—M){’;ldx
o

+ /o flv+ 2(6w)) (v — M)ffldx
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_ / (9 — Az(0,w)) (v — M)? " da.
(@)

If v > M, then by (3.8)), we have

fv+2(0w)) (v — M)~
= f(v—M + 2(Ow) + M) (v — M)P~1

> 2S+11 lv — M|*P~2 — N\v — M|P — C(|2(0w) + M|*P72 + |2(6,w) + M|P) — C
C
> orlv = MPP™2 = Ao = MPP = C(|2(0,) P + |2(0)]") — C.
(3.37)
from which we have the following bounds for the nonlinearity
/ o+ 2(00) (v — M)? L da
O
C _
> Sl (0 = M) [575 = M(w = M) 7 (3.38)
- C/ (|2(0:w) P72 + |2(8w)[P)dz — em(O(v > M)).
O
On the other hand, we have
/\/ o(o — M2 Nz > N|(v — M) P, (3.39)
O
/ o (@)|V (v — M), [2|(v — M), |P~2dz > 0. (3.40)
O

By Young’s inequality, we deduce that

_ C ,
/ (9= A2(0rw)) (0= M)% d < S (0= M) ¢ 3 "3+ / |91 +| Az (61) Pdr.
@) O(v>M)

(3.41)
Thus from (3.37) - (3.41)), it follows that
1d P 2p—2 p 2
cal Ml sa s (12(0:) 777 + [2(01w) [P + |Az(6:w) ") da
(=) (3.42)

+co / g*dx + csm(O(v > M)).
O(w>M)

Replacing ¢ by 7 and then integrating (3.42)) for 7 from s to t + 1 with s € [t,t + 1],
we obtain that

lo(t +1,w,v0(w) — M)[D

t+1
< e / / (120050222 + |2(0:) P + |A2(0,)[2)dxdr
t JOwzM) (3.43)

t+1 t+1
+ 02/ / ¢*dzdr + 03/ m(O(v > M))dr
t O(w>M) t

+ |(U(S7waU0(w>) - M)+‘£



EJDE-2012/207 REGULARITY OF RANDOM ATTRACTORS 15

We first replace w by 6_;_jw, then integrate (3.43)) for s in the interval [¢,¢ 4 1] to
find that

(0t + 10— 110, 00 (01— 10)) — M) 2

t+1
< / / (2(0s )PP 2 + |2(0r— s 1 0)|P + | A2(0y 1 1) [2)dadlr
Dy (1)

t+1 t+1
+ co / / g*dzdr + c3 / m(Dq(7))dr
t D1 (T) t

t+1
+/ [(v(s,0_¢—1w,v0(0_¢—1w)) — M) |Pds,
¢

(3.44)
where Di(7) = O(v(7,0_t—1w,v9(0—t—1w)) > M. Then it follows from (3.22),

- ) and (| - ) that

t+1 t41
02/ / g*dzdr + 03/ m(D1(7))dr
t D1(71) t

—|—/ [(v(s,0_¢—1w,v0(0—t—1w)) — M)y [bds < ce,
¢
and by similar argument as (3.35)), we have

(3.45)

t+1
¢ / / (|2(0r—t—1w)[*P72 4 |2(0r—t_1w)|P + |A2(0; _4_1w)|?)dadr < ce.
Dl(T

(3.46)
Hence, from (3.44)) - (3.46)) we obtain that for all ¢t > T}
[(v(t+ 1,0 1w, v0(0t—1w)) — M) |b < ce, (3.47)
and then we deduce that for all t > T + 1,
/ [v(t, 0_sw, vo(0_w))[Pdx < ce, (3.48)
DQ(t)

where Ds(t) = O(v(t,0_tw,vo(0_ww)) > 2M). Note that wu(t,0_;,uo(f_w)) =
v(t, 0_tw,v9(0_4w)) + z(w). Then we see that

O(|U(t,9_t,U0(9_tUJ))| > 2M + F) - O(|U(t79—tw7vo(0—tw))| 2 2M) = D2(t)7
where F' = |z(w)|co. This, together with (3.24) and (3.48]), gives that for all ¢ >
T, +1

/ |u(t, 0w, uo(0—w))|Pdx
O(u(t,0_tw,ug(0—tw))>2M+F)

<o / [0(t, 0y, v0(0_y))|Pdz + / 2(w)Pdr) (3.49)
Dg(t) Dg(t)

< 2771 (ce + FPm(Ds(t))) < ce.

Repeating the same arguments above, just taking (v+M)_ and |(v+M)_|[P72(v+
M)_ instead of (v — M)y and (v — M)ﬁ_l, respectively, where (v + M)_ is the
negative part of v + M, we can deduce that

/ |u(t, 01w, up(O_tw))|Pdx < ce. (3.50)
O(Ju(t,0—pw,uo(6—1w))| < —2M — F)

Then the result - ) follows from (3.49)) and - O
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Theorem 3.10. Assume that (H1), (F1), (G1), (H2) hold. Then the RDS ¢ gen-
erated by has a unique Dyp-random attractor {Ap(w)}wen which is a compact
and invariant tempered random subset of LP(O) attracting every tempered random
subset of L*(O). Furthermore, Ay(w) = A(w), where {A(w)}weq is the random
attractor in L?(0).

4. EXISTENCE OF A RANDOM ATTRACTOR IN D§(O, o)
We denote by
B*(w) = {u € LP(0O)ND}(0O,0) : ulb + lul|? < (14 r(w))} (4.1)

for w € Q. By Lemma and Lemma we see that {B*(w)}weq is a random
absorbing set for ¢ in LP(O) N D (O, o). In the next lemma, we show that we can
take initial data in {B*(w)}weq to obtain the pullback asymptotic compactness of

o.

Lemma 4.1. Assume that {B*(w)}weq is a random absorbing in LP(O)ND (O, o)
for the RDS ¢. Then ¢ is pullback asymptotically compact if for P-a.e. w € €,
{p(tn, 01, w, )} whenever t, — +oo and x, € B*(0_, w).

Proof. Take an arbitrary random set {B(w)}wecq € D, a sequence t, — +oo and
Yn € B(0_t,w). We have to prove that {¢(t,,0_¢, w,y,)} is precompact.

Since {B*(w)} is a random absorbing for ¢, then there exists T' > 0 such that,
for all w € Q,

o(t,0_1w, B(0_4w)) C B*(w) forallt>T. (4.2)

Because t, — +o00, we can choose n; > 1 such that t,, —1 > T. Applying (4.2)
fort =t,, —1 and w = 0_;w, we find that

r1 = Pty — 1,04, W, Yn,) € Gtn, — 1,04, w,B(0, w)) C B*(0_1w). (4.3)

Similarly, we can choose a subsequence {n;} of {n} such that ny < ng < --- <
ni — +oo such that

T = Gty — k01, w,yn,) € B*(0_sw). (4.4)
Hence, by the assumption we conclude that
the sequence {¢(k,0_w,zy)} is precompact. (4.5)
On the other hand, by
ok, 0_rw, xr) = P(k, 0_jw, d(tn, — kz,ﬁ_tnkw,ynk))
= P(tny, 01, W Yny), Vk=>1.

Combining (4.5)), (4.6) we obtain that the sequence {¢(t,,,0-¢,, w,¥n,)} is pre-
compact, thus {¢(¢,, 0t,w, yn)} is precompact. This completes the proof. O

(4.6)

Lemma 4.2. There exists T > 0 such that, for P-a.e. w € Q
t
/ e M) |y (s, 9,tw,vo(9,tw))|§§:§ds <CO(1+r(w)), (4.7)
0

for allt > T and all up(6_w) € B*(0_w).
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Proof. We recall here inequality (3.11)),
d _ _
S lvlp + Alvlp + cll3p=5 < er(|2(Bsw)l5p =5 + |2(0) |3 + [Az(6:w)[3) + co.  (4.8)

Multiplying (4.8) by e and integrating over (0,t), we have

t
oty wy w0 (@))IE + ¢ / A9 (5, 0, vp ()22 2ds
0
t
< M) + 1 / A (0,022 + [2(0uw) 3 + [Az(B)2)ds (49)
0

t
+ co/ e~ Mt=9) g,
0
We replace w by 6_;w in (4.9) to obtain

t
c/ e_’\(t_s)|v(s,G,tw,vo(é’,tw))@g:gds
0

0

o C
< e Mup(O_ )2 + o1 / X (12(0,0) 3175 + |(00)f3 + | A2(6,0) B)ds + 2
—t

0
S eiAt|u0(97tw) — Z(@ftu])|g + C1 / p(@sw)ds + CXO
—t

2cir(w c
< 2 (e M o) + e M) + 2T
(4.10)
Since ug(0_tw) € B*(f_iw) and |z(w)| is tempered, we have
: Xt _ Xt _
til?oo e ug(0—w)|p = tilgrnoo e z(0w)b = 0.
Hence, from (4.10)), we can choose T large enough such that
¢
/0 e M |u(s, 0_yw, vo(0_w)) |30 "5ds < e(1+1(w)), vt > T.
(]
Lemma 4.3. For allt > T and all up(6_w) € B(6_w), we have
¢
/ A=) / £ (u(s, 010, 1 (0_y))) 2 dz ds < C(1 + r(w)). (4.11)
0 @)

Proof. By condition of f, we find that
/O (5, 610, 0 (6 0))) P
<03 [ Iu(o, 0, ual0-w)) P 2do + CR0Y
< cge /@ (105, 010, 00 (04)) P2 + |2(0, ) P2) dw + Gl (412)
< € (Jos. 0w, w0 (0375 + [2(Bamris) 375 + 1)

p—2

< C ([o(s, 01, v0(0—1) 375 + p(0—e) +1) -
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Thus,
/ PR [ 100,000 s
< C’/Ot e Mt=s) (\v(s, 0_tw,vp(0_sw)) §§:§ +p(fs—w) + 1) ds
<C / t e M |u(s, 0_yw, vo(0_yw)) |50 _5ds + C / ’ Ap(Brw)dr +C (4.13)
<c/ M |y (s, 0w, vo (0—ew)) |50~ ds+C/ (w)dr +C

< C/ e =9 |y (s, O,tw,vo(é’,tw))\f 2ds 4+ C(1 + r(w)).
0

By (4.7) and (4.13), we obtain (4.11)). O

Lemma 4.4. Let 7 € R. If a function h : R — RY satisfies that

t
sup/ e M=) n(s)ds < +o0,  for some > 0,

t>T1
then we have

t

lim sup/ e ") p(s)ds = 0.
y— 00 tZT

Proof. The idea of the proof follows from [2I]. First, we prove that, for any € > 0,

there exists n > 0 such that

4N
sup/ e Pt p(s)ds < e.
r>T Jr

Indeed, if not, there exist ¢y and r, > 7,71, > 0 and n,, — 0T, as n — oo, such
that

Tn+"n
/ e M=) n(s)ds > ¢ for all n > 1.
Tn
If {r,}n>1 is bounded, there exists a convergent subsequence {r,, } of {r,} and
r’ € R such that limy_,oc 7, = r’. We have

’
Tny, 10y T

€ < klim ' e Pt=p(s)ds = / e M=) p(s)ds = 0,
Tnp !

this contradicts to ¢y > 0.
If r,, — +o00, then we obtain

Tn+Nn “+oo
€0 < / e_”(t_s)h(s)ds < / e‘“(t—s)h(s)ds — 0, as n — 400,

n n

we also have a contradiction.
Next, by the above result, for given € > 0 we can get 7 > 0 such that

r+n
sup/ e M=) p(s)ds < e.

r>T
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We choose k € N such that ¢t — kn > 7 >t — (k+ 1)1 to have

¢
/ e V=) h(s)ds
T -

t
:/ e—(’y—u)(t—S)e—u(t—S)h(S)dS+/ e~ (=) (t=8) = u(t=5) () s
t—mn t

—2n

t—kn
R / 6*(7’”)(‘5’3)6’“(’575)h(s)ds

Jr
t t—n
g/ e—u(t—S)h(s)dS+e—(7—u)ﬁ/ e 1(t=5) p(5)ds
t—n t—2n

t—kn
N e*k‘(%u)n/ S*M(H)h(s)ds

<e (1 e Ommm 20— Ly e*k(wfu)n)
€

— 1 —e(y—m)n e

as vy — 400, uniformly in ¢ and in 7. This completes the proof. (I

The following lemma is the key to prove the pullback asymptotic compactness
of the random dynamical system.

Lemma 4.5. For any n > 0, there exist tg > 0 and m € N* such that

(Zdpy0,0) — Po)o(t, 0w, vo(0_w))||> <m, ¥Vt > to,Yug(0_w) € B*(0_4w),
(4.14)
where Py, is a canonical projector from D§(O, o) onto an m-dimensional subspace.

Proof. We denote by H,, = span{ei,es,... e}, where {e;};>1 are eigenvalues
of the operator A = —div(o(x)V) with Dirichlet boundary condition. For any v
solution to , we write v = Ppv + (Id — Py,)v = v1 + ve. Multiplying by
Awvy then integrating over O, we find that

1d
5@“?}2”2 + | Ava[3 + / F(+ 2(0,w)) (Avz)dz + Aljva|®
© (4.15)
= / (9 — Az(6w))(Avg)dz.
o
Using the Cauchy inequality, we have
1
[ (9= A2(0w)) (Aua)do < 29 + [ Ax(0w)B) + GlAuB, (@10
o
and
1
/ flo+ z(6w))(Avg)dx < / |f (v + 2(0w))|?dx + Z|A1)2|§. (4.17)
o o

Combining (4.15)-(4.17) and noting that |Ava|3 > \pv1]|v2]|?, we obtain
d
ozl + A ool < (14 [ A2(0,0) 3 +/ 0+ 2(0)Pdz).  (4.18)
o

By Gronwall’s inequality,

[[v2(t, w, vo(w)) ||
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t
< et |lug(w)|2 + C / A7) (14 | Az(0w) § + / [F)Pde)ds.
0 (@]

Replacing w by 6_;w leads to
[[v2(t, 04w, vo (O—ew))||?

t
< @ W)+ C [N (L A0 1)
0 |

+ / | f(u(s,9,tw,u0(9,tw)))|2dx)ds.
o
We need to estimate all terms on the right hand side of (4.19)). First,

et lug(0—w)||* < 267 ([fug (o) |* + | 2(0-ew)]*) — 0, (4.20)
as t,m — oo since ug(f_w) € B*(f_;w) and ||z(w)||? is tempered. Second,
¢
1
/ e Am1(t=9) g — (1 —e 1) -0 asm — oo. (4.21)
0 Am+1

Third,
t 0

/ e Am+1t=9)| Az (0,_yw)|3ds < / AT p(0,w)dr

0

—t

0
< / AT e T Tr(w)dr (4.22)
—t
- 7(w) (1 — e Omn=t) g,
Am+1 — 5
as m — 00. Finally, due to Lemmas and we have
t
lim e Am+1(t=s) / |f (u(s, 01w, up(0_4w)))|[* dz ds = 0. (4.23)
Applying (4.20)-(4.23) to (4.19)), we obtain (4.14). O

Theorem 4.6. Suppose that assumptions (H1), (F1), (G1), (H2) hold. Then the
random dynamical system generated by (1.1]) possesses a compact random attractor
A= {A(w)}weq in DO, 0).

Proof. By Lemma ¢ is quasi-continuous in D§(O, o) and has a random ab-
sorbing set in D} (O, 0). Due to Theorem we remain to prove the pullback
asymptotic compactness of ¢ in D}(O, ). Using Lemma [4.1} we have to show
that {¢(tn,0_¢,w,ug(6_¢,w))} is precompact in D§(O,o) for any t, — +oo and
uo(0_y,w) € B*(0_¢,w). For any given € > 0, since ¢, — +00, we can apply Lemma
to find that there exist N; > 0 and m € N such that
H(IdDé(O,o‘) —Pm)(b(tk79,tkw,U0(9,tkW))H S €, Vk 2 Nl. (424)
From Lemma since t, — +oo and ug(0_¢, w) € B*(0_¢,w), we conclude that
{d(tn,0_t, w,ug(0_;, w))} is bounded in D§(O, o).
Thus, {Pn¢(tn,0_t,w,up(0_s,w))} is bounded in P, (D(O,0)). Because the
set P,,,(D§(0, 7)) is a finite dimensional subspace of D} (O, o), we can assume that

{Pmd(tn,0_t,w,uo(0_¢,w))} is a Cauchy sequence. Thus, there exists Ny > 0
satisfying

| P (they Ot w, ug(0—t,w)) — Pmd(t1, 0—r,w, up(0_,w))|| <, (4.25)



EJDE-2012/207 REGULARITY OF RANDOM ATTRACTORS 21

for all k,1 > Ny. Now, we set N = max{Ny, No}. Hence, from (4.24]) and (4.25),
we find that, for all k,1 > N,

[@(tks O—tyw, uo(0—r,w)) — G(tr, 0—p,w, uo(6—r,w))|l

< NPty 0—tyw, uo(0—1,w)) — Pmp(tr, 0w, uo(0—t,w))||
+ |(Idpy(0.0) = Prm)d(tr, 0—t,w, uo(0—¢,w))|
+ |(Ldpi(0,0) = Prm) b1, 0, w, uo(0—¢,w))|| < 3e.

This show that {¢(t,,0_¢,w,ug(f_¢,w))} is precompact in D (O, o), and thus it
completes the proof. O

(4.26)
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