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EXISTENCE OF POSITIVE SOLUTIONS FOR NONLINEAR
FRACTIONAL SYSTEMS IN BOUNDED DOMAINS

IMED BACHAR

ABSTRACT. We prove the existence of positive continuous solutions to the
nonlinear fractional system

(_AlD)a/2u + >\g(7 U) = 07
(—=AIp)* v+ pf(.,u) =0,

in a bounded C''!-domain D in R™ (n > 3), subject to Dirichlet conditions,
where 0 < a < 2, A and p are nonnegative parameters. The functions f and g
are nonnegative continuous monotone with respect to the second variable and
satisfying certain hypotheses related to the Kato class.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let x = (Q,F, F:, X¢, 0, P*) be a Brownian motion in R®, n > 3 and « =
(©2,G,T;) be an §-stable process subordinator starting at zero, where 0 < o < 2
and such that y and 7 are independent. Let D be a bounded C'*'-domain in R” and
ZP be the subordinate killed Brownian motion process. This process is obtained
by killing x at 7p, the first exit time of y from D giving the process x” and then
subordinating this killed Brownian motion using the «/2-stable subordinator T;.
For more description of the process Z2 we refer to [7, [, 14l [15]. Note that the
infinitesimal generator of the process Z2 is the fractional power(—A|p)®/? of the
negative Dirichlet Laplacian in D, which is a prototype of non-local operator and
a very useful object in analysis and partial differential equations, see, for instance
[13}, [16].

In this article, we will deal with the existence of positive continuous solutions
for the nonlinear fractional system

(=A|p)*?*u+ Ag(.,v) =0 in D, in the sense of distributions
(=A|p)*?v+ puf(.,u) =0 in D, in the sense of distributions (1.1)
u(x v(x
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where A, i are nonnegative parameters, ¢, are positive continuous functions on
dD and MP1 is the nonnegative harmonic function with respect to Z2 given by
the formula (see [7, Theorem 3.1],

(o3

1-5 [ o
MP1(z) = =2 / t7272 (1 — PP1(x))dt, (1.2)
I'(3) Jo
where (PP )~ is the semi-group corresponding to the killed Brownian motion .
Note that from [I5] remark 3.3], there exists a constant C' > 0 such that

1
=(6@)

where §(z) denotes the Euclidian distance from z to the boundary of D.

In the classical case (i.e. a = 2), there exist a lot of work related to the existence
and nonexistence of solutions for the problem (|1.1)); see for example, the papers
of Cirstea and Radulescu [3], Ghanmi et al [6], Ghergu and Radulescu [§], Lair
and Wood [I0} TT] and references therein. Most of the studies of these papers turn
about the existence or the nonexistence of positive radial ones. In [I1], the authors
studied the system with @ = 2, in the case pf(.,u) = pu®, Ag(.,v) = qu",
s >0, r > 0 and p, g are nonnegative continuous and not necessarily radial. They
showed that entire positive bounded solutions exist if p and q satisfy the following
condition

2 < MP1(z) < C(6(x))* 7%, forall z € D, (1.3)

p(z) +q(x) < Cla|~ 7

for some positive constant v and |z| large.

Throughout this article, we denote by G2 the Green function of Z”. We recall
the following interesting sharp estimates on G2 due to [14]. Namely, there exists a
positive constant C' > 0 such that for all z,y in D, we have

SH(,y) < GE(e,y) < CH ), (1.4
where
_ 5(x)d(y)
Ao = oy (L)

We also denote by MP ¢ the unique positive continuous solution of

(=A|p)®?u=0 in D, in the sense of distributions
u(r) (1.5)

which is given (see [7]) by

1 a_1
MPo(z) = ——=E*(o(X:p)T5 ). 1.6
a SD( ) F(a/2) (SD( TD>TD ) ( )
We aim at giving two existence results for (1.1]) as f and g are nondecreasing or
nonincreasing with respect to the second variable. More precisely, to state our first
existence result, we assume that f,g : D x [0,00) — [0,00) are Borel measurable
functions satisfying

(H1) The functions f and g are continuous and nondecreasing with respect to
the second variable.
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(H2) The functions
N 1 N 1
ply) == mf(%Mfw(y)) and  q(y) := VDo)

belong to the Kato class K, (D), defined below.

gy, M2y (y))

Definition 1.1 ([5]). A Borel measurable function ¢ in D belongs to the Kato class
K. (D) if
i(y)

lim sup/ —Gf z,y)|q(y)|dy ) = 0.
T_’O(JUED (Jz—y|<r(nD (5(1’) ( )l ( )| )

This class is quite rich, it contains for example any function belonging to L*(D),
with s > n/a (see Example below). On the other hand, it has been shown in
[B5], that

z— (0(z))" " € Ko(D), fory<a. (1.7)

For more examples of functions belonging to K, (D), we refer to [5]. Note that for

the classical case (i.e. a = 2), the class K5(D) was introduced and studied in [12].
Our first existence result is the following.

Theorem 1.2. Assume that (H1), (H2) are satisfied. Then there exist two con-
stants Ao > 0 and pg > 0 such that for each A € [0,Xo) and each p € [0, po),
problem (1.1)) has a positive continuous solution such that

A
(1= )M <u<MJp inD,
0

(1- LyMPy < v < MPy in D.
Ho
In particular lim,_, ,cop u(x) = 0o and lim,_, ,cgp v(x) = 0.

We note that in [6], the authors studied a problem similar to for the case
« = 2. They have obtained positive continuous bounded solution (u,v). Here, we
are interesting in the fractional setting.

As second existence result, we aim at proving the existence of blow-up positive
continuous solutions for the system

(=A|p)®?u + p(z)g(v) =0 in D, in the sense of distributions

(=A|p)*?v 4 q(z)f(u) =0 in D, in the sense of distributions (1.8)

| —t = 1 I AR
A 3D1(r) o(2), im ¥(2),

where ¢, 1) are positive continuous functions on 9D and p, ¢ are nonnegative Borel
measurable functions in D. To this end, we fix ¢ a positive continuous functions
on 9D, we put hg = MP$ and we assume the following:

(H3) The functions f, g : (0,00) — [0,00) are continuous and nonincreasing.

(H4) The functions pg := pLhO") and qp := q%}:“) belongs to the class K, (D).

As a typical example of nonlinearity f and p satisfying (H3)-(H4), we have
f(t)=t"", for v > 0, and p a nonnegative Borel measurable function such that

C
(5(1‘)) T

for some C' > 0and r+ (1 +v)(a — 2) < a.

p(x) < for all z € D,
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Indeed, since there exists a constant ¢ > 0, such that for all z € D, ho(x) >
c(d(x))a_Q, we deduce by , that the function pg := p%}:’) € K,(D). Using
the Schauder’s fixed point theorem, we prove the following result.

Theorem 1.3. Under the assumptions (H3), (H4), there exists a constant ¢ > 1
such that if ¢ > ¢ and ¥ > c¢ on D, then problem (1.8)) has a positive continuous
solution (u,v) satisfying for each x € D,

hoSUSMO?SO in D,
ho <v < MPy in D.
In particular lim,_, ,cop u(z) = 0o and lim,_, ,cgp v(x) = 0.

This result extends the one of Athreya [I], who considered the problem
Au=g(u), in$

u=¢ on Of, (1.9)

where © is a simply connected bounded C2-domain and g(u) < max(1,u~?), for
0<a<l. Theghe proved that there exists a constant ¢ > 1 such that if ¢ > chg
on 0F), where hg is a fixed positive harmonic function in 2, problem (*) has a
positive continuous solution u such that u > hyg.

The content of this article is organized as follows. In Section 2, we collect some
properties of functions belonging to the Kato class K, (D), which are useful to
establish our results. Our main results are proved in Section 3.

As usual, let BT(D) be the set of nonnegative Borel measurable functions in D.
We denote by Cy(D) the set of continuous functions in D vanishing continuously
on OD. Note that Cy(D) is a Banach space with respect to the uniform norm
lu]loo = sup|u(z)|. The letter C will denote a generic positive constant which may

zeD

vary from line to line. When two positive functions p and 6 are defined on a set .S,
we write p = 0 if the two sided inequality %9 < p<CHholdson S. For p € BT (D),
we define the potential kernel G of Z2 by

G2ota) = [ GEGeu)otu)dy. forw e D

and we denote by

/ Ge (2, 2)Gg (2, y) (
D

aa(p) == sup Gowy) " y)dy. (1.10)

z,yeD

2. THE KATO CLASS K, (D)

Example 2.1. For s > 2, we have L°(D) C K,(D). Indeed, let 0 < r < 1 and
q € L*(D) with s > 2. Using (1.4), there exists a constant C' > 0, such that for
each z,y € D

5(y)
WGQ(%Q) <C

This fact and the Holder inequality imply that

/B(w,r)mD <§Ei;>GaD(a"’ y)la(y)ldy

(2.1)

|z — y[n—o’
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< C/ W)| ——=dy
B(z,r)ND “T - |n @
1

<o [lawla) ([ je-ylemEmay) T
B(z,r)
s—1
<C / (a—n) 25 +n— 1dt s -0,
(), )

n—1>—1whens>g

as r — 0, since (o —n) 5

Proposition 2.2 ([5]). Let g be a function in K,(D), then we have

(i) aalq) < oo.
(ii) Let h be a positive excessive function on D with respect to ZP. Then we

have
| Gy < on(@h(o) (2.2
Furthermore, for each o € D, we have
1
lim ( sup / GaD z,y)h(y)|q(y)|dy ) = 0. 2.3
tim (sup o A GO0 ) (2.3)

a—

(iii) The function x — (6(x)) 1q(JU) is in LY(D).

Lemma 2.3. Let g be a nonnegative function in K, (D), then the family of func-
tions

A ={ 555 [ GReME (s, 1ol <}

is uniformly bounded and equzcontmuous in D. Consequently A, is relatively com-
pact in Cy(D).

Proof. Taking h = MPy in (2.2), we deduce that for p such that |p| < g and = € D,
we have

GP(x, GP(x,
| /D J\MMg@(y)p(y)dﬂ < /D MMfw(y)q(y)dy < an(g) < co. (2.4)

So the family A, is uniformly bounded.
Next we aim at proving that the family A, is equicontinuous in D. Let o € D
and € > 0. By (2.3)), there exists r > 0 such that

1
sup —— / GP (2, y) MP p(y)a(y)dy <
( ) B(zg,2r)ND

w\m

zeD M Pz
If zp € D and z,2’ € B(xo,7) N D, then for p such that |p| < ¢, we have

GS (x’ y) Gg (x', y)
‘ /D WMc?‘p(y)p(y)dy - /D WMfw(y)p(y)dy

GP(z, GP (o,
</DI]\£XD(¢(£ _ Gal y)|M§’s0(y)Q(y)dy

MP (')
1
<2sup/ ———GB (2, y)MP o(y)a(y)dy
2D JB(zo,2r)np MP¢(2) (3) W)aw)

GB(x,y) GRG'.y) . p
+/ = - My o(y)q(y)dy
s | MPa(e) ~ MDg(ar) M #W))

[0}
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GD GD /

S E+/ ‘ aD(x’y) _ aD('r >y/)

(lxo—y|>2r)ND Ma (,D(JC) Ma 90(1‘>

On the other hand, for every y € B(x0,2r) N D and z,2’ € B(xzg,7r) N D, by
using ([1.4) and the fact that MaDgo(z) ~ (6(z))°‘_2, we have

|MP o(y)a(y)dy.

- iiﬁii ol y”ﬁgﬁ)a s
sl e
< [y * ) 00"

< C(s(y)*

Now since = +— MDw(x)G (z,y) is continuous outside the diagonal and ¢ €

K.(D), we deduce by the dominated convergence theorem and Proposition
(iii), that

/ GP(z,y) GE@'y)
(jwo—ylz2rnDp MEp(x)  MPep(a’)

If zp € 9D and x € B(zg,r) N D, then

GD(%?J) D GD(3?>?J) D
—p My e(y)p(y)dy / My e(y)a(y)dy.
|/D MPp(z) 2 < 2 (|lzo—y|>2rynDp MEp(x) el)al)

Now, since f/[D( (y% — 0 as |z —xo| — 0, for |zg — y| > 2r, then by same argument

|MPo(y)q(y)dy — 0 as |z —2'| — 0.

as above, we obtain

GD(»”U ?/) D
— MY o(y)q(y)dy — 0 as o — 0| — 0.
/zo y|>2r)ND MPo(x)

So the family A, is equicontinuous in D. Therefore by Ascoli’s theorem, the family
A4 becomes relatively compact in Cy(D). O
3. PROOFS OF THEOREMS AND [[3]

Proof of Theorem[I.3 Put

: MPp(x) MZ)(x)

inf —— ) o= inf ——= ) .
veD GR(g(., MPY))(x) +eb GD(f(, MP))(x)

Using (H2) and (2.2) we deduce that Ao > 0 and o > 0.
Let A € [0, A\g) and p € [0, 119). Then for each z € D, we have

MGE (g(, MPp)) () < MPp(x)
1oGR(f(, MP))(x) < MPy(x).

So we define the sequences (ug)i>0 and (vk)g>0 by

)\0 =

’0021

w(o) =1 = g | G2 ol ) M2V o,
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D(
tens(@) = 1= gt [ GR @) () ME ().
By induction, we can see that
0<(1—+)<u <1,
1
0<(1—-—)<vp1 <1
Ho

Next, we prove that the sequence (ux)gr>o is nondecreasing and the sequence
(vk)k>0 is nonincreasing. Indeed, we have

vy — v = MD(/)GD(JC(-’UOM(?@)) <0
and therefore by (H1), we obtain that
A
Uy —Up = mGQ[Q(-yvoMfw) - 9<~701M£¢)] >0

By induction, we assume that uy < ug41 and vy < vg. Then we have
7

Vk42 — Vgt = me[f(.7UkM5<p) — f(ur i M2 @) <0
(e}

and
A
Uk42 — Ukt1 = WGQ[Q(~avk+1M£¢) —9(,vpgaMPY)] >0

Therefore, the sequences (ug)r>0 and (vx)r>0 converge respectively to two functions
u and v satisfying

0<(1—%)§ﬂ§1,

lf (3.1)
0<(l-——)<wv<l

Ho

On the other hand, using (H1), Proposition and the dominate convergence
theorem, we deduce that

e) = 1= 37555 |, GR 9ol T0) M)

) = 1= g7y [ GR ) fo T )M o).

Now by using (H1), (H2) and similar arguments as in the proof of Lemma [2.3] we
deduce that @ and v belongs to C(D).
Put u = uMP¢p and v = "MP+. Then u and v are continuous in D and satisfy

u(w) = MP () - A / GP (2, y)gy. v(y))dy
(3.2)
v(z) = MPy() /G z,y) f(y,u(y))dy.

In addition, since for each z € D, f(y,u(y)) < C((S(y)) “ply) and g(y, u(y)) <
C(d(y))a_za(y), we deduce by Proposition (i47) that the map y — f(y,u(y)) €
Ll (D) and y — g(y,u(y)) € L{,.(D). On the other hand, by (3.2)), we have that
GPf(.,u) € Ll (D) and GPg(.,v) € L (D). Hence, applying (—A|p)*/? on both
sides of (B.2), we conclude by [9, p. 230] that (u,v) is the required solution. O
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Example 3.1. Let v > 0,0 >0, r+(1—0)(a—2) < aand f+ (1 —v)(a—2) < a.
Let p and g be two positive Borel measurable functions such that

p(x) <C(6(x)", qlz) < C(é(m))fﬁ for all z € D.

Let ¢ and 9 be positive continuous functions on dD. Therefore by Theorem [1.2]
there exist two constants Ag > 0 and p > 0 such that for each A € [0, ) and each
p € [0, po), the problem

(=A|p)*?u+ A\p(z)v® = 0 in D, in the sense of distributions
(=A|p)*?v 4 pg(x)u’ =0 in D, in the sense of distributions

v(x) — (),

r—2z€0D MaDl(ﬂf)

1 _—
o iy P
has a positive continuous solution (u,v) such that

A
(1= M Sus< Ml i D,
(1- E)MPy <v < MPy in D.
Ho
In particular, lim,_,,cop u(x) = oo and lim,_,.cop v(x) = oco.

Proof of Theorem[I1.3 Let ¢ := 14aq(po)~+aa(qo), where an(po) and as(qo) are the
constant defined by the formula ((1.10). We recall that from (H4) and Proposition
(1), we have aq(po) < oo and an(go) < oco. Let ¢,9 be positive continuous
functions on 9D such that ¢ > c¢ and ¥ > ¢ on ID. It follows from the integral
representation of M p(z) and MP(z) (see [5l p. 265]), that for each z € D we
have

MPo(x) > cho(x) and MPy(z) > cho(x). (3.3)
Let A be the nonempty closed convex set given by

— h

We define the operator T" on A by

Mza(pGaD(Pf [MPy — GE(qg(wMPe)))). (3.4)

T(w)=1-
We will prove that T' has a fixed point. Since for w € A, we have w > ﬁ, then
we deduce from hypotheses (H3), (H4) and that
G2 a9(wM9)) < G (a9(ho)) = G7 (q0ho) < aa(ao)ho. (3.5)
So by using and , we obtain
My — G (a9(wMy @) = MY — aa(go)ho
> cho — aa(qo)ho

= (1 + aa(pO))hO
> hg > 0.

Hence, by using again (H3), (H4) and (2.2), we deduce that
GE(pf [MPy — GR(ag(wMP9))]) < GE(pf(ho)) = GE (poho) < aa(po)ho. (3.6)
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Using the fact that MPy ~ hy and Lemma we deduce that the family of
functions

1
{3150 (0f [MJW = Gl lag(wMIQ))]) s w € A}
is relatively compact in Co(D). Therefore, the set T" A is relatively compact in

C(D).

Next, we shall prove that T" maps A into it self.

Since MPy — GP(q9(wMPp)) > ho > 0, we have for all w € A, Tw < 1.
Moreover, form , we obtain Tw > 1 — % > ﬁ, which proves that
T(A) C A

Now, we shall prove the continuity of the operator T"in A in the supremum norm.
Let (wk)ken be a sequence in A which converges uniformly to a function w in A.
Then, for each x € D, we have

[Tuna) = Tw@)] < 35— GE [ FMED — GElag(w M2 )

— F(MPy =GP (ag(wMP)))|| (@),
On the other hand, by similar arguments as above, we have
P F20 — GRlagnMP ) — F(MEw — G (ag (M)
< p|f(MPv = G2 (agweMP)) + F(MP% = GE (ag(wMP )]
< 2poho.

By the fact that MPp ~ hg, (2.2)) and the dominated convergence theorem, We
conclude that for all z € D,

Twi(z) —» Tw(z) as k — +oo.

Consequently, as T'(A) is relatively compact in C'(D), we deduce that the pointwise
convergence implies the uniform convergence, namely,

|Twr — Tw|leo — 0 as k — +oo.

Therefore, T is a continuous mapping from A into itself. So, since T'(A) is relatively
compact in C (D), it follows that 7" is compact mapping on A.

Finally, the Schauder fixed-point theorem implies the existence of a function
w € A such that w = Tw. Put

u(@) = w(@)MJp(x) and v(z) = MPY(z) — GF(ag(u))(z), for x € D.
Then (u, v) satisfies
u(z) = M o(x) = G (pf (v))(2),
v(e) = MY (2) — GF (ag(w) ().
Finally, we verify that (u,v) is the required solution. O

Example 3.2. Let v > 0,0 >0, r+(1+v)(a—2) < aand f+ (1+0)(a—2) < a.
Let p and ¢ be two nonnegative Borel measurable functions such that

p(x) <C(6(x)", qlz) < C(é(m))fﬁ for all z € D.
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Let ¢, and ¢ be positive continuous functions on dD. Then there exists a constant
¢ > 1 such that if ¢ > c¢ and 1) > ¢¢ on D, then the problem

(=A|p)®?u+ p(x)v™" =0 in D, in the sense of distributions
(=A|p)* v + g(z)u™ in D, in the sense of distributions

. w(x) , v(z)
a:—grélaDMDl(I) #(2), mﬁirélaDMcffl(x)_w(z)’

has a positive continuous solution (u,v) satisfying that for each x € D,
MP¢<u<Ml¢ inD,
MP¢ <v<MPy inD.

In particular u(x) ~ ((5(;v))a_2 ~v(z) in D.
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