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SPECTRUM OF THE DIRECT SUM OF OPERATORS

ELIF OTKUN CEVIK, ZAMEDDIN I. ISMAILOV

ABSTRACT. We study the connection between spectral properties of direct
the sum of operators in the direct sum of Hilbert spaces and its coordinate
operators.

1. INTRODUCTION

It is known that infinite direct sum of Hilbert spaces H,, n > 1 and infinite
direct sum of operators A,, in H,, n > 1 are defined as

o0
H = @?Lo:lH = {U = (Un> ‘U, € Hyy n>1, ”u”%{ = Z ||U7LH§J” < +OO}7

n=1

and

A=®72 A, D(A) ={u=(u,) € H:u, € D(A,), n>1, Au= (A u,) € H},
A:DA)CH—H

(see [3]).

The general theory of linear closed operators in Hilbert spaces and its applica-
tions to physical problems has been investigated by many mathematicians (see for
example [3]).

However, many physical problems of today arising in the modeling of processes
of multi-particle quantum mechanics, quantum field theory and in the physics of
rigid bodies support to study a theory of linear direct sum of operators in the direct
sum of Hilbert spaces (see [B, [0, 10, 12] T3] and references in it).

In this paper, a connection between spectrum, resolvent sets, discreteness of
the spectrum (sec. 2) and asymptotical behavior of the eigenvalues (sec. 3) of
direct sum of operators defined in the direct sum of Hilbert spaces and suitable
properties of coordinate operators has been established. The obtained results has
been supported with applications.

These and related problems in the case continuous direct sum of the Hilbert
space operators have been investigated in works ([II 2, 4], [I1]).But in these works
has not been considered a connection between parts of the spectrum of direct sum
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operator and suitable parts of the spectrum their coordinate operators.In this paper
given sharp formulaes in the this sense.

2. ON THE SPECTRUM OF DIRECT SUM OF OPERATORS

In this section, the relationship between the spectrum and resolvent sets of the
direct sum of operators and its coordinate operators will be investigated.

First of all it will be investigated the continuity and compactness properties of
the operator A = ®22, A, in H = &2, H,, in case when A, € L(H,) for each
n>1.

It is easy to see that the following propositions are true in general.

Theorem 2.1. Let A = &2, Ay, H =& H, and for anyn > 1, A, € L(H,).
In order for A € L(H) the necessary and sufficient condition is supl||A,|| < +oo.
n>1

In addition, in this case when A € L(H) it is true ||A|| = sup||A,]|| (see [I1]).
n>1

Theorem 2.2. Let A, € Co(H,,) for each n > 1. In this case A = @2, A, €
Coo(H) if and only if lim, o ||An|| = 0.

Furthermore, the following main result can be proved.

Theorem 2.3. For the parts of spectrum and resolvent sets of the operator A =
@0, A, in Hilbert space H = @22, H,, the following statements are true

op(A) = Uply0p(4s),
0e(A) = { (U105 (An)" N (U100 ()" N (UR10e(An)) |
U {x € mip(4n) : sup | Ba(4,) | = oo},
JT(A) = (UZO:I Up(An))c N (Uzo:1 UT(An))v
p(A) = {X € MLy p(An) : sup | Ra(An)]| < oo}
Proof. The validity of first claim of given relations is clear. Moreover, it is easy to
prove the fourth equality using the Theorem [2.1
Now we prove the second relation on the continuous spectrum. Let A € g.(A). In

this case by the definition of continuous spectrum A — AF is a one-to-one operator,
R(A — AE) # H and R(A — AF) is dense in H. Consequently, for any n > 1 an
operator A, — AE, is a one-to-one operator in H,, there exists m € N such that
R(A,, — AE,,) # H,, and for any n > 1 linear manifold R(A,, — AE,,) is dense in

H, or A € p(A,) for each m > 1 but sup{||Rx(An)|| : m > 1} = co. This means
that

A e {2 oe(An) U p(An)]) N (U210e(4n)) |

U{N e ni p(An) s sup | Ra(4n)] = o0}

On the contrary, now suppose that for the point A € C the above relation is satisfied.
Consequently, either for any n > 1,

A€ 0c(An)Up(Ay),

or
A€ MpZip(An) s sup | RA(An)|| = oo,
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and there exist m € N such that
A€ a.(An).
That is, for any n > 1, A,, is a one-to-one operator, R(A, — AE,) = H, and
R(A,, — AE,,) # H,,. And from this it implies that the operator A = ®32; A, is
a one-to-one operator, R(A — AE) # H and R(A — AE) = H. Hence A € o.(A,).
On the other hand the simple calculations show that

(M1 (0c(An) U p(An))] N [UpZi0c(An)]

= [UnZi0p(A4n)]" N [UnZ 100 (An)]° N [URZ 0c(An)].
By a similarly technique, we can proved the validity of the third equality of the

theorem. O

Example 2.4. Consider the multi-point differential operator for first order,
Aptiy = U;L(t)7 H, = L2(An)> A, = (a'm bn)v
—00 < ap < bp < apyy < -0 < 4005
A, :D(A,) C Hy, — H,, D(A,) = {u, € W3 (A,) : un(an) = u,(bn)}, n>1;
A=A, H=®2,H,.
For any n > 1 operator A,, and A are normal, 0(4,) = 0,(A,) = {22 : k € Z}
and eigenvectors according to the eigenvalue A\, n > 1, k € Z are in the form
Unk(t) = cnrexp(Ank(t — an)), t€ Ay, cui € C— {0}
(see [8]). In this case

Z ”unk”%n = Z /A |an|2| exp(Ank(t — an))|2dt = Z |an|2(bn — an).
n=1 n=1 m n=1

The coefficients c,; may be chosen such that the last series to be convergent.
This means that A,x € 0,(A). From this and Theorem it is obtained that
op(A) = Ul op(An).

Definition 2.5 ([6]). Let T be a linear closed and densely defined operator in any
Hilbert space H. If p(T) # 0 and for A € p(T') the resolvent operator Ry(T) €
Coo(H), then operator T' : D(T) C H — H is called a operator with discrete
spectrum .

Note that if the operator A = @22, A,, is an operator with discrete spectrum in
H = ®22 H,, then for every n > 1 the operator A,, is also in H,,.
The following proposition is proved by using the Theorem [2.2].

Theorem 2.6. If A = &2, A,, A, is an operator with discrete spectrum in H,,
n>1, N2 p(A,) # 0 and lim,_ |RA(Ay)|| = 0, then A is an operator with
discrete spectrum in H.

Proof. In this case for each A € N2, p(A,) we have Ry(4,) € Co(H,), n > 1.
Now we define the operator K := &2 Rx(A,) in H. In this case for every u =
(un) € D(A), we have

K(A = AE)(up) = &p21 Ba(An)(Sn21(An — AER)) (un)
= (R)\(An)(An - )‘ETL)un) = (Un)
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and

(A= AE)K (un) = (A = AE)(©,Z1 Ra(An)) (un)
A= AE)(RA(Ap)uy)
@;z.o:I(An - /\En))(R)\(An)un)

(An — AE,)RA(Ap)un) = (un)

(
(
(
(

These relations show that Ry(A) = @22, Rx(A,). Furthermore, we define the
following operators K,, : H — H, m > 1 in the form

Kpu:={Rx(A1)u1, Rx(A2)ug, ..., Rx(Am)tm,0,0,0,...}, u=(u,) € H.
Now the convergence in operator norm of the operators K,, to the operator K will

be investigated. For the u = (u,,) € H we have

oo

K — Kulll = > [Ra(An)unll,

n=m+1
(o]

< > IRAD)IP funllF,

n=m-+1

2 o0
(sup IRACADI) D luall,
n=1

n>m+1

IN

2

= (sup IRA(A) llulE
n>m+1

From this, || K — K| < sup,>,, 11 [[Rx(Ay)| for m > 1. This means that sequence

of the operators (K,,) converges in operator norm to the operator K. Then by the

important theorem of the theory of compact operators K € Coo(H) (J3]), because

for any m > 1, K,,, € Coo(H). O

Example 2.7. Consider that the family of the operators in the form

d
A, ::£+Sn, Sr=8n>0, S;'cC.(H),
A, : D(A4,) C Li — LEL, A, = (an,by), sup(an,b,) < oo,

n>1
D(A,) = {u, € Wy (H,A) : un(bn) = Woun(an), A YW, = W, A1,
where L2 = L?(H,A,),n > 1, H is any Hilbert space and W, is a unitary operator
in H, n > 1 (for this see [§]). For any n > 1 an operator A,, is normal with discrete

spectrum and N2, p(A,,) # 0. For the A € N2, p(A,,) and sufficiently large n > 1
a simple calculation shows that

-1
R(Ap) fu(t) = e~ (Sn=ABn)(t=an) (E _ erf(snf,\En)(bFanU

X W,f/ e~ (Sn= AL 0n=3) £ (5)ds
A

n

t
+/ ef(sanEn)(tfs)fn(s)ds’ fn c LEL’ n 2 1.

n
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On the other hand the following estimates hold:

t
[ AT A

! S 2
S/ ( / le™(SnmAERE=2)) ||fn(5)||Hd5> dt
Ay, a

t
2O A ds e £, 2,

(
L
/An (/an eAr(t=8) || Sn(t=9) |2 ds)dt||fn||L2
N

n Qn

! n b —a
= o Ay 20~ A e = ) L EORTE e £
T Al

||(E - W:;ei(sni)\En)(bn7an))71W;;|| = || Z n)(bn*an))m”

m=0
< Z e~ (Sn=ArEn)(ba=an)|m
m=
( ||€ =X Ey) (b — an)”)fl
=(1- w—Ai”’)(bn—an))_l
II/ A=) £ (5)ds |

(b —a
m[ﬂ% M Cnman) 1) fallFe

Hence from (12.2)) and (| ., we have

o= GrAE =) (g — = (SamAPn) b)) -

[ o gt
N n
< / o2Ar(t—an) ||e—Sn(t—an) ||2dt||(E - W;e_(sn_)\En)(bn_an))_1W;||2
A’IL
y ||/ e~ (SnABDGn=9) £ (5)ds|2,
Ay

< 1 (eZAr(bn—an) _ 1) (1 _ e(AT—Agm)(bn—an))’l
(A = A)

« (ez(xy,_xﬁn))(bn—an) _ 1)||fn||2Lg7

(2.1)

(2.2)

where )\, is the real part of A and )\(1") is the first eigenvalue of the operator S,

n>1.
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From estimates (2.1 and (2.4) the following result is obtained.

Proposition 2.8. If A € N2, p(Ay), sup(b, — an) < 00 and )\gn)(Sn) — 00 as
n>1

n — oo, then |Rx(Ap)|| — 0 as n — oo. Consequently , the operator A = &2, A,
is an operator with discrete spectrum in L? = @5 L2.

3. ASYMPTOTICAL BEHAVIOR OF THE EIGENVALUES

In this section, asymptotical behavior for the eigenvalues of the operator A =
O 1A, in H=®22 | H, is investigated, in a special case.

Theorem 3.1. Assume that the operators A in H and A, in Hy, n > 1 a
operators with discrete spectrum and for i,j > 1, i # ], o(A;) No(A;) = 0. If
Am(Ap) ~ cam®, 0 < cp,, < 00, m — 00, > oo cn" < oo, n > 1 and there
exists ¢ € N such that ag = inf,>1 o, > 0, then )\n(A) ~an®, 0 < v, =04 <00
as n — oo.

Proof. First of all note that by the Theorem op(A) = U2 0,(A,). Here it is
denoted by N(T;A) := > 1, A >0, that is, a number of eigenvalues of the some

IAT)I<A

linear closed operator 1" in any Hilbert space with modules of these eigenvalues less
than or equal to A, A > 0. This function takes values in the set of non-negative
integer numbers and in case of unbounded operator 7" it is nondecreasing and tends
to co as A — oo.

Since for every i,j > 1,4 # j, 0(A;)No(A;) =0, then N(A; X)) = 307 | N(An; N).
In this case it is clear that

. oo oo oo _
w ~ Y e am T = Zcﬁ")\ wan = Z i (L A > 0.

n=1 n=1 n=1
The last series is uniformly convergent in (1 o0) on A. Then

=1

[e3 [e3
lim E can (<) ean =g,

A—00

ThereforeN(A;)\)Nc)\i,0<c:cq_ /aq,a<ooas)\ﬂoo. O

We have the following asymptotic behavior of eigenvalues of the operator A in
H X\ (A) ~yn® 0 <y, < 00 as n — 00.

Remark 3.2. If in the above theorem the coefficients a,,, n > 1 satisfy the con-
dition inf,>q @, > 0, then for every 0 < a < inf,>1 o, N(4A;A) = o()\é) as
A — 00.

Remark 3.3. If the every finitely many sets of the family o(A,,), n > 1 in complex
plane intersect in the finitely many points, then it can be proved that claim of
Theorem [B.1]is also valid in this case.

Example 3.4. Let H = & ,H,, H, = *(N), n > 1, A, : D(A,) C H, — H,,
Ap(Um) = (ChmUm), © = (um) € D(Ay), ¢nm € C, cum # Com, n £ k, nyk,m > 1,
Cnm ~ k,m, 0 <k, <oo,1<a, <ooasm— o, ZZO:l ko is convergent and
there exists ¢ € N such that o, = inf,,>1 @,. In this case, for any n > 1, 4,, is a
linear normal operator and o(A,) = op(A4,) = US_; {chm}-
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Now we obtain the resolvent operator of A,. Let A € N%%,p(A,). Then from
the relation (A, — AE,)(Um) = (Vm), n > 1, (vy) € Hp, 1€ CpmUm — Ay, = Vs,
m > 1. It is established that u,, = m > 1; ie., Ra(An)(vm) = (Z225):
n>1.

On the other hand since cpm ~ kym®™, o, > 1 as m — oo, then for any
v = (vy,) € H, we have

U
Cnm—A\"

o0 m o0 1 o0
IRA(A) )3, = S I—2 P < ST —— S fonf?
m=1 Cnm — A m=1 Cnm — >\ m=1
- 1 2 2
=2 Il

Consequently, for any n > 1,

1/2

IRl < (3 15— F) (3.1)

Moreover, it is known that a resolvent operator Ry(A,), n > 1 is compact if and
only if —% — 0 ([7]). Since A # cum, n,m > 1 and conditions on ¢, then
m— 00

Cnm—A

the last condition is satisfied. Hence for any n > 1, R\(A,) € Coo(Hy).
1

On the other hand since the series Y >, kn °" is convergent, then from the
inequality for the Ry(A,), n > 11it is easy to see that JL%HR)‘(A”)H =0,\€
N2, p(A,). Hence by the Theorem [2.6]for the A € N3, p(A,) it is established that
Ry(A) € Cx(H). Then by the Theorem it is true that o,(A) = USZ,0,(An).
Furthermore, the validity of the relation o(A4;) No(A;) =0, 4,5 > 1, i # j is clear.
Therefore by the Theorem An(A) ~yn® 0 <y, < 00 as n — 0.
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