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SPECTRUM OF THE DIRECT SUM OF OPERATORS

ELIF OTKUN ÇEVIK, ZAMEDDIN I. ISMAILOV

Abstract. We study the connection between spectral properties of direct
the sum of operators in the direct sum of Hilbert spaces and its coordinate
operators.

1. Introduction

It is known that infinite direct sum of Hilbert spaces Hn, n ≥ 1 and infinite
direct sum of operators An in Hn, n ≥ 1 are defined as

H = ⊕∞n=1Hn =
{

u = (un) : un ∈ Hn, n ≥ 1, ‖u‖2H =
∞∑

n=1

‖un‖2Hn
< +∞

}
,

and

A = ⊕∞n=1An, D(A) = {u = (un) ∈ H : un ∈ D(An), n ≥ 1, Au = (Anun) ∈ H},
A : D(A) ⊂ H → H

(see [3]).
The general theory of linear closed operators in Hilbert spaces and its applica-

tions to physical problems has been investigated by many mathematicians (see for
example [3]).

However, many physical problems of today arising in the modeling of processes
of multi-particle quantum mechanics, quantum field theory and in the physics of
rigid bodies support to study a theory of linear direct sum of operators in the direct
sum of Hilbert spaces (see [5, 9, 10, 12, 13] and references in it).

In this paper, a connection between spectrum, resolvent sets, discreteness of
the spectrum (sec. 2) and asymptotical behavior of the eigenvalues (sec. 3) of
direct sum of operators defined in the direct sum of Hilbert spaces and suitable
properties of coordinate operators has been established. The obtained results has
been supported with applications.

These and related problems in the case continuous direct sum of the Hilbert
space operators have been investigated in works ([1, 2, 4, 11]).But in these works
has not been considered a connection between parts of the spectrum of direct sum
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operator and suitable parts of the spectrum their coordinate operators.In this paper
given sharp formulaes in the this sense.

2. On the spectrum of direct sum of operators

In this section, the relationship between the spectrum and resolvent sets of the
direct sum of operators and its coordinate operators will be investigated.

First of all it will be investigated the continuity and compactness properties of
the operator A = ⊕∞n=1An in H = ⊕∞n=1Hn in case when An ∈ L(Hn) for each
n ≥ 1.

It is easy to see that the following propositions are true in general.

Theorem 2.1. Let A = ⊕∞n=1An, H = ⊕∞n=1Hn and for any n ≥ 1, An ∈ L(Hn).
In order for A ∈ L(H) the necessary and sufficient condition is sup

n≥1
‖An‖ < +∞.

In addition, in this case when A ∈ L(H) it is true ‖A‖ = sup
n≥1

‖An‖ (see [11]).

Theorem 2.2. Let An ∈ C∞(Hn) for each n ≥ 1. In this case A = ⊕∞n=1An ∈
C∞(H) if and only if limn→∞ ‖An‖ = 0.

Furthermore, the following main result can be proved.

Theorem 2.3. For the parts of spectrum and resolvent sets of the operator A =
⊕∞n=1An in Hilbert space H = ⊕∞n=1Hn the following statements are true

σp(A) = ∪∞n=1σp(An),

σc(A) =
{

(∪∞n=1σp(An))c ∩ (∪∞n=1σr(An))c ∩ (∪∞n=1σc(An))
}

∪
{

λ ∈ ∩∞n=1ρ(An) : sup ‖Rλ(An)‖ = ∞
}

,

σr(A) =
(
∪∞n=1 σp(An)

)c ∩
(
∪∞n=1 σr(An)

)
,

ρ(A) =
{
λ ∈ ∩∞n=1ρ(An) : sup ‖Rλ(An)‖ < ∞

}
.

Proof. The validity of first claim of given relations is clear. Moreover, it is easy to
prove the fourth equality using the Theorem 2.1.

Now we prove the second relation on the continuous spectrum. Let λ ∈ σc(A). In
this case by the definition of continuous spectrum A−λE is a one-to-one operator,
R(A − λE) 6= H and R(A − λE) is dense in H. Consequently, for any n ≥ 1 an
operator An − λEn is a one-to-one operator in Hn, there exists m ∈ N such that
R(Am − λEm) 6= Hm and for any n ≥ 1 linear manifold R(An − λEn) is dense in
Hn or λ ∈ ρ(Am) for each m ≥ 1 but sup{‖Rλ(Am)‖ : m ≥ 1} = ∞. This means
that

λ ∈
{

(∩∞n=1[σc(An) ∪ ρ(An)]) ∩ (∪∞n=1σc(An))
}

∪
{

λ ∈ ∩∞n=1ρ(An) : sup ‖Rλ(An)‖ = ∞
}

On the contrary, now suppose that for the point λ ∈ C the above relation is satisfied.
Consequently, either for any n ≥ 1,

λ ∈ σc(An) ∪ ρ(An),

or
λ ∈ ∩∞n=1ρ(An) : sup ‖Rλ(An)‖ = ∞,
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and there exist m ∈ N such that

λ ∈ σc(Am).

That is, for any n ≥ 1, An is a one-to-one operator, R(An − λEn) = Hn and
R(Am − λEm) 6= Hm. And from this it implies that the operator A = ⊕∞n=1An is
a one-to-one operator, R(A− λE) 6= H and R(A− λE) = H. Hence λ ∈ σc(Am).

On the other hand the simple calculations show that

[∩∞n=1(σc(An) ∪ ρ(An))] ∩ [∪∞n=1σc(An)]

= [∪∞n=1σp(An)]c ∩ [∪∞n=1σr(An)]c ∩ [∪∞n=1σc(An)].

By a similarly technique, we can proved the validity of the third equality of the
theorem. �

Example 2.4. Consider the multi-point differential operator for first order,

Anun = u
′

n(t), Hn = L2(∆n), ∆n = (an, bn),
−∞ < an < bn < an+1 < · · · < +∞;

An : D(An) ⊂ Hn → Hn, D(An) = {un ∈ W 1
2 (∆n) : un(an) = un(bn)}, n ≥ 1;

A = ⊕∞n=1An, H = ⊕∞n=1Hn.

For any n ≥ 1 operator An and A are normal, σ(An) = σp(An) = { 2kπi
bn−an

: k ∈ Z}
and eigenvectors according to the eigenvalue λnk, n ≥ 1, k ∈ Z are in the form

unk(t) = cnkexp(λnk(t− an)), t ∈ ∆n, cnk ∈ C− {0}
(see [8]). In this case

∞∑
n=1

‖unk‖2Hn
=

∞∑
n=1

∫
∆n

|cnk|2| exp(λnk(t− an))|2dt =
∞∑

n=1

|cnk|2(bn − an).

The coefficients cnk may be chosen such that the last series to be convergent.
This means that λnk ∈ σp(A). From this and Theorem 2.1 it is obtained that
σp(A) = ∪∞n=1σp(An).

Definition 2.5 ([6]). Let T be a linear closed and densely defined operator in any
Hilbert space H. If ρ(T ) 6= ∅ and for λ ∈ ρ(T ) the resolvent operator Rλ(T ) ∈
C∞(H), then operator T : D(T ) ⊂ H → H is called a operator with discrete
spectrum .

Note that if the operator A = ⊕∞n=1An is an operator with discrete spectrum in
H = ⊕∞n=1Hn, then for every n ≥ 1 the operator An is also in Hn.

The following proposition is proved by using the Theorem 2.2 .

Theorem 2.6. If A = ⊕∞n=1An, An is an operator with discrete spectrum in Hn,
n ≥ 1, ∩∞n=1ρ(An) 6= ∅ and limn→∞ ‖Rλ(An)‖ = 0, then A is an operator with
discrete spectrum in H.

Proof. In this case for each λ ∈ ∩∞n=1ρ(An) we have Rλ(An) ∈ C∞(Hn), n ≥ 1.
Now we define the operator K := ⊕∞n=1Rλ(An) in H. In this case for every u =
(un) ∈ D(A), we have

K(A− λE)(un) = ⊕∞n=1Rλ(An)(⊕∞n=1(An − λEn))(un)

= ⊕∞n=1Rλ(An)((An − λEn)un)

= (Rλ(An)(An − λEn)un) = (un)
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and

(A− λE)K(un) = (A− λE)(⊕∞n=1Rλ(An))(un)

= (A− λE)(Rλ(An)un)

= (⊕∞n=1(An − λEn))(Rλ(An)un)

= ((An − λEn)Rλ(An)un) = (un)

These relations show that Rλ(A) = ⊕∞n=1Rλ(An). Furthermore, we define the
following operators Km : H → H, m ≥ 1 in the form

Kmu := {Rλ(A1)u1, Rλ(A2)u2, . . . , Rλ(Am)um, 0, 0, 0, . . . }, u = (un) ∈ H.

Now the convergence in operator norm of the operators Km to the operator K will
be investigated. For the u = (un) ∈ H we have

‖Kmu−Ku‖2H =
∞∑

n=m+1

‖Rλ(An)un‖2Hn

≤
∞∑

n=m+1

‖Rλ(An)‖2‖un‖2Hn

≤
(

sup
n≥m+1

‖Rλ(An)‖
)2 ∞∑

n=1

‖un‖2Hn

=
(

sup
n≥m+1

‖Rλ(An)‖
)2

‖u‖2H

From this, ‖Km−K‖ ≤ supn≥m+1 ‖Rλ(An)‖ for m ≥ 1. This means that sequence
of the operators (Km) converges in operator norm to the operator K. Then by the
important theorem of the theory of compact operators K ∈ C∞(H) ([3]), because
for any m ≥ 1, Km ∈ C∞(H). �

Example 2.7. Consider that the family of the operators in the form

An :=
d

dt
+ Sn, S∗n = Sn > 0, S−1

n ∈ C∞(H),

An : D(An) ⊂ L2
n → L2

n, ∆n = (an, bn), sup
n≥1

(an, bn) < ∞,

D(An) = {un ∈ W 1
2 (H,∆n) : un(bn) = Wnun(an), A−1

n Wn = WnA−1
n },

where L2
n = L2(H,∆n), n ≥ 1, H is any Hilbert space and Wn is a unitary operator

in H, n ≥ 1 (for this see [8]). For any n ≥ 1 an operator An is normal with discrete
spectrum and ∩∞n=1ρ(An) 6= ∅. For the λ ∈ ∩∞n=1ρ(An) and sufficiently large n ≥ 1
a simple calculation shows that

Rλ(An)fn(t) = e−(Sn−λEn)(t−an)
(
E −W ∗

ne−(Sn−λEn)(bn−an)
)−1

×W ∗
n

∫
∆n

e−(Sn−λEn)(bn−s)fn(s)ds

+
∫ t

an

e−(Sn−λEn)(t−s)fn(s)ds, fn ∈ L2
n, n ≥ 1.
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On the other hand the following estimates hold:∥∥∫ t

an

e−(Sn−λEn)(t−s)fn(s)ds
∥∥2

L2
n

≤
∫

∆n

( ∫ t

an

‖e−(Sn−λEn)(t−s)‖ ‖fn(s)‖Hds
)2

dt

≤
∫

∆n

( ∫ t

an

‖e−(Sn−λEn)(t−s)‖2ds
)
dt

∫
∆n

‖fn(s)‖2Hds

=
∫

∆n

( ∫ t

an

‖e−(Sn−λrEn)(t−s)‖2ds
)
dt‖fn‖2L2

n

=
∫

∆n

( ∫ t

an

e2λr(t−s)‖e−Sn(t−s)‖2ds
)
dt‖fn‖2L2

n

=
∫

∆n

( ∫ t

an

e2(λr−λ
(n)
1 )(t−s)ds

)
dt‖fn‖2L2

n

=
1

4(λr − λ
(n)
1 )2

[2(λr − λ
(n)
1 )(an − bn)− 1 + e2(λr−λ

(n)
1 )(bn−an)]‖fn‖2L2

n
,

(2.1)

‖(E −W ∗
ne−(Sn−λEn)(bn−an))−1W ∗

n‖ = ‖
∞∑

m=0

(W ∗
ne−(Sn−λEn)(bn−an))m‖

≤
∞∑

m=0

‖e−(Sn−λrEn)(bn−an)‖m

= (1− ‖e−(Sn−λrEn)(bn−an)‖)−1

= (1− e(λr−λ
(n)
1 )(bn−an))−1,

(2.2)

‖
∫

∆n

e−(Sn−λEn)(bn−s)fn(s)ds‖2

≤ 1

2(λr − λ
(n)
1 )

[e2(λr−λ
(n)
1 )(bn−an) − 1]‖fn‖2L2

n

(2.3)

Hence from (2.2) and (2.3), we have

‖e−(Sn−λEn)(t−an)
(
E −W ∗

ne−(Sn−λEn)(bn−an)
)−1

×W ∗
n

∫
∆n

e−(Sn−λEn)(bn−s)fn(s)ds‖2L2
n

≤
∫

∆n

e2λr(t−an)‖e−Sn(t−an)‖2dt‖(E −W ∗
ne−(Sn−λEn)(bn−an))−1W ∗

n‖2

× ‖
∫

∆n

e−(Sn−λEn)(bn−s)fn(s)ds‖2L2
n

≤ 1

4λr(λr − λ
(n)
1 )

(
e2λr(bn−an) − 1

)(
1− e(λr−λ

(n)
1 )(bn−an)

)−1

×
(
e2(λr−λ

(n)
1 )(bn−an) − 1

)
‖fn‖2L2

n
,

(2.4)

where λr is the real part of λ and λ
(n)
1 is the first eigenvalue of the operator Sn,

n ≥ 1.
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From estimates (2.1) and (2.4) the following result is obtained.

Proposition 2.8. If λ ∈ ∩∞n=1ρ(An), sup
n≥1

(bn − an) < ∞ and λ
(n)
1 (Sn) → ∞ as

n →∞, then ‖Rλ(An)‖ → 0 as n →∞. Consequently , the operator A = ⊕∞n=1An

is an operator with discrete spectrum in L2 = ⊕∞n=1L
2
n.

3. Asymptotical behavior of the eigenvalues

In this section, asymptotical behavior for the eigenvalues of the operator A =
⊕∞n=1An in H = ⊕∞n=1Hn is investigated, in a special case.

Theorem 3.1. Assume that the operators A in H and An in Hn, n ≥ 1 are
operators with discrete spectrum and for i, j ≥ 1, i 6= j, σ(Ai) ∩ σ(Aj) = ∅. If

λm(An) ∼ cnmαn , 0 < cn, αn < ∞, m → ∞,
∑∞

n=1 c
−1
αn
n < ∞, n ≥ 1 and there

exists q ∈ N such that αq = infn≥1 αn > 0, then λn(A) ∼ γnα, 0 < γ, α = αq < ∞
as n →∞.

Proof. First of all note that by the Theorem 2.3 σp(A) = ∪∞n=1σp(An). Here it is
denoted by N(T ;λ) :=

∑
|λ(T )|≤λ

1, λ ≥ 0, that is, a number of eigenvalues of the some

linear closed operator T in any Hilbert space with modules of these eigenvalues less
than or equal to λ, λ ≥ 0. This function takes values in the set of non-negative
integer numbers and in case of unbounded operator T it is nondecreasing and tends
to ∞ as λ →∞.

Since for every i, j ≥ 1, i 6= j, σ(Ai)∩σ(Aj) = ∅, then N(A;λ) =
∑∞

n=1 N(An;λ).
In this case it is clear that

N(A;λ)
λ

1
α

∼
∞∑

n=1

c
−1
αn
n λ

1
αn
− 1

α =
∞∑

n=1

c
−1
αn
n λ

α−αn
ααn =

∞∑
n=1

c
−1
αn
n (

1
λ

)
αn−α
ααn , λ ≥ 0.

The last series is uniformly convergent in (1,∞) on λ. Then

lim
λ→∞

∞∑
n=1

c
−1
αn
n (

1
λ

)
αn−α
ααn = c

−1
αq
q .

Therefore N(A;λ) ∼ cλ
1
α , 0 < c = c

−1/αq
q , α < ∞ as λ →∞. �

We have the following asymptotic behavior of eigenvalues of the operator A in
H λn(A) ∼ γnα, 0 < γ, α < ∞ as n →∞.

Remark 3.2. If in the above theorem the coefficients αn, n ≥ 1 satisfy the con-
dition infn≥1 αn > 0, then for every 0 < α < infn≥1 αn, N(A;λ) = o(λ

1
α ) as

λ →∞.

Remark 3.3. If the every finitely many sets of the family σ(An), n ≥ 1 in complex
plane intersect in the finitely many points, then it can be proved that claim of
Theorem 3.1 is also valid in this case.

Example 3.4. Let H = ⊕∞n=1Hn, Hn = l2(N), n ≥ 1, An : D(An) ⊂ Hn → Hn,
An(um) := (cnmum), u = (um) ∈ D(An), cnm ∈ C, cnm 6= ckm, n 6= k, n, k,m ≥ 1,

cnm ∼ knmαn , 0 < kn < ∞, 1 ≤ αn < ∞ as m →∞,
∑∞

n=1 k
−1
αn
n is convergent and

there exists q ∈ N such that αq = infn≥1 αn. In this case, for any n ≥ 1, An is a
linear normal operator and σ(An) = σp(An) = ∪∞m=1{cnm}.
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Now we obtain the resolvent operator of An. Let λ ∈ ∩∞n=1ρ(An). Then from
the relation (An − λEn)(um) = (vm), n ≥ 1, (vm) ∈ Hn, i.e cnmum − λum = vm,
m ≥ 1. It is established that um = vm

cnm−λ , m ≥ 1; i.e., Rλ(An)(vm) = ( vm

cnm−λ ),
n ≥ 1.

On the other hand since cnm ∼ knmαn , αn ≥ 1 as m → ∞, then for any
v = (vm) ∈ Hn we have

‖Rλ(An)(vm)‖2Hn
=

∞∑
m=1

| vm

cnm − λ
|2 ≤

∞∑
m=1

| 1
cnm − λ

|2
∞∑

m=1

|vm|2

=
∞∑

m=1

| 1
cnm − λ

|2‖v‖2Hn
.

Consequently, for any n ≥ 1,

‖Rλ(An)‖ ≤
( ∞∑

m=1

| 1
cnm − λ

|2
)1/2

(3.1)

Moreover, it is known that a resolvent operator Rλ(An), n ≥ 1 is compact if and
only if 1

cnm−λ →
m→∞

0 ([7]). Since λ 6= cnm, n, m ≥ 1 and conditions on cnm, then

the last condition is satisfied. Hence for any n ≥ 1, Rλ(An) ∈ C∞(Hn).

On the other hand since the series
∑∞

n=1 k
− 1

αn
n is convergent, then from the

inequality (3.1) for the Rλ(An), n ≥ 1 it is easy to see that lim
n→∞

‖Rλ(An)‖ = 0, λ ∈
∩∞n=1ρ(An). Hence by the Theorem 2.6 for the λ ∈ ∩∞n=1ρ(An) it is established that
Rλ(A) ∈ C∞(H). Then by the Theorem 2.3 it is true that σp(A) = ∪∞n=1σp(An).
Furthermore, the validity of the relation σ(Ai) ∩ σ(Aj) = ∅, i, j ≥ 1, i 6= j is clear.
Therefore by the Theorem 3.1 λn(A) ∼ γnα, 0 < γ, α < ∞ as n →∞.
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