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CROSS-CONSTRAINED PROBLEMS FOR NONLINEAR
SCHRODINGER EQUATION WITH HARMONIC POTENTIAL

RUNZHANG XU, CHUANG XU

ABSTRACT. This article studies a nonlinear Schoédinger equation with har-
monic potential by constructing different cross-constrained problems. By com-
paring the different cross-constrained problems, we derive different sharp cri-
terion and different invariant manifolds that separate the global solutions and
blowup solutions. Moreover, we conclude that some manifolds are empty due
to the essence of the cross-constrained problems. Besides, we compare the three
cross-constrained problems and the three depths of the potential wells. In this
way, we explain the gaps in [J. Shu and J. Zhang, Nonlinear Shrédinger equa-
tion with harmonic potential, Journal of Mathematical Physics, 47, 063503
(2006)], which was pointed out in [R. Xu and Y. Liu, Remarks on nonlin-
ear Schrodinger equation with harmonic potential, Journal of Mathematical
Physics, 49, 043512 (2008)].

1. INTRODUCTION

In this paper, we study the following initial-value problem for the nonlinear
Schodinger equation with harmonic potential:

ior + Ap — |zPo+ |o|Ple =0, t>0, 2R,

o(0.7) = go(a). (1)

Hereafter we will use the following notation: ¢(z,t) : RY x[0,T,) — C is a complex
valued wavefunction; 0 < T, < 400 is the maximal existence time; IV is the space
dimension; i = v/—1; A is the Laplace operator on R¥; p is the exponent of the
nonlinear function, 4 + 1 < p < {E2; || - ||z is the norm of H*(RY); || - |10 is
the norm of LP(RY); [-dz = [y -dw; C is a positive constant that varies from
expression to expression.

Note a more general form of (1.1)) is

o+ Ap = V() +|plPp=0, t>0, 2R,
©(0,z) = @o(x).
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It is well-known that

ios + Ap+|plPto =0, t>0, zeRY,

0(0,2) = po(a), (13)

is one of the basic evolution models for nonlinear waves in various branches of
physics. Many papers have studied equation . In [8], Ginibre and Velo es-
tablished the local existence of the Cauchy problems in the energy space H!(RY).
Glassey [10], Tsutsumi [21I], Ogawa and Tsutsumi [I5l [I6] proved that for some
initial data, especially for a class of sufficiently large data, the solutions of the
Cauchy problem for blow up in finite time. Strauss and Cazenave also men-
tioned this topic in their monographs [20] and [4] respectively. There are also many
mathematicians who addressed these problems with harmonic potential. It is found
that for sufficiently small initial data, the solutions of the Cauchy problem for
globally exist (cf. [0, 12, 03] 7, 1], etc). Zhang [26] studied the global existence of
and the relationship between the Schrédinger equation and its ground state.
For , Fujiwara [6] proved the smoothness of Schrodinger kernel for potentials
of quadratic growth. It is shown that quadratic potentials are the highest order
potentials for local well-posedness of the equation [I7]. Yajima [25] showed that for
super-quadratic potentials, the Schrodinger kernel is nowhere C*.

When p > 1+ 4/N, Cazenave [4], Tsurumi and Wadati [22] and Carles [2], [3]
showed that the solutions of the Cauchy problem of blow up in finite time
for some initial data, especially for a class of sufficiently large initial data; while
the solutions of the Cauchy problem of globally exist for other initial data,
especially for a class of sufficiently small initial data, see [2], [3] and [22]. When
1 <p<1+44/N, Zhang [27] proved that global solutions of the Cauchy problem
of exist for any initial data in the energy space. When p = 1+ 4/N, Zhang
[28] showed that there exists a sharp condition of the global existence. In [I], Chen
and Zhang derived a global existence condition for the supercritical case for .
Moreover, Shu and Zhang [19] also studied for its global existence and blowup.

Shu and Zhang [19] studied by constructing a cross-constrained problem,
which originated from [29]. The main idea of the cross-constrained variational
method introduced in [29] can be described as follows. In the energy functional,
there are more than two terms, like [|V|?dz, [|z|?|¢|?dz and [ |p[PT1dz for
problem . It is well-known that the “nonlinear source” is controlled by the
“potential energy”, using the variational method. If the “potential energy” is not
as simple as being composed of just one term, then one can give some various
combinations of the terms and consider different cases of these combinations. For
instance, for problem , we can use various combinations of the terms f |V|?dz,
[ |z|?|¢|?dx and [ |p|*dz to control the nonlinear term [ |¢[PT'dz. Then we de-
fine the corresponding Nehari functional and potential energy functional to con-
struct the variational problem, which is the so-called cross-constrained potential
well method. This approach seems to work in the sense of finding the relationships
between these different terms or functionals. But sometimes it may also arouse
some confusion because of the complex structure. It may explain the occurrence of
some self-contradiction criteria in [I9]. Although Xu and Liu pointed out the self-
contradiction in [24], they still never make a clear statement about the relationships
among these different so-called cross-constrained problems. In other words, Xu and
Liu just found the problem, but they did not clarify the essence behind it. So in this
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paper we mainly aim at a comprehensive study of the so-called cross-constrained
problems, and finding the relations between the cross-constrained functionals and
cross-constrained manifolds. Then occurrence of all of the gaps and problems men-
tioned above can be well explained. In the end, we simply illustrate the spatial
structure by three concentric spheres.

In this paper, we study the Cauchy problem of by constructing different
cross-constrained problems and therefore derive different sharp criteria for both
global existence and blowup. Moreover, we compare three different invariant man-
ifolds defined in order to separate the global solutions and the blowup solutions of
the Cauchy problem . We also dig the reason that some invariant manifolds
are empty, which was previously pointed out in [24].

The organization of this paper is as follows. In Section 2, we give some concerned
preliminaries. In Section 3, we construct three variational problems and invariant
manifolds. In Section 4, we derive sharp criteria for both global existence and
blowup. In Section 5, we compute the potential depth of one of the potential wells.
In Section 6, we compare the three variational problems, point out some of the
invariant manifolds are empty and explain why such phenomenon happens. Fur-
ther we reveal the relationships among these different cross-constrained variational
problems and the different manifolds.

2. PRELIMINARIES

In this section, we like to introduce some functionals and a Hilbert space, which
will be used to construct different cross-constrained problems. For (1.1)), we first
equip the following space

H:{¢eH%NW:/mmw%x<m} (2.1)
with the inner product
6.0) = [ VoG + 0+ fauidd, (22)
whose associated norm is || - || .
Further we define the energy functional
_[1 o Lo 0 1 p+1
B() = [ 5190 + 3lallol — — 1ol Hida, (23)
and the following four auxiliary functionals
1 1 1 1
P(o) = [ ZIVol* + z|e]* + z|2*|e]? — ——|p[PTd 2.4
(0= [ 31Vl + glol? + Glaflol - —lePldz,  (24)
N(p—1)
Li(p) = [ |Ve|? 2 2|2 — ———|p|P T du, 2.5
(@) = [ 190P +1oP +1olel? - Gl e (25)
Np-1)
Lig) = [ [Vl + |2 = L= )y pt1 gy 2.6
2(0) = [ V6l + Il = G lel e (26)
Np-1)
I3(0) = [ IVl + [zPle]* — ——"|¢[PT"da. 2.7
2(9) = [ V6l + laPlef = S e de (27)

In the above four functionals, P(p) is composed of both energy and mass. And
I; () (i =1,2,3) can be considered as Nehari functionals. Throughout this paper,
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we assume

4 N+2
1+ =—<p<

P > .
N N3’ for N > 3;

4
1+N<p<+oo, for N =1,2.

We now state the local well-posedness.

Lemma 2.1 ([14]). Let w9 € H. Then there exists a unique solution ¢ of the
Cauchy problem (1.1)) in C([0,T]; H) for some T € (0, 00] (maximal existence time),
and either T = oo (global existence) or else T < 0o and

tlilr% lellg =00 (blowup).
Now we have the conservation laws for both energy and mass.

Lemma 2.2 ([, [10, 23]). Let ¢o € H and ¢ be a solution of the Cauchy problem
(1.1) in C([0,T); H). Then one has

/|¢\2dw=/|s@ol2dx, (2.9)
E(p) = E(go), (2.10)
P(g) = P(go). (2.11)

We introduce the following lemma, which will be used for proving the blowup
phenomenon in Section 4.

Lemma 2.3. Let ¢g € H and ¢ be a solution of the Cauchy problem (1.1)) in
C([0,T); H), Set J(t) = [ |z|*|¢|*dz. Then one has

70 =8 [ (196 = kel - 520

T |¢|p+1)dx. (2.12)

3. THREE VARIATIONAL PROBLEMS AND INVARIANT MANIFOLDS
First we define the following three Nehari manifolds,
M,y :={¢ € H\{0} : 1(¥) = 0},
My := {4 € H\{0} : Ia(¢) = 0},
My := {¢ € H\{O} : IS(Z/J) = 0}

Now we consider the following cross-constrained problems

di = inf P(v). (3.1)
d = inf P(v). (3.2)
dy = inf P(v). (3.3)

respectively. First we have the following lemma.
Lemma 3.1. d; >0 fori=1,2,3.
Proof. (i) For any ¢ € My U Ms, we have

N(p—-1
J19ek +1opas < TP [loptiae
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By Sobolev embedding inequality, this implies
[ 190 + lofdz > c.

Note by assumption ([2.8)),

1 1 2 1
,_7.M>0.
2 p+1 N(p-1)

Hence P(p) > C > 0, which verifies d; > 0 (i = 1, 2).
(i) For ¢ € M3, we have

N(p-1)
2< Pq
IVel} < gl [ lelraa.

which implies from Gagliardo-Nirenberg inequality and Cauchy-Schwartz inequality
that there exists a constant C'(p, N) > 0 such that

(N+ (N+2)=(N=2)p

Np— 4)
CEN) <Vl 7 Dl
1 Np—(N-+4 N+2)—(N—2
< S (IV@lly P~ OH 4 ¥ 232,

This yields ||Vgll2 = C > 0 or ||¢|l2 = C > 0. Thus
Np— (N +4)
2N(p—1)
which proves d3 > 0. O

1
P(e) = Sllel + IVl + [ laPlofdz] > € >0

Next we give the invariance of some manifolds.
Theorem 3.2. Fori=1,2,3, define
G, :={v e H: P <d;, L(x)>0}u{0} (3.4)

Then G; is an invariant manifold of (L.1); that is, if po € G;, then the solution
o(x,t) of the Cauchy problem (1.1) also satisfies p(x,t) € G; for any t € [0,T).

Proof. If pg = 0, from the mass conservation law; i.e., , we can find that ¢ =0
for t € [0,T); i.e., p(x,t) € G;. If po # 0, we have ¢y € G;\{0}; i.e., P(po) < d;
and I;(po) > 0. By Lemma there exists a unique ¢(x,t) € C([0,T); H) with
0 < T < oo such that ¢(z, t) is a solution of problem (L.1)). Now we shall show that
¢(z,t) € G; for any t € [0,T). By (2.11)), we have

P(g(z,t)) = P(po) > d;. (3.5)

Next we show I;(p) > 0 for t € [0,T). Note that I;(¢9) > 0. Arguing by
contradiction, by the continuity of I;(¢), suppose that there were a to € [0,7") such
that ;(¢(z,t2)) = 0. If p(z,t2) = 0, then by (2.9), we have 0 = [ |o(z,t2)|?dx =
[ lo|?dz, which indicates ¢ = 0. Contradiction. So ¢(z,t2) # 0, by the definition
of d;, we have P(¢(z,t3)) > d;, which contradicts (3.5)). Therefore I;(¢) > 0 for all
tel0,T).

Combining all of the analysis above, we arrive at ¢(x,t) € G; for any ¢ € [0,T).
The proof is complete. O

By a similar argument, we can obtain the following result.
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Theorem 3.3. Fori=1,2,3, define
Bi:={y € H:P(y) <d;, I;(¢) <0}
Then B; is an invariant manifold of .

4. SHARP CONDITIONS FOR GLOBAL EXISTENCE

Theorem 4.1. If oo € G; (i = 1,2,3), then the solution p(x,t) of the Cauchy
problem (L.1)) globally exists on t € [0, 00).

Proof. Here we prove only the case ¢o # 0, for ¢9 = 0 is a trivial case. For any
nontrivial ¢y € G; (i = 1,2,3), let ¢;(x,t) be the solution of the Cauchy problem
with initial condition ¢;(z,0) = ¢g, and 0 < T' < oo be the maximal existence
time. It follows from Theorem that ¢;(z,t) € G; (i =1,2,3) for all t € [0,T).
Fix t € [0,T), and simply denote @;(x,t) by ¢;, then the definition of G; implies
that
d; > P((pi), Iz(@z) >0 (Z = 172,3).
For i = 1,2, 3, it always follows from I;(y;) > 0 that

1 2
—— [Pl < W / Vil + @il + |21 @il *dae

p+1 N
Thus we obtain
di > P (i)
1 9 1 2 1, 9 2 1 p+1
=135 i 51¥i 5 il = 1P d
[ 31vei 4 gloil + JlaPlol - —lepias
1 2 2 2 2 2
P v i i il “da,
> (5-7p=) [ IVel + o +lafleida

which YleldS
2N(p—1)d;
v 2 2 2 2 ?

Therefore, it follows from Lemma that ¢ globally exists on ¢ € [0,00). At this
point, we proved this theorem. [l

Theorem 4.2. If pg € B; (i = 1,2,3), then the solution ¢(x,t) of the Cauchy
problem (1.3) blows up in finite time.

Proof. We prove this theorem case by case.
Case I: ¢y € B; U By. In this case, Theorem [3.2] implies that the solution ¢(z,t)
of the Cauchy problem (1.3) satisfies that ¢(z,t) € By U By for t € [0,T). For
J(t) = [ |z|?|p|?dz, the definitions of P(p) and I;(¢) (i = 1,2) imply that

T'() < -8 / o[2dz. (4.2)
Then

J'(t) < J'(0) —8(/ \<p|2dx) t.

Further we have

J(t) < J(0) + J'(0)t — 4(/ (ol .
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Note that I1(¢) < 0 yields [ |¢|*dz > 0. Therefore there exists a Ty € (0, 00) such
that J(t) > 0 for t € [0,71) and J(71) = 0. By the inequality (see [23])
2
lell* < Vel - llzll
we obtain lim;_, 7, ||[Vel|| = oo, which indicates
Jm flellz = oo.

Case ii: ¢y € Bs. In this case, Theorem implies that the solution ¢(z,t) of
the Cauchy problem (1.3)) satisfies that ¢(x,t) € Bs for t € [0,T). For J(t) =

[ |z?l|?dz, (2-4) and (2.7) imply that
T(t) < —16/|x\2|go|2da:. (4.3)

Now we show that there exists a 71 € (0,00) such that J(¢) > 0 for t € [0,77)
and J(T1) = 0. Arguing by contradiction, suppose V¢t € [0, 00), J(t) > 0. Set
J'(t)
t) = .

It is easy to show that

(1) = {7((;;) _ (‘f] ((tt)))z < —16— g2(b). (4.4)

Next we like to show g(t) # 0 for any ¢ € [0,00). Arguing by contradiction again,
suppose there is a to such that g(tg) = 0. By (4.4]), we have g(t) < 0 for ¢ € (o, 00).
For any fixed t; > tg, dividing (4.4) by ¢*(¢), we have

g'(t) 16

@) = g2

t 7 t
/ 92(7—) dr < / —1dr,
t1 9 (T) t1

1

1
> + (t—1t1), 4.5
@~ gt M) (45)
which indicates that there exists a to > t; such that
g(t) >0 for any t € (t3,00) (4.6)

This contradicts g(t) < 0 for ¢t € (tg, c0). Hence we have g(t) # 0 for any t € [0, 00).
By (4.5)), for ¢t € (0,00) , we have

—-1< -1

Further we derive

namely,

1 1
@ > m + 1.
Hence, J'(t) > 0 for t € (|ﬁ\,oo). Therefore J(t) is increasing in (|ﬁ|,oo). Let
to = \ﬁL By
J"(t) < —=16J(t) < 0,
we have for t > t,
J'(t) < J'(to) + 16J (to)to — 16 (to)t.

Further
J(t) — J(0) < (J'(to) + 16 (to)to)t — 8. (to)t?;
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ie.,
J(t) < J(0) + (J'(to) + 16 (to)to)t — 8J (to)t?,
which implies that there exists 0 < T} < ¢y such that J(¢t) > 0 for ¢ € [0,7}) and
J(T1) = 0. Again by the inequality (see [23])
2
lell* < Vel - llzll
we obtain
Jm [[Veel| = oo.

So far we have shown that for the initial data ¢ € B;, the solution of the Cauchy
problem (|1.1)) blows up in finite time. This completes the proof of the theorem. [

Remark 4.3. It is clear that
{v e H,P(y) <di} =G; UB;,
which indicates Theorem [.1] and Theorem 4.2 are sharp.

By Theorem [3.3] we obtain another condition for global existence of the solution
of (L.I).

Corollary 4.4. If po satisfies |[¢ol|3; < 2d;, then the solution ¢ of the Cauchy
problem (1.1) globally exists on t € [0, o).

Proof. We consider only the nontrivial case. Suppose ¢y # 0, from |¢ol|%; < 2d,,
we have P(yg) < d;. Moreover, we claim that I;(¢p) > 0. Otherwise, there is a
0 < p < 1 such that I;(ppg) = 0. Thus P(upg) = d;. On the other hand,

lnpollzr = 12lleoll sy < 2ud; < 2d;.
It follows that P(uwg) < d;. This is a contradiction. Therefore we have ¢q € G;.
Thus Theorem [3.3] implies this corollary. O
5. COMPUTING d4

In this section, we compute d; using the method definded by Payne and Sattinger
[18]. Since M is a closed nonempty set, there exists an wy; € M; such that

P(w)) = inf P(¥)=dy,
where w is a solution of the following Euler equation
Aw — |z[*w + |w]Plw —w = 0.

We define

(S 1961 + for [ + || )

(f foaftde) 7T

g IV IR ¢ olPode)*”

PYEM; (f W)‘pﬂdx)m
be the Sobolev constant from H to LPT1(RY). By I (w;) = 0, we derive

p,1

dy = P(wn) = w / [P (5.1)
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Using the definition of Cp 1, we obtain

(/m”“dm)pil - (72(p+1)05»1)ﬁ. (5.2)

Np-1)
Combining (5.1) and (5.2)), we have
Np-1)—4 (2(p +1)C2, ) =
4(p+1) N(p—1)

6. CROSS-CONSTRAINED PROBLEMS AND SOME TRIVIAL MANIFOLDS

dy =

In this section, we like to address the relations of some cross-constrained various
manifolds for problem (|L.1J).
Next we define three manifolds as follows. First, we define some new potential
well depths. For i < j, 4,7 =1,2,3,
di)j = min{di, d]} (61)
and
d1’2’3 = min{dl, dg, d3} (62)
Second, we define the following manifolds. Note similar as the proof of Theorem [3.2]
it is trivial to show that these manifolds are also invariant. For ¢ < j, 7,5 = 1,2, 3,

Gij = {w € H: P($) < dij, Li($) > 0.1;() > 0} U{0}, (6.3)
Vii_j=1{ € H: P() < d;j, Ti() > 0,1;(1h) < 0}, (6.4)
V_ig; ={ € H:P@) <dij, L) <0,I;(¥) >0}, (6.5)

Bij = { € H:P) < di,, I;()) <0,I;() < 0}. (6.6)

We have the following theorems to clarify the relations among all the invariant
manifolds.

Theorem 6.1. G, ; =G;NG;; Vi, _j=0;V_; 4 =0; B;j = B;NBj, wherei < j
and i,5 =1,2,3.

Theorem 6.2. Fori < j andi,j=1,2,3, define
gz‘j = {¢ € H: P(’(/)) < d@j,[j(iﬂ) > O},
Bij = {T,ZJ € H: P(l/)) < di,jafj(d]) < O}
Then
Gi1i C G, B C By

Remark 6.3. Theorem can well explain the gaps in [19], which was pointed
out in [24].

Remark 6.4. It is easy to see that the reason for V_; 1; = 0 (i = 2,3) is due to
the fact I1(p) > I; (i = 2,3) for ¢ # 0. Now we like to analyze why Vs 3 = 0,
V_o43 =10, Vi1, = () for i = 2,3. In fact, we know that Vy; _o is a subset of
both G; and By. We have proved that G; is a manifold of all the global solutions of
the Cauchy problem for P(y) < di while By is a manifold of all the blowup
solutions of the Cauchy problem for P(¢) < dy. Hence by Lemma there
should be no intersection of the two manifolds, which indicates Vi1 _o = (). Hence
it is natural to deduce that the two surfaces

51271 = {1/) €EH: P(T/}) < dl,Q,Il(w) = 0}
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and

Si22:={p € H: P(¢) <di 2, I2(¢) =0}
coincide. Similarly,

Sizp={¢Y € H:P(y) <di3,11i(¢) =0}
and

Si133:={ € H:P(y) <diz,I3(¢) =0}
coincide. Further we define the following three Nehari manifolds

Si:={Y e H:P{) <dia3,1;(¢) =0},
for i =1,2,3. It is easy to see that S; = S = S3.

To have an intuitive feeling of the relations among some of the above manifolds,
we draw the Figures [T and

/
] i -

FIGURE 1. The relations among I1(p), I2(¢) and I3(p), where
dy > do > d3; The intersections of the three spheres and red
surface represent the three manifolds I;(y) = 0 (i = 1,2,3), re-
spectively.
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