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POSITIVE SOLUTIONS TO BOUNDARY-VALUE PROBLEMS OF
P-LAPLACIAN FRACTIONAL DIFFERENTIAL EQUATIONS
WITH A PARAMETER IN THE BOUNDARY

ZHENLAI HAN, HONGLING LU, SHURONG SUN, DIANWU YANG

ABSTRACT. In this article, we consider the following boundary-value problem
of nonlinear fractional differential equation with p-Laplacian operator
DG (¢p(D§yu() +a(t)f(u) =0, 0<t<1,

u(0) = yu(€) + X, ¢p(DFu(0)) = (6p(Df1u(1))) = (6p(Df1u(0))” =0,
where 0 < a < 1, 2 < 8 < 3 are real numbers, Dg‘Jr,D&_ are the standard
Caputo fractional derivatives, ¢p(s) = |s|P72s,p > 1, ¢;1 = ¢q, 1/p+1/q =1,
0<vy<1,0<¢<1, A >0isa parameter, a : (0,1) — [0,+00) and
f:10,400) — [0,4+00) are continuous. By the properties of Green function and
Schauder fixed point theorem, several existence and nonexistence results for
positive solutions, in terms of the parameter A are obtained. The uniqueness

of positive solution on the parameter X is also studied. Some examples are
presented to illustrate the main results.

1. INTRODUCTION

Fractional differential equations have been of great interest. The motivation for
those works stems from both the intensive development of the theory of fractional
calculus itself and the applications such as economics, engineering and other fields
[T, 1L 077, A8, 19, 20, [24].

Recently, much attention has been focused on the study of the existence and
multiplicity of solutions or positive solutions for boundary-value problems of frac-
tional differential equations by the use of techniques of nonlinear analysis (fixed
point theorems [2, 3] @, 8, 2], 23] 25, 26], 28, 29 B0, B2], upper and lower solu-
tions method [13], [15] [22], fixed point index [7} [27], coincidence theory [5], Banach
contraction mapping principle [14], etc).

Ma [16] considered the boundary-value problem

u +a(t)f(u) =0, 0<t<l,
u(0) =0, wu(l)—au(n) =0,
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where b, > 0, n € (0,1), an < 1 are given. Under some assumptions, it was
shown that there exists b* > 0 such that the boundary-value problem has at least
one positive solution for 0 < b < b* and no positive solution for b > b*.

Kong et al [12] studied the boundary-value problem with nonhomogeneous three-
point boundary condition

(p(u)” +a(t)f(u) =0, 0<t<L,
u(0) = gu(n) + A, w'(0) =u'(1) =0,

where ¢,(s) = [s[P7%s, p > 1, ¢t = ¢g, 1/p+1/g=1. 0<E<1,0< <1,
A > 0 is a parameter, a € C(0,1) and f € C([0,+00)) are nonnegative functions.
Under some assumptions, several existence, nonexistence, and multiplicity results
for positive solutions in terms of different values of the parameter \ are derived.

Zhao et al [31] studied the existence of positive solutions for the boundary-value
problem of nonlinear fractional differential equations

Dg u(t) + Af(u(t)) =0, 0<t<l,
u(0) = u(1) = 4/(0) = 0,

where 2 < a < 3is a real number, D, is the standard Riemann-Liouville fractional
derivative, ) is a positive parameter, and f : (0, +00) — (0, 4+00) is continuous. By
the properties of the Green function and Guo-Krasnoselskii fixed point theorem on
cones, some sufficient conditions for the nonexistence and existence of at least one
or two positive solutions for the boundary-value problem are established.

Chai [3] investigated the existence and multiplicity of positive solutions for a
class of boundary-value problem of fractional differential equation with p-Laplacian
operator

DE (6p(Dgu(t)) + f(t,u(t), D, u(t) =0, 0<t<1,
u(0) = 0,u(1) + oDJ, u(1) =0, D, u(0) =0,

where ]l < <20<y<1,0<y<1,0< a—vy—1, 0 is a positive constant
number, D, , Dg s Dy 4 are the standard Riemann-Liouville derivatives. By means
of the fixed point theorem on cones, some existence and multiplicity results of
positive solutions are obtained.

Although the fractional differential equation boundary-value problems have been
studied by several authors, very little is known in the literature on the existence and
nonexistence of positive solutions of fractional differential equation boundary-value
problems with p-Laplacian operator when a parameter A is involved in the boundary
conditions. We also mention that, there is very little known about the uniqueness
of the solution of fractional differential equation boundary-value problems with
p-Laplacian operator on the parameter A\. Therefore, to enrich the theoretical
knowledge of the above, in this paper, we investigate the following p-Laplacian
fractional differential equation boundary-value problem

D (6p(Dgult)) + a(t)f(u) =0, 0<t<1, (1.1)

w(0) =yu(€) + A, dp(DG1u(0)) = (¢p(Dgyu(1))) = (¢p(Dgyu(0)))" =0, (1.2)
where 0 < a < 1, 2 < 8 < 3 are real numbers, D, , Dg+ are the standard Caputo
fractional derivatives, ¢,(s) = [s[P~2s, p > 1, (;5;1 =¢q 1/p+1/g=1,0< vy <1,

0 <& <1, A>0isaparameter, a : (0,1) — [0,400) and f : [0, +00) — [0, +00) are
continuous. By the properties of Green function and Schauder fixed point theorem,
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several new existence and nonexistence results for positive solutions in terms of
different values of the parameter A\ are obtained. The uniqueness of positive solution
is also obtained for fractional differential equation boundary-value problem
and . As applications, examples are presented to illustrate our main results.

The rest of this paper is organized as follows. In Section 2, we shall introduce
some definitions and lemmas to prove our main results. In Section 3, we investigate
the existence of positive solution for boundary-value problems and . In
Section 4, the uniqueness of positive solution on the parameter A is studied. In
Section 5, we consider the nonexistence of positive solution for boundary-value
problems and . As applications, examples are presented to illustrate our
main results in Section 3, Section 4 and Section 5, respectively.

2. PRELIMINARIES AND LEMMAS

For the convenience of the reader, we give some background material from frac-
tional calculus theory to facilitate analysis of problem (|1.1)) and ([1.2]). These results
can be found in the recent literature, see [6] [T}, 20} 23].

Definition 2.1 ([I1]). The Riemann-Liouville fractional integral of order a > 0 of
a function y : (0,+00) — R is given by
I 1
) = i [ (=9 u(s)as
provided the right side is pointwise defined on (0, +00).

Definition 2.2 ([II]). The Caputo fractional derivative of order a > 0 of a con-
tinuous function y : (0,400) — R is given by

L[y
Dt = 55—y |, s

where n is the smallest integer greater than or equal to «, provided that the right
side is pointwise defined on (0, +00).

Remark 2.3 ([20]). By Definition under natural conditions on the function
f(t), for & — n the Caputo derivative becomes a conventional n-th derivative of
the function f(t).

Remark 2.4 ([II]). As a basic example,

F(l + 0= n) th—e
Frl+p—a) ’
In particular Df, t# = 0, u = 0,1,...,n — 1, where D, is the Caputo fractional
derivative, n is the smallest integer greater than or equal to a.

Dttt =p(p—1)...(n—n+1) for t € (0, 00).

From the definition of the Caputo derivative and Remark we can obtain the
following statement.

Lemma 2.5 ([I1]). Let @ > 0. Then the fractional differential equation
Dy u(t) =0
has a unique solution
u(t) =co+crt+eat? -t it G ERi=0,1,2,...,n—1,

where n is the smallest integer greater than or equal to a.
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Lemma 2.6 ([I1]). Let o > 0. Assume that v € C™[0,1]. Then
I8, Dy u(t) = u(t) + co + et + cot® + -+ + cpqt" 1,

for some ¢; € R, i =0,1,2,...,n — 1, where n is the smallest integer greater than
or equal to a.

Lemma 2.7. Let y € C[0,1] and 0 < o < 1. Then fractional differential equation
boundary-value problem

Dy u(t) =y(t), 0<t<l, (2.1)
u(0) = yu(€) + A
has a unique solution
t a—1 ¢ a-1
u(t) :/O (Ul i FZ) y(s)ds + 137/0 € r(j) y(s)ds + ﬁ

Proof. We apply Lemma to reduce to an equivalent integral equation,
u(t) = Ighy(t) +co, co €R.

Consequently, the general solution of is

t — s a—1
u(t) = /0 (trm)é)y(s)ds +co, cop€R.

By (2.2), we has

00:17 d—i—i

I(«) () 1-—
Therefore, the unique solution of problem (2.1]) and ( . is

L[t §<sfs>a1 S
u(t)—/o o y()d+1_7/0 Fro—(s)ds +

gl /5(6—8)0‘1 A

O

Lemma 2.8. Lety € C[0,1] and 0 < a < 1, 2 < 8 < 3. Then fractional differential
equation boundary-value problem

Dy, (¢p(Dg u(t)) +y(t) =0, 0<t<1, (2.3)
u(0) = yul€) + A ¢p(Dgu(0)) = (¢p(Dgu(1))) = (6p(Dg,u(0)))” =0

has a unique solution

u(t):/o F(‘z(; 1¢q /Hm dr)ds

. E( gt » ) L (2.5)
+1—'y/0 I'(«a) (bq/ (s:7)y 7—)S—i_l o
where
(ﬁfl)t(lfs%‘il;;7(tfs)@*17 0<s<t<1,
H(t:5) =\ g9 (26)
B 1 () 0<t<s< .
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Proof. From Lemma [2.6] the boundary-value problem (2.3) and (2.4)) is equivalent
to the integral equation

op(Doyu(t)) = —I&y(t) + o + c1t + cot?,
for some cg, c1,co € R; that is,

th)'Bfl

6D u(0) = - [ 50
By the boundary conditions ¢, (Dg, u(0)) = (¢p(D§ u(1)))" = (¢p(D§Lu(0)))” =0,

we have
1 _ )82
co=c=0, = /0 (8 1)15(15) ) y(7)dr.

Therefore, the solution u(t) of fractional differential equation boundary-value prob-

lem ([2.3) and ([2.4)) satisfies

bt )81 L (5 — 1)1 — )2
ouDgutt) = [T —ymar+ [ EEEETD

0
1
:/o H(t,7)y(r)dr.

y(7)dr + co + c1t + cot?.

Consequently, D§, u(t) = ¢q4 ( fol H(t, T)y(T)dT). Thus, fractional differential equa-
tion boundary-value problem (2.3)) and (2.4} is equivalent to the problem
1
DG, u(t) = qsq(/ H(t,T)g(T)dT), 0<t<l,
0
u(0) = yu(&) + A

Lemma implies that fractional differential equation boundary-value problem

(2.3) and (2.4) has a unique solution,

u(t) = /Ot (t}(scz;_lqbq(/ol H(s,r)y(r)dr)ds

€ (g g)a-1 1
+ 117/0 ¢ r(a)) %(/o H(s, 7)y(r)dr ) ds + %

The proof is complete. O

Lemma 2.9 ([23]). Let 0 < a < 1,2 < 8 < 3. The function H(t,s) defined by
(2.6)) is continuous on [0,1] x [0,1] and satisfies

(1) H(t.s) > 0, H(t.s) < H(Ls), fort,s € [0.1];

(2) H(t,s) >tP"tH(1,s), fort,se(0,1).
Lemma 2.10 (Schauder fixed point theorem [6]). Let (E,d) be a complete metric

space, U be a closed convex subset of E, and A : U — U be a mapping such that the
set {Au :u € U} is relatively compact in E. Then A has at least one fized point.

To prove our main results, we use the following assumptions.

(H1) 0 < [y H(1,7)a(r)dr < +00;
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(H2) there exist 0 < o < 1 and ¢ > 0 such that

f(z) <oLgy(z), for0<z<e, (2.7)
where L satisfies
14~ ga —1) .
0<L\{¢p( CESIE /HlT } , (2.8)
(H3) there exist d > 0 such that
f(z) < M¢y(z), ford < x < +oo, (2.9)

where M satisfies

0<M< [qﬁp(mﬁl) /01 H(l,T)U,(T)dT:| 71; (2.10)

(H4) there exist 0 < 0 < 1 and e > 0 such that
f(z) > Nop(z), fore<z <400, (2.11)

where N satisfies

N> [¢>p<cé/ ( F(Z) (s5~1 ds / H(1,7) ] E (2.12)

with s
cs = / a(l —8)* 1o, (sP71)ds € (0,1); (2.13)
(H5) f(z)is nondecreasir?g in x;
(H6) there exist 0 < 6 < 1 such that
fkz) = (6,(k)? f(x), forany 0 <k <1and 0 <z < +oo. (2.14)

Remark 2.11. Let
f(@)

fo = 10 Pp(T)

Then, (H2) holds if fy =0, (H3) holds if foo =0, and (H4) holds if fo = +o0.

3. EXISTENCE

Theorem 3.1. Assume that (H1), (H2) hold. Then the fractional differential equa-
tion boundary-value problem (1.1) and (1.2) has at least one positive solution for

0 <A< (=)L = ¢q(o))e.
Proof. Let ¢ > 0 be given in (H2). Define

Ky ={ueC[0,1]:0< u(t) <con [0,1]}
and an operator Ty : K1 — C0,1] by

T,\u(t):/t —5)°” 1¢q /HST ) f(u (T))dT)dS
+ 2 /05( ;(Sa; o /OH(S,T)a(T) (u(r))dr ) ds + 2

1—7 Y
Then, K; is a closed convex set. From Lemma u is a solution of fractional
differential equation boundary-value problem and if and only if u is a
fixed point of T. Moreover, a standard argument can be used to show that T} is
compact.

(3.1)
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For any u € K1, from (2.7) and (2.8)), we obtain
fu(t)) < oLp(u(t)) < oLdp(c), on [0,1],

o [ o) <1

Let 0 < A < (1 —7)(1 — ¢q(0))c. Then, from Lemma 2.9/ and (3.1)), it follows that
tp_ gyl 1
o< Tl < [ 5o, ([ HL ) fu(r)ar)ds
v [ (5*8 ) A
+ 7/ bq / H(1,7)a(r)f (u(r))dr )ds + ——

and

- -7
e / H(L7)a(r) (0 <T>>dr)
T Tar D=7 W % / H(1 )f(u (T))d7)+(1—¢>q(a))c
N rl(omfa_l % / H(1,7)a(r) f(u (r))df) + (1= ¢g(0))e
<m¢q )64 ( / H(1,7) <7>d7)¢q<a>c+<1—¢q<a>)c

<¢q( )C+(1_¢q( ))C_Cv tE[O,l].

Thus, Th(K7) C K1, By Schauder fixed point theorem, T} has a fixed pomt u € Kiy;
that is, the fractional differential equation boundary-value problem (1.1)) and .
has at least one positive solution. The proof is complete.

Corollary 3.2. Assume that (H1) holds and fo = 0. Then the fractional differential
equation boundary-value problem (L1.1)) and (1.2) has at least one positive solution
for sufficiently small X > 0.

Theorem 3.3. Assume that (H1), (H3) hold. Then the fractional differential equa-
tion boundary-value problem (1.1) and (1.2) has at least one positive solution for
all A > 0.

Proof. Let A > 0 be fixed and d > 0 be given in (H3). Define D = maxo<q<a f(2).
Then

flz) <D, for0<a<d. (3.2)
From ([2.10)), we have

F(a+1)(1—'y)2 ¢Q(M)¢q</0 H(1,7)a(r)d ) <1

Thus, there exists d* > d large enough so that

L€ = 1) 0 e *
Let

Ky ={ueC[0,1]:0 < u(t) <d" on [0,1]}.
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For u € K», define
={te0,1]: 0 <u(t) < dj,
I2 ={tel0,1]: d<u()<d*}
Then, I+ U I = [0,1], I N 1§ = 0, and in view of (2.9), we have
Fu(t)) < Moy (u(t) < Mo(d*), for t € I3, (3.4
Let the compact operator T be defined by . Then from Lemma and
, we have
0 < Thu(t)

< /Ot umsiz*l¢q(/ol H(1L7)a(r) f(u(r))dr ) ds
-|-1j’y/05 (f;sozafld)q /1H(177')a(7') flu(r ))dT)dS—i—%

a+1 / H(L,7)a(r) f(u(r))dr )

+F( %“ /HlT (())dT)Jr%
_M T)a(T) f(u(r))dr T)a(T) f(u(T))dr
T Tlat (- )%(/Il HLnaf(utr)dr + | Hma(n ))dr)
A
+m
L+ = 1) *
\mqf)q(l) » H,7)a(r)dr + Mo, (d") » H(I,T)a(r)dr)
A
+1f
L 1)

* ! )\
b W%(D + Moy(d ))%(/0 H(LT)a(T)dT) + lf

From (3.3) and the inequality (a + b)" < 2"(a” + ") for any a,b,r > 0 (see, for
example, [10]), we obtain

0 < T)\u(t)
1+ ’Y(ga — 1) g—1 * ' L *
S m2 (¢q(D) + ¢q(M)d )¢q(/0 H(1,7>a(r)dr) + o<

Thus, T : K3 — K5. Consequently, by Schauder fixed point theorem, T’ has a fixed
point u € K>, that is, the fractional differential equation boundary-value problem
(1.1) and (1.2) has at least one positive solution. The proof is complete. O

Corollary 3.4. Assume that (H1) holds and fo = 0. Then the fractional dif-
ferential equation boundary-value problem (L.1) and (1.2) has at least one positive
solution for all A > 0.

Example 3.5. Consider the boundary-value problem

Dy (¢p(Dy/2ut)) + tu® =0, 0<t<1, (3.5)
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u(0) = u(z) + A y(Dy2u(0) = (B (DEu(V)) = (6, (D 2u(0))" =0.
(3.6)

Let p = 2. We have a = 1/2, § = %, v=¢&=1/2, a(t) = t, f(u) = u?. Clearly,
(H1) holds.

By a simple computation, we obtain 0 < L < 2.4155. Choosing o = 1/2,
¢ =1, L =2, (H2) is satisfied. Thus, by Theorem the fractional differential
equation boundary-value problem and has at least one positive solution
for 0 < A< 1/4.

Example 3.6. Consider the boundary-value problem

DY 2 (dp(DS2u(®)) + tv/u =0, 0<t<1, (3.7)
u(0) = Su() + A, p(Dy2u(0) = (6D (1)) = (6, (DY 2u(0))" =0
(3.8)

Let p=2. Wehave « = 1/2, 3 =5/2,y =& =1/2, a(t) =t, f(u) = y/u. Clearly,
(H1) holds. By a simple computation, we obtain 0 < M < 1.2077. Choosing
d =1, M =1, then (H3) is satisfied. Thus, by Theoremthe fractional differential
equation boundary-value problem and has at least one positive solution
for all A > 0.

4. UNIQUENESS

Definition 4.1 ([9]). A cone P in a real Banach space X is called solid if its interior
P° is not empty.

Definition 4.2 ([9]). Let P be a solid cone in a real Banach space X, T : P° — P°
be an operator, and 0 < # < 1. Then T is called a #-concave operator if

T(ku) > k°Tu for any 0 < k < 1 and u € P°.

Lemma 4.3 ([9] Theorem 2.2.6]). Assume that P is a normal solid cone in a real
Banach space X, 0< 60 <1, and T : P° — P° is a 8-concave increasing operator.
Then T has only one fized point in P°.

Theorem 4.4. Assume that (H1), (H5), (H6) hold. Then the fractional differential
equation boundary-value problem (1.1)) and (1.2) has a unique positive solution for
any A > 0.

Proof. Define P = {u € C[0,1] : u(¢) = Oon [0,1]}. Then P is a normal solid cone
in C10, 1] with

P°={ueC[0,1] : u(t) >0 on [0,1]}.
For any fixed A > 0, let T) : P — C]0, 1] be defined by (3.1)). Define T': P — C0, 1]
by

t a—1 1
o,
T = —_— H
ut) = [ S [ Hs () pu(r)ar)as

2 j’y /Og (€ Fz)‘”%(/ol H(s,7)a(7)f(u(r))dr ) ds
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Then from (H5), we have T is increasing in v € P° and

A
Thu(t) = Tu(t) + ——.
xu(t) = Tu(t) + 7 S
Clearly, Ty : P° — P°. Next, we prove that T) is a #-concave increasing operator.
In fact, for ui,us € P with u;(t) = ua(t) on [0, 1], we obtain

A
Thuy(t) = Tus(t) + T = Thua(t);

i.e., Ty is increasing. Moreover, (H6) implies

Ty (ku)(t) > K /0 t (t}(‘go);_l(bq( /0 ' H(s.7)a(r) f(u(r))dr ) ds

e /0§ « ;8;_1 ¢q(/01 H (s, 7)a(r) f(u(r))dr )ds + %
A

= K0Tu(t) + T

> K (Tu(t) + %) = E9T\u(t);
-7

ie., T\ is f-concave. By Lemma [4.3] T has a unique fixed point uy in P°, that
is, the fractional differential equation boundary-value problem (|1.1)) and (1.2)) has
a unique positive solution. The proof is complete. 0

Example 4.5. Consider the boundary-value problem

DY (@p(Dy7u() + 2% =0, 0<t<1, (4.1)
u(0) = Ju(3) + A, 6,(Dy2u(0)) = (8(DY2u(1)))’ = (6,(Dy/u(0))” = 0.
(4.2)

Let p=2. We have a = 1/2, 3="5/2, v =& =1/2, a(t) = t2, f(u) = Ju. Clearly,
(H1) and (H5) hold. Choosing 6 = 1/2, then (H6) is satisfied. Thus, by Theorem
the fractional differential equation boundary-value problem and has
a unique positive solution for any A > 0.

5. NONEXISTENCE
In this section, we let the Banach space C[0, 1] be endowed with the norm |ju|| =
maxogs<t |u(t)]-

Lemma 5.1. Assume (H1) holds and let 0 < § < 1 be given in (H4). Then the
unique solution u(t) of fractional differential equation boundary-value problem (2.3)

and (2.4) satisfies

u(t) = csllu|| ford <t <1,
where cs is defined by (2.13)).
Proof. In view of Lemma and (2.5]), we have

ut) < /Ot “‘F(‘ﬁ_lgsq(/ol H(l,T)g(T)dT) ds

+ 117 /0f ¢ ;(2;_1¢Q</01H(SyT)y(T)dT)ds—|— %
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< mrri( / 1 H(lw)ymm)
E

2 A
H T)dr)ds + ——
—&—177/0 (s,T)y 7')5—}—1 5

for ¢ € [0, 1], and
> [ ([ om0 mutin)as

+ 1%/05 € ;(2;_1¢q(/01H(sn')y(T)dT)ds+1i7

= [t o syl [ )

+1jw/0£ e / Ho, (eI + 12

H(1, )
a—l—l / 7)Y

£ — g)l
+1j’y/0 (€ o) o /0hﬂs,7’)y(7’)dr)ds—&—li,y

> Cé[l“(ail)%(/ol H(177—>y(7'>d7')
+ 1jv /05 (€ }(2;“1%(/0 H(s,f)y(T)dT)dH %]

for t €[4, 1]. Therefore, u(t) > csllu|| for § <t < 1. The proof is complete.

Zc STt 1)

11

O

Theorem 5.2. Assume that (H1), (H4) hold. Then the fractional differential
equation boundary-value problem (1.1)) and (1.2) has no positive solution for A\ >

(I =")e.

Proof. Assume, to the contrary, the fractional differential equation boundary-value
problem (1.1) and (1.2 has a positive solution u(t) for A > (1 — y)e. Then by

Lemma [2.8] we have
ult) = /0 t (tr(z)‘;l%( /O 1 H(s,7)a(7) f(u(T))dT) ds
a— 1
b [P ([ G ettt + 12

11— 1—x

Therefore, u(t) > e on [0,1]. In view of and (2.12)), we obtain
fu(®)) = Nop(u(t)) on [0,1],

05¢q(]\7)¢q(/61 H(l,T)a(T)d7—> /01 (lr(‘ij;l%(sﬁl)ds > 1.
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Then by Lemmas [2.9) and 5.1} we obtain
Jul =) > Jo S5 0a( Jy Hls,m)alr) S u(r))dr ) ds
> [ AR, (s )ds¢q Jy H(1m)a(r)f (u(r))dr)
Jﬂﬁ>¢4ﬂlmwAqugfﬂLﬂaﬂ%wv»M)
> lulles fo i oa(s® ) dsoq(N)o,  f; H(1,7)a(r)dr)

> -

WV

This contradiction completes the proof O

Corollary 5.3. Assume that (H1) holds and fo = +400. Then the fractional
differential equation boundary-value problem (1.1)) and (L.2]) has no positive solution
for sufficiently large A > 0.

Example 5.4. Consider the boundary-value problem

Dy 2 (¢p(Dy/2ut)) + tu® =0, 0<t<1, (5.1)
u(0) = Ju(3) + A, 6,(Dy2u(0)) = (8(DY2u(1)))’ = (6,(Dy/u(0))” = 0.
(5.2)

Let p = 2. We have a« = 1/2, § = 5/2, v = £ = 1/2, a(t) = t, f(u) =
Clearly, (H1) holds. Choosing § = 1/2, by a simple computation, we obtain ¢s =
0.04455, N > 222.2104. Let N = e = 223. Then, (H4) is satisfied. Thus, by
Theorem the fractional differential equation boundary-value problem and
has no positive solution for A > 111.5.

Acknowledgments. This research is supported by grants: 11071143, 60904024,
61174217 from the Natural Science Foundation of China; JQ201119 from the Natu-
ral Science Outstanding Youth Foundation of Shandong Province; ZR2012AMO009,
ZR2010AL002 from the Shandong Provincial Natural Science Foundation; J11LA0O1
from the Natural Science Foundation of Educational Department of Shandong
Province.

REFERENCES

[1] R. P. Agarwal; Formulation of Euler-Larange equations for fractional variational problems,
J. Math. Anal. Appl. 272 (2002) 368-379.

[2] Z. Bai, H. Lii; Positive solutions for boundary-value problem of nonlinear fractional differ-
ential equation, J. Math. Anal. Appl. 311 (2005) 495-505.

[3] G. Chai; Positive solutions for boundary-value problem of fractional differential equation
with p-Laplacian operator, Boundary Value Problems 2012 (2012) 1-18.

[4] T. Chen, W. Liu; An anti-periodic boundary-value problem for fractional differential equation
with p-Laplacian operator, Appl. Math. Lett. (2012). doi: 10. 1016/j. aml. 2012. 01. 035.

[5] T. Chen, W. Liu, Z. Hu; A boundary-value problem for fractional differential equation with
p-Laplacian operator at resonance, Nonlinear Anal. 75 (2012) 3210-3217.

[6] K. Diethelm; The Analysis of Fractional Differential Equations, Springer-Verlag, Berlin,
2010.

[7] J. G. Dix, G. L. Karakostas; A fized-point theorem for S-type operators on Banach spaces
and its applications to boundary-value problems, Nonlinear Anal. 71 (2009) 3872-3880.

[8] W. Feng, S. sun, Z. Han, Y. Zhao; Ezistence of solutions for a singular system of nonlinear
fractional differential equations, Comput. Math. appl. 62 (2011) 1370-1378.

[9] D. Guo, V. Lakshmikantham; Nonlinear Problems in Abstract Cones, Academic Press, Or-
lando, 1988.



EJDE-2012/213 POSITIVE SOLUTIONS TO BOUNDARY-VALUE PROBLEMS 13

[10] G. H. Hardy, J. E. Littlewood, G. Pélya; Inequalities, Reprint of the 1952 Edition, Cambridge
University Press, Cambridge, 1988.

[11] A. A. Kilbas, H. H. Srivastava, J. J. Trujillo; Theory and Applications of Fractional Differ-
ential Equations, Amsterdam, Elsevier Science B. V. 2006.

[12] L. Kong, D. Piao, L. Wang; Positive solutions for third boundary-value problems with p-
Laplacian, Result. Math. 55 (2009) 111-128.

[13] S. Liang, J. Zhang; Positive solutions for boundary-value problems of monlinear fractional
differential equation, Nonlinear Anal. 71 (2009) 5545-5550.

[14] X. Liu, M. Jia, X. Xiang; On the solvability of a fractional differential equation model involv-
ing the p-Laplacian operator, Comput. Math. Appl. (2012), doi: 10. 1016/j. camwa. 2012. 03.
001.

[15] H. Lu, Z. Han; Ezistence of positive solutions for boundary-value problem of fractional differ-
ential equation with p-laplacian operator, American Jouranl of Engineering and Technology
Research, 11 (2011) 3757-3764.

[16] R. Ma; Positive solutions for second-order three-point boundary-value problems, Appl. Math.
Lett. 14 (2001) 1-5.

[17] J. T. Machado, V. Kiryakova, F. Mainardi; Recent history of fractional calculus, Commun.
Nonlinear Sci. Numer. Simul. 16 (2011) 1140-1153.

(18] F. C. Meral, T. J. Royston, R. Magin; Fractional calculus in viscoelasticity, An experimental
study, Commun. Nonlinear Sci. Numer. Simul. 15 (2010) 939-945.

[19] K. B. Oldham, J. Spanier; The Fractional Calculus, New York, Academic Press, 1974.

[20] I. Podlubny; Fractional Differential Equations, New York/London/Toronto, Academic Press,
1999.

[21] G. Wang, L. Zhang, Sotiris K. Ntouyas; Ezistence of multiple positive solutions of a nonlinear
arbitrary order boundary-value problem with advanced arguments, Electron. J. Qual. Theory
Differ. Equ. 15 (2012) 1-13.

[22] J. Wang, H. Xiang; Upper and lower solutions method for a class of singular fractioal
boundary-value problems with p-laplacian operator, Abs. Appl. Anal. 2010 (2010), Article
ID 971824, 1-12.

[23] J. Wang, H. Xiang, Z. Liu; Ezistence of concave positive solutions for boundary-value problem
of nonlinear fractional differential equation with p-laplacian operator, Int. J. Math. Math.
Sci. 2010 (2010) Article ID 495138, 1-17.

[24] H. Weitzner, G. M. Zaslavsky; Some applications of fractional equations, Commun. Nonlinear
Sci. Numer. Simul. 8 (2003) 273-281.

[25] X. Xu, D. Jiang, C. Yuan; Multiple positive solutions to singular positone and semiposi-
tone Dirichlet-type boundary-value problems of nonlinear fractional differential equations,
Nonlinear Anal. 74 (2011) 5685-5696.

[26] X. Xu, D. Jiang, C. Yuan; Multiple positive solutions for the boundary-value problem of a
nonlinear fractional differential equation, Nonlinear Anal. 71 (2009) 4676-4688.

[27] J. Xu, Z. Wei, W, Dong; Uniqueness of positive solutions for a class of fractional boundary-
value problems, Appl. Math. Lett. 25 (2012) 590-593.

[28] X. Yang, Z. Wei, W. Dong; Ezistence of positive solutions for the boundary-value problem
of nonlinear fractional differential equations, Commun. Nonlinear Sci. Numer. Simulat. 17
(2012) 85-92.

[29] Y. Zhao, S. Sun, Z. Han, M. Zhang; Positive solutions for boundary-value problems of non-
linear fractional differential equations, Appl. Math. Comput. 217 (2011) 6950-6958.

[30] Y. Zhao, S. Sun, Z. Han, Q. Li; The existence of multiple positive solutions for boundary-
value problems of nonlinear fractional differential equations, Commun. Nonlinear Sci. Numer.
Simulat. 16 (2011) 2086-2097.

[31] Y. Zhao, S. Sun, Z. Han, Q. Li; Positive solutions to boundary-value problems of nonlinear
fractional differential equations, Abs. Appl. Anal. 2011 (2011) Article ID 390543, 1-16.

[32] Y. Zhou, F. Jiao, J. Li; Ezistence and uniqueness for p-type fractional neutral differential
equations, Nonlinear Anal. 71 (2009) 2724-2733.

ZHENLAI HAN
SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF JINAN, JINAN, SHANDONG 250022, CHINA
E-mail address: hanzhenlai@163.com



14 Z. HAN, H. LU, S. SUN, D. YANG EJDE-2012/213

HoncriNnGg Lu
SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF JINAN, JINAN, SHANDONG 250022, CHINA
E-mail address: 1h14578@126.com

SHURONG SUN
SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF JINAN, JINAN, SHANDONG 250022, CHINA
E-mail address: sshrong@163.com

DiaNnwu YANG
SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF JINAN, JINAN, SHANDONG 250022, CHINA
E-mail address: ss_yangdw@ujn.edu.cn



	1. Introduction
	2. Preliminaries and lemmas
	3. Existence
	4. Uniqueness
	5. Nonexistence
	Acknowledgments

	References

