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POSITIVE SOLUTIONS OF FRACTIONAL DIFFERENTIAL
EQUATIONS WITH DERIVATIVE TERMS

CUIPING CHENG, ZHAOSHENG FENG, YOUHUI SU

ABSTRACT. In this article, we are concerned with the existence of positive solu-
tions for nonlinear fractional differential equation whose nonlinearity contains
the first-order derivative,
DS ut) 4+ f(t,u(t), v’ (1)) =0, te(0,1),n—1<a<n,
uM(0)=0, i=0,1,2,...,n—2,
[Df u(®)]i=1 =0, 2<B<n-2
where n > 4 (n € N), D8‘+ is the standard Riemann-Liouville fractional deriv-
ative of order o and f(t,u,u’) : [0,1] X [0,00) X (—00, +00) — [0, 00) satisfies
the Carathéodory type condition. Sufficient conditions are obtained for the
existence of at least one or two positive solutions by using the nonlinear al-
ternative of the Leray-Schauder type and Krasnosel’skii’s fixed point theorem.
In addition, several other sufficient conditions are established for the existence

of at least triple, n or 2n — 1 positive solutions. Two examples are given to
illustrate our theoretical results.

1. INTRODUCTION

Fractional calculus is a generalization of ordinary differentiation and integration
to arbitrary non-integer order. Although the notion of fractional derivative dates
back to the time when Leibnitz and Newton invented differential calculus and the
tools of fractional calculus have been available and applicable to various fields of
study, the qualitative and quantitative investigation of the theory of fractional dif-
ferential equations has been started recently [T, 2 [3]. In the past two decades, we
have seen that differential equations involving Riemann-Liouville differential oper-
ators of fractional order arise in many engineering and scientific disciplines as the
mathematical modelling of systems and processes in the fields of physics, chem-
istry, aerodynamics, electrodynamics of complex medium, polymer rheology, etc
[ B, 6, 7 8. In consequence, the subject of fractional differential equations is
gaining diverse and continuous attention. For more details of some recent theoret-
ical results on fractional differential equations and their applications, we refer the
reader to [9} [10) [T}, 12}, 13} 14} 15 16] and the references therein.
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In order to better understand the background of our fractional differential sys-
tem, let us briefly review some related studies on the topic. Xu et al [I7] considered
the equation

DGy u(t) + f(t,u(t)) =0, te(0,1),
u(0) = u'(0) = u(1) = u'(1) =0,
where Df, is the standard Riemann-Liouville fractional derivative of order a (2 <
a < 3)and f:[0,1] x [0,00) — [0,00) is continuous. The existence of multi-
ple positive solutions to system is established by applying the fixed point
theorems.
Goodrich [18] considered subject to the boundary conditions

u(0)=0, i=0,1,2,...,n—2,
D u(t)]i=1 =0, 2<B<n—2,

(1.1)

where n — 1 < o < n and n > 4 (n € N). The existence of one positive solution
was explored.

It is notable that the nonlinear term f(¢,u(t)) in does not involve the
derivative. Apparently, the nonlinear term f(¢, u(t),u'(t)) containing the derivative
is a more general case, and the study of such fractional differential equations is of
significance theoretically and practically [7]. So far, to the best of our knowledge, it
appears that there is only a few articles concerning the existence of positive solutions
to fractional differential equations with nonlinear terms involving the derivative [19].
In the present article, we restrict our attention to this problem in some respects.
More precisely, we consider the problem

D u(t) + f(t,u(t),v'(t)) =0, te(0,1),n—1<a<n,
uP(0)=0, i=01,2,...,n—2, (1.2)
[DF u(t))i—1 =0, 2<f<n-2

where u(?) represents the ith derivative of u, n > 4 (n € N), D, is the standard
Riemann-Liouville fractional derivative of order n — 1 < o < n and f(t,u,u’) :
[0,1] x [0,00) x (—00,4+00) — [0,00) satisfies Carathéodory type conditions. Our
goal is to establish the existence of at least one or two positive solutions by using the
nonlinear alternative of Leray-Schauder type and the Krasnosel’skii’s fixed point
theorem, and find sufficient conditions of the existence of at least n or 2n — 1
distinct positive solutions by means of the Leggett-Williams fixed point theorem,
the generalized Avery-Henderson fixed point theorem as well as the Avery-Peterson
fixed point theorem.

The rest of the paper is organized as follows. In Section 2, we presents some basic
definitions and several fixed point theorems. In Section 3, we state properties of
the associated Green’s function. In Section 4, we discuss the completely continuous
operator of fractional differential (1.2). In Section 5, by using the nonlinear alter-
native of Leray-Schauder type and the Krasnosel’skii’s fixed point theorem, some
new sufficient conditions of the existence of at least one or two positive solutions of
fractional differential are obtained. In Section 6, the existence criteria for at
least three or arbitrary n or 2n — 1 positive solutions of fractional differential
are established. In Section 7, we present two examples.

In this study, we assume that f(¢,u1,us2) : [0,1] x [0,00) X (—00,+00) — [0, 00)
satisfies the following conditions of Carathéodory type:
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(S1) f(t,u1,usz) is Lebesgue measurable with respect to ¢ on [0, 1];
(S2) for a.e. t €[0,1], f(t,.,.) is continuous on [0,1] x [0, 00) X (—o0, +00).

2. PRELIMINARIES

In this section, we present some basic definitions and the fixed point theorems
which help us to better understand discussions presented in next a few sections.

Definition 2.1 ([I]). The Riemann-Liouville fractional integral of order a > 0 of
a function y : (0, co) — R is given by

I8 y(t) = ﬁ / (t— )2 y(s)ds,

provided that the right side is pointwise defined on (0, c0).

Definition 2.2 ([I]). The Riemann-Liouville fractional derivative of order a > 0
of a function y : (0,00) — R is given by

Dfult) = ey ()" | (6= s,

provided that the right side is pointwise defined on (0, 00), where n = [a] + 1.

The following are two fixed point theorems. The former one is the so-called non-
linear alternative of Leray-Schauder type and the latter one is the Krasnosel’skii’s
fixed point theorem [20), 21].

Lemma 2.3. Let X be a Banach space with C C X being closed and conver.
Assume that U is a relatively open subset of C with 0 € U and A : U — C is a
completely continuous operator, then either

(i) A has a fized point in U, or

(ii) there exists u € OU and ~v; € (0,1) with u = ~; Au.

Lemma 2.4. Let P be a cone in a Banach space E. Assume 1 and a3 are open
subsets of E with 0 € Q1 and Q1 C Q. If A: PN (Q2\Q1) — P is a completely
continuous operator such that either
(i) [[Az|| < ||z|| for all z € PN O, and ||Az|| > ||z|| for all z € P NOQs, or
(ii) ||Az|| > ||z|| for all x € PN OO and ||Ax| < ||z|| for all x € PN 0.

Then A has a fived point in PN (Q22\Q1).
Define that P, = {u € P : ||u|| < ¢} and P(q,b,d) = {u € P: b < q(u), ||u|]| < d},

where the map ¢ is a nonnegative continuous concave functional on P. The following
are two fixed-point theorems due to Leggett and Williams [22].

Lemma 2.5. Suppose that A : P, — P, is completely continuous and there exists
a concave positive functional ¢ on P such that q(u) < ||u|| for w € P.. Suppose that
there exist constants 0 < a < b < d < ¢ such that
(i) {u € P(q,b,d) : q(u) > b} #0 and q(Tu) > b if u € P(q,b,d);
(ii) |Tul] < a if u € Py;
(iii) ¢(Tw) > b for uw € P(q,b,c) with | Tul| > d.
Then A has at least three fized points uy,us and usg such that

lur]l < a, b<qlug) and us > a with g(us) < b.
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For each d > 0, let P(y,d) = {z € P:~(x) <d}, where v is a nonnegative
continuous functional on a cone P of a real Banach space E.

Lemma 2.6. Let P be a cone in a real Banach space E. Let o, 3 and 7y be increas-
ing, nonnegatie continuous functionals on P such that for some ¢ >0 and H > 0,
v(z) < B(z) < afz) and ||z|| < Hy(z) for all x € P(y,c). Suppose that there exist
positive numbers a and b with a < b < ¢, and A : P(y,¢) — P is a completely
continuous operator such that:
(i) v(Az) < ¢ for all x € OP(y,c);

(ii) B(Ax) > b for all x € OP(S,b);

(iii) P(a,a) #0 and a(Az) < a for x € OP(w,a).
Then A has at least three fized points x1, T2 and x3 belonging to P(v,c) such that

0 < a(r1) < a < a(ze) with B(x2) < b < B(xz) and y(z3) < c.

Let 8 and ¢ be nonnegative continuous convex functionals on P, A be a non-
negative continuous concave functional on P and ¢ be a nonnegative continuous
functional on P. We define the following convex sets:

P(p,\,b,d) ={x € P: b< Ax), ¢(z) <d},
P(p, 8, A\ b,c,d)={x € P:b<Ax), B(z) <c, ¢(x) <d},
and
R(¢,p,a,d) ={x € P: a < p(x), ¢(x) <d}.
We are ready to recall the Avery-Peterson fixed point theorem [23].

Lemma 2.7. Let P be a cone in a real Banach space E, and 3, ¢, \ and ¢ be
defined as the above. Moreover, ¢ satisfies o(Nx) < Np(x) for 0 < N < 1 such
that for some positive numbers h and d,

Az) < (), 2] < ho(z) (2.1)

holds for all x € P(¢,d). Suppose that A: P(¢,d) — P(¢,d) is completely contin-
uwous and there exist positive real numbers a, b, ¢, with a < b such that:
(i) {z € P(¢,8,\,b,¢,d) : AN(z) > b} # 0 and N(A(z)) > b for z in the set
P((,ZS,ﬂ,)\,b, Cy d)7
(ii) AMA(z)) > b for x € P(¢, A, b,d) with B(A(z)) > ¢;
(ii) 0 ¢ R(¢,p,a,d) and AM(A(z)) < a for all x € R(¢, ¢, a,d) with o(z) = a.

Then A has at least three fized points x1,x2,x3 € P(¢,d) such that
d(z;) <d fori=1,2,8, b<Az1), a<o(xe) and A(z2) <b with p(z3) < a.

3. PROPERTIES OF GREEN’S FUNCTION

In this section, we present some properties of the Green’s function which will
be used in our discussions. Note that using a similar discussion as to proofs of
Theorems 3.1 and 3.2 in [18], we have the following lemmas.

Lemma 3.1. Assume that y(t) € L[0,1], then the fractional differential equation
Dfu(t)+yt) =0, te(0,1),n—1<a<n,
u0)=0, i=0,1,2,....,n—2, (3.1)
[Df u))i=1 =0, 2<B<n-2
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u(t) :/0 G(t, s)y(s)ds

has the unique solution

where ) o .
tC T (1=8) P —(t—s)" 0<s<t<1
G(t S) = ta_1(17 )al:ga()i)l ’ N - (32)
#, 0<t<s<l,
is the Green’s function of problem (3.1)) with n > 4.
Lemma 3.2. Let G(t, s) be given as (3.2), then:
(i) G(t,s) is a continuous function on the unit square [0,1] x [0,1];
(il) G(t,s) >0 for (t,s) € [0,1] x [0,1];
(iii) maxe(o) G(t,s) = G(1,s) for each s € [0,1];
(iv) there emsts a constant v € (0,1) such that
G(t,s) > G(t G(1
tel[rf}?u (t,s) =~ Jnax (t,s) =1G(1,s),
where 51
o (A/2) -1
= —— (1/2)¢ } .
y=min { =25——, (1/2) (3.3)
Lemma 3.3. Let G(t, s) be given as (3.2), then:
(1) M is a continuous function on the unit square [0,1] x [0,1];
(i) 202 > 0 for (t,5) € f0.1] x 0,1];
(iii) maxte[o 1] 8G§; ) — 8G§,s) for each s € [0,1];
(iv) max;eo,1] acéi s) < (a — 1) maxyejo,1) G(t,5) = (a — 1)G(1,s) for each s €
[0,1].
Proof of Lemma[3.3 Note that
a=2(1_gya—B-1_(;_ga—2
9G(t,s)  [(a— 1)Ul st - g <s <t <,
o) _ ) (3.4
(@ —1) T(@) ) <t<s<1

Let

= — <s<t<l1;
Gi(t,s) = (a—1) e , 0<s<t<1;
ta72(1 _ s)afﬁfl
= — <t<s<
Ga(t,s) = (a—1) o) , 0<t<s<1

It is easy to see that property (i) holds since G; and G2 are continuous on their
domains and Gy (s, s) = Ga(s, s).
When 0 < s <t<1,sincea—2>a—fF—1, we have

BG(t, 8) ta_Q(l — 3)0‘—5—1 _ (t _ S)a—Q

o~ (@)
aa (L= 977t (1= gy
> (a—1)t o
> (a— o202 8)“‘5‘1( )(1 —9

Hence, property (ii) is true in view of Ga(t,s) > 0for 0 <t < s < 1.
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When 0 < s <t<1,sincea—2>a—fF—1, we have

0G(t, s) to3(1 — 8)* A1 — (t — 5)*73
_— = — 1 —
) — (- 1)(a-3) o
(1 _ S)af,@fl _ (1 _ §)a73
> (a— 1) (a—2)t*3 L
> (o= 1)(a 21 o
B 1— S)afﬁfl _ (1 _ S)a73
> (a - 1)(a - 2)t3 :
>(a—1)(a—2)t () >0
Similarly, when 0 < ¢t < s < 1, we have
0G5 (t, s) to=3(1 — s)a=p-1
— = =(a—1 -2 > 0.
o (a—1)(a=2) (o) >0
This implies that 8G(t 3) g increasing on its domain. Moreover,
0G(t,s) 0G(1,s)
= f h 1]. .
tIen[g,)f] Ey 5 or each s € [0,1] (3.5)
So property (iii) holds.
When 0 < s <1, we have
0G(1,5)  0G(1,s)
oy ot ot
(1 _ S)afﬁfl _ (1 _ S)0472
—(a—1
(a—1) e
(1 _ S)afﬁfl _ (1 _ s)afl
< -1
=y (o)
=(a—-1 G(t
(a )tgl[goﬁ (t,s)
= (a—1)G(1,s).
This implies that property (iv) holds. O

Lemma 3.4. Let G(t,s) be given as (3.2), then there exists a constant v € (0,1)
such that

_AG(ts) . AG(Ls)  9G(1,s)
> = .
teljon Ot =) ieton] ot T o

Proof of Lemma[5.4) It follows from the proof of Lemma [3.3] that

min 0G(t7s) o Gl(%78)7 s € (07 %]
tell/2,1] Ot Ga(3,s), s€[3,1)
1/2 a—2 1—s a—FB-—1 —s a—2
(a— )(/) ( ) —(3-9) SG(O,%},

OL )

(a — )(1/2)a (- é)“

(a) ’
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L’Hopital’s rule applies:

NG G ) Gl Rt
04 (L= 5)a T — (1 5)a2
i @09 (G )
B e e e (e (3.6)
o (e B D) =) T g (0= 2)(5 - 9)7 '
S =0t —(a= =11 =5)* P2+ (a = 2)(1 - s)o
(3)° " 2(a+5-3)

= -1 > 0.

When 0 < s < 1/2, a straightforward calculation gives

(/2721 =5 P = (F=9)* (PA=g)* A = (=)
=P T —(=sp? (=9 P ==
(1/2)*72
= 2611

Similarly, when 1 < s <1, we have
(%)7&_2 > (E)Q*Q
1-(1—sP =2

Define
(1/2)*2(1=s)* P (L —5)* 72
7(8) L (1_8)0—[}—1_(1_5)?1—2 , S€ (Oa %]7
v T a/2>2 1/2.1
—a—s7" s € [1/2,1],

where 7(0) = lims_o4 7(s) > 0 due to (3.6). Let
* (%)a7ﬁ72 1 a—2
7_{2&1*1’(5) }
It is obvious that 0 < v* < 1. Consequently, we have
0G(t, s) 5 0G(t,s) > % max dG(t,s)  ,0G(1,s)

relifon) ot eton] 0t = e ot T

=l

4. COMPLETELY CONTINUOUS OPERATOR

In this section, we construct the completely continuous operator for our system,
and show that finding the solution of fractional differential is equivalent to
finding the fixed points of the associated completely continuous operator.

Let us denote E; = C([0,1], R). Then E; is a Banach space endowed with
norm

[[ull = max{[[ull1, [lu]l2},
where

lully = sup [u®)], [ul2= sup [u'(#)].
te[0,1] te[0,1]

The cone P, C Ej is defined by
Py ={u€ E; :u(0)=0and u(t) >0 for t € [0,1]}.
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Assume that y(t) = f(¢,u(t),u'(t)), then it follows from Lemma |3.1| that the solu-
tions of fractional differential (1.2]) are the corresponding fixed points of the operator
A : Fy — Ey, which is defined by

1
Auz/o G(t,s)f(s,u(s),u'(s)) ds. (4.1)

Lemma 4.1. Suppose that conditions (S1) and (S2) hold. For t € [0,1] and all
(u1,ug2) € [0,400) X (—o0,400), we assume that there exist two nonnegative real-
value functions a1, az € L[0,1] such that

[t ur,u2) < ar(t) + az(t) nax u1(t), (4.2)
fltur,ug) < aq(t) + as(t) max lusa(t)]- (4.3)

t€[0,1]
Then the operator A : P, — Py is completely continuous.
Proof of Lemmal[{.1l Firstly, we show that A: P, — P; is continuous.
Let u € Py. It is obvious that Au(0) = 0 because of G(0, s) = 0. Suppose that
{un}2, C Py and u,(t) converges to u(t) uniformly on [0, 1] as n — oo; that is,
lim |ju, — ul|| = 0.
So we have
lim |lu, —u|; =0 and lim |ju, —ulls =0,
which implies that
lim wu,(t) =u(t) and lim wu, (¢t) =d/(t), te€]0,1].

It follows from (S1) that
lm f(t,un(t),u,(t)) = f(t,ut),u'(t), tel0,1],

which gives

|Aun (1) — Au(t)] < I/O G(1,8)(f(5,un(s),un(s)) = f(s,u(s),u'(s))) ds| — 0 (4.4)

as n — 0o, and

| Al () — A'u(t)]
|/ OGS (s (). (5)) — S, u(s), () i (45)
<[ ‘”a%ms,un(s),u;(s)) (s u(s),w(9)ds = 0, as n = oc.

By (4.4) and (4.5), we have
[[(Aun ) (t) = (Au) (@) = 0 as n — oo,
which means that A is continuous.
Secondly, we show that A maps bounded sets into bounded sets in P;. It suffices

to show that for any n > 0, there is a positive constant [ > 0 such that for each
u€ B, ={u € P : |lul| <n}, we have ||Aul| <. Let

l=(a— 1)(/0 al(t)G(l,s)dS—i—n/O az(t)G(1,s)ds) > 0.
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Using (4.2) yields

1
| Au(t)| :| ; G(t,s)f(s,u(s),u’(s))ds|

SLA (a1 () + as(t) max u(t))G(1, 5)ds

te[0,1]
géaﬁﬁ@ﬂ@+£amﬁméﬂww
S/o al(t)G(l,s)ds—i—n/O as(t)G(1, 8)ds < .
Using yields
1
Ault) =| [ Gl u).u'(5))ds|

< [ (@r0)+ aalt) mmax W () G193

te(0,1]

1 1
gAaﬁm@$M+AaﬂW@$MWN
g/o al(t)G(l,s)ds—i—n/o as(t)G(1, 8)ds < .

In view of Lemma [3.3] we have

Au(t)] = | / PG fs u(s). o ()ds

<(a-1) / G(L, ) f (s, u(s), o (s))ds

1 1
< (a-— 1)(/0 a1 (t)G(1,s)ds Jrn/o az(t)G(1, s)ds) < .

Hence, we have ||Au|| <.

Thirdly, we consider that A maps bounded sets into equicontinuous sets of P;. It
follows from Lemmathat 6G(r§§,s) is continuous in [0, 1]x [0, 1]. In addition, G(t, s)
is continuous in [0, 1] x [0, 1], then m and G(t, s) are uniformly continuous in
[0,1] x [0,1]. Take ¢y, t2 € [0,1]. For any € > 0, there exists ¢ > 0, whenever
|t1 — ta] < &, we have

G(ta,s) — G(t1, 5)| < °

L+ ay(s) +naz(s)’

and

| 8G(t2, 5) 8G(t1, S) | 3
ot ot 1+ a1(s) +naa(s)
For convenience, we assume t; < t3. For any u € B,, according to and .,
we obtain

|Au(ts) — Au(ty)] = | / (G(ta,8) — G(t1,8)) f(s,u(s),u'(s)) d8|

/ |G(ta, 8) — G(t1, 8)|[a1(s) + naz(s)] ds < e,
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and
6G ta,s)  OG(ti,
)~ Aate)] = [ 1290220 00Dy ) 05
0G(ta,s) O0G(t1,
< / | (t2,5) _ (8; s) |[a1(s) + naz(s)] ds < e.
Consequently,

[Au(ts) — Au(t1)]| <,

which implies that the family of functions {Au : u € B,} is equicontinuous. By the
Arzela-Ascoli theorem, we conclude that the operator A : P, — P is completely
continuous. O

Remark 4.2. If f(t,u1,u2) : [0,1] x [0,00) X (—00, +00) — [0,00) is continuous,
we can see that A : P; — Pj is completely continuous by using a similar argument
as the above.

Since u(t )+ f s)ds, it leads to

t
t) = ds <
g%m>u@+g%/u@s /(5.

That is,

Lemma 4.3. If u € Py, then maxc(o,1) u(t) < maxep 1] |u'(t)[.

5. EXISTENCE OF ONE OR TWO SOLUTIONS

In this section, we discuss the existence of single or twin positive solutions to
problem (1.2) by the nonlinear alternative of Leray-Schauder type and the Kras-
nosel’skii’s fixed point theorem, respectively.

Theorem 5.1. Assume that all assumptions of Lemmal[{.1] hold, and
1
(a— 1)/ G, 5)as(s) ds < 1,
0

Then (1.2) has at least one positive solution.
Proof. Let U = {u € Py : |Ju|| < r}, where
_ 1)]0 G(1,s)ai(s)ds =0
1—(a—1) fol G(1,s)as(s)ds

It is easily seen that the operator A : U — P, defined by is completely
continuous.

Assume that there exist v € Py and 77 € (0,1) such that v = 7 Au. The we
find that

u(t) = vy Au

:7;/0 G(t,s)f(s,u(s),u'(s)) ds

<t [ 6L sla(s) + aa)ul] ds
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< (a— 1) / G(1,8)ax (s)ds + [Ju] / G(1,5)as(s) ds],
and

' (8)] = |7 A"u(t)]

—hi [ 2R s uts) (s s

1
< (o= 1)71"/0 G(1,5)[ar(s) + az(s)|ul] ds

g(a—mf[/o G(l,s)al(s)ds—l—HuH/O G(1, s)as(s) ds].

Thus, we have
1

Jull < (a=1)n] ; G(1,5)ai(s)ds +7"/O G(1,s)az(s) ds] =y,

which means that u ¢ U and ||u|| # r.
By Lemma we conclude that (|1.2) has at least one positive solution. (]

Remark 5.2. In Theorem [5.1] “All assumptions of Lemma hold” can be re-
placed by “f(¢,u1,us2) : [0,1] x [0,00) x (—00, +00) — [0, 00) is continuous”.
Theorem 5.3. Assume that all assumptions of Lemmal[{.1] and the following con-
ditions hold:
(i) there exists a constant p > 0 such that f(t,ui,us) < pA; for (t,ui,us) €
[0,1] x [0,p] X [—p,p], where Ay = ((a — 1) fol G(1,s)ds)™1;
(ii) there ewists a constant ¢ > 0 such that f(t,u1,u2) > qAs for (t,u1,uz) €
[1/2,1] x 0,q] x [~q,q], where Ay = (v [}, G(1,5) ds)~", and p # q.
Then problem (1.2) has at least one positive solution u such that ||ul|| lies in between
p and q.
Proof. Without loss of generality, we assume that p < q. Let
Q, ={u € Eq :|u|| <p}.
For any u € P; N 0Q,, we see that

") < < d t) < < p.
max [1/(0] < Jull <p and  max u(t) < ful <p

It follows from Lemma and condition (i) that
[ Aul|
= max{[| Aully, | Aul|2}
1 1
= max{ max / G(t,s)f(s,u(s),u(s)) ds, max / 8G(t’s)f(s,u(s),u'(s))ds}
0 0

tel0,1] tel0,1] ot

:(a—1)/0 G, 5)f(s,u(s),u'(s))ds

1
< (a— 1)pA1/ G(1,s)ds,
0
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which implies that
|Au|| < ||u|| for uw e Py NOQ,. (5.2)
We define
Qp ={ue B :|ul <q}
for arbitrary v € P; N 0Qy,, and find

")) < < d t) < < q.
max /(0] < [l <q and - max u(t) < u <

On the other hand, it follows from Lemma and condition (ii) that

| Aul| > max/o G(t,s)f(s,u(s),u'(s))ds

t€0,1]
> [ C Gt ) f(s,uls),u/(s) ds + | G(t,5)f(s,u(s), u/(s)) ds
0 1/2

> G(t,s)f(s,u(s),u'(s))ds

1/2

1
> min  G(t, s)f(s,u(s),u'(s))ds
> [ min GO us), ()

1
> / vG(1, s)qAo ds
1/2
1

> vqAs G(1,s)ds,
1/2

which implies that
|Au|| > |lul] for u € P N oK. (5.3)

In view of (5.2)) and ((5.3)), it follows from Lemma that problem (1.2]) has a

positive solution u in Py N (2,\). O

For uq,us € Py, we denote

1=

t,u1,
su f(?ul u2)

lim
(u1,u2)—(0,0) ¢epo,1]  |uzl

t7 b
foo = lim 7f( “ u2),
uy+|uz|—oo t€[0,1] Ul + |U2|

fo=  lim  inf JBM)
(u1,u2)—(0,0) t€[0,1] uy + |ug| ’

t
o= lm s UU2)
(u1,u2)—(00,00) ¢efo,1]  |u2]

Now, we have the following two theorems.

Theorem 5.4. Assume that all assumptions of Lemma are satisfied, and f° €
[0,A1) and fo € (A2,00) U{oo}. Then (1.2)) has at least one positive solution.

Proof. According to the assumption f® < A; and Lemma there exists a suffi-
ciently small p > 0 such that

f(t7u7u/) S A1|ul| S AlP for (tau7u/) € [07 1] X [Oap] X [7p,p]7
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which implies that the condition (i) of Theorem [5.3|is true. That is, if we let
Qp = {ue By lull <p},

then (5.2) is satisfied. It follows from fo, > Ao that there exists an H > 2p
satisfying

ftu ') 2 Aa(u+ [u']) = Aglul), (5-4)
where ¢t € [0,1] and u + |u/| > H. Set

QH:{UEEl :u—|—|u'| <H},
then we see that Qp C Qg.
For any u € P, N 9Q g, we have u + |u'| = H. Using (5.4) gives

|AuH>maX/ G(t,s)f(s,u(s),u'(s)) ds

te[0,1]

> / Ol s u(s), () ds

>/1 min _ G(t,s)f(s,u(s),u'(s)) ds

/2 te(1/2,1]

1
> / G(1, )Aslullds
1/2

1
> yha [ GO, dslul =l
1/2
Conseguently7 by Lemma we conclude that (1.2) has a positive solution « in
PN (QH\Qp) O

Theorem 5.5. Assume that all assumptions of Lemma [{]] hold, and that f, €
(Ag,00) U{oo} and f € [0,A1). Then (1.2) has at least one positive solution.

Proof. Tt follows from fy > Ay that there exists a sufficiently small ¢ > 0 such that
ftu,u’) = Ao (u+ |u'])
> Ag max{||ul|1, ||Jull2} for (t,u,u’) € [0,1] x [0, q] x [—q,q]-
When (t,u,u’) € [1/2,1] x [0, q] X [—q, g], we obtain
f(tu, ') = Apmax{]|ull1, [lull2} = Azg,
which implies that the condition (ii) in Theorem [5.3]is satisfied. Take
Qy ={ue By ull <qg}

Then, inequality (5.3 holds.
Let ey = Ay — f°° (> 0). Since f*° < Ay, there exists a p; (> ¢) such that

ftu, ) < (er + f)] = A o], (5.5)
where (t,u,u’) € [0,1] X [p1,00) X (—00, —p1] U [p1, +00). Note that
f€C(]0,1] x [0,00) x (—00,00), [0,00)).
So there exists a Cy > 0 satisfying
f(t,u,u') < Cy for (t,u,u’) € [0,1] x [0,p1] X [—p1,p1]- (5.6)
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According to ((5.5) and (5.6)), we have
ftu,u') < max{Cy, Ai|u|} for (t,u,u’) € [0,1] x [0,00) X (=00, 00).
Let
ps > max{Cy/A1,2q},
and
Qp, ={u € Ey: [lul| <p3}.
If u e P NOQ,,, by (5.1), one has |lu|| = p5 and

| Aull < (o — 1) / G(1,5)f(s, uls), ' (s)) ds

1
< (a— 1)/ G(1, s) max {Cy, A1 |u'|} ds
0

1
< (0= DA [ GlLs)ds = [,
0
This implies our desired result. ([

Next, we deal with the existence of at least two distinct positive solutions to
problem (1.2]).

Theorem 5.6. Assume that all assumptions of Lemmal[{-1] hold. Moreover, suppose
that fo = 0o and foo = 00, and the condition (i) in Theorem 1s satisfied. Then
problem (1.2)) has at least two distinct positive solutions uy, us € P.

Proof. In view of fy = 0o, there exists an H; such that 0 < H; < p and
ftuu') = mu+[u']) = mllul| for (t,u,u’) € [0,1] x (0, H1] x [~Hy, Hi], (5.7)

where m is given by
1

ym G(1,s)ds > 1. (5.8)
1/2
Take
QHl = {’LL e FEy: ||u|| < Hl}
If u € Qp, with ||u|| = Hy, it means that

< ")) < = .
Jél[oa}f] u(t) < Jnax [W'(#)] < |lull = Hy for t € [0,1]

It follows from and ( . ) that
Au| > / min G(t, ) (s, uls), w'(s)) ds
1

/2 t€[1/2,1]

1
> / YG(L, 5)mlulds

>fym/ (1,s) ds||ull,

which implies that
|Au|| > ||u|| for ue PNy, .
Let
Qp ={ueEy:|lul <p}.
Then, we obtain that holds by using the condition
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(i) of Theorem According to Lemma [2.4] problem (1.2 has a positive solution
(751 in P1 N (QP\QHl)
It follows from f,, = co that there exists an Hs > 4p such that

ftu,u’) = k(u+ ) = Eull, (5.9)

where ¢ € [0,1] and u + |u'| > Hy. Moreover, k satisfies
1
ky G(1,s)dr > 1.
1/2
Let
QH2 = {u € Qg :u+ "LLI| < H2}7

then we see that Q, C Qp,.
For any u € Py N dQy,, we have u + |u'| = Hy. According to (5.9)), we deduce
that

1
| Al > / min G(t, s)f(s,u(s), u/(s)) ds
172 t€[1/2,1]

1
> [ A6.klulas
1/2
1
>k [ Gl s)dsll] = [ul.
1/2

Thus, it follows from (i) of Lemma that problem ([1.2) has at least a single
positive solution uz in Py N (Qp,\,) with

p < |luz|| and ug + |ub| < Ho.

It is easily seen that u; and us are distinct. O

By a closely similar way, we can obtain the following result.

Theorem 5.7. Assume that all assumptions of Lemmal[{.1 hold. Moreover, suppose
that f© = 0 and > = 0, and the condition (i) in Theorem is satisfied, then
problem (1.2)) has at least two distinct positive solutions uy, us € P.

6. EXISTENCE OF TRIPLE OR MULTIPLE SOLUTIONS

We have obtained some existence results of at least one or two distinct positive
solutions to fractional differential in the preceding section. In this section,
we will further discuss the existence of at least 3, n or 2n — 1 positive solutions to
fractional differential by using different fixed point theorems.

For the notational convenience, we define

1 1 1
M = G(1,s)ds, N =~ G(1,s)ds, L= (a— 1)/ G(1,s)ds.
1/2 1/2 0
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6.1. Existence of Three Solutions. In this subsection, we investigate the exis-
tence of at least three distinct positive solutions of ([1.2)).

Theorem 6.1. Let a,b and ¢ be constants such that 0 < a < b < d < ¢ and
bL < ¢N. In addition, if all assumptions of Lemma hold and f(t,u1,us) satisfies
the following conditions:

(1) f(t,ur,uz) < ¢ for (t,ur,uz) € [0,1] x [0,a] x [~a,a];

(i) f(t,ur,u2) > & for (t,ur,uz) € [3,1] x [b,d] x [—c,d];

(iii) f(t,u1,u2) < ¥ for (t,ui,uz) € [0,1] x [0,c] x [—¢,].
Then has at least three positive solutions ui,us,us € Py such that

0<|uil] <a, b< inf we, a<wuz with inf wug<bh. (6.1)
te[1/2,1] te[1/2,1]

Proof. By the definition of the completely continuous operator A and by Lemma
[2.5] we consider all conditions of Lemma [2.5] with respect to A. Let

q(u) = te[llr}g,l] u(t) forwe Py,

then ¢(u) is a nonnegative continuous concave function and satisfies
qu) < ul|| foruwe P, ={u € Py :|ul]| <c}.
Since
u € [0,c] and v’ € [—¢,¢] foru € Py,
according to condition (iii) and (5.I), we have

| Aull < (o — 1) / G(1,5)f(s, uls), u(s)) ds
(6.2)

1
<(a— 1)/ G(l,s)gds <cg,
0 L

which implies A : Py, — P1,. When u € Pi, = {u € Py : |Ju]| < a}, it implies that
u € [0,a] and u’ € [—a,a].
We observe that the conditions (ii) of Lemma [2.5]is true.
Let d be a fixed constant such that b < d < ¢, then we have ¢(d) = d > b and
|ld|| = d. This means that
de Pi(q,b,d) ={ue P :b<qu),l|u| <d}.
For any u € Pi(q,b,d), we obtain

< = inf >
|ul] < d and q(u) ik w2 b,

which implies
u € [b,d] and v’ € [-d,d] fort e [1/2,1].
Hence,

Au)= inf A
d(Au) = ol A

/1 inf Gt ) f(s, uls), u(s)) ds

/2 te(1/2,1]

1
b
> vG(1,s)—ds > b,
/1/2 N
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which means that condition (i) of Lemma [2.5 holds.

For any u € Pi(q,b,c) with [|Aul| > d, it gives [[ul| < c and inf,c[1/21)u > b. By
using the same argument as the above, we see that ¢(Au) > b. This implies that
the condition (iii) of Lemma [2.5]is fulfilled.

Consequently, all conditions of Lemma are verified. That is, problem
has at least three distinct solutions distributed as . (I

Corollary 6.2. Assume that all assumptions of Lemma[.d] hold. If the condition
(iii) in Theorem [6.1] is replaced by
(ili") £ = My, ug)—(00,00) SUPse[0,1] W

then (6.1]) in Theorem also holds.

Proof. We only need to prove that the condition (iii’) implies the condition (iii) in
Theorem That is, assume that (iii’) holds, then there exists a number ¢* > d*
such that

1
< 1 foruy,us € Py,

Fltuu) < % for (t,u,u’) € [0,1] x [0,¢*] x [—c*, ¢*].
Conversely, we suppose that for any ¢* > d*, there exists

(ue,ul) € [0,c*] x [—c*, "]

such that .
F(t, ue,ul) > % for t € [0, 1.
Take
¢ >d" (n=1,2,...) with ¢, — occ.

Then, there exists
(un, up,) € [0, 3] X [=c5,, c7]

such that

f(t7u’ﬂ7ufln) >

lim f(t,u,,u,) =00 forte][0,1]. (6.4)

n—oo

Since condition (iii’) holds, there is a 7 > 0 such that

for ¢t € [0, 1], (6.3)

=~

o/

flt,u,u) < A for (t,u,u’) € [0,1] X [1,00) x (=00, 7] U [T, 00). (6.5)

Thus,
lul, (t)| <7 fort €[0,1],
which implies u,(¢t) < 7 for ¢t € [0,1]. Otherwise, if
lup, (t)] > 7 and u,(t) > 7 for t € [0,1],
it follows from that

f(t /)<|u%|<c’*1 for ¢ € [0,1]
Unp, Uy ) = T or s 4]y
o L L
which contradicts inequality (6.3)).
Let
W = m f(t,u,u),

= ax
(tyu,u’)€[0,1]x[0,7] x [~7,7]
so we have

ftup,ul) <W (n=1,2,...).
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This yields a contradiction with formula (6.4]). The proof is complete. O

6.2. Existence of n solutions. In this subsection, the existence criteria for at
least three or an arbitrary number n positive solutions to fractional differential
are obtained by using the generalized Avery-Henderson fixed point theorem.

We define the nonnegative, increasing, continuous functionals 1, #; and «y by

= = inf inf |u/[} f P
71(u) = B1(u) mw&mghﬂu,mghﬂhﬂ} oru € P,

ap(u) = max{ sup u, sup |u'|} forue P,
te[0,1] t€0,1]

so we have
7 (u) = F1(u) < ai(u) for each u € Py.

Since u(t) = f01 G(t, s)y(s) ds, in view of Lemma we deduce
1

inf t)= mi t) = G(t d
te[llr}Q,l]u() ter[rll}g,l]u() 0 te?l%ll] (t, s)y(s) ds
1
Z'ymax/ G(t,s)y(s)ds
tel0,1] Jo
=7ull-

According to Lemma [3.4]

1
, e )
f = —_— d
te[llr}21 [ (8)] = 0 ter[lll}g,l] ot y(s) ds
1

aG(t, )
> ~F 9 d
,vtgg]o—7gfwﬁs

= 7"[Jull2.

Hence, we have
lull < max{:, L3yi() = Lyw) foraluep
= X1 —=IN =N 1-
v v

Theorem 6.3. Assume that there exist real numbers a',b', ¢ with ' < b < ¢
such that 0 < LY < a’'N. In addition, if all assumptions of Lemma hold and
f(t,u1,us2) satisfies the following conditions:

(1) f(t,ur,u2) < % for (t,u1,uz) € [1/2,1] x [0, %Cl] X [_}Yc/a %C]
(i) f(t,u,uz) > % for (tur, uz) € [1/2,1] x [0, 28] x [-20', 107];
(i) f(t,ur,uz) < % for (t,ur,us) € [0,1] x [0,a'] x [~a’,a].

Then (1.2) has at least three distinct positive solutions uy,ug,u3 € Pi(y1,¢’) such
that
0 < flur]l < a" < [luzll,
ma inf u inf |uh|} < b < ma inf w ug|} < . (6.6)
X{te[l/Z,l] > etz | 2l} X{ ez te[1/2 1]‘ al}

Proof. We only need to check whether all conditions of Lemma [2.6) are fulfilled with
respect to the operator A. By using a similar way as to the proof of inequality (6.2| -,
we can see that

A Fl('yl,c) — ?1.
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For arbitrary u € 9P;(y1,¢’), one has

_ . . ’ 7
7{u) = max {te[llI}fQ,l] “ te[llr}le] fu |} -

1 1
lull < =7 (u) = =¢".
gl gl

This implies that

d, tell)2,1).

According to the condition (i) and « > 3, we have

Au) = inf Au, inf |Ad/
7 (Au) max{te[llr;ll] u’tE[III}QJ]‘ vy

1
< (a— 1)/0 G(1,5)f(s,u(s),u(s))ds

1 /
<(a— 1)/ G(1,5)=ds < .
0 L
We see that v1(Au) < ¢ for uw € 9P (71, ).
For any u € Py (f1,b'), we have

= 1 f : f / :b/
Pr(w) max{te[lll}z,l]u’ te[llI}Q,l] [u |} ’

1 1 1
ul] < =p1(u) = =y (u) = =b'.
[l S 1(u) 7’Yl( ) 5

This implies

Using condition (ii), we obtain

Au) — inf A inf |Au/
fu(u) = masc{_jnf | Au, ol 140/}

> /1 min  G(t,s)f(s,u(s),u'(s))ds

/2 t€[1/2,1]

1 b/
> ~vG(1,8)—ds
/1/2 (155

v 1
> —fy/ G(1,s)ds=1.
N Jij

So we have (31 (Au) > V' for u € OP,(51,V).

We now show that Pj(aq,a’) # 0 and oy (Au) < o for arbitrary u € Py (aq,a

Since %/ € Pi(a1,d), for u € 9Py (a1,a’) we have

a1(u) = max{ sup u, sup |[v'|} =d/,
te[0,1] teo,1]

19

I).
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which gives
0<u<ad and —d <u' <da fortel01].
It follow from assumption (iii) and (5.1) that

o1 (Au) = max { sup Au, sup |[A'ul}
tef0,1]  tef0,1]

—(a-1) / G(1, ) f (s, u(s), ' (s)) ds
1 a/
< (cvfl)/0 G(l,s)fds

! 1
< (a— 1)%/0 G(1,8)ds =d'.

All conditions in Lemma are satisfied. From (S1) and (S2), we know that
solutions of (1.2) do not vanish identically on any closed subinterval of [0, 1]. Con-
sequently, ([1.2)) has at least three distinct positive solutions uj, us and uz belonging

to P(y1,c) distributed as (6.6)). O

The following result is regarded as a corollary of Theorem [6.3

Corollary 6.4. Assume that all assumptions of Lemma hold and f satisfies
the following conditions:

(i) fO=0 and f> =0;
(ii) there exists a constant cog > 0 such that
c
[t ur,u2) > % Jor (t,u1,uz) € [1/2,1] x [0, ¢o] X [—co, col.
Then (L.2) has at least three distinct positive solutions.

Proof. Let b' = ~cg. It follows from the condition (ii) that

b b 1,1
t — for (¢ 1/2,1 =] x [—=b, =V
f(vul,u2)>N OI‘(,UhUQ)G[/,]X[O,V]X[ v 37]7
which implies that the condition (ii) of Theorem holds.
We choose a sufficiently small 5 > 0 such that
1
esL =e5(a — 1)(/ G(1,s) ds) <1 (6.7)
0
In view of f0 = 0, there exists a sufficiently small k; > 0 such that
f(t, Ul,UQ) < €5|U2| for (t,ul,uQ) S [0, 1} X [O,kl] X [71’61,]471]. (68)

Without loss of generality, let k1 = a’ < b'. Because of max;co 1) |uz| < @', we have

max u1 < max |us| < ky.

tel0,1] te[0,1]
It follows from (6.7)) and that
!
f(tur,ug) < eslug| <esa’ < % for (t,u1,uz2) € [0,1] x [0,a'] x [~d’,d'],

which implies that condition (iii) of Theorem holds.
Choose ¢¢ sufficiently small such that

1
€6 €6
—L=(a—-1)— G(1,s)ds) < 1.
L= >,y(1/2< )ds)
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By using the continuity of f, there exists a constant C* such that
[t ur,ug) < C* for (t,ur,ug) €10,1] x [0, /9] x |-, ]. (6.9)
Since f°° = 0, there exists a sufficiently large ko > LC™ such that
fltur,ug) <eglug|  for(t,ur,uz) € [0,1] X [ko, +00) X [ka, +00) U (—00, ko).
Without loss of generality, let kg > b'/y and ¢ = ky. We find
(t,ur,u2) € 0,1] x [0,¢'/7] x [ /v, =cTU[¢, ¢ /1],

and
/ /

f(t, ur,ug) < eglug| < 56% < CZ (6.10)

Moreover, in view of , one has

k ! 1
ftu,ug) <C* < fQ = % for (¢,u1,u2) € [0,1] x [0, ;c’] x [=d,d]. (6.11)

From and (6.11]), we see that condition (i) of Theorem [6.3]is fulfilled. Hence,
(11.2) hab at least three distinct positive solutions according to Theorem [6.3] O

According to Theorem we can prove that the existence for multiple positive
solutions to the (1.2) when conditions (i), (ii) and (iii) are modified appropriately
on f.

Theorem 6.5. If there exist constant numbers a}, b; and ¢} such that 0 < a} <
by < <---<al, <b, <dc, together with

0< Lby <aiN < Lby <abN < --- < Lb), <a,N, neN, (6.12)

where i = 1,2,...,n. In addition, if all assumptions of Lemma hold and the
function f satisfies:

() S(twn,u) < G for (turug) € [1/2,2] x [0, 2] x [~ 2], L
(ii) f(t, u1,uz) > % for (t,u1,uz) € [1/2,1] x [0, % b)) x [— ib;’ }yb;]
(iil) f(t ur,u2) < %, Jor (t,u1,uz) € [1/2,1] x [0,a}] x [—a,, a!].

Then (1.2) has at least n distinct positive solutions.
Proof. (By Mathematical Induction) If n = 1, from the condition (iii), we have

A:P, — P, CP,.

1 1 1

It follows from the Schauder fixed point theorem that A has at least one fixed point
Ug1 € Pa/l.
If i = 2, we let o/ = da}, ¥ = b} and ¢’ = ¢|. By using Theorem problem
(1.2) has at least three distinct positive solutions w11, #12 and uy3 such that
0 < flunll < ay < [Jurz],

inf  wio, }<b'< {'f i ’} 2
max{te[llr}QJ]uu [1/2 1) 412 Py te[111}21 sl <

which implies that problem ([1.2]) has at least 2 distinct positive solutions.
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Assume that problem (1.2]) has at least & — 1 distinct positive solutions when
n = k — 1. We denote by u; again. It follows from the solution position and local
properties that

O<max{ inf w;, inf |u;|}<c§~C 1, 1=1,2,...,k—1, where ¢ = a}.
te(1/2,1] te(1/2,1]
(6.13)

When n = k, we let o’ = aj,, ' = b} and ¢ = ¢}. According to Theorem
there exist at least three positive solutions wug1, ure and ugz such that

0 < [Jurill < ay, < [Jugell,

. f . f !/ } < b/ < { . f . f / } < /‘
max{te[lll}lll ke te[111}2,1] il koS R te[llI}Q,l] 1k, te[llr}Q,l] | “
(6.14)

Combining (6.13)) and (6.14)) gives
inf w;, inf e <cp_ i <bp< inf , inf AN
e {te[llr}Q,l] " te[llr}Q,l] |uz|} o1 S D < THAX te[llr}Q,l] k3 te[llI}Q,l] ks
This implies
ui;«éukg, i:1,2,...,k—1.
Therefore, (|1.2)) has at least n distinct positive solutions. O

By Lemma [2.6] and Theorem we can obtain the following results:

Theorem 6.6. Assume that there exist positive numbers o', b',c with ' < b <
¢ such that /L < VN. In addition, if all assumptions of Lemma hold and
f(t,u1,uz) satisfies the following conditions:
(i) f(tur,us) > § for (tur,us) € [1/2,1] x [0, 2¢/] x [-2¢/,
(11) f(t7u15u2) < bf/ fO?” (LL,’U,l,UQ) S [1/2a 1] X [07 %b/] X [_%blv
(i) f(t,ur,uz) > % for (t,ur,us) € [0,1] x [0,a'] x [~a’,a].
Then (1.2)) has at least three distinct positive solutions uy,us,u3 € Py(v1,¢') such
that

/],
)
)

c
b']

1
5
1
5

0 < flua]l <@’ < luzl,

max{ inf wup, inf |u'2|} < < max{ inf w3, inf |u§|} <.
te[1/2,1] te[1/2,1] te[1/2,1] te[1/2,1]
Corollary 6.7. Assume that all assumptions of Lemma hold and f satisfies
conditions

(i) fo =00 and foo = 00;

(ii) there exists co > 0 such that f(t,ui,u2) < f5co for (t,ui,us) € [1/2,1] x

[0, co] X [—co, co].

Then has at least three distinct positive solutions.

Theorem 6.8. Assume that all assumptions of Lemma [{.1] hold and there are
positive numbers a}, b, c; such that af < b} <} < -+ < a), < b, <, together
with

0<cL<Nb <L <Nby<---<c,L<Nb, neN,
where i =1,2,...,n. In addition, f(t,u1,us2) satisfies the following conditions:

(1) f(t,ur,ug) > 5 for (t,u1,uz) € [1/2,1] x [0, %c;] X [—%cg, %cé];
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. v,
(11) f(t,ulaUQ) < f fO'I" (t,ul,UQ) € [1/27 ” X [07 %b;] X [—%b{“ %b;}’
(iil) f(t,u1,u2) > F¢ for (t,u1,u2) € [0,1] x [0,al] x [—a},al].
Then (1.2) has at least n distinct positive solutions.

6.3. Existence of 2n — 1 solutions. In this subsection, we are concerned with the
existence of at least three or 2n — 1 positive solutions to (1.2)).
Define the nonnegative continuous convex functionals ¢ and [, concave func-
tional A and functional ¢ on P; by
o(u) = max{ sup wu, sup |u'|}7
t€(0,1] te(0,1]
Bu) =p(u) = sup wu, Mu)= inf u.
te[1/2,1] te[3,1]

Theorem 6.9. Assume that all assumptions of Lemma hold and there exist
constants a™,b*, d* such that 0 < a* < b* < %d*, In addition, f(t,u1,us) satisfies
the following conditions:
(i) f(t,u1,uz) < % for all (t,uy,uz) € [0,1] x [0,d*] x [-d*, d*];
(i) f(t,u1,u2) > bﬁi for all (t,u1,us) € [1/2,1] x [b*,d*] x [—d*,d*];
(iii) f(t,u1,u2) < §7 for all (t,u1,uz) € [1/2,1] x [0,a*] x [—-d*, d*].
Then (1.2) has at least three distinct positive solutions uy, usz, ug such that

lz:|| < d* fori=1,2,3, b*< inf w;, a* < sup us, inf wug <b*
t€[1/2,1] te[3,1) tel3,1]

with SUPse(1 1) Uz < a*.

Proof. Tt suffices to show that all conditions of Lemma[2.7 hold with respect to the
completely continuous operator A. For arbitrary u € P;, we have A(u) = ¢(u) and

|ull = #(w). This implies that inequality (2.I) in Lemma [2.7 holds.
For any u € Pi(¢,d*), from ¢(u) = |Ju|| < d* and the assumption (i), we have

| Aul| < (o — 1) / G(1,5)f(s, uls), ' (s)) ds

& [
<(a-— l)f/o G(1,s)ds =d*.

This means that A : P;(¢,d*) — Pi(¢,d*).

It remains to show that assumptions (i)-(iii) of Lemma are fulfilled with
respect to the operator A.

Let u = kb*, where k = L/N. It is obvious that k& > 1, v = kb* > b* and
B(u) = kb*. We see that b* < ¥d* and ¢(u) = kb* < d*. So we have

{u € Py(¢, 8, A\, b, kb*,d*) : Mz) > b*} # 0.

For any u € Py (¢, 8, A\, b*, kb*,d*), we obtain b* < u < d* and —d* < v/ < d* for
all t € [1/2,1]. Tt follows from the assumption (ii) that

1
AMAu) = /1 inf  G(¢t,8)f(s,u(s),u(s)) ds

/2 te(1/2,1]

1
b*
> vG(1,s)—ds = b,
/1/2 N
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which implies that the assumption (i) of Lemma [2.7]is satisfied.
For any u € Pi(¢,\ b*,d*) with B(Au) > kb*, we have b* < u < d* and
—d* < <d* for t € [1/2,1]. So we have

1
AMAu) = /1 inf  G(t,s)f(s,u(s),u(s))ds

/2 t€1/2,1]

1
b*
> ~vG(1,8)—=ds = b*.
/ JREUES
This implies that assumption (ii) of Lemma is fulfilled.
Since ¢(0) = 0 < a*, we have 0 ¢ R(¢, p,a*,d*). If
u € R(o,p,a",d*) with p(u) = sup u=a",
te[1/2,1]

it reduces to
0<u<a"and —d" <u <d* forallte[l/21].

A straightforward calculation gives
1

AMAu) = tE[llI}fZl] s G(t,s)f(s,u(s),u'(s))ds
1

< G(t,s)f(s,u(s),u'(s))ds

1/2
1 *
</ G(1 s)a—ds =a".
1/2 M
It is easy to see the assumption (iii) of Lemma is fulfilled too. The proof is
complete. (I

Corollary 6.10. Assume that all assumptions of Lemmal{.1] hold and the condition
(i) in Theorem[6.9 is replaced by ('), then the conclusion of Theorem[6.9 also holds.

Similar to the proof of Theorem by mathematical induction, we have

Theorem 6.11. Assume that all assumptions of Lemma [{-1] hold and there exist
constants a}, b} and d} such that

177

N N
0<a’{<b§<fd*1‘<a§<b§<fd§<a;j<~--<aj;, n €N,

where 1 =1,2,...,n. In addition, f satisfies the following conditions:
() £t w1 u) < % for all (tur,us) € [0,1] x [0,5] [~ d];
(i) f(t,u1,uz) > % for all (t,ur,us) € [0,1] x [bF,ds] x [~dz, d];

(i) f(t,ur,u9) < % for all (t,ur,uz) € [1/2,1] x [0,a7] x [—df, d}].
Then (1.2)has at least 2n — 1 positive solutions.

7. EXAMPLES

In this section, we give two simple examples to illustrate our theoretical results.
In Example [7.1] it shows the difference between two cases, which indicates our
theorems presented in Sections 5 and 6 are complementary.
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Example 7.1. Consider the equation
D§iu(t) + f(t,u(t),u'(t) =0, te(0,1),n—1<a<mn,
u(0)=0, i=01,2,...,n—2, (7.1)
[Df u(t)]im1 =0, 1<B<n—2.
Case 1: when f(t,u,u’) takes the form as

Flt ) = m(u(t)—i-u’(t)) for (t,u,u') € [0,1]x [0, 50) x (—00, +00).

It is easy to see that a1(t) = 0 and as(t) = m Moreover, we see that

1 1
(e —1) | G(1,8)az(s)ds = / Sds < 1.
0 0 2

By means of Theorem we find that the fractional differential equation has
at least one positive solution. However, it is difficult for us to obtain the existence
of at least one positive solution to the fractional differential equation by using
theorems of the super-linearity and sub-linearity.

Case 2: when f(t,u,u’) takes the form as

—ev' 1 for v/ € (—o0, —1),
fltuu') = qu for v € [-1,1],
e~ for v € (1,+0).

Since f is continuous, we know that the operator A is completely continuous. It is
easy to check that fy = 0 and f,, = co. By means of Theorem we conclude
that fractional differential equation has at least one positive solution. But it is
difficult for us to know the existence of positive solution to the fractional differential

equation ([7.1]) if we use Theorem
Example 7.2. Consider the equation
DE,ult) + f(t,u(t), /(1)) =0, te(0,1),
u(0) = uM(0) =0, (7.2)
[Dg+u(t)]i=1 = 0,

where
2I(Z) for u € [0, 1],
ftu,u') = ST(L)(57u — 55)  for u € (1,2),
590 (1) for u € [2,400).

Since o = 7/2 and § = 2, a straightforward calculation gives

1
N=vy G(1,s)ds
1/2
1

1 1
N (0 1768/ (1—s)'%ds — 0.1768/ (1— 3)5/2ds)
I'(3) 1/2 1/2

3.7207 x 1072,
F(%)
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and .
L =~ —-0.3910.
I'(3)
Taking a =1, b =2, d =80 and ¢ = 100, we see that 0 < a < b < d < %cand
INES 7
flt,u,u’) < % = 0.3(921)0 ~ 2.625F(§) for (t,u,u') € [0,1] x [0,1] x [-1,1],
b 2r'(Z 7
flt,u,u') > = = # ~ 53.753[( =)

N~ 3.7207 x 102 2

for (t,u,u’) € [0,1] x [2,80] x [—80, 80],

¢ 100T'(%) 7
¢ ©_2P%) o6 (L
b usuz) < 7= Gigmrg ~ 26250(3)

for (¢t,u,u") € [0,1] x [0,100] x [—100, 100].

It follows from Theorem that the fractional differential equation (7.2]) has at
least three distinct positive solutions such that

0<|uill <1, 2< inf wo, 1<uz with inf wuz<2.
te[1/2,1] te[1/2,1]
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