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MONOTONE ITERATIVE METHOD FOR OBTAINING
POSITIVE SOLUTIONS OF INTEGRAL BOUNDARY-VALUE
PROBLEMS WITH ¢-LAPLACIAN OPERATOR

YONGHONG DING

ABSTRACT. This article concerns the existence, multiplicity of positive solu-
tions for the integral boundary-value problem with ¢-Laplacian,

(' ()" + f(t,ult),w' (1) =0, t€0,1],
1 1
u(O):/O u(r)g(r)dr, wu(l) :/0 w(r)h(r)dr,

where ¢ is an odd, increasing homeomorphism from R to R. Using a mono-
tone iterative technique, we obtain the existence of positive solutions for this
problem, and present iterative schemes for approximating the solutions.

1. INTRODUCTION

Consider the integral boundary-value problem

(@' (1)) + f(tu(t), ' (£)) =0, ¢ €0,1],
u(0) :/0 u(r)g(r)dr, u(l) :/0 w(r)h(r)dr,

where ¢, f,g and h satisfy

(1.1)

(H1) ¢ is an odd, increasing homeomorphism from R onto R and there exist two
increasing homeomorphisms 1; and ¢, of (0,00) onto (0, 00) such that

P1(u)p(v) < dp(uv) < Pa(u)p(v),u,v > 0.

Moreover, ¢, ¢~ € C1(R), where ¢~! denotes the inverse of ¢.
(H2) f:[0,1] x [0,400) x (—00,+00) — (0,+00) is continuous. g,h € L[0,1]
are nonnegative, and 0 < fol g(t)dt < 1,0 < fol h(t)dt < 1.

The assumption (H1) on the function ¢ was first introduced by Wang [1, 2]. It
covers two special cases: ¢(u) = u and ¢(u) = |u/P~2u,p > 1. Many authors
have studied the positive solutions of two-point and multi-point boundary value
problems when ¢(u) = u or ¢(u) = |u|P~2u,p > 1. For details and references see
I, 3, &, 5, 8, @].
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In a recent paper [2], the author proved the existence and multiplicity of positive
solutions of by applying the Krasnoselskii fixed point theorem and Avery-
Peterson fixed point theorem. However there is an interesting question which is
showing how to find these solutions, since they exist. Motivated by the question
and all the works above, in this article, by applying classical monotone iterative
techniques, we not only obtain the existence of positive solutions of , but also
give iterative schemes for approximating the solutions. It is worth stating that we
will not require the existence of lower and upper solutions, and the first term of
iterative scheme is a constant function or a simple function. Therefore, the iterative
scheme is significant and feasible.

2. PRELIMINARIES

The basic space used in this article is the real Banach space C'[0, 1] with norm
[ullr = max{ulle, [[u'l|c}, where [[ufl. = maxo<i<i Ju(t)]. Let

P ={ueC"0,1] : u(t) > 0,u is concave on [0,1]}.

It is obvious that P is a cone in C'*[0, 1].
For any x € C[0,1], z(t) > 0, t € [0,1], we suppose that u is a solution of the
boundary-value problem

(6w (1)) + f(t,2(t), ' (t)) =0, te[0,1],
1 (2.1)

By integrating (2.1)) on [0, ], we have

o' (1)) = Ay — / f(s,2(5), 2/ () ds,

then
u'(t) = ¢! (Am - /Ot f(s,2(s),2'(s)) ds). (2.2)

Thus
u(t) = u(0) +/0 ¢! (Aw - /O Fr,x(r), 7' (7)) dr) ds (2.3)

u(t) = u(t) - [ o (A / f(r.a(r).a'(r)) dr) ds. (2.4)

According to the boundary condition, we have

u(0) = l—follg(r)dr /01 g(r) /OT ¢*1<AI - /08 f(T,SL’(T),:L'/(T))dT) dsdr

u(l) = _1—f011h(r)dr/ol ’1(7“)/7’1 ¢_1(Aa; - /Os f(T,x(T),x’(T))dr) dsdr,
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where A, satisfies the equation

Hw(c):W/lg( / c—/fo /(7)) dr) ds dr
1—/ h(r) dr) / /fo ‘(7)) dr ) ds (2:5)
+/0 h(r) / c—/ F(ra(r ))dT)dsdrzo.

Lemma 2.1. Assume (H1) and (H2) hold, for any x € C1[0,1] with z(t) > 0,t €
[0,1], there exists a unique A, € (—o0,+00) satisfying (2.5). Moreover, there is a
unique 0, € (0,1) such that

Oz
A, = /0 flryz(r), ' (1)) dr.

Proof. From the expression of H,(c) it is easy to see that H, : R — R is continuous
and strictly increasing, and

H.(0) / flr.a(r).2' (7)) dr) >0

Hence there exists a unique A, € (0, fo 7,2(7),2' (1)) d7) C (—00, +00) satisfying

. Let
/fo (1)) dr,

then F'(t) is continuous and strictly increasing on [0,1], and F(0) = 0, F(1) =

fol f(ryx(r),2' (7)) dr. So
0=F(0)< A, < F(1 /fo (7)) dr.

Therefore, there exists a unique J, € (0, 1) such that

O
A= [ st () ar
0
The proof is complete. O

By (2.3), (2.4) and Lemma if w is a solution of (2.1)), then w(t) can be

expressed as

"= 1f119(7“)d7“ /01 9(r) /0 (b_l(/ém f(r,a(r), 2/ (1)) dT) dsdr
0 S
+ /Ot ¢_1(/85m f(T,x(T),x’(T))dT) ds

u(t) = % 1 f 7,x(7), 2 (7)) dr ) dsdr
i )
/ / Fra(r ))dT) ds.

or
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Lemma 2.2. Suppose (H1) and (H2) hold. If u(t) is a solution of (2.1)), then
(i) u(t) is concave and u(t) > 0 on [0, 1];
(i) there exists a unique ty € (0,1) such that u(ty) = maxo<i<iu(t) and
ul(to) = 0,’
(iii) J, = to.

Proof. (i) Let u(t) is a solution of (2.1)). Then
(B(u'(1)) = —f(t, x(t),2'(t)) <0, te[0,1].

Therefore, ¢(u’(t)) is strictly decreasing. It follows that u'(t) is also strictly decreas-
ing. Thus, u(t) is strictly concave on [0,1]. Without loss of generality, we assume
that u(0) = min{u(0),u(1)}. By the concavity of u, we know that u(t) > u(0),
t € 0,1]. So we obtain

u(0) = / u(t)g(t) dt > u(0) / o(t) .

By 0 < fo t)dt < 1, it is obvious that u(0) > 0. Hence, u(t) > 0, t € [0,1].

(ii) Since u(t) is strictly concave on [0, 1], there exist a unique to € [0,1] such
that u(tp) = maxg<i<i u(t). By the boundary conditions and w(t) > 0, we know
that o # 0 or 1, that is, to € (0, 1) such that u(to) = maxo<;<1 u(t).

(iii) By and Lemma [2.1] it is easy to see that

—1(/;m f(s,ac(s),x’(s))ds),

therefore, u'(6,) = 0, this implies d, = tg. The proof is complete. |

Now we define an operator T by

i Jo 90 3 07 (S S, /() dr ) dsr

ray— LTI L >,xf<7)>d) N
T}L(r)drfo h(r) fr1¢ 1(f5szf '(T))dT) dsdr

o (0 (7737(7)736’(7))(1) 0p <t <1

(2.6)

It is easy to prove that each fixed point of T is a solution for (1.1).
Lemma 2.3. the operator T : P — P is completely continuous.

Proof. Let x € P, then from the definition of T', we have

S fra) e @)dr) 20 0<t<a,
S S @) <0 b <<

So (Tx)'(t) is monotone decreasing continuous and (T'z)'(d,) = 0. Hence, (T'z)(t)
is nonnegative and concave on [0, 1]. This shows that T'(P) C P. Next, we prove
T is compact on C*[0, 1].

Let D be a bounded subset of P and m > 0 is a constant such that

(Ta)'(t) = (2.7)

/fTﬂC (r))dr <m, VYae€D.
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From the definition of T', for any « € D, we obtain

o 0<t <4,
T (t)| < *gbfglggﬂ) r
g, <t<1,

1,1‘01 h(r)dr’

(Tz) () < ¢~ (m), 0<t<1.
Hence, T'D is uniformly bounded and equicontinuous. So we have T'D is compact
on C[0,1]. From ([2.7) we know that for all £ > 0 there exists & > 0, such that when
|t1 — ta] < K, we have
[¢(Tz) (t1) — ¢(Tz)' (t2)| <e.

So ¢(T D)’ is compact on C[0, 1], it follows that (T'D)’ is compact on C[0,1]. There-
fore, TD is compact on C*[0,1]. Thus, T : P — P is completely continuous. The
proof is complete. |

3. EXISTENCE OF POSITIVE SOLUTIONS

For convenience, we denote

1 1
A = max , .
{ 1-— fol g(r)dr 1-— fol h(r) dr}

Our result is as follows.

Theorem 3.1. Assume (H1) and (H2) hold. If there exists a > 0 such that
(i) f(t,z1,91) < f(t,w2,y2) for any 0 <t <1, 0 <21 <@ <a, 0< || <
ly2| < a;
(i) maxo<i<1 f(t,a,a) < ¢(5).
Then has at least two positive, concave solutions w* and v* satisfying
0<w"<a, 0<]|w")|<a,

lim w, = lim T"wg = w",

lim (w,) = lim (T"wg) = (w*)’,
where
. S g(r)dr S h(r)dr
mm { 1—Ofol g(r)dr +1 l—Ofol h(r)dr +1- t}
wo(t) = a max{ T 1 } , 0<t<1,
17f01 g(r)ydr’ 17f01 h(r)dr
and

0<v*<a, 0<|@)]<a,
lim v, = lim T"vy = v",
lim (v,) = lim (T"vo)" = (v*),
where vo(t) =0, 0 <t < 1.

Proof. Let P, = {u € P| |Jull1 < a}, P, = {u € P| ||ul]|s < a}. Next, we show that
T(P,) C P,. If u € P,, then |u|; < a. Hence,

0<ult) < ull. <a. 0< /()] < ']l < a.



6 Y. DING EJDE-2012/219
From (i) and (ii), we have that

0< flt,u(t),d'(t)) < f(t,a,a) < max f(t,a,a) < ¢(%). (3.1)

0<t<1
By this inequality and the definition of T', we have
[Tulle = (Tu)(6u)

N 1_foll/19<7“> /0 o ( ju f(ryu(r), (7)) dr) dsdr
/ / f(ryu(r), (7)) dr) ds
1_1;)11/ / / J(ryu(r),u (7)) dr ) dsdr
/ / f(ru(r ))dT) ds
<max{1_f()/1 / / F(ryu(r), (7)) dr ) ds dr
/ / f(ru(r ))dT) ds,
T / h(r) A 1¢f1( Olf(TaU(T),U’(T))dT) dsdr

/ /fT’LL )dT)dS}

1
maX{l—fO ()d?“ 1—f0 dr}

<

:>\®

a.

Furthermore, by (2.7) it is easy to verify that
a
(Tuy]le < % <a.

Hence, || Tu||; < a. So we have T(P,) C P,. Let

)dr

wolt) = amln{l fl(r()r()i;r 1_|_t, 1f(}1h(:)dT +1 —t}’ .
max{l Jo g(r)ydr’ 1— [ h( dr}
Now we define a sequence {w,,} by the iterative scheme
Wpy1 = Tw, =T "wy, n=0,1,2,... (3.2)
Since T(P,) C P, and wy(t) € P,, we have w,, € Py,n=0,1,2,.... From Lemma

T'is compact, we assert that {w,};2, has a convergent subsequence {wn, }3%,
and there exists w* € P, such that w,, — w*.
On the other hand, since

’U)l(t) = T’u}o (t)
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w fol 9(7“) fOT ¢_1 ( fjwo f(T, wWo (7)7 'LU(/) (T)) dT) dsdr
+ fot ¢! ( fjwo F (1, wo(T), wh(T)) dT) ds,

if 0 <t < by,
e rer G ¢—1( Ji. i wO(T),wg)(T))dT) dsdr
+ ftl ¢! < f(sswo fr,wo(r), wy(r)) dT) ds,

i 6, <t <1
1 1
L i)
B Al—folg(r)dr A7A1—f01h(r)dr A
. fl g(r)dr fl h(r)dr
B mln{170f01 g(r)dr +4t 17(}01 h(r)dr +1- t}
- max { —+ - }
1—fy g(r)dr’ 1= f5 h(r)dr

=wy(t), 0<t<1,

and
w1 ()] = [(Two)"(1)]
6 (S0 Frwo(r) wh(r)dr), 0 <t < b,
o (U, Sl wh(m)dr) G, <t
1
<o ([ wo(r),wh(r))dr)
0
< % = Jwp(t)], 0<t<1,
we have

wi(t) S wolt), wi(t)] < huwp(t)], 0<t<l.
By (i) and , we easily see that T is increasing, it follows that
wo(t) = Twi(t) < Two(t) = wi(t), 0<t<1,
[wa(t)] = |(Tw1)"(#)] < [(Two)' ()] = [wi(t)], 0<t<L.
Moreover, we have
W1 () S wp(t), |wi ()] < |wr ()], 0<t<1, n=0,1,2,...

Therefore, w, — w*. Let n — oo in to obtain Tw* = w*.
Next, Let vg(t) = 0, 0 <t < 1, then vy(t) € P,. Let v; = Twp, then v; € P,,.
We denote
Upt1 =Tv, =T"v, n=0,1,2,... (3.3)
Similar to {w, }7%,, we assert that {v,, }5%; has a convergent subsequence {v,, }32,
and there exists v* € P,, such that Up, — v*. Since

vi(t) = (Two)(t) = (TO)(¢) 20, 0<t<1,
i ()] = [(Two) ()| = [(T0)' ()] =0, 0<t<1,
we have
va(t) = (Tw1)(t)
[ ()] = [(Tv1)' (1))
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Moreover, we have
Un+1(t) Svﬂ(t)? ‘,U:H-l(t” < |U’;L(t)" 0<t<1, n=0,12,...

Thus v,, — v* and Tv* = v*.
It is well know that the fixed point of T is the solution of (|1.1)). Therefore, w*
and v* are positive, concave solutions of (1.1). The proof is complete. ([

Remark 3.2. we can see easily that w* and v* are the maximal and minimal
solutions of (L.1)). If w* = v*, then (|1.1)) has a unique positive solution in P,.

From Theorem we immediately obtain the following result.
Corollary 3.3. Assume (H1), (H2) and Theorem[3.1)(i) hold. If there ezists a > 0
such that
(iii) limy— oo maxo<i<1 f (¢, ¢, a) < B(5).
Then (1.1) has at least two positive, concave solutions w* and v* such that the
conclusion of Theorem [3.] hold.
Corollary 3.4. Assume (H1), (H2) and Theorem [3.1)(i) hold. If there exists 0 <
ay < ag < --- < ap such that
(1V) maXp<t<i f(ta Ak, ak) S d)(%)) k= ]-a 23 cee, .
Then (1.1) has at least 2n positive, concave solutions wj, and vy satisfying
0 <wj <ag, 0<|(wy)| < ag,
lim wy, = lim T"wg, = wy,

n—oo n—oo

i () = Tim (T"wg,)' = (w]),

where
. fol g(r)dr fol h(r)dr _
o = mln{lffolg(r)dr_kt’ lffolh(r)d'r_kl t} 0<t<1
Wy (t) = ak max { 1 1 } ’ =r="
1—f01 g(r)ydr’ 1—f01 h(r)dr
and

0<vp <ag, 0<]|)]<ay,
lim vy, = lim T"vg, = vy,
n—oo n—oo
lim (vg,) = lim (T"vg,)" = (vy)’,
n—oo n—oo
where vy, (t) = 0,0 <t < 1.
4. EXAMPLE

In this section, we give a example as an application of the main results.
Let ¢(u) = |ulu, g(t) = h(t) =1/2. We consider the boundary-value problem

((u)) + f(t,u(t), ' (t) =0, te]0,1],
1 1 (4.1)
u(O):%/O u(t) dt, u(1)=%/0 u(t) dt,

where

1 1
ftu,v) = —t*> 4+t + §u+ 1—6112 +2, (t,u,v) €]0,1] x [0,00) X (—00,00).
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Let 11 (u) = 12(u) = u?, u > 0. Choosing a = 4. By calculations we obtain A = 2.
It is easy to verify that f(t,u,v) satisfies
(1) f(t,z1,91) < f(t,22,92) forany 0 <t < 1,0 <oy <29 < 4,0 < [yy| <
ly2| < 4;
(2) maxo<i<t f(t,a,a) = f(5,4,4) < ¢(5) =
Hence, by Theorem has two positive solutions w* and v*. For n =

0,1,2,..., the two iterative schemes are:
2+2t, 0<t<g,
wO(t) = 1 2
4-2t, <<,

e (0 T2+T+;wn(7)+%wg(7))d¢) dsdr

S

- "‘fo (fj" -2+ 7+ wn( )-i—%wf(T))dT)ds, 0<t<é,,
Wn1(t) = )
Jo I o™ (f(s" 724 7+ Fwn(T )—I—%wf(r))dr)dsdr
Lo (o b bua(r) + u(r))dr) s, S, <t<1
vo(t) =0,
Jo 03 67 (S22 7+ a() + of2(r)) dr ) dsdr
pasn(t) = + oo (fséw(—r 7+ Lo (1) + £02(r)) T) 0<t<o,
n fol frldf ( s —7-2+7+§vn( )+ 16 V(7)) 7-) dsdr
Lo (7 o) + ) dr) ds, Bsts
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