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LIMIT CYCLES FOR FOURTH-ORDER AUTONOMOUS
DIFFERENTIAL EQUATIONS

JAUME LLIBRE, AMAR MAKHLOUF

ABSTRACT. We provide sufficient conditions for the existence of periodic so-
lutions of the fourth-order differential equation

where A\, 1 and € are real parameters, € is small and F' is a nonlinear function.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The objective of this paper is to study the periodic solutions of the fourth-order
differential equation

A+ )T+ 1+ Ap)E— A+ p)E+ Aux = eF(z, 8,5, T), (1.1)

where A\, © and ¢ are real parameters, € is small and F' is a nonlinear function. The
dot denotes derivative with respect to an independent variable ¢.

There are many papers studying the periodic orbits of fourth—order differential
equations, see for instance in [3, [, [B] [6] [7, [TT] 12} 13| 4], 15]. But our main tool
for studying the periodic orbits of equation is completely different to the tools
of the mentioned papers, and consequently the results obtained are distinct and
new. We shall use the averaging theory, more precisely Theorem Many of the
quoted papers dealing with the periodic orbits of four-order differential equations
use Schauder’s or Leray-Schauder’s fixed point theorem, or the nonlocal reduction
method, or variational methods.

In general to obtain analytically periodic solutions of a differential system is a
very difficult task, usually impossible. Here with the averaging theory this difficult
problem for the differential equations is reduced to find the zeros of a nonlinear
function. We must say that the averaging theory for finding periodic solutions
in general does not provide all the periodic solutions of the system. For more
information about the averaging theory see section [2| and the references quoted
there.

Llibre, Makhlouf and Sellami [§] studied equation with the nonlinear func-
tion F(z,,%, T ,t) which depends explicitly on the independent variable ¢. Here
we study the autonomous case using a different approach.
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We recall that a simple zero r§ of a real function F(rg) is defined by F(r§) =0
and (dF /dro)(r§) # 0.

Our main results on the periodic solutions of this fourth-order differential equa-
tion are the following.

Theorem 1.1. Assume that A # p and A # 0. For every positive simple zero 1§
of the function

27
Flrg) = % /0 cos9F (A, B,C, D) do,

where
A (A4 p)cos@ + (Ap— 1) sinf)rg
(1221 + 1) |
B (A —1)cost — (A4 p)sinf)ry

)
(T+A2)(1+ p?) ’
co_ (A4 p)cost + (A —1)sinf)rg

(1+A2)(1 + p2) ’
(L =Ap)cosO + (A + p)sinf)rg

(1+A%)(1+ p?) ’

the differential equation has a periodic solution x(t,e) tending to the periodic

solution

D=

(A + p)cost + (—1+ Ap)sint)
(T+ A2)(1+ p?)
of T = AN+ )T + (1+ M) — (A + p)d + Az =0 when € — 0.

x(t,e) — (1.2)

Theorem [1.1] is proved in section [3| Its proof is based on the averaging theory
for computing periodic orbits, see section 2l Two easy applications of Theorem
are given in the following two corollaries. They are proved in section [

Corollary 1.2. Assume X\ # pu, A\u# 0 and A\ # 1. If F(z, 2,3, %) = @ — 33, then
the differential equation (1.1)) has a periodic solution x(t,e) tending to the periodic

solution
ro (N4 p) cost + (A — 1) sint)

(T4+X2)(1+ p?)
of B — A+ )T + (1+ M) — (A + )& + Apz = 0 when € — 0, where
2¢/1+ A2 + p2 + N2p2
7 .
Corollary 1.3. Assume p = —\ # 0.If F(x, &, %, %) = sin &, then for every positive

integer m there exists an g9 > 0 such that for all e € (0,e¢) the differential equation
(1.1) has at least m periodic solutions.

x(t,e) — (1.3)

ko
Ty =

Theorem 1.4. Assume that A = p # 0. For every positive simple zero r§ of the
function
27
Fre) = i/ cosf F'(A,B,C,D)db,
27 0
where
(2pcosf + (u? —1)sin@)rg

. T+ |
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((u? —1)cos® —2usinf)rg

B= ,
T+
c_ (—2ucos® + (1 — p?)sinf)rg
- U+ )2 |
D (1 — p?) cos O + 2usin 0)rg
(1+ p?)? ’

the differential equation (1.1)) has a periodic solution x(t,e) tending to the periodic

solution
ri(2pcost + (u? — 1) sint)

(14 p2)?
of & —2uE 4 (14 p?)i — 2ud + p?x = 0 when & — 0.

x(t,e) — (1.4)

Theorem [1.4] is proved in section [}} Two easy applications of Theorem [T.4] are
given in the following two corollaries. They are proved in section [6]
Corollary 1.5. Assume A\ = pu ¢ {—1,0,1}. If F(x,#,%,%) = @ — @3, then the
differential equation has a periodic solution tending to the periodic solution
ry(2pcost + (u? — 1) sint)

(i + 2

of & —2uT + (14 p?)@ — 2ud + px = 0 when ¢ — 0, where
2¢/1+2u2 4 p4
Corollary 1.6. Assume A = p = 1.If F(x,&,%, %) = sinx, then for every positive

integer m there exists an g9 > 0 such that for alle € (0,eq) the differential equation
(1.1) has at least m periodic solutions.

x(t,e) — (1.5)

Ty =

Theorem 1.7. Assume X # pu = 0. For every (r§, Vi) solution of the system

..7:1(7“0, Vo) = 07 fz(?”(h Vb) = 0, (1.6)
satisfying
(F1, Fa)
det (D71 72) 0, 1.7
( 8(7"07‘/0) (T07Vo):(7“3>vo*)) 7 ( )
with
1 27
Fi(ro, Vo) = —/ cosf F(A,B,C,D)db,
2 0
1 2m
Falro Vo) = 5= | F(A.B.C.D) ab
271— 0
when
A _ (14 A2V + (Asinf — A2 cos 0)rg
N A+ A3 ’
B _ (cos® + Asin®)rg
N 1+ A2 ’
c_ (—Acosf + sinf)ry
N 1+ A2 ’

(cosf + Asinf)rg
1+ A2 ’
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the differential equation (1.1)) has a periodic solution x(t,e) tending to the periodic

solution
(1 4+ X2)Vg + (Asint — A2 cost)r

A+ A3

x(t,e) = — (1.8)
of & — AT + & — At =0 when e — 0.

Theorem is proved in section [7]] We remark that the case u # 0 and A = 0
can be studied as the case A # 0 and p = 0. One application of Theorem is
given in the following corollary. It is proved in section [8]

Corollary 1.8. Assume A # u=0. If F(x,4,%,T) = x — 22, then the differential
equation (1.1)) has three periodic solutions x(t,e) tending to the periodic solution

W+ ViA2 — A2 cost g + Asint 1
A+ A3
of @ — N&¥ + i — X\ir =0 when € — 0, where (r§, Vy) = (2 2/15v/1 + A2, 7%)}
2
(2v2715VTH X, 2 ) and (2425%,0).

Theorem 1.9. Assume that A = = 0. Then the averaging theorem used in this
paper cannot be applied to the differential equation " + & = eF(x,%,%, T).

z(t,e) — (1.9)

2. BASIC RESULTS ON AVERAGING THEORY

In this section we present the basic result from the averaging theory that we
shall need for proving the main results of this paper.

We consider the problem of the bifurcation of T-periodic solutions from differ-
ential systems of the form

% = Fy(t,x) +eFy(t,x) + > Fy(t, %, €), (2.1)

with € = 0 to € # 0 sufficiently small. Here the functions Fy, F} : R x Q — R™ and
Fy iR x Q x (—eg,80) — R™ are C? functions, T-periodic in the first variable, and
Q is an open subset of R™. The main assumption is that the unperturbed system

X = FO(ta X)v (22)

has a submanifold of periodic solutions. A solution of this problem is given using
the averaging theory.

Let x(t,z, €) be the solution of the system such that x(0,z,¢) = z. We write
the linearization of the unperturbed system along a periodic solution x(¢,z,0) as

y = Dy Fy(t,x(t,2,0))y. (2.3)
In what follows we denote by M, (t) some fundamental matrix of the linear differ-
ential system , and by € : R¥ x R"~* — R the projection of R™ onto its first
k coordinates; i.e. {(x1,...,2n) = (z1,...,T).

We assume that there exists a k—dimensional submanifold Z of Q filled with
T-periodic solutions of (2.2). Then an answer to the problem of bifurcation of
T-periodic solutions from the periodic solutions contained in Z for system is
given in the following result.

Theorem 2.1. Let W be an open and bounded subset of R¥, and let 3 : CI(W) —
R"* be a C? function. We assume that

(i) Z2 = {2o = (a,8(0)), a € CAW)} C Q and that for each z, € Z the
solution x(t,z,) of (2.2) is T-periodic;
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(ii) for each z,, € Z there is a fundamental matriz My, (t) of (2.3) such that
the matriz My ' (0) — M ' (T) has in the upper right corner the k x (n— k)

z
zero matriz, and in the lower right corner a (n — k) X (n — k) matriz A,

with det(A,) # 0.
We consider the function F : CW) — R¥

1 /7
Flo)=¢(7 / M (O (1, x(t, 7))t ). (2.4)
0
If there exists a € W with F(a) = 0 and det ((dF/da)(a)) # 0, then there is a
T-periodic solution ¢(t,€) of system (2.1) such that p(0,e) — z, as e — 0.
Theorem [2.1] goes back to Malkin [9] and Roseau [10], for a shorter proof see [2].
Theorem [2.1] will be used for proving our theorems.
3. PrROOF oF THEOREM [L1]

Introducing the variables (z,y,z,v) = (x,4,%,%) we write the fourth-order
differential equation (|1.1) as a first—order differential system defined in an open
subset  of R*. Thus we have the differential system

T =y,
Y=z
iy (3.1)

v==dpx+ A+ py— Q+I)z+ A+ p)v+eF(x,y, z,0).

Of course as before the dot denotes derivative with respect to the independent
variable t. System with € = 0 will be called the unperturbed system, otherwise
we have the perturbed system. The unperturbed system has a unique singular point
at the origin with eigenvalues +i, Aand u. We shall write system in such a
way that the linear part at the origin will be in its real Jordan normal form. Then,
doing the change of variables (z,y,z,v) — (X,Y, Z,V) given by

X 0 AL “A—pn 1 T
Y AL —=A— [ 1 0 y

- 1 1 9
Z 1 - 1 - z
\%4 - 1 -2 1 v

the differential system (3.1]) becomes
X =-Y +eG(X,Y,Z,V),
Y =X,

. 3.2
Z =X - SG(X,Y,Z,V), (32)
1

V =uV+eG(X,Y,Z,V),
where G(X,Y,Z,V) = F(A, B,C, D) with
“VA+M)+ YA =) — 1) + X (N = p?) = Zp(L + p?)
(L+ A2 = p)(1 + p?) ’
XA =) QA=) + V(=X + %) = p(V(I+ X)) + 201+ p?))
(1 + M)A = p)(1+ p?) ’

A:

B:
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YA =)= 1) + X (=N + 1) = p(Vp+ XN(Z +Vu+ Zp?))
(L+A2)(A = ) (L + p?) ’

XA =)A= 1) +Y (N =) = p(VA+N)p® + ZN (1 + p?))
L+ A\ = p) (L + p?)

Note that the linear part of the differential system at the origin is in its real

normal form of Jordan, and that A, B, C and D are well defined because A\ # p.
Now we pass from the cartesian variables (X,Y, Z, V) to the cylindrical variables

(r,0,2,V) of R* where X = rcosf) and Y = rsinf. In these new variables the

)

differential system ([3.2]) can be written as

C:

D =

r=¢ecos@H(r,0,ZV),

sin 6

0=1—e—H(r0,2,V),

r

. 1 (3.3)
Z=\Z —e~H(r0,2,V),
w

V=Vu+eH(r 0 2V),
where H(r,0,Z,V) = F(a,b,c,d) with

VA VN A+ Zp+ Zp® — (A= p) (A + p) cos 8 + (A — 1) sin 6)
1+ 22)(A =) (1 + p?) ’
(VL + X))+ ZX1 4+ p2) +r(A— p) (A — 1) cos§ — (A + p) sin )

"= A+ X0 — )1+ 12) |
_ v+ N(Z+uV +p2Z) + 1A — p) (A + p) cos 0 + (A — 1) sin6)
(L+A2)(A = ) (L + p?) ’

g va+ M) 4+ ZN3 (14 p?) + (N — ) (A — 1) cos @ — (A + p) sin 0)

L+ A2)(A = p) (1 + p?)

Now we change the independent variable from ¢ to 6, and denoting the derivative
with respect to 6 by a prime the differential system (3.3]) becomes

7 =¢ecos H + O(e?),

AuZsinf —r
r

Zl = )\Z + 13 H + 0(82)7 (34)

v/ :uV+5MVSin9+r
T

H +0(£%),
where H = H(r,0,2Z,V).

We shall apply Theoremto the differential system (3.4). We note that system
(3.4) can be written as system (2.1]) taking

T 0
x=|Z], t=60, F0,x)=|XZ]|,
\%4 uV
cost H

Apsind Z—r
Fl (07 X) = ur H

psin@ V4r

psin0Vir by
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We shall study the periodic solutions of system ([2.2)) in our case, i.e. the periodic
solutions of system ([3.4) with e = 0. Clearly these periodic solutions are

(r(6), 2(0), V(0)) = (ro,0,0),

for any rg > 0; i.e. are all the circles of the plane Z = V = 0 of system . Of
course all these periodic solutions in the coordinates (r, Z, V) have period 27 in the
variable 6.

We shall describe the different elements which appear in the statement of The-
orem in the particular case of the differential system (3.4)). Thus we have that
k=1and n = 3. Let r; > 0 be arbitrarily small and let ro > 0 be arbitrarily
large. Then we take the open bounded subset W of R as W = (r1,72), @ = rg and
B [r1,m2] — R? defined as B3(r) = (0,0). The set Z is

zZ = {le = (?"0,0,0), o € [7"1,7’2]}.

Clearly for each z, € Z we can consider that the solution x(0) = z, = (10,0, 0) is
2m-periodic.

Computing the fundamental matrix M, _ () of the linear differential system
with € = 0 associated to the 2m-periodic solution z, = (rg,0,0) such that M,_(0)
be the identity of R, we obtain

1 0 0
M@®) =M, ()= [0 e 00
0 0 et

Note that the matrix M,_(#) does not depend of the particular periodic orbit z.
Since the matrix

0 0 0
M70)-M1'2r)=(0 1—e2m 0 ,
0 0 1—e 2

satisfies the assumptions of statement (ii) of Theorem because A and p are not

zero, we can apply it to system (3.4)).
Now & : R? — R is £(r, Z, V) = r. We calculate the function

Fir =50 =€ [ MEHOR e x( 20,
27

- 1 cos@ F(A,B,C,D)db,
2T 0

where the expressions of A, B, C and D are the ones given in the statement of
Theorem 1.1} Then by Theorem [2.1{ we have that for every simple zero r§ € [r1,72]
of the function F(rg) we have a periodic solution (r, Z, V) (6, ) of system such
that

(r,Z,V)(0,e) — (r5,0,0) ase— 0.
Going back through the change of coordinates we obtain a periodic solution
(r,0,Z,V)(t,e) of system such that

(r,0,2,V)(0,¢) — (r5,0,0,0) ase— 0.

Consequently we obtain a periodic solution (X,Y, Z,V)(t,€) of system (3.2)) such
that
(X,Y,Z,V)(0,e) — (r§,0,0,0) ase— 0.
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We have a periodic solution (x,y, z,v)(t, €) of system ({3.1)) such that

s(t,e) — o (A + ) cost2+ (-1 —; Ap) sint)
(T+A2)(1+ p?)

Of course, it is easy to check that the previous expression provides a periodic

solution of the linear differential equation %" — (A+p) @ 4+ (14+Au) & — (A+p)d+Apz =
0. Hence Theorem [T.1]is proved.

as € — 0.

4. PROOF OF COROLLARIES [I.2] AND [I.3]

Proof of Corollary[T.3 If F(x,&,&, %) = & — &3, then the function F(rg) of the
statement of Theorem [L1] is

ro(—1 4 M) (=372 4+ 4(1 4+ X2)(1 + p?))
8(1+ A2)%(1 + p?)? '

The function F(rg), has the positive zero

2¢/1+ A2 + 2 + M2p2

f(’l“o) =

Ty =
0 V3
The derivative
1=
Tk — _ — A 0
Foo) = tomam 7
The corollary follows from Theorem |1.1 (Il

Proof of Corollary[I.3 If F(x,&,&,%) = sind, since g = — X\ it is not difficult to
show that

7o
Flro) = Jl(l +,\2)’
where Ji(z) is the Bessel function of first kind. This function has infinitely many
simple zeros when rq — oo, see for more details [I]. In this case the differential
system has as many periodic orbits as we want taking e sufficiently small. Hence
the corollary is proved. (|

5. PROOF OoF THEOREM [L.4]

We have the differential system

T =y,
v =z,
iew (5.1)

0= —pPz 4 2uy — (1+ p?)z + 2u0 + e F (2, y, 2,0).

The unperturbed system has a unique singular point at the origin with eigenvalues
+i, p, . We shall write system in such a way that the linear part at the
origin will be in its real Jordan normal form. Then doing the change of variables
(z,y,2,v) — (X,Y,Z,V) given by

X 0 pr o —=2u 1 T
Y| [w? -2 1 0]y
A 1 0 1 0 z |’
1% —u 1 —u 1 v
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the differential system (5.1)), becomes
X =-Y +eG(X,Y,2Z,V),
Y =X,
Z=npZ+V,
V=uV +eG(X,Y,Z,V),
where G(X,Y, Z,V) = F(A, B,C, D) with
Y+ Z4+2(-V+X)u+ (Y +2)p?
(14 p?)? ’
VPV 4 (=1 4+ )X + p(-2Y + Z + (2 2)
(14 p?)?
Y — p2Y + p(—2X + 2V + pZ(1 + p?))
T+ ) |
X pPX A p2Y + p(pZ(1+ p?) + (34 pP)V))
(1+p?)? '
Now we pass from the cartesian variables (X,Y, Z, V') to the cylindrical coordinates

(r,0,2,V) of R* where X = rcosfl and Y = rsinf. In these new variables the
differential system ([5.2]) can be written as

r=¢ecos@ H(r,0,ZV),

A:

B

)

C =

D

0=1—c¢

S0 16, 2,7,
r (5.3)

Z=uZ+V,
V = pV +eH(r,0,2,V),
where H(r,0,Z,V) = F(a,b,c,d) and
Z+ 7 —2uV + 2urcos 4+ r(u? — 1) sin @
a =
(14 pu2)?
V=2V 4+ puZ(1+ p?) + (u® — 1)rcos§ — 2pur sin 0
- (1+42)?

e plp(l+ p?)Z 42V —2rcos ] + (1 — p?)rsind
- (i + )2 |
(1= p?)recost + plp(p(l + p?)Z + (3 + p?)V) + 2rsin 6]
T+ )

Now we change the independent variable from ¢ to 6, and denoting the derivative
with respect to 6 by a prime the differential system (/5.3)) becomes
7 =¢cosf H + O(g?),
(uZ +V)sind
r

)

b

)

d —

Z'=pZ+V+e H+0(e?), (5.4)

+0(e%),

V= pv+57r+“YSIDGH

where H = H(r,0,2Z,V).



10 J. LLIBRE, A. MAKHLOUF EJDE-2012/22

We shall apply Theorem [2.1]to the differential system (5.4). We note that system
(5.4) can be written as system (2.1]) taking

T 0
x=|Z], t=60, FO0,x)=|pnZ+V|,
\%4 uV

cost H
Fi(0,x) = | @Ztsinf
r+p,Vsin9H

r

We shall study the periodic solutions of system (2.2)) in our case; i.e., the periodic
solutions of system (|5.4)) with € = 0. Clearly these periodic solutions are

(T(@), Z(@), V(Q)) = (T07 0,0),

for any rg > 0; i.e. are all the circles of the plane Z = V = 0 of system . Of
course all these periodic solutions in the coordinates (r, Z, V') have period 27 in the
variable 6.

We shall describe the different elements which appear in the statement of The-
orem in the particular case of the differential system . Thus we have that
k =1and n = 3. Let r; > 0 be arbitrarily small and let ro > 0 be arbitrarily
large. Then we take the open bounded subset W of R as W = (r1,72), @ = rg and
B :[r1,m2] — R? defined as B3(rg) = (0,0). The set Z is

zZ = {Za = (T070v0)a T € [7“1,7"2]}.

Clearly for each z, € Z we can consider that the solution x(6) = z, = (r0,0,0) is
2m-periodic.

Computing the fundamental matrix M,_ () of the linear differential system
with € = 0 associated to the 2m-periodic solution z, = (rg,0,0) such that M,_(0)
be the identity of R, we obtain

1 0 0
M) =M, ()= [0 er? ger?
0 0 erf

Note that the matrix M, _(0) does not depend of the particular periodic orbit z,,.
Since the matrix

0 0 0
MY 0)-M'@2r)=[0 1—e 2™ 2me 21 |,
0 0 1—e %m0

satisfies the assumptions of statement (ii) of Theorem [2.1| we can apply it to system

6-4).
Now & : R?® — R is £(r, Z,V) = r. We calculate the function

F(ro) = Fla) = 5(% /OT M () Fi(t,x(t, za))dt)
27

— 1 cosO F(A,B,C,D)db,
2T 0

where the expressions of A, B, C and D are the ones given in the statement of
Theorem m Then by Theorem we have that for every simple zero r§ € [ry, 2]
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of the function F(rg) we have a periodic solution (r, Z, V') (6, ) of system ([5.4) such
that

(r,Z,V)(0,e) — (r5,0,0) ase— 0.

Going back through the changes of coordinates we obtain a periodic solution
(r,0,Z,V)(t,e) of system (5.3) such that

(r,0,2,V)(0,e) — (r5,0,0,0) ase— 0.

Consequently we obtain a periodic solution (X,Y, Z,V)(t, ¢) of system (5.2)) such
that

(X,Y,Z,V)(0,e) — (r§,0,0,0) ase— 0.
We have a periodic solution (x,y, z,v)(t, €) of system (5.1)) such that

rg(2ucost + (u? — 1) sint)

as ¢ — 0.
T+ 127

x(t,e) —

Of course, it is easy to check that the previous expression provides a periodic
solution of the linear differential equation 'Z" — 2u% + (1 + p?)# — 2ui + p?x = 0.
Hence Theorem is proved.

6. PROOF OF COROLLARIES AND

Proof of Corollary[T.8. If F(x,&,i,%) = & — &3, then the function F(rg) of the
statement of Theorem [[4] is

ro(p? = (A(1 + ) = 33)

)= S+ 7)1

The function F(rg) has the positive zero

2¢/1+42u? + pt

ry =
0 V3
The derivative
1—p?
"(ré) = ——== #0.
]:(TO) (1+N2)2 7é
The corollary follows from Theorem [1.4 ([

Proof of Corollary[1.6 If F(x,&,%,%) = sinx, it is not difficult to show that
T
f(To) = J1(50),

where Ji(z) is the Bessel function of first kind,when p = 1. This function has
infinitely many simple zeros when ro — o0, see for more details [I]. In this case
the differential system has as many periodic orbits as we want taking ¢ sufficiently
small. Hence the corollary is proved. (I



12 J. LLIBRE, A. MAKHLOUF EJDE-2012/22

7. PROOF OF THEOREM
We have the differential system

r=1Y,
Y=z
i (7.1)

V=Ay+ M —z+eF(z,y,20).
The unperturbed system has a unique singular point at the origin with eigenvalues
+i,0,\. We shall write system ([7.1) in such a way that the linear part at the

origin will be in its real Jordan normal form. Then doing the change of variables
(z,y,2,0v) — (X,Y,Z,V) given by

X 0 0 =X 1 x
Y| [0 —=x 1 0 ]
Z|l 10 1 0 1 z |’
v -2 1 =X 1 v

the differential system (7.1]), becomes
X =-Y+eG(X,Y,Z,V),
Y = X,
Z =\ +eG(X,Y,Z,V),
V =eG(X,Y,Z,V),
where G(X,Y, Z,V) = F(A, B,C, D) with
Z+ A=Y +XX) - (1+ X))V
A+ A3 ’
X—-Z+)\Y
B=——Tv—
Y - AX+ )7
c=1A2 A2
14+ A2
X+ MY +)AZ)
B 1+ A2
Note that A cannot be zero. Now we pass from the cartesian variables (X,Y, Z, V)

to the cylindrical ones (r,0,Z,V) of R* where X = rcosf and Y = rsinf. In
these new variables the differential system (7.2)) can be written as

r=¢ecos@ H(r,0,Z,V),

(7.2)

A:

D

ézligsm@

H(r,0,2,V),
. (7.3)
Z=\Z+eH(r,0,2,V),

V =eH(r0,2Z,V),
where H(r,0,Z,V) = F(a,b,c,d) with
Z—=(1+ M)V + AX(Acosf —sinf)r
B A+ A3 ’
—(cos@ + Asin@)r + Z
1+ A2 ’

b=
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(=Acosf +sinf)r + A2
c= :
14+ A2
(cosB + Asin@)r + \2Z

1+ A2

Now we change the independent variable from ¢ to 6, and denoting the derivative
with respect to 6 by a prime the differential system ([7.3]) becomes

7 =¢e cosf H+ O(g?),

r+ AZsinf
r

Z'=XZ+e¢ H + O(g%), (7.4)

V' =eH + 0(£?),

where H = H(r, 0,7, V).
We shall apply Theoremto the differential system (7.4)). We note that system
(7.4) can be written as system (2.1]) taking

r 0
x=[Z], t=60, F0,x)=|)Z],
\%4 0

cos H
F1(97X) _ r+)\srin92H
H

We shall study the periodic solutions of system (2.2)) in our case; i.e., the periodic
solutions of system ([7.4) with e = 0. Clearly these periodic solutions are

(r(0),Z(6),V(0)) = (10,0, Vo),

for any rg > 0. These are all the circles in the plane Z = 0, V' = V} of system .
Of course all these periodic solutions in the coordinates (r, Z, V') have period 27 in
the variable 6.

We shall describe the different elements which appear in the statement of The-
orem in the particular case of the differential system (7.4)). Thus we have that
k =2 and n = 3. We take the open bounded subset W of R? as

W ={(ro, Vo) : 0 < 72 + Vi < R?},

with R > 0 arbitrarily large. Here o = (g, Vp) and 8 : W — R, B(rg, Vo) = 0. The
set Z is

zZ = {ZOL = (TO,V070)3 (Tﬂa‘/()) € W} .

Clearly for each z, € Z we can consider that the solution x(6) = z, = (rg, Vo, 0)
is 2m-periodic.

Computing the fundamental matrix M, _(6) of the linear differential system
with e = 0 associated to the 2w-periodic solution z, = (rg, Vp,0) such that M,_(0)
be the identity of R3, we obtain
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Note that the matrix M,_(0) does not depend of the particular periodic orbit z,.
Since the matrix

0 0
MY 0)-M'2r)={0 0 0 ,
0 0 1—e2m

satisfies the assumptions of statement (ii) of Theorem for A # 0, we can apply

it to system (7
Now ¢ : ]R‘3 — R2 is &(r, Z, V) = (r, V). We calculate the function

F(ro, Vo) = / M, (t)Fu(t, x(t, za))dt>
fo cosf)F(A B,C, D) g\ (fl(ro,V0)>
F(A,B,C,D) df -~ \Fa(ro, Vo)

where the expression of A, B, C and D are the ones given in the statement of
Theorem Then, by Theorem we have that for every simple zero (r§, Vy) €
W of the function F(rg,Vp) we have a periodic solution (r,Z,V)(6,¢) of system

(7.4) such that
(r,Z,V)(0,e) — (r5,0,Vy) ase— 0.

Going back through the changes of coordinates we obtain a periodic solution
(r,0,Z,V)(t,e) of system ([7.3)) such that

(r,0,Z,V)(0,¢) — (13,0,0,Vy) ase— 0.
Consequently we obtain a periodic solution (X,Y, Z,V)(t,¢) of system (7.2)) such
that

(X,Y,Z,V)(O,é\)" (7’570’0,‘/0*) as € — 0.

We have a periodic solution (z,y, z,v)(t, €) of system ([7.1)) such that
(1+ A)Vg + (Asint — A2 cost)rg
2(te) = = JEIE

Of course, it is easy to check that the previous expression provides a periodic
solution of the linear differential equation ‘2" — A7 + & — A4 = 0 Hence Theorem

is proved.

as € — 0.

8. PROOF OF COROLLARY [L.8

If F(x,d,3, %) = x—23, then the function F(rg, Vp) of the statement of Theorem
provides the system

ro(12VE(1 + A%) + A2(3r2 — 4(1 + A\?)))

Filro, Vo) = SA(L + \2)2 =0,
 VoVE( 4+ X))+ A2(3r5 —2(1+ M%)
Fa(ro, Vo) = 2X3(1 + A2) =0.

This system has the three solutions (rg,Vp) with 7o > 0: (2 2(1;?2),—%),

(2 2(1%;‘2), %) and (Qv\l/gv,O) The corresponding determinants of the Ja-
4

. . 4
cobian matrix are ¢ 5 5T5nd it )\2, respectively. The corollary follows from
Theorem [T
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9. PROOF OF THEOREM [[L9
We have the differential system

T =y,
Y=z
iy (9.1)

0=—z+¢eF(z,y,z,v).

The unperturbed system has a unique singular point at the origin with eigenvalues
+4,0,0. We shall write system in such a way that the linear part at the
origin will be in its real Jordan normal form. Then doing the change of variables
(z,y,2,v) — (X,Y,Z,V) given by

<N
—_ o O O
[l e M)
—_— o = O
O = O =
S N 8

the differential system (9.1)), becomes
X =-Y +eG(X,Y,Z,V),

Y =X,
) (9.2)
7 =eG(X,Y,Z,V),

V=2,

where G(X,Y,Z,V) = F(A, B,C, D) with
A=V -Y,
B=-X+17Z7,

c=Y,

D=X.
Now we pass from the cartesian variables (X,Y, Z, V) to the cylindrical variables
(r,0,Z,V) of R*, where X = rcosf and Y = rsinf. In these new variables the
differential system (9.2]) can be written as

r=¢ecos@ H(r,0,Z,V),

sin 6

0=1—c¢ H(r,0,2,V),
) r (9.3)
Z =e¢H(r,0,2,V),
V=2,

where H(r,0,Z,V) = F(a,b, c,d) with
a=V —rsinb,
b=27—rcosb,
c=rsinb,

d =rcosf.
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Now we change the independent variable from ¢ to 6, and denoting the derivative
with respect to 6 by a prime the differential system (9.3]) becomes

7' =ecos H + O(e?),
7' =eH + 0(62), (9.4)

V,:Z+€Zsin9

H +0(£?),

where H = H(r,0,2Z,V).
We shall apply Theoremto the differential system (9.4]). We note that system
(9.4) can be written as system (2.1]) taking

r 0
x=\|Z], t=890, FO(H,X): 0],
\%4 7
cost H
Fl(oax): H
Zs7i‘n0H-

We shall study the periodic solutions of system (2.2)) in our case, i.e. the periodic
solutions of the system (9.4)) with & = 0. Clearly these periodic solutions are

(r(0),Z(6),V(0)) = (10,0, Vo),

for any 7o > 0 . There are all the circles in the plane Z = 0, V = V} of system
. Of course all these periodic solutions in the coordinates (r, Z, V') have period
27 in the variable 6.

We shall describe the different elements which appear in the statement of The-
orem [2.1]in the particular case of the differential system (9.4). Thus we have that
k =2 and n = 3. We take the open bounded subset W of R? as

W = {(ro, Vo) : 0 < 1 + Vi < R?},

where R > 0 is arbitrarily large. Here o = (g, Vo) and 8 : W — R with B(rg, Vo) =
0. The set Z is
Z = {za = (T07V070)7 (’I"(), ‘/b) € W} :

Clearly for each z, € Z we can consider that the solution x(6) = z, = (ro, Vo, 0)
is 2m-periodic.

Computing the fundamental matrix M, _(6) of the linear differential system
with e = 0 associated to the 2w-periodic solution z, = (rg, Vp,0) such that M,_(0)
be the identity of R3, we obtain

1 00
M@O)=M, (0)=10 1 0
0 0 1

Note that the matrix M, (0) does not depend of the particular periodic orbit z,.
Since the matrix

00 0
M) -M'2r)={0 0 27|,
00 0

This matrix does not verify the assumption of statement (ii) of Theorem[2.1] There-
fore we cannot apply it to system ((9.4)).
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