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TRANSPORT EQUATION FOR GROWING BACTERIAL
POPULATIONS (II)

MOHAMED BOULANOUAR

ABSTRACT. This article studies the growing bacterial population. Each bac-
terium is distinguished by its degree of maturity and its maturation velocity.
To complete the study in [3], we describe the bacterial profile of this pop-
ulation by proving that the generated semigroup possesses an asynchronous
exponential growth property.

1. INTRODUCTION

This work studies a model for growing bacterial population, partially studied in
[3], in which each bacteria is distinguished by its degree of maturity 0 < p < 1 and
its maturation velocity v. As each bacteria may not become less mature, then its
maturation velocity must be positive (0 < a < v < 00). If f = f(¢, u,v) denotes
the bacterial density with respect to the degree of maturity p and the maturation
velocity v at time ¢, then

% = fvg—j: —of, (1.1)
where 0 = o(u,v) denotes the rate of bacterial mortality or bacteria loss due to
causes other than division.

At any time ¢, the density of mothers bacteria f(t,0, ) is related to that of daugh-
ters bacteria f(¢,1,-) by biological laws, such as the transition law mathematically
described by the following boundary condition

o0
of (00,0 =p [ ko)L (12)

a
where k = k(v,v’) denotes the correlation kernel between the maturation velocity
of a mother bacteria v’ and that of a daughter bacteria v, and, p > 0 denotes
the average number of daughter bacteria viable per mitotic. However, for more
generality, we are going to be concerned by a general biological law mathematically
described by the following boundary condition

f(taoav) = [Kf(t7 1, )]('U), (13)
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where K denotes a linear operator on suitable spaces (see Section 3).

Recently, we partially studied the model , in the most interesting case
a = 0 (see [3]). We proved that this model is governed by a strongly continuous
semigroup Vx = (Vk (¢))i>0. The purpose of this work is then to complete [3] by
studying the asynchronous exponential growth of the generated semigroup Vi =
(Vi () >0

According to the case a > 0, we have recently proved in [I] that the strongly
continuous semigroup Vi = (Vg (t));>0 is compact for a large time ¢ > 2 which
led to an easy computation of the essential type (wess(Vk) = —o0). Biologically
speaking, the case a > 0 means that after a transitory phase, all bacteria will be
divided or dead.

In contrary to a > 0, the case a = 0 means that the maturation velocities can
be arbitrary small and at any time there may be bacteria that are not yet divided.
Consequently, the bacterial population never goes out of the transitory phase, which
explains the non-compactness of the generated semigroup Vix = (Vk(t))i>0 and
therefore the computation of its essential type, wess(Vi ), presents a lot of difficulties.

In the sequel we organize the work as follows

(3) Generation Theorem
(4) Stability and Domination
(5) Asynchronous Exponential Growth

In third Section, we recall some properties of the generated semigroup Vx =
(Vk(t))i>0 governing the model (L.I), (I.3). We also complete some claims al-
ready proved in [3]. In Fourth Section, we study the stability of the generated
semigroup Vx = (Vi (t))i>0 with respect to the boundary operator K. Domina-
tion result is also given. In fifth Section, we prove that the generated semigroup
possesses Asynchronous Exponential Growth property as follows

Lemma 1.1 ([4, Theorems 9.10 and 9.11]). Let U = (U(¢))t>0 be a positive and
irreducible strongly continuous semigroup, on the Banach lattice space X, satisfying
the inequality wess(U) < wo(U). Then, there exist a rank one projector P into X
and an € > 0 such that: for any n € (0,¢), there exists M (n) > 1 satisfying

e~ IU () — Pl g(xy) < M(n)e™™ > 0.

Thanks to [, Thereom 8.7], the rank one projection P can be written as fol-
lows: Pp =< @, ph > ¢f, where ¢f € (X*)4 is a strictly positive functional. A
strongly continuous semigroup U = (U(t)):>0 satisfying Lemma possesses the
asynchronous exponential growth with intrinsic growth density .

Lemma describes the bacterial profile whose privileged direction is mathe-
matically explained by the vector ¢f. This is what the biologist observes in his
laboratory. Finally, note the novelty of this work. For all used theoretical results,
we refer the reader to [4] or [7].

2. MATHEMATICAL PRELIMINARIES

This section deals with some useful mathematical tools that we will need in the
sequel. These tools concern strongly continuous semigroups of linear operators in
Banach spaces and Banach lattice spaces.

Let X be a Banach space and let U = (U(t)):>0 be a strongly continuous semi-
group of linear operators, on X. Following [7, Chapter IV], the type wo(U) and the
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essential type wess(U) of the semigroup U = (U(t));>0 are given by
In [|U(#)]£(x)

wo(U) = lim (2.1)
t—o0 t
In ||U(t
ens(U) = tim IOl (22)

where || - ||ess denotes the norm of Calkin algebra £(X)/K(X) with IC(X) stands
for the two-sided closed ideal in £(X) of all compact operators. The types wess(U)
and wess(U) are always ordered as follows

Wess(U) < wo(U). (2.3)

Lemma 2.1. Let U = (U(t))i>0 and V = (V(t))i>0 be two strongly continuous
semigroups, on X, and let A € p(U(ty)) for some to > 0. If

—19n
(vt —v () (A -vt) ]
is a compact operator for some integer n > 0, then wess(U) = Wess(V)
Proof. Tt suffices to apply [8] for the operators V (tg) — U(tg) and U(¢o). O

Lemma 2.2 ([6]). Let (2,%, 1) be a positive measure space and let S and T be
linear and bounded operators on L'(Q, ). Then

(1) The set of all weakly compact operators is norm-closed subset.
(2) If T is weakly compact and 0 < S < T then S is weakly compact too.
(3) If S and T are weakly compact, then ST is compact.

3. GENERATION THEOREM

In this section, we recall briefly some properties of the model (1.1]), (1.3)) and its
associated semigroup Vi = (Vi (t))i>0 (see [3]). Also, other needed properties will
be proved. So, let us consider the functional framework L!(£2) whose norm is

ol = / o, 0)] ds o, (3.1)

where Q = (0,1) x (0,00) := I x J. We also consider our regularity space

Wi ={pel'(®) vg—i €L'(Q) and wvpe L'Y(Q)}

and the trace space Y; := L!(J,vdv) whose norms are

Oy o
lellw, = lloo=ll + [lvelly  and 9]y, =/ [ (v)]vdv.
o 0
In this context, our recent result [2, Theorem 2.2] leads to

Lemma 3.1. The trace mappings vop = ©(0,) and yip = @(1,-) are linear
bounded from W1 into Yi.

Let Ty be the following unbounded operator
0
Top = 2% on the domain,
O

D(Tp) = {p € W1 yop = 0},

corresponding to the model (1.1)), (1.3 without bacterial division and without bac-
terial mortality. Some of its properties can be summarized as follows.

(3.2)
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Lemma 3.2. The operator Ty generates, on L'(Q), a strongly continuous positif
semigroup Uy = (Uo(t))i>0 of contraction given by

Uo(®)p(p, v) = x(p, v, 1) p(p — tw,v), (3-3)
where
L if p > to;
X(p,v,t) = ‘ (3.4)
0 if p<to.
Next, let us impose on the bacterial mortality rate o the hypothesis
o€ (L¥(Q)s (3.5)
which obviously leads to the boundedness of the perturbation operator
Sp:=—0p (3.6)

from L'(Q) into itself. In this context, the model (1.1]), , without bacterial
division, can be modeled by the following unbounded operator L := Ty + S on the
domain D(Lg) = D(Ty), for which we have

Lemma 3.3. Suppose that (3.5) holds. Then, the operator Ly generates, on L' (),
a strongly continuous positif semigroup Vo = (Vo(t))i>0 satisfying

Vo)l ewiy < e t>0, (3.7)
where
g = essinf, ,)eq (i, v). (3.8)
Furthermore,
t
Vo(t) = U()(t) +/ U()(t — S)SVO(S)dS t>0. (39)
0
Proof. Ly is clearly a perturbation of the generator Tj. O

Let us consider now the model (|1.1)), (1.3]), without cell mortality, corresponding
to the following unbounded operator

0
Tip = w22 on the domain,

ou (3.10)
D(Tk) = {p € Wi :v0p = Km1p},

where the boundary operator K can fulfil the following definition.

Definition 3.4. Let K be a linear operator from Y7 into itself. Then, K is said to
be an admissible if one of the following hypotheses holds

(Kb) K is bounded and || K|[zy,) < 1;
(Kc) K is compact and ||K||zy,) > 1.

Thanks to Definition above, we can state the following.

Lemma 3.5. Let K be an admissible operator. Then, for all A > 0, the following
linear operators

Kz = K(0x¢) and K¢ :=0,Kv, where Ox(v) =e M? (3.11)
are bounded from Y7 into itself satisfying

[Kxlleovny <1 and |[Kxllzevyy) <1 for all large A. (3.12)
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Furthermore, if K is positive then the spectral radius of Ky and K are the same;
i.e.,

r(Ky) =r(Ky) forall X >0. (3.13)

Proof. All announced properties of the operator K are proved in [3, Lemma 3.3].
So, let us proved those of the operator K. Let A > 0. Firstly, it is clear that K
is bounded because of

] < (1K1
for all ¢ € Y7. Furthermore, if (Kb) holds then we infer that
A>0= ||K,| <1 (3.14)

Next, if (Kc) holds, then
KAl vyy = sup [|03K 9]y,
$EB
= sup [|0hpllv;
PEK(B)

< sup ||0>\90HY17
PEK(B)

where By be the unit ball into Y;. By virtue of the compactness of K(B), there

exists ¢ € K(B) such that

Rallewr < Ioaally, = [~ e laolods
which leads to
Jim [ K lev < Jim /OOO Mg (0)v dv = 0
and therefore

|Kx|| <1 for all large . (3.15)

Now, by (3.14) and (3.15)) we can infer that both hypotheses (Kb) and (Kc) imply
that || K| < 1 for large \.
Suppose now that K is positive. So, for all A > 0 we clearly get that

K)\ S K and FA S K (316)

On the other hand, due to the obvious relation Ky K = KK y, it follows by induction
that

KK = KK, for all integers n > 1 (3.17)
which leads, by (3.16)), to

KM < KKy and Ky'' < KK
for all integers n > 1 and therefore

1 n

|V < K (R 7,

1 n

1B || e < (| K2 @5 | K| .

This easily leads to (3.13]) and completes the proof. ([l

Some useful properties of the unbounded operator (3.10]) are given next.
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Lemma 3.6. Let K be an admissible operator.
(1) The operator Ty generates, on L(Q), a strongly continuous semigroup Uy =

(U (t))io satisfying
Uk ()¢ (1, v) = Uo () p(p, v) + &(p, 0, YK (n Uk (t = 5)p) (v) (3.18)
for almost all (p,v) € Q, where

0 if u>tu;
Emon=17 1= (319)
1 if p < to.
(2) For all large A\, we have
A=T) o =axK(I - K)"'m(A=To) e+ (A= To) e, (3.20)
where ex(p,v) = e v,
(3) If K is positive, then Ux = (Uk (t))1>0 is a positive semigroup and
Uk(t) > Up(t) t>0. (3.21)

Proof. All the announced properties, but (3.20) and (3.21)), follow from [3, Theo-
rems 3.2 and 4.1 and Proposition 6.1]. So, let us prove (3.20]) and (3.21).
Let A be large and let » € L'(Q2). Thanks to [3, Proposition 3.1] we infer that

AN=Tg) P =ex(I = K\) 'Kyi(A=To) L+ (A= Tp) ™
which leads, by (3.12)) and (3.17)), to

A=Tk) o~ (A=To) e = éx(z KQ)K%(A ~To) e
n>0

= EAK< ZF’;)’h()\ — To)flap
n>0
=a K —K\) '\ =Tp) e

and therefore (3.20]) follows.
Next, let ¢ € (L'(Q))4. As Uy = (Up(t))i>0 is a positive semigroup (Lemma,

it follows that (A — Tp) "' is a positive function and therefore vy (A — Tp) "ty is a
positive function too. So, the computation above clearly leads to
A =Tk) o> (A=To)'p
because of the positivity of K and therefore
O =Ti) 7" = A= To) ] " (3.22)

n

¢ (t > 0) and passing at the limit n — oo

for all integers n > 1. Putting now A =
we infer that

lim [%(% - TK)*l}nga > lim [%(% - To)*l]nga (3.23)
which leads to (3.21]) because of the exponential formula. O

Finally, let us consider the general model (|1.1)), (1.3) corresponding to the un-
bounded operator Lg := Tk + S on the domain D(Lk) = D(Tk) and for which
we have
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Lemma 3.7. Let K be an admissible operator. If the hypothesis holds, then
we have

(1) The operator L generates, on L'(Q), a strongly continuous semigroup Vi =
(Vi (t))i>0. Furthermore

Vie(t) = U (1) + /0 Ul — $)SVic(s)ds £ > 0. (3.24)

(2) Suppose that K is positive. Then the semigroup Vi = (Vi (t))i>0 is positive
too and
Vi (t) > Vo(t) ¢>0. (3.25)
Moreover, if K is irreducible then Vi = (Vi (t))i>0 is also irreducible.
(3) If K is a positive, irreducible and compact operator such that

r(Ke_o) > 1
then the type wo(Vi) of the semigroup Vi = (Vi (t))i>0 satisfies to
wo(Vk) > —a, (3.26)
where g is given by and
T 1= essSuP(,, y)eq (K, V). (3.27)

Proof. Almost all the announced properties follow from [3], Theorem 5.1] and [3]

Theorem 6.1]. So, it only remains to prove (3.25)) and (3.26)).
Let t > 0 and let ¢ € (L1(2));. Then (3.21) clearly leads to

t n t n
[e‘E”UK(%)} o> {e_ﬁ”Uo(%)} @ for all integers n € N.
Passing at the limit n — oo, then (3.25)) follows because of Trotter Formula. Finally,
note that (3.26]) follows from [3] Th.7.1] together with (3.13)). O
We end this section by the following particular case

Corollary 3.8. Let K be a linear bounded operator from Yy into itself such that
|K|| < 1. If the hypothesis (H,) holds, then the semigroup Vi = (Vi (t))i>o0
satisfies

V(@) ey <e ' > 0. (3.28)

The above corollary forllows from Lemma above together with [3, Corol-
lary. 5.1].

4. STABILITY AND DOMINATION

In this section we are concerned with stability and domination results of the
unperturbed semigroup Ux = (Uk(t))i>0. That is one of the most useful results
which will be used to insure Asynchronous Exponential Growth property for the
semigroup Vi = (Vi (t))¢>0. Before we start, let us give the following useful result

Lemma 4.1. Let K be an admissible operator and let A be large. Then, for all
© € LY(Q), we have

[ e mooaeivd s ———jel. @)
0 0 -

[ KAl
where Ky is given by (3.11)).
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Proof. Let X\ be large and let ¢ € W;. Applying the trace mapping ~; to (3.18)),
we infer that

MUk (t)e)(v) = 71(Uo(t)) (v) + £(L,v,) [Km(Uk(t — 1)¢)] (v)
for all ¢ > 0 and for almost all v € (0, 00). Integrating it, we obtain that

/OO /°° e My (Uk (t)g) (v)|v dt dv
0 0

< /0 /0 e M| (Uo(t)sp) (v)|v dt dv (4.2)

w [ el Ut - Do) @lvdeds
o Jo
=1+ J.
Thanks to Lemma [3.2] the term I becomes

- h / " M (Uo(t) ) (0) o dud

/ / (1,v,t)p(1 — tv,v)|vdtdv
=[] et iana
0 1—tv

I < el (4.3)

and therefore

For the term J we have
J:/OO /Do ML 0, 0)| (K (Une(t — 1)) (0)[wdt do
/ / D (Ko (U (2)9)) (0)] das do
= [ [T e r@en ol ds
= [T | @U@ olvas)as

0

which leads, by the boundedness of K (Lemma , to
IR [ [T e U@l deds (4.4
Now, together with and clearly imply that
=Rl [ [ e U )@)lodeao < el

and therefore ([4.1)) holds because of (3.12)). Finally, the density of W into L ()
achieves the proof. O

Now, we are ready to give the main result of this section.
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Theorem 4.2. Let K be an admissible operator and let (K,,), be a sequence of
admissible operators such that
nh_fgo [Kn — Kl zvi) = 0. (4.5)
Then, for allt > 0, we have
T U, (1) — Uk (0)] (210 = 0. (4.6)
Proof. Let X be large and let ¢ € L*(Q). In the sequel, we are going to divide this
proof in two steps.

Step I. If H denotes another admissible operator, then by (3.18) it follows that

Un(t)p —Uk(t)p == A(t)p + B(t)p t =0, (4.7)

where
A(t)p(p,v) = &(p, v, ) (H — K)ni(Un (t = §)@)(v) (4.8)
B)g(p,v) = E(u, v, ) K7 (Un(t — £)p — Ut — B)p) () (49)

for almost all (u,v) € . Furthermore, applying 1 to we obtain that

M (UH(t)sD - UK(t)w) =7 (A(t)e) +n(Bt)), (4.10)

where
N(AM)¢) (v) = &L v, )(H — K)n(Un(t - 3)¢)(v) (4.11)
W(BOE) =L v. 0K (Unt - e~ Uxle = Do) @) (@12)

for almost all v € (0,00). So, multiplying (#.10) by e~** and integrating it over
x (0, 00), we infer that

/ / At|'71 UH( Yo — Uk (t)p )(v)lvdtdu

o Y At (4.13)
S/O /0 e \71(A(t))(v)\vdtdv+/0 /0 e |’Yl(B(t))(U)|vdtdv

= Il + Ig.
Firstly, thanks to (4.11)) the term I; becomes

I = /Oo /Oo e ME(L 0, t)[(H — K)y1 (Un (t — 1)) (v) o dt dv
/ / ((H = K71 (U (2) ) (0) o da do
f/ [/ (H = K)o (Un (2)0) ()] dulda
<l -KI [ [T e ma@edsds

which leads, by Lemma (with H instead K), t
IIH K| I

N II1- (4.14)
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Thanks to (4.12), the term I> becomes
B 0o 0o Y
I 7/0 /0 e My (B(t)) (v)|v dt dv

:/ / e ME(, v, ) |KV1(UH( Do —Uk(t - %)gp)(v)h}dtdv
/ / PG )|K'yl (UH x)p — Uk () )(v)’vdxdv

= [T e[ R (Vintade - Unale) )l vl
N7 -z o

<UL [ e (Un@e - Urta)e) @)odads

which leads, by the boundedness of K (Lemma , to
I <||Kx|l /0°° /000 e |y (UH(x)go — UK(:r)g0> (v)|v dz dv. (4.15)
Now, together with and clearly imply that
=Rl [ [ (Ualop - Ux(typ) loaras < =D

— [HA
and therefore, (3.12)) leads to

o e H = Kllelh
My (U (H)p — Uk (¢ dtdv < ”f . (4.16
/O / o (Va(t)p - Ute) @vaean < T IE (410
On the other hand, by it follows that
U ()¢~ Ukl < [ 14O o)l dudo-+ [ 1BO )] dudo
Q Q (4.17)
= J1 + JQ.
for all ¢ > 0. So, using (4.8) the term J; becomes
= | € I ~ Ky (Uit = £))w)] dado
oo 1
< [ [ elnonltn - KpnUae - £)o)0)] duds
0 0
<o [0 - KnWa@)w)ededs
0 0
<o [T [ e - Km@a el dods
0 0
<K [ [ M nUa@ewldsde
0 0
which leads, by Lemma [4.1] (with H instead K), to
H-K
Jp < ’“MH Il1- (4.18)

B [H Al
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Using the term Jo becomes
Ta = [ €ln.0[ 800 (Vale = £)p = Uit = £)¢) ) dt
< [T [ et 0] (Vat - e - Ucte ~ £16) )] dua
<eM /000 /000 e | Ky, (UH(x)cp - UK(x)go) (v)|v dx dv
x e /Oo e M [/OO | K v (UH(x)go — UK(x)cp) (v)\vdv} dx
0 0

< e’\t||K||/ / e (Unn (@)p — U ()0 (v) o d dv
0 0

which leads, by (4.16)), to
1< K~ K]
T A= [EADA = [[HAlD
Now, (4.17) together with (4.18) and (4.19) lead to
MK+ D)I1H ~ K]
(1= [EAD = [[HAl)

l[ells- (4.19)

1Un () — Uk (t)gllr < el

and therefore, for all ¢ > 0, we have
MK+ 1))1H - K|
(L= [[EAN L = [[HA])

Step II. Now, let (K,), C £(Y1) be a sequence of admissible operators such that
(4.5) holds. As, we have

1%

|Uu(t) = Uk (t)]l i) < (4.20)

A < 1 Kny = Kxll < |1 Kn — K]

N
for all integers n > 1, it follows that
i [K, | = KL (1.21)

On the other hand, putting H = K, into (4.20) we obtain that
MK + DI, — K]
(L= [[EAINT = [[Knxll)

for all integers n > 1. Passing now at the limit n — oo into (4.22)) and using (4.5
and (4.21)), we finally infer that (4.6). The proof is now achieved. O

Uk, (t) = Uk ()|l £z () < (4.22)

We complete this section by the following domination result.

Theorem 4.3. Let K and H be two admissible operators. If H is a positive operator
and

|Ky| < H[y| (4.23)
for all Y € Y1, then
[k (t) — Uo(t)] ¢l < [Unt) — Go(®)]lel 20 (1.21)
for all p € L*(Q).
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Proof. Let \ be large. Firstly, note that (4.23) obviously implies that |K | <
H, |4 for all ¢ € Y7 and by induction il follows that

Kl < Hylol- (4.25)
Next, let ¢ € L1(Q2). Due to (3.20) and (4.23) we clearly get that

(A =Tx) M| < lexB (I = Kx\) ™' (A = To) "ol + (A = To) gl
< exH|(I = Kx)7'n(A = To) ol + (A = To) "ol

which leads, by (3.12)) and (4.25)), to

(A =T) ¢l S exH| Y Kim(h = To) | + (A= To) ¢

n>0

<axHY [Kyxn(A—To) Mol + (A= To) ¢l
n>0

<exH Y Hym|(A=To) ol + (A= To) ¢l
n>0

=exH(I—Hx)""ml(A—To) "ol + (A —To) 'l

Thanks to the positivity of the semigroup Uy = (Up(t))s>0 (Lemma [3.2)), we infer
that of the operator (A — Tp)~! and therefore
(A= Tw)"hpl S exH(I = Hx) "'y (A = To) " ool + (A = To) o]

=(A=Tu)" el
This leads, by induction, to
[AA = Tx) ™)l < A= Tr) ™) ¢l

for all integers n. Putting now A = % (¢ > 0), we obtain that

(

25 = T) el < [5G =) 7Tl

I

n
t

=13

and therefore
Uk (t)e| < Un(t)lel t>0 (4.26)

because of Exponential formula. Finally, together with and
imply that

Uk () — Uo(t) el (1, v) = €(p, v, ) K (Ui (t = £)p)

< E(ps v, ) H|(m Uk (t = £)p)

< &(p, v, ) H|(Uk (t = £)p)

< &(p, v, ) Hy (U (t — |

= (Un(®)lel = Vo)l (1, v

for almost all (u,v) € Q. The proof is now achieved. O
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5. ASYNCHRONOUS EXPONENTIAL GROWTH

In this section, we prove that the generated semigroup Vi = (Vi (¢ ))t>o possesses
the asynchronous exponential growth property by applying Lemma |[1.1] However,
one of the most difficulties to apply Lemma is to compute the essentlal type
wess(Vic) (given by (2.2)) of the generated semigroup Vi = (Vi (t))i>0 whose ex-
plicit form is unfortunately not available.

In the sequel, we are going to circumvent this difficulty by proving some useful
results. Before we start, let us recall that all rank one or finite rank operators are
compact which leads to their admissibility because of Definition [3.4l Therefore, all
the semigroups of this work exist.

Lemma 5.1. Let K be the following rank one operator in Yi; i.e.,
Ky = h/ k(v "“'dv', heYy, ke&L>®0,00).

Then we have

Ukt) = Up(t) + 3 Unl®) #20,

where Uy(t) is given by (3.3) and U,,(t) is defined by
Ur(t)e(p, v)
= ﬁ(ﬂvvvt)h(v)/ k(vr)x (1,01, = &) o (1= (t = E)vy, v1) vidu
0

and, form > 2, by
U (t) (1, v)

—¢(no ) [ /Oonﬁllh(vj)ﬁk(v)

m—1
1
X <p<1 — (t — % — ; U—Z_)vm,vm)vlvg < U duy - dogy,.
for all ¢ € L*(Q). Furthermore, for all t > 0 we have
Jim Uk (1) Z U ()l 221 (@) = 0. (5.1)

Proof. Let ¢ € L*(Q). By (3.18), it is easy to check, by induction, that for all
integer N > 1 we have

N
Uk(t) = Us(t) + > Unm(t) + Ry (1) (5.2)

where the rest Ry41(t) is given by
RN (0@(#, U)
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(N + 1) times
N+1 N=1 4

N
< [T non) T] k(vj)g( UN,t— B Z = )
j=1 j=1 i= v
N
X7 (UK (t - % - Z vl)%’) (UNf1)v1V2 - - UN1dvy - - - dun .

i=1

Now, let us prove (5.1)). Let A be large. Then we have
B (£)ellx

i |Ry+1(t)p(p,v)|e*™ dudv

o o N N+1
= [ Jetwo.one) [ [~ [Tneop [T ke
N , =1 =1
(N + 1) times ’ ’
(=D N
SRR i YCN RS e BT

X V1Vg - - UN41dUT - - - vaH‘ du dv.

By the change of variables x =t — £ — Zf\]:l Ui and vdxr = —dp, we infer that

)/OO/OO tlelvl
0 0
————

(N + 1) times

[ R (t <P||1

N N+1
X H h(vj) H kE(vi)yi (Uk(z)e) (vnt1)vive - - - vngprdoy - - va_H‘v dx dv
Jj= Jj=1

which leads to

I (®pl = ([ Ibas) (esssup,ciom (o))

o) N
—A/v
X e h(v)lvdv )| esssup,ec(o ooy |K(v
([ e mtodo) (esssupueone )]
[e%e] t
< [ [ e Uk)e) s owsr dedown
0 0

Hence

IRy Bl < X EENY / / e (U (2)0) () o dee do
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which implies, by (4.1)), that
M| KNEANY

[1Bx (D)l < —
1 — |||

lellx (5:3)

and therefore
A BN ()l ez =0
because of (3.12). Now the proof is complete. O

The second useful result concerns the linear operator
Use(t, ) 1= [Ux(t) = Uo(8)| U (5) [Uc(#) — U (8)] (5.4)

which is clearly bounded from L!(£2) into itself for all # > 0 and all s > 0 because
of Lemmas [3.2] and 3.6 One of the most important properties of this operator is
as follows.

Proposition 5.2. Let K be a compact operator from Yy into itself. Then Ugk(t,s)
is a weakly compact operator into L*(Q) for all t > 0 and all s > 0.

Proof. Let ¢ € L*(Q), t > 0 and s > 0. We divide this proof in several steps.

Step 1. Let us consider the boundary operator
Ky = h/ k(v )" )v'dv” h e Cu(J) k € L™®(0,00). (5.5)
0

By Lemma the operator Uk (t) is expressed as follows
Uk(t) =Uo(t) + > Un(t). (5.6)
m=1

Let us show that U,,(t) is weakly compact into L(Q) for all m > 2.
So, as h € C.(J), there exist a and b (0 < a < b < c0) such that (supp) h C (a, b).
Let n = [tb] +2, where [tb] denotes the integer part of tb and let m be any integer
such that m > n. So, for all v; € (a,b),i=1---(m — 1), we have

(m—2) (n—2)

1 1
S s (S

which leads to
(m—2)

P 1)
1 ’m—at_i_ - :07
f( ¢ ! v ; v;

where the function & is defined by (3.19). Therefore, U,,(t) = 0 for all integers
m > n = [bt] + 2 and hence (5.6) becomes a finite sum that is

[bt]+1

Uk(t) =Us(t) + Y Unm(t). (5.7)

=1
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Next, for all m such that 2 < m < [bt] + 1, the change of variables

(m—1)
1
r=1-— (t R —)vm
v f V;
vfn_ldx = Uy dUp—1

allows us to write
m3 e
Un (0)l(k,v) < —5 [[All ol lly; 2||’~€||?.ZZ£(M7vnf)lh(v)\/QIso(ﬂc,vm)\dﬂcdvm

= Cr(B)1® (1, ),
where the operator I ® I is defined by

10 T 0) = §(u. 0000 [ lo.0,)]de do,
and the constant C, (t) by
3
m m— m
Cin(t) = e 1Blloo 1 PAIT 2 1R 2

As we have
/Q £, 0, ) ()] dpdv = tRlly, < oo

(5.8)

it follows that I® I is a rank one operator into L!(Q) and therefore compact. Due

o (5.8)), it follows that
0<Un(t)+ Cr()I®I<2C,(H)II

which implies, by the second point of Lemma[2.2} that the operator Uy, (£)+Chy, (£)[®

[ is a weakly compact into L'(2) and therefore
Un(t) = (Um(t) +Cn () ® 11) — C (I

is a weakly compact operator into L' () for all m (2 < m < [bt] +1).
On the other hand. A simple computation shows that

Ur(t)Uo(s)U1 (1)

=&(p,v,t)h / / E")x(L,v',t+s—E)E(1 = (t+s— L)' 0, 1)

x x(1,0", 2t + 5 — & — %)(p (1 — 2t +s— 42— )" dv' dv”.
By the change of variables
r=1-(2+s—2—-1)0"
v2de = —v"dv’

we obtain that
1
[U1()Uo(s)U1(t)pl (1, v) < tgllklliollh\lmf(u7v7t)h(v)/Q|<P(93»v")| dx dv”
= C1 (I ® Lp(u,v)
where the operator I ® I is given by (5.9) and the constant C;(t) by

1
Cr(8) = IRl 12lloo-

(5.10)
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As before, we conclude through (5.10) that Uy (¢)Uy(s)Ui(¢) is a weakly compact
operator into L!().

Now, by (5.4) and ﬂ we can write

[bt]+1 [bt]+1

Ukt s [ ZU ] [Ul() E_:Um(t)}

+[[btz]+:lU ()| Uo(s)Un (¢ [il }

which is the sum of weakly compact into L!(€2). Now we can say that:

for any boundary operator K of the form (5.5)), the operator Ug (¢, s)
is a weakly compact into L!(Q) for all t > 0 and all s > 0.

Step 2. Let us consider now the rank one boundary operator
Ky = h/ kE(@)y (' )'d" heY; ke L¥(0,00). (5.11)

As h € Y1, there exists a sequence (hy,), of C.(J) converging to h into Y. So, let
K, be the following operator

Ky = hy, / k(@ )y (') dv’
obviously of the form and for which Uk, (¢, s) is a weakly compact operator
into L!(Q) because of the step I. Furthermore, it is easy to check that
Jim [ Ky = Kl zn) =0 (5.12)
which leads, by Theorem to
Jim |[Use, () = U (8) ]| 221 @) = 0 (5.13)
and therefore, (||U,, (t)H)n is a bounded sequence; i.e.,
Uk, (t)|| < M, for all integer n. (5.14)
On the other hand, writing

Uk, (t,5) — Uk (t,s) = [UKn (t) — UK(t)} Uo(s) [UKn (t) — Uo(t)}

(5.15)
n [UK (t) — Uo(t)} U (s) [UKn (t) — UK(t)}

it follows that
10, (t,5) = U (t,5)]| < [Me + [To @] 100() 11U, (2) — U (1)
+ [IIUK(t)II + IIUo(S)II} [Uo(s) 1Tk, () = Uk (1)

(5.16)
which leads, by (5.13)), to

Jim [[Ug, (¢, 5) = Uk (£, 8)l| 221 @) = 0 (5.17)
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and therefore Uk (¢, s) is a weakly compact operator because of the first point of
Lemma [2.2] Now, we can say that:

for any rank one operator K, the operator Uk (¢, s) is weakly com-
pact into L'(Q) for all ¢ > 0 and all s > 0.

Step 3. Let us consider now the finite rank operator
Mgk 0
Kip = Zhi/ k(W)@ W dv', hi €Yy, ki€ L®(0,00), i=1,..., Mg.
; 0

So, if we set
Mg
hi= _max  |hi|€Y: and k: —;UfleL“’(O ,00)
it follows that
Hy = h/ k(v (v')v'dv’

is obviously a positive operator of the form ({5 and therefore Ug (t, s) is a weakly
compact operator into L' () because of the step 2. Furthermore, for all ¢ € Y; we
have

”WKEJM/ ol do’
<[ _max, I |]/°o[§f|k ) () '

< H[y|
which leads, by Theorem and the positivity of Up(s) (Lemma [3.2)), to

wmmwbﬂwm—%@mehm—%Mﬂ

[ (t) — Uo()| |Uo(s [ t—Uo(t)}

< } ¢l
< [ (t) t} [ (t) —Uo(t)}go|
< [Un(t) = Uo®)|Us(5) [Un (1) = Uo(®) I

and therefore
Uk (t,s)¢l < Un(t, s)lo|
for all ¢ € L'(Q). This implies
0< UK(t, S) + UH(t, S) < QUH(t, 8)

and therefore Uk (t,s) +Ug(t, s) is a weakly compact operator into L (2) because
of the second point of Lemma Writing now

Uk (t,5) = (UK(t,s) + UH(t,s)) — Uyt s)

we can say that:

for any finite rank operator K, the operator Ug(t,s) is weakly
compact into L}(Q) for all t > 0 and all s > 0.
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Step 4. Let K be a compact operator into Y;. Thanks to [B Corollary 5.3, p.276],
there exists a sequence (K,,), of finite rank operators satisfying
n—oo

and for which Uk, (¢,s) is a weakly compact operator into L!(£2) because of the
step IV. Furthermore, Theorem [4.2] leads to

lim ||[Uk, () = Uk (t)|| = 0.

n—oo

On the other hand, preceding as before by using (5.14)), (5.15) and (5.16)), we infer
(5.17) and therefore Uk (¢, s) is a weakly compact operator into L*(£) because of
the first point of Lemma [2.:2} The proof is now achieved. O

Now, we are finally able to compute the essential type wess(Vi) of the semigroup
Vik = (Vi (t))1>0 as follows.

Theorem 5.3. Let K be a positive compact operator from Yy into itself. If the
hypothesis (3.5)) holds, then we have

wess(VK) < —o, (518)

where g is given by (3.8]).
Proof. Let t > 0 be fixed. We divide this proof into two steps.
Step 1. Let s > 0 be given. First, due to (3.24) and (3.9) we obtain that

Vie(t) — Vo(t) = Usc(t) — Un(t) + /Ot U (t — 5)SVic (s)ds

—|—/0 Uo(t — s)(=S)Vo(s)ds.

As — S, given by (3.6)), is clearly a positive operator, then (3.21]) together with the
positivity of the semigroup Vo = (Vo(t))i>0 (Lemma imply that

Vie(t) = Vo(t)

SUK(t)—Uo(t)-i-/O UK(t—s)SVK(s)ds—f—/O Uk (t —s)(=S)Vo(s)ds

< Uk () — Uo(t) + /t Ut — 5)S[Vie(s) — Va(s)] ds
0
which leads, by 7 to
0 < Vik(t) —Vo(t) <Uk(t) — Usl(t). (5.19)

On the other hand, due to (3.9 together with the non-positivity of the operator S,
we easily infer that 0 < Vi(s) < Uy(s). So, this together with (5.19)) lead to

0 < [Vie(t) = Vo) | Vals) [Vic () = Vo(t)] < Uxc(t.),

where Uk (t,s) is given by (5.4). Now, Proposition together with the second
point of Lemma [2.2] imply that

[Vic (t) = Vo(®)(®)] Vo) [Vic(t) = V()]

is a weakly compact operator into L'(f2), for all + > 0 and all s > 0.
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Step 2. Thanks to the step above, we infer that
[Vic(t) = Vo () (0)| Vo nt) [ Vic (1) — Vo ()]

is a weakly compact operator into L!(Q), for all integers n > 0. Therefore, for all
integers N > 1, the following finite sum

Valt) =5 5 o [Vie) = Yo )] Vo) [Vier) — Voo

A et~ (0] [ 32 vt Vet - o]
n=0

is also a weakly compact operator into L*(2). Du to (3.7), it follows that 2 €
p(Vo(t)) which implies that
Jim [V (8) = [Vie(t) = Vo ()] (2 = Vo)~ [Vic(t) = Vo(t)] | =0
and therefore
Vic(t) = Vo(0)] 2 = Vo) 7 [Vie(t) — Vo o)

is a weak compact operator into L'(Q2) because of the first point of Lemma
Hence, the following operator

([viet) - o) 2 = Vo))

is compact into L!(Q) because of the third point of Lemma which leads, by
Lemma [2.1] to

wess(VK) = wess(VO)' (520)
Finally, du to together with and and (5.20)), we clearly infer that
Wess (Vi) = wess (Vo) < w(Vy) < —o and therefore (5.18)) easily follows. The proof
is now achieved. (]

Now, we are able to prove that the semigroup Vi = (Vi (¢))i>0, governing the
general model , , possesses Asynchronous Exponential Growth property.
Before we start, note that in the case ||K|| < 1, the model (L)), is biologically
uninteresting because the bacterial density is decreasing. Indeed, for all ¢ and all s

with ¢ > s, (3.28) implies that

Vi (@®)¢lh = Ve (t = )V ()l < e 2 Vie(s)lh < |Vie(s)eln
for all initial data ¢ € L'(Q). Therefore, we well understand that || K| > 1 is closely
related to an increasing number of bacteria during each mitotic. This situation is the
most biologically observed for which Asynchronous Exponential Growth property
is given by
Theorem 5.4. Suppose that (3.5) holds and let K be a positive, irreducible and
compact operator in Yy such that

T(Kg_g) > 1,

where g and @ are given by (3.8) and (3.27)). Then, there exist a rank one projector
P in LY(Q) and an € > 0 such that for every n € (0,¢), there exist M(n) > 1
satisfying

le= 0V Vi (8) = Pllerry) < M(n)e™™ >0,
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Proof. Thanks to Lemma (3.7} it follows that Vi = (Vi (t))i>0 is a positive and
irreducible semigroup. Furthermore, (5.18]) and (3.26]) obviously lead to wess(Vi) <
w(Vi). Now, all the conditions of Lemma [I.1] are satisfied. O

When there is no bacterial mortality or bacteria loss due to causes other than
division (i.e., ¢ = 0), then Asynchronous Exponential Growth property of the
Uk = (Uk(t))1>0 can be described as follows.

Corollary 5.5. Let K be a positive, irreducible and compact operator in Yy with
r(K) > 1. Then, there exist a rank one projector P in L'(Q) and an ¢ > 0 such
that for every n € (0,¢), there exist M(n) > 1 satisfying

e Wty () — Pl £(p1 )y < M(n)e™™ > 0.
The proof follows from Theorem above because @ = g = 0.

Remark 5.6. According to a lot of modifications, we claim that all the results of
this work still hold into L?(€2) (p > 1). However, the norm of such space have no
biological meaning.
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ADDENDUM POSTED ON JUNE 24, 2013.

The author would like to make the following changes:
(1) Definition 3.4: (Kc) must be replaced by: “||KL,|| < 1 for some w > 0 and
|K|| > 1. L, denotes the characteristic operator of the set (w,0).”
(2) Lemmas 3.5: “K compact” must be inserted in the preamble. Line 10 of the
proof: “Next, if (Kc) holds” must be replaced by “As K is compact”.
(3) Lemmas 3.5, 3.6, 3.7, 4.1 and Theorems 4.2, 4.3: “compact” must be inserted
in the preamble (for the operators K, H and K,,).
(4) Page 13: “In the sequel...to...exist” (Lines 7 to 10) must be deleted.
(5) Lemma 5.1 to Corollary 5.5: “K admissible” must be inserted in the preamble.
(6) Lemma 3.7(3) and Theorem 5.4: “r(Kz_, >" must be replaced by “r(Kz_,) >
1 ”
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(7) Proof of Proposition 5.2 must start by: “In the sequel, all one or finite rank
operators must be admissible like the operator K in the preamble. As

| KoLl < | KoLy — KL | + [|KL| < |, — K| + | KL,

we infer then that all approximation operators K, of K are also admissible for large
integer n.”
End of addendum.
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