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INFINITELY MANY LARGE ENERGY SOLUTIONS OF
SUPERLINEAR SCHRODINGER-MAXWELL EQUATIONS

LIN LI, SHANG-JIE CHEN

ABSTRACT. In this article we study the existence of infinitely many large en-
ergy solutions for the superlinear Schrédinger-Maxwell equations

—Au+V(z)u+ ¢u = f(z,u) in R3
—A¢p=u2, inR3,
via the Fountain Theorem in critical point theory. In particular, we do not
use the classical Ambrosetti-Rabinowitz condition.

1. INTRODUCTION AND MAIN RESULTS

In this article, we study the system of Schrodinger-Maxwell equations
—Au+V(z)u+ ¢u = f(z,u) in R?
—A¢ =u?, inR>

Such a system, also called Schrédinger-Poisson equations, arises in an interesting
physical context. In fact, according to a classical model, the interaction of a charge
particle with an electro-magnetic field can be described by coupling the nonlinear
Schrodinger’s and Maxwell’s equations (we refer the reader to [8] and the references
therein for more details on the physical aspects). In particular, if we are looking
for electrostatic-type solutions, we just have to solve .

In recent years, system with V(z) = 1 or being radially symmetric, has
been widely studied under various conditions on f, see for example [4, 13 12
15, 17, 211 22, 28]. Specially, in [I3] 12] it is proved the existence of a sequence
of radial solutions for system by the Symmetric Mountain Pass Theorem in
[5]. The case of nonradial potential V(z) has been considered in [24], when f is
asymptotically linear at infinity, and in [4, 27], when f is superlinear at infinity.
Moreover, in [27], the authors considered system with periodic potential V (),
and the existence of infinitely many geometrically distinct solutions has been proved
by the nonlinear superposition principle established in [I]. By the way, we would
like to point out that nonexistence results for can be found in [4, T4l [T7, 21| 24].

The problem of finding infinitely many large energy solutions is a very classical
problem: there is an extensive literature concerning the existence of infinitely many

(1.1)

2000 Mathematics Subject Classification. 35J35, 35J60, 47J30, 58E05.

Key words and phrases. Schrodinger-Maxwell equations; superlinear; fountain theorem;
variational methods.

(©2012 Texas State University - San Marcos.

Submitted July 10, 2012. Published December 11, 2012.

1



2 L. LI, S.-J. CHEN EJDE-2012/224

large energy solutions of a plethora of problems via the Symmetric Mountain Pass
Theorem and Fountain Theorem (cf. Ambrosetti and Rabinowitz [3], Rabinowitz
[20], Bartsch [6], Bartsch and Willem [7], Struwe [23], Willem [25], etc). The
infinitely many large energy solutions for system are obtained in [T1] with the
following variant “Ambrosetti-Rabinowitz” type condition (AR for short),

(AR) There exist 1 > 4 such that for all s € R and x € R3,

pF(z,s) = M/Os f(z,t)dt < sf(z,s).

After that, Li et al. [I8] study without the (AR) condition. They use vari-
ant Fountain Theorem establish by Zou [29]. Later, some authors also study this
problem without the (AR) condition, see Alves et al. [2] and Yang and Han [26].

In this article, we use the Fountain Theorem (see Theorem 2.4) to find infin-

itely many large energy solutions to system . We can see that can be
proved directly with the Fountain Theorem under Cerami condition. We assume
the following assumptions:

(V1) V € C(R3,R) satisfies inf,crs V(2) > a3 > 0, where a; > 0 is a constant.
Moreover, for every M > 0, meas({z € R? : V(z) < M}) < oo, where meas
denote the Lebesgue measure in R3.

(F1) f € O(R? x R,R) and for some 2 < p < 2* =6, as > 0,

|fz,2)| < ag(|z] + 2P,
for a.e. x € R3 and all z € R.

lim 7f($7 ?)

z—0 z

=0

uniformly for z € R3.
(F2) lim; o F|(:‘f) = 400, uniformly in € R® and F(z,0) =0, F(z,z) >0
for all (z,z) € R® x R.

(F3) There exits a constant § > 1 such that
OH(x,z) > H(x,sz)
for all z € R3, 2 € R and s € [0, 1], where H(z,2) = 2f(z,2) — 4F (z, 2).
(F4) f(z,—2z) = —f(x,2) for any x € R? and all z € R.
The main results of the present article are as follows.

Theorem 1.1. Assume that (V1), (F1)—(F4) hold, then system has infinitely
many solutions {(ug, dr)} in HY(R3) x DV2(R3) satisfying

1 1 1

7/ (|Vuk|2—|—V(m)ui) dz — f/ |V¢k|2dx+f/ (bkuidx—/ F(z,u) da

— +00.

Remark 1.2. Obviously, (F2) can be derived from (AR). Under (AR), any (PS)
sequence of the corresponding energy functional is bounded, which plays an im-
portant role of the application of variational methods. Indeed, there are many
superlinear functions which do not satisfy the (AR) condition. For instance the
function

flw,2) = 2" In(1 + |2]) (1.2)
does not satisfy the (AR) condition. But it is easy to see this function satisfies
(F2) and (F3). There are many functions which satisfy (F3), but do not satisfy
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condition (AR) for any p > 4. However, we can not deduce condition (F'3) from
condition (AR). For example, let

f(x,u) _ 5|u|4 /u ‘t|1+sintt dt 4 |u|6—&—sinuu7
0

then .
Flz,2) = |z|5/ s
0

It is easy to see that f(z,u) satisfies condition (AR) for pu = 5, but it does not
satisfy (F'3). Thus, (F'3) is also superlinear conditions and complement with (AR).

Remark 1.3. In [20], Yang and Han used

(F3’) % is increasing for u > 0 and decreasing for u < 0, for all x € R3.
to obtain a bounded Cerami sequence. Li et al. [I8], used

(F3”) H(x,s) < H(z,t) for all (s,t) € RT x Rt s <t and a.e. 7 € R?
to solve the problem (L.I)). (F3’) implies that (F3”), as we can see in [19, Lemma
2.2]. We see that our condition (F3) is more general than (F3”). If § = 1 we can
get that H(z, z) is increasing in R™ with respect to z. Moreover, (F3) gives some

general sense of monotony when 6 > 1 and we can find some examples that satisfy
(F3) but do not satisfy (F3”). For example, let

f(z,2) = 4231In(1 + 2*) 4 2sin 2,
it follows that
H(z,2) = 4z* —4In(1 + 2*) + 22sin z + 8cos 2.
Let 6 = 100, we can prove by some simple computation that f satisfies (F3) but
does not satisfy (F3”) any more.
2. VARIATIONAL SETTINGS AND PRELIMINARY RESULTS

Before stating our main results, we give several notations. Define the function
space
HY'(R?) := {u € L*(R?) : Vu € L*(R3)}

fall = ([ (19uP +?)az) ",

and define the function space

DV(R3) := {u € L¥ (R%) : Vu € L*(R®)}

1/2
) pre = (/R |Vu|2dx> .

E:={uc H(R?): / (|Vul? + V(z)u?) dz < oo}.
RS

with the usual norm

with the norm
Let

Then F is a Hilbert space with the inner product

(u,v)g = /]Rg (Vu - Vo + V(z)uw) dz
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and the norm ||ul|g = (u,u)}E/Q. Obviously, the embedding E < L*(R?) is contin-
uous, for any s € [2,2*].

Lemma 2.1 ([30, Lemma 3.4]). Under assumption (V1), the embedding
E — L*(R?)
is compact for any s € [2,2%).

It is clear that system (1.1]) is the Euler-Lagrange equations of the functional
J: E x DY2(R3) — R defined by

1 1 1
J(u,¢) = §Hu||2E—Z/R$ |V¢|2dx+i/ngZ)uzdx—/RgF(:r,u)dx.

Evidently, the action functional J belongs to C'(E x D%?(R?),R) and its critical
points are the solutions of . It is easy to know that J exhibits a strong
indefiniteness, namely it is unbounded both from below and from above on infinitely
dimensional subspaces. This indefiniteness can be removed using the reduction
method described in [9], by which we are led to study a one variable functional
that does not present such a strongly indefinite nature.
Now, we recall this method.
For any u € E, the Lax-Milgram theorem (see [16]) implies there exists a unique
¢u € DV?(R3) such that
—A¢, = u?
in a weak sense. We can write an integral expression for ¢, in the form:
1 [ v’y
o= [ i, (21)
for any u € FE (for detail, see section 2 of [I1]). The functions ¢, possess the
following properties:

Lemma 2.2 ([II, Lemma 2.2]). For any u € E, we have:

(1) |ullpre < asllull2 /5, where ag > 0 does not depend on u. As a conse-
quence there exists ag > 0 such that

/]R3 duutde < a4||u||}13;

(2) ¢u >0.

So, we can consider the functional I : E — R defined by I(u) = J(u, ¢,,). After
multiplying —A¢, = u? by ¢, and integration by parts, we obtain

/ |V¢u\2dx:/ duu’ dz.
R3 R3

Therefore, the reduced functional takes the form
1 1
I(u) = s |lull% + f/ Py’ dx—/ F(z,u)dz.
2 4 R3 R3

From Lemma 2.2, I is well defined. Furthermore, it is well known that I is C!
functional with derivative given by

(I'(u),v) = ./11&3 (Vu Vo + V(z)uv + ¢pyuv — f(z, u)v) dz. (2.2)

Now, we can apply Theorem 2.3 of [9] to our functional J and obtain:
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Proposition 2.3. The following statements are equivalent:
(1) (u,¢) € E x DV2(R3) is a critical point of J (i.e. (u,¢) is a solution of
(L.1));

(2) w is a critical point of I and ¢ = ¢,,.

For reader’s convenience, we introduce the Cerami condition, which was estab-
lished by Cerami [10].

Definition 2.4. Assume functional ® is C!' and ¢ € R, if any sequence {u,}
satisfying ®(u,) — ¢ and (1 + |Juy||)||®’(u,)|| — O has a convergence subsequence,
we say ® satisfies Cerami condition at the level c.

To complete the proof of our theorems, we need the following critical point
theorem.

Theorem 2.5 (Fountain Theorem under Cerami conditon). Let X be a Banach
space with the norm ||-|| and let X; be a sequence of subspace of X with dim X; < oo
for each j € N. Further, X = @®jenX;, the closure of the direct sum of all X;.
Set Wy, = @?ZOXJ', Zy = B2, Xj. Consider an even functional ® € CYX,R) (i.e.
O(—u) = ®(u) for all u € E). If, for every k € N, there exist p > r > 0 such
that

(q)l) ar = maxuewk7|‘u||:pk <I>(u) S O,
(®2) by, :=infyez, u=r, P(u) — +00, as k — oo,
(®3) the Cerami condition holds at any level ¢ > 0.

Then ® has an unbounded sequence of critical values.

Remark 2.6. Cerami condition is weaker than the (PS) condition. However, it
was shown in [5] that from Cerami condition a deformation lemma follows and, as
a consequence, we can also get minimax theorems.

3. PROOF OF THEOREM [I.1]

We choose an orthogonal basis {e; } of X := E and define W}, := span{es,--- ,ex},
Z == Wi . To complete the proof of our theorems, we need the following lemma.

Lemma 3.1 ([I1l Lemma 2.5]). For any 2 < p < 2*, we have that

Br:= sup  |lullpr =0, k— o0.
w€Z,|lull =1

Now, we show that the functional I satisfies the Cerami condition.

Lemma 3.2. Under the assumptions (F1)—(F3), the functional I(u) satisfies the
Cerami condition at any positive level.

Proof. We suppose that {u,} is the Cerami sequence, that is for some ¢ € R*
1 1
I(un) = 5 lunl% + */ Gu,undz — [ Fz,up)de —c (n—o00)  (3.1)
2 4 Jps " R3
and
(1 + [lunll &)’ (un) = 0 (n — o0). (3.2)
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From (3.1) and (3.2)), for n large enough, we have
1
1+c¢> I(up) — 1([’(un),un>
1, ., 1
= —|lunllE + = f(z,up)uy, da — F(z,uy,)dz.

We claim that {u,,} is bounded. Otherwise there should exist a subsequence of {u,, }
satisfying [|un |z — 0o as n — co. Denote wy, = 4, then {wy} is bounded. Up

(3.3)

to a subsequence, for some w € F, we obtain
wy, = w in K,
w, —w in L'(R3), 2 <t < 2%, (3.4)
wy(z) — w(z) ae. in R

Suppose, w # 0 in E. Dividing by ||u, ||}, in both sides of (3.1)), by (1) of lemma
2.2 we obtain

/ F(z,uy) 1 Jgs Gu,ud dz —c
dz = 1
R un||

xr = +
s [lunllE 2lun % 4]
where as is a positive constant. We consider this situation, Q := {x € R*|w(z) # 0},
by (F2), for all x € Q,

o([[unllz") € a5 < oo,  (3.5)

lunllz — Tunl®
Since || > 0, using Fatou’s Lemma, we obtain
F
/ de—w{—oo (n — 00).
re |[u(@)nlp

This contradicts (3.5]).
On the another hand, if w(xz) = 0, we can define a sequence {t,} C R:

I(tpuy) = tren[a)i I(tuy).

s

Fix any m > 0, let w,, = \/ﬁm = V4muw,. By (F1),
[f (2, 2)| < azlz] + az\ZV’_1
for a.e. z € R? and all z € R. By the equality I’ fo x,tz)zdt we obtain
F(,2) < 2J2f? + aglel? (3.6)
for any € R? and all z € R, where ag = ?2. Due to (3.5), we obtain

lim F(z,w,)dz < lim <a2/ Wn|2dx+a6/ |wn|pd:1:> =0.
2 R3 R3

n—0o0 Jp3 n—oo
Then for n large enough,

I(tyu,) > I(En)

_ (3.7)
—2m+ (i%w dx—/ F(z,w,)dz > m.
R3
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Due to (3.7), lim,—co I(tnu,) = +oo. Since I(0) = 0, and I(u,) — ¢, then
0 < t, <1 if nlarge enough, we have

/ (Vtnun Vigu, + V() thuntntn + ¢, tntintntn — f(2, thun)tuy,) do
RS

= <[/(tnun)a tnun>

d
=t,— I(tu,) = 0.
at |,_, 1)
Thus, by (F3) we obtain
1
I(up) — 1(['(un),un>

1 1

= s+ [ [ﬂw,un)un - F<x,un>} de
4 R3 4
1 1

— ZHun||%E + 1 . H(x,u,)dx

> L ||2+i/ H(z, tuy) d

=10 nUn|| g 10 s TylpUp)dr

1 1 1
— 4—9||tnun||% + ] /R3 [4f(x,tnun)tnun - F(x,tnun)] dz
1

= g1 (ttin) = 15 (I'(tatn), tatin) — +00.

This contradicts (3.3]). So {uy} is bounded. Going if necessary to a subsequence,
we can assume that u, — w in E. In view of Lemma up — win L*(R3) for any

s €[2,2%). By (2.2)), we easily get

e — ullf = (I () = (), — ) + / () = ) — w) d

- / (Pu, tn — Pyu)(un —u)da.
R3

It is clear that
(I'(up) — I'(w), up — u) — 0.
According to assumptions (F'1), there exists ag > 0 such that

a
flarou) < Gl + agluf™!

for a.e. x € R?, and all z € R. Using the Hélder inequality, we obtain

/3(f(;v,un) — f(z,uw)(uy — u)de

R
a
< (52l e + s (ol -l )] o = ]
R3

< &2 2 2 2 p—1 p—1 _ ,

< 5 (lwallZe + llullZe) llun = ullze + a6 (luallze” + 1wl ) lun —wlles
Since u,, — u in L*(R?) for any s € [2,2*), we have

/ (F(@s ) — f(2,0)) (1 — w) dz — 0, as 1 — oo,
R3
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By the Holder inequality, Sobolev inequality and Lemma [2:2] we have

| / Gttt — 10) ] < (| St 2t — ] 1
]R?x

< |Pun Iz llwnllLs [[un — ul| 2
< a8||¢un

< agas|fun | Zazsllun oo lun — ull 22,

pr|un | Lallun — ul| L2

where ag > 0 is a constant. Again using u,, — u in L*(R3) for any s € [2,2%), we
have

/ Ou, Un (U —u)dx — 0, asn — co.
R3

Similarly, we obtain
puu(un, —u)de — 0, asn — oo.
R3

Thus,
/ (Pu, Un — dyu)(ty, —u)dx — 0, asn — oo,
R3
so that ||u, —u|lp — 0. We get that I(u) satisfies Cerami condition. O

Proof of Theorem[I-1. Due to Lemma I(u) satisfies Cerami condition. Next,
we verify that I(u) satisfies the rest conditions of Theorem

First, we verify that I(u) satisfies (®1). It follows from (F2) that for any M > 0,
there exists §(M) > 0, such that for all x € R?, |2| > §, we have

1
F(x,z) > 1M|z|4. (3.8)

Taking M := sup|, <5 (1 M]z]* — Fl(:l’zz)), then by (3.8]) we obtain

1 —
F(z,z) > ZM|Z|4 — M|z|?
for a.e. € R?, and all z € R. Hence we have
1 ay 1 —
I(u) < SllulE + ZIIHII% - ZMHUIILEL + M|ul 2.
Since, on the finitely dimensional space Wy, all norms are equivalent, we have that

1 aq 1 —
I(u) < S llulls +  lulls = Mallulz + Maxo|lul%,

where a1¢ is a constant. Now since %4 — iMam < 0, when M is large enough, it

follows that

= max I(u) <0
u€Wy,|lull e=pr

for some py > 0 large enough.

Secondly, we prove that I(u) satisfies ($2). Due to (3.6)), we have
3
2

1 €
(5= o)l — asBe?lul,

I(u) > S llullf — ellullZ: — agllullZ,

v
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where a; is a lower bound of V(z) from (V1) and B, are defined in Lemma
Choosing 7y, := (agpBL)'/?~P), we obtain
b = inf I(u)
wEZy,||lullp=rk
1

[(5 = ) el — aoBi”lfull]

> in
UEZy,||ullp=rk

> (1 - %)(aﬁpﬁg)ﬁ~

1 1
ez (25 D) apys - 4oo
2 a
for enough small e. This proves ($2). Now, we apply Theorem to complete the
proof o Theorem O
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